
RESPONSE TO REVIEWER # 2

COMMENT # 1.1

I am very enthusiastic about this paper, having experienced PBS ensemble collapse in assim-
ilation of frequent and over-confident observations myself, and it has potential applications
beyond cryospheric data assimilation. My comments are mostly more in the nature of discus-
sion than requirements for revisions.

Reply:

We thank Richard Essery for providing this helpful review with encouraging feed-
back and constructive comments on our manuscript. Please find below a point-by-
point response to all comments from the reviewer, including changes made. These
revisions have undoubtedly helped to improve the manuscript.

COMMENT # 1.2

The broad review of assimilation methods relevant to the subject is interesting, but could
possibly be shortened, and it is a little repetitive in places (e.g. MCMC is referred to as “gold
standard” 15 times). There is much less in general terms on the nature of filter collapse that is
central to this paper, but the simple illustration in Figure 2 could provide insight. I think that
the PBS mean is suboptimal because the necessarily broad prior does not efficiently sample
the narrow posterior, and the degeneracy is because of the prohibitive cost in Equation 4 for
all except the nearest particle.

Reply:

We thank the reviewer for these suggestions. We agree that the repeated use of the
term gold-standard to describe the MCMC samples was redundant. We have now
cut this down from 15 to only 5 uses of this particular term to avoid repetition.

As for the review of assimilation methods, we have decided to retain this section
to maintain the necessary background material. While we acknowledge that it is
extensive, it synthesizes disparate concepts from the wider computational Bayesian
literature into a single more accessible overview tailored toward cryospheric data
assimilation. Because this is a ’Development and technical paper’ in GMD focused
specifically on advancing DA methodology, we believe this technical background
is both appropriate and necessary for readers less familiar with DA. It should be
especially helpful for the less standard cryospheric DA algorithms that we utilize in
the paper, i.e., iterative ensemble Kalman, adaptive particle, and MCMC methods.

The reviewer’s understanding of the origin of degeneracy (i.e., collapse) when
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performing importance sampling as visualized in Figure 2 is spot-on. Depending on
the expectations being estimated, the optimal proposal is generally much closer to
the posterior than the prior [MacKay, 2003, Rainforth et al., 2020]. It is thus unfortu-
nate that, for simplicity, the vast majority if not all particle methods used to date for
cryospheric DA [e.g. Charrois et al., 2016, Oberrauch et al., 2024], including the PBS
[Margulis et al., 2015], are variations on the seminal bootstrap particle filter [Gordon
et al., 1993] in the sense that the prior is used (generally implicitly) as a proposal dis-
tribution. We have now extended our discussion of this issue by foregrounding the
needle and haystack analogy, based on a similar example in MacKay [2003], placing
it already in the introduction, placing it in the context of particle degeneracy, and
including a key reference by Morzfeld et al. [2017]:

Changes:

However, issues with their practical implementation can make these methods prob-
lematic in certain settings. It is well known that if the proposal distribution

:
,
::::::::::
typically

:::
the

:::::::
prior, differs significantly from the target distribution then the probability tends

to collapse to
:::::::::
posterior

::::::::::::::
distribution

::::::::::::::::::::::::::::::::::::::::
[MacKay, 2003, Rainforth et al., 2020]

:
,
:::::
then

::::
all

::::::::::::
probability

::::::
mass

:::::
risks

::::::::::::
collapsing

::
to

:
a few or even a single particle, a problem known

as particle degeneracy or ensemble collapse [van Leeuwen et al., 2019, Murphy, 2023]

:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
[Snyder et al., 2008, Morzfeld et al., 2017, Murphy, 2023]. Degeneracy results in sub-
optimal approximate Bayesian inference by greatly degrading uncertainty quantifi-
cation in the posterior simulations. This issue is aggravated by incorporating highly
informative (i.e.

:
, numerous and/or very precise) observationsand ,

:::
as

:::::
well

:::
as

:::::::
when

:::::::::
working

:
in higher dimensional state and parameter spaces [van Leeuwen et al.,

2019].
::::::::::
Drawing

:::
on

:::::::::::::::::
MacKay [2003]

:
,
::
a

:::::::
useful

:::::::::
analogy

:::
is

:::::::::
looking

:::
for

::
a
::::::::
needle

::::::::
(target

::::::::::
posterior)

:::
in

::
a

:::::::::
haystack

:::::::
(prior

:::::::::::
proposal):

::
a
:::::::
larger

::::::::::
haystack

::::::::::
(broader,

::::::::::::::::::::::::
higher-dimensionality)

::
or

::
a

::::::::
smaller

::::::::
needle

::::::::
(bigger

:::::
data,

::::::
more

:::::::::::::
informative

:::::::::::::::
observations)

:::::::::::::::
exponentially

:::::::::
reduces

:::
the

::::::::
chance

:::
of

::::::::
hitting

:::
the

:::::::
target

::::::::
needle

::::::
when

:::::::::
probing

::::
the

:::::::::::
haystack.

:::::::
While

::::
this

::::::::
needle

::
in

::
a

::::::::::
haystack

::::::
effect

:::
is

::
a

::::::::
general

::::::::::
problem,

:::::::::
particle

::::::::::
methods

::::
are

:::::::::::
especially

::::::::::::
vulnerable

::
to

::
it

:::::
due

::
to

:::::
high

::::::::
Monte

::::::
Carlo

::::::::::
variance

:::::::::
induced

:::
by

::::
the

::::::::::
mismatch

::::::::::
between

::::
the

:::::::::
proposal

::::
and

:::::::
target

::::::::::::::::::::::::::::::::::::::::
[MacKay, 2003, Rainforth et al., 2020],

::::::::::::
challenges

:::::
with

:::::::::::::
localization

::::::::::::::::::::::::::::
[Farchi and Bocquet, 2018]

:
,
::::
and

:::::::::::
generally

:::::
poor

::::::::
scaling

:::::
with

:::::
high

::::::::::
effective

:::::::::::::
dimensions

:::::::::::::::::::::::::::::::::::::::::::
[Snyder et al., 2008, Morzfeld et al., 2017]

:
.

Reply:

We have also added a new section 4.3 providing recommendations for applying and
extending AdaPBS, where we also discuss collapse in the context of model complex-
ity in our experiments as follows:

Changes:
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:::::::::::::
Experiments

::
1
:::::
and

::
2
::::::::::::::
demonstrate

::::
the

:::::
role

:::
of

::::::::::
problem

:::::::::::::
complexity.

:::::
For

::::
the

:::::::::
simpler

:::::::::::::
temperature

::::::
index

::::::::
model

:::::
with

:::::
two

:::::::::::::
parameters,

:::::::::
AdaPBS

::::::::::
exceeded

::::
the

::::::::
desired

:::::::::::
threshold

::
of

::::::::
τ = 0.3

:::::
(i.e.,

:::::::::::
Neff = 30

::::::
with

::::::::::
Ne = 100)

::::::
with

::::::::::
Neff = 84

:::
in

:::
5

:::::::::::
iterations,

::::::::::::
providing

::
a

:::::::
strong

::::::::::::::::
approximation

:::::
that

::::::::
nearly

::::::::::::
converged

:::::::::
already

::
at

::
4
:::::::::::

iterations
:::::::::
(Figure

::::
??).

::::
In

::::::::::::
Experiment

:::
2,

::::
the

::::::::::::::
intermediate

::::::::::::
complexity

::::::
snow

::::::::
model

:::::::
FSM2,

::
a

:::::::
higher

::::::::::::::
dimensional

:::::::::::
parameter

:::::::
space,

::::
and

::::::::::::
numerous

::::::::::::::
observations

:::::::::::
conspired

::
to

::::::
make

:::::::::::
inference

::::::::::::
challenging

:::::::::::::::::::::::::::::::::::::::::::
[Snyder et al., 2008, Morzfeld et al., 2017]

:
.
::::::::::::
Following

:::
the

::::::::
‘needle

:::
in

::
a

::::::::::
haystack’

:::::::::
analogy

:::
for

::::::::::
inferring

::::
the

::::::::::
posterior:

:::::::::::
increased

:::::::
model

:::::::::::::
complexity

:::::
may

::::::
result

:::
in

:::
an

::::::
oddly

:::::::::
shaped

::::::::
needle,

::::::
more

:::::::::::::
informative

:::::
data

::::::::
makes

:::
the

::::::::
needle

:::::::::
smaller,

:::::
and

:::::::
higher

:::::::::::::::::
dimensionality

:::::::
makes

::::
the

::::::::::
haystack

:::::::::
bigger.

:::::::
Thus,

::::::::::
AdaPBS

:::::::::::
required,

:::
on

::::::::::
average,

::::::::
nearly

:::::::
twice

:::
as

::::::
many

:::::::::::
iterations

::::
(8)

:::
to

::::::::::
converge

::::::
with

::::
the

:::::::
same

::::::::
τ = 0.3

:::
as

:::::::::::::
Experiment

:::
1.

:::::
For

::::::
both

::::::::::::::
experiments,

::::
the

:::::::::
number

::::
of

:::::::::::
iterations

:::::::
could

::::::
have

::::::
been

:::::::::
reduced

::::
by

::::::::::
lowering

:::::
the

:::
bar

::::
on

::::::::::
diversity

:::
to

::::
say

:::::::::
τ = 0.1,

:::::::
which

::::
can

::::::::
suffice

:::
in

:::::::::::::
operational

::::::::
settings

:::::::::
focused

::::
on

:::::::::::
prediction

::::::
using

::::::
point

:::::::::::
estimates

:::::::
rather

:::::
than

::::::::::::
uncertainty

::::::::::::::::
quantification

:::::::::::::::::::::::::::::
[e.g. Oberrauch et al., 2024]

:
.

COMMENT # 1.3

Isn’t the mode of the lognormal distribution for the precipitation multiplier in 3.2 equal to
0.86, i.e. not centred on being unbiased? It won’t make much difference, but why is a logit-
normal distribution chosen instead for perturbing other strictly positive forcing variables in
3.3 (it would make sense for relative humidity, but that is not listed as a perturbed variable)?

Reply:

We thank the reviewer for pointing out this inconsistency. It is true that strictly speak-
ing the mode of a lognormal with associated normal parameters µ = 0.1 and σ = 0.1
is 0.86, while the mean is 1.25 and the median is 1.10. So the mode itself does not cor-
respond exactly to an unbiased multiplier (i.e. a multiplier of 1), nor do the other two
location parameters. They do however al straddle 1 as was our intention. To clarify
this and other aspects of the prior we have modified the paragraph as follows:

Changes:

::::
For

:::::::::::
simplicity,

::::
and

:::::::::
without

:::::
loss

::
of

::::::::::::
generality

:::
for

::::
the

:::::
DA,

:::
we

:::::::::
assume

:
a
::::::
priori

:::::::::::
parameter

::::::::::::::::
independence,

:::::
such

:::::
that

:::::
the

:::::
joint

::::::
prior

:::::::::::
factorizes

::::::
into

::::
the

:::::::::
product

:::
of

:::
its

:::::::::::
marginal

:::::
prior

:::::::::::::::
distributions.

:::::::
This

:::::::::::::
assumption

::::
can

::::
be

:::::::::
relaxed

::::::
using

::::::::::::
additional

::::::::::::::
background

::::::::::::
knowledge

:::
on

:::::::::::
parameter

::::::::::::::
dependence

::::::::::::::::::::::::::::::::::::::::::::::::::::::
[e.g., Pirk et al., 2022, Alonso-González et al., 2023]

:
.
::::
Yet,

::::::
even

:::::
with

::::::
prior

::::::::::::::::
independence,

::::::::::::
correlation

::::::::::
between

::::::::::::
parameters

:::::
can

:::
be

:::::::::
inferred

::
in

::::
the

::::::::::
posterior

::::
via

:::
the

::::::::::::
likelihood

::::::::::::::::::
[Cao et al., 2025].

:
The prior probability distributions

used to generate the perturbation parameters are
::::::::::::
distribution

::::
for

::::
the

::::::::::
additive

::::
air
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:::::::::::::
temperature

:::::
bias

:::
is

:
a normal distribution with mean µb = 0 and standard devia-

tion σb = 1for the air temperature bias and .
::::::

For
::::
the

::::::
prior

::::
on

::::
the

::::::::::::::::
multiplicative

::::::::::::::
precipitation

::::::::
scaling,

::::
we

::::
use

:
a strictly positive lognormal distribution with

:::
an asso-

ciated normal mean µc = 0.1 (so the actual median perturbation in model space is
exp(µc) = 1.10

:::::::::::::::
exp(µc) = 1.11) and standard deviation σc = 0.5for precipitation scaling.

Note that we carry out inference directly on the unbounded space of the log-transformed
precipitation perturbation parameter and then apply an exponential transform to
map this back to the model parameter c following common practice [Gelman et al.,
2013, Alonso-González et al., 2022]. The modes

:::::::::
location

::::::::::::
parameters

:
of these prior

distributions were chosen in a conservative (i.e.centered on being unbiased) way,
imitating a real case where in practice it is not possible to know which prior mode
might be close to the true forcing bias

:::::::::
manner,

:::::
i.e.,

::::::
near

:::::::::::
unbiased,

::::::
with

::
a

:::::::
mean

:::::::::::::
temperature

:::::
bias

::
of

::
0
::::
and

::
a
::::::::::::::
precipitation

::::::::
scaling

::::::::::
centered

:::::
close

:::
to

::
1.

:::::
This

::::::::::::::
corresponds

::
to

::::::
quite

::
a
:::::::::
general

:::::
case

::::::::
where,

::::::::::
without

:::::::::::
additional

::::::::::::::
background

:::::::::::::
knowledge

:::
or

::::::
data,

:::
the

:::::::::::::
orientation

:::
of

::::
the

::::::::
forcing

:::::
bias

:::
is

::::
not

::::::::
known

::
a
:::::::

priori. The relatively large prior
spread parameters (σc and σb) encode considerable initial epistemic uncertainty .
The air temperature perturbation parameter is an additive bias term, whereas the
precipitation perturbation parameter becomes multiplicative after transforming back
to the model space using the exponential function

::
in

::::
the

:::::
two

::::::::
forcing

:::::::::::::::
perturbation

::::::::::::
parameters.

COMMENT # 1.4

The banana-shaped posterior distribution in Figure 2 is the equifinality which is familiar
(because easily visualized) in calibration of temperature index models. A hydrologist seeking
to calibrate a 2-parameter model would not consider this challenging at all; a better solution
than the degenerate PBS in Figure 2 could be found efficiently by any number of standard
methods.

Reply:

We thank the reviewer for this comment and providing the possibility to discuss
more traditional calibration approaches from hydrology. This is indeed the classical
equifinality result for temperature index models, building off the equifinality thesis
of Beven [2006] which we now cite. We have now added the following to Section 4.1
to put the PBS results in the wider context of hydrological model calibration.

Changes:
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::
It

:::::
may

::::::
seem

::::::::::::
surprising

:::::
that

:::::::::::::
importance

:::::::::::
sampling

::::
via

:::::
PBS

:::::::::::
struggles

:::
to

::::::::::::
accurately

::::::::
capture

::::
the

::::::::::
reference

::::::::::
posterior

:::
in

::::
this

::::::::::::
apparently

:::::::
simple

:::::::::::::
experiment

:::::
with

::
a

::::::::::::::::::
two-dimensional

:::::::::::
parameter

:::::::
space.

::::
An

::::::::::::
alternative

::::::::
would

:::
be

:::::::::::::::::
gradient-based

::::::::::::::
optimization

:::::::::::::
techniques,

:::::
such

:::
as

:::::::::
gradient

:::::::::
descent

::
or

:::::::::::
Newton’s

:::::::::
method,

::::::
used

::
in

::::::
both

:::::::::
machine

:::::::::
learning

::::::::::::::::::
[Murphy, 2023]

::::
and

::::::::::::
variational

::::
DA

::::::::::::::::::
[Bannister, 2017]

:
,
::
to

:::::::::
identify

::::
the

:::::::
mode

:::::
with

::::::::::
relatively

:::::
few

::::::::::
iterations

::::
and

:::::
find

::
a
:::::::::
Laplace

:::::::::::::::::
approximation

::
of

:::::
the

::::::::::
posterior

:::::::::::::::::
[MacKay, 2003]

:
.
:::::::::::
However,

:::
as

:::
is

:::::
often

::::
the

:::::
case

:::
in

:::::::::
practical

::::
DA

:::
in

::::
the

::::::::
absence

:::
of

:::::::::::
automatic

::::::::::::::::
differentiation

:::::::::::::::::
[Murphy, 2023]

:
,
::::
we

::::
do

::::
not

::::::
have

::::::::
access

:::
to

:::::::::::
gradients

:::::
and

::::
are

::::::::::
focused

:::
on

:::::
the

::::::::
harder

::::::::::
problem

:::
of

::::::::::::
‘black-box’

:::::
(i.e.,

:::::::::::::::
gradient-free)

::::::::::
inference

:::::
that

::
is

::::::::::
naturally

:::::::::
handled

:::
by

::::::::::::::::::
ensemble-based

:::::::::
methods

:::::::::::::::::::::::::::
[Sanz-Alonso et al., 2023]

:
.
:::::::
While

::::::::
similar

::::::::::::::::::
low-dimensional

::::::::::::
calibration

::::::::::
problems

:::
are

:::::::::::
routinely

::::::::::::::
encountered

:::
in

::::::::::::
hydrology

:::::
and

:::::
can

::::
be

::::::::
tackled

::::
via

:::::::::::
methods

::::::
such

:::
as

::::::::::::
generalized

::::::::::::
likelihood

::::::::::::
uncertainty

::::::::::::
estimation

::::::::::::::::::::::::::::::::::
[GLUE; Beven and Binley, 1992]

:
,
::::::::::::
SCEM-UA

::::::::::::::
optimization

::::::::::::::::::::
[Vrugt et al., 2003]

:
,
:::
or

::::::::::
DREAM

:::::::::
MCMC

:::::::::::
sampling

::::::::::::::::::::
[Vrugt et al., 2008]

:
,

::::::::::::::
Nonetheless,

::::::
these

:::::::::
methods

:::::::::
usually

::::::::
involve

:::::::
orders

:::
of

::::::::::::
magnitude

::::::
more

:::::::::
forward

:::::::
model

::::::::::::
evaluations

::::::
than

:::
the

::::::::::
Ne = 100

::::::::::
particles

:::::
used

:::
by

:::::
PBS

:::
in

::::
this

:::::::::::::
experiment.

:::::
For

::::::::::
example,

:::::::::::::::::::
Clark et al. [2006]

:::::::::::::::
demonstrated

::::
the

:::::
need

::::
for

:
a
::::::::::::::::::
computationally

:::::::::::
intensive

:::::::
SODA

:::::::::::
approach,

::::::
using

::::::::::::
SCEM-UA

:::
in

:::
an

:::::::
outer

:::::
loop

:::
to

:::::::::::
optimize

:::::::::::::
parameters,

::::::::::
together

::::::
with

:::
an

:::::::
EnKF

::::::
inner

:::::
loop

::::
for

:::::
state

:::::::::::::
estimation,

::
to

::::::::::::
rigorously

::::::::::
calibrate

:
a
::::::::
simple

::::::::::::::::
two-parameter

:::::::
snow

:::::::
model.

:::::::::::::::
Furthermore,

::::
the

::::::::
widely

:::::
used

::::::::::::::
hydrological

::::::::::::
calibration

:::::::::::
technique

:::::::
GLUE

::::::::::::::::::::::::::
[Beven and Binley, 1992]

:
,
:::::::::
tailored

:::
to

:::::::::
identify

::::::::::::::
equifinality

:::::::::::::::
[Beven, 2006],

:::
is

:::::::::::::
equivalent

:::
to

:::::
PBS

:::::::
when

:::::::
using

:
a
:::::::::::
Gaussian

::::::::::::
likelihood.

:::::
As

::::::
such,

::::::::
GLUE

:::::::
could

:::::
only

:::::::::::::
outperform

:::::
PBS

::::
by

::::::::::::
increasing

:::
the

:::::::::::
ensemble

:::::
size

:::
or

:::::::::::
modifying

::::
the

::::::::::::
likelihood,

::::::::
which

::::
are

::::::::
equally

::::::::::::
applicable

::
to

::::::
PBS.

:::::
Both

:::::::::::
black-box

::::::::::::::
optimization

:::::
and

::::::::::
inference

::::
are

:::::::::::::
challenging

:::::::::::
problems

:::::::
where

:::::::::
particle

:::::::::
methods

::::::
have

::::::::
proven

::
to

:::
be

::::::::
highly

:::::::::::::
competitive

::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
[Duan et al., 2023, Chopin and Papaspiliopoulos, 2020]

:
.
:::
In

::::
fact,

::::::
these

:::::::::
particle

::::::::::
methods

::::
can

:::
be

:::::
seen

::
as

:::::::::::::
formalizing

::::::::
highly

:::::::::::
successful

:::::::::::::::
meta-heuristic

::::::::::::::
evolutionary

::::::::::::
algorithms

:::::
that

:::::
are

::::::::
widely

::::::
used

::::
for

:::::::::::::::
optimization

:::::::::::::::::::
[Del Moral, 2004]

:
.

::::
The

:::::::::::
takeaway

:::::
here

::
is

:::::
that

::::::::
particle

::::::::::
methods

:::::
can

:::
be

:::::::::::
improved

::::::
either

:::
by

::::::::::::
increasing

::::
the

::::::::::
ensemble

:::::
size,

:::
at

::::::::::::::
considerable

:::::::::::::::::
computational

:::::::::
expense

:::::::
given

::::::::::
typically

::::::
poor

::::::::
scaling

:::::::::::::::::::::
[Snyder et al., 2008],

:::
or

:::
by

::::::::::
adapting

::::::
them

::::
for

:::::::::
example

::::::
using

:::::::::
various

:::::::::
iterative

::::::::::
methods

::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
[Bugallo et al., 2017, Chopin and Papaspiliopoulos, 2020]

:
.
:

COMMENT # 1.5

There are only a few snow depth measurements in Figure 2, so I guess that the ensemble
collapse is due to the observations having high confidence. The assumed observation error
should be stated in the text and shown on the figures.

Reply:
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The reviewer is correct that precise snow depth observations (i.e. relatively low ob-
servation error variance) helps contribute to ensemble collapse here. We also thank
the reviewer for pointing out the need to specify the observation error variance. This
is now included in the text as follows for Experiment 1

Changes:

These drone-acquired data and forcing datasets have previously been used in data
assimilation studies [Alonso-González et al., 2022, Alonso-González et al., 2023] .
The

::::::::::
Following

::::::
these

:::::::::
studies

::::
and

::::
the

:::::::::
findings

:::
of

:::::::::::::::::::::::
Revuelto et al. [2021],

::::
we

:::::::::
assume

:::
an

::::::::::::
observation

::::::
error

:::::::::::
standard

::::::::::
deviation

:::
of

:::::::::
σy = 0.2

:::
m

::::
for

::::
the

:::::::::::::
drone-based

:::::::
snow

:::::::
depth

:::::::::::
retrievals.

::::
The

:::::::::::::::::
corresponding

:::::::::::::
observation

::::::
error

:::::::::
variance

:::
σ2
y:::

is
::::::
used

::
to

:::::::::::
construct

::::
the

:::::::::
diagonal

:::::::::::::
observation

::::::
error

::::::::::::
covariance

::::::::
matrix

::
R

:::
in

::::
the

:::::::::::
likelihood

:::::
(??).

:::::
The

Reply:

and Experiment 2:

Changes:

In the second set of experiments, we conducted several site-level simulations using
a physics-based snow model of intermediate complexity, the Flexible Snow Model
[Essery et al., 2025, FMSM2;]

::::::::::::::::::::::::::::
[Essery et al., 2025, FSM2;]. In these experiments

:
,
:
we

assimilated hourly observations of snow depth at six different geographical locations
using both the AdaPBS and ES-MDA for comparison.

::::
For

::::::::::::
simplicity,

:::
we

:::::::::
assume

::::
the

:::::
same

::::::::::::::
observation

::::::
error

::::::::::
standard

:::::::::::
deviation

::
of

:::::::::
σy = 0.2

:::
m

:::
as

:::
in

:::::::::::::
Experiment

::
1.

::::::::
While

::::
this

::
is

:::::::
likely

:::
to

:::
be

:::
an

:::::::::::::::
overestimate

:::
of

::::::::::::
individual

:::::::::::::::
measurement

:::::::
errors

:::
at

::::::
these

::::::
sites,

:::::::::
inflating

::::::::::::::
independent

::::::::::::::
observation

:::::::
errors

::
in

:::::
our

:::::::
model

:::::::
helps

:::::::::::
implicitly

:::::::::
account

::::
for

:::
the

:::::
fact

::::
that

::::
the

:::::::
actual

:::::::
errors

:::
in

::::::
these

:::::
data

::::
are

:::::::::::
correlated

:::
in

:::::
time,

::::::::
which

::::::::
reduces

::::::
their

:::::::::::::
information

::::::::
content

:::::::::::::::::::::::
[Evensen et al., 2022]

:
.

COMMENT # 1.6

Is the KDE in Figure 6 misleading? The PBS posterior approximation appears to be too wide,
but it should actually be too narrow.

Reply:

We thank the reviewer for spotting this. It is indeed an artifact caused by the KDE
routine scipy.stats.gaussian_kde and the default ‘scott’ bandwidth selection method
and exposes the risk of applying default methods. Using the (nearly completely) de-
generate PBS weights with Neff = 1.26, corresponding to two surviving yet unevenly
weighted particles (the big and small green stars in Figure 2) , this routine picked a
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wide bandwidth factor of 1.26−1/5 = 0.95 such that the mixture of Gaussians at the
two isolated peaks, one lower than the other, merges into a single Gaussian. To better
visualize the actual degeneracy, we have now applied the KDE to resmapled parti-
cles from the PBS, resulting in many identical copies of the two surviving particles,
such that after resampling Neff = Ne = 102 by definition. Recall that this only superfi-
cially solves the weight degeneracy issue, not the underlying deeper path degeneracy
problem [Murphy, 2023]. For the KDE this effectively lowers the bandwidth factor to
100−1/5 = 0.40 which at least makes the two surviving particles more visible and thus
helps to better visualize the degeneracy. Figure 6 has been modified accordingly, and
resampling was also applied to AdaPBS before passing it to the KDE for consistency.
The caption of Figure 6 has also been modified to provide more detail on the KDE:

Changes:

Comparison of
::::::::::
Gaussian kernel density estimates

::::::::
(KDEs)

::::::::::
obtained

:::
via

::::::::::::::::::::::::::::::
scipy.stats.gaussian_kde

::::::::::::::::::::::::::::::::::::::::::::::::
[Scott’s rule bandwidth; Virtanen et al., 2020] of the marginal prior and marginal ap-
proximate posterior distributions of the parameters from the respective algorithms
in the transformed (unbounded) space. The MCMC posterior (orange) from RAM is
considered the gold-standard.

COMMENT # 1.7

In situ meteorological data are available for all of the ESM-SnowMIP sites; is ERA5 used
instead for generality? ERA5 grid elevations without downscaling can be expected to be con-
siderably lower than most of the site elevations (Menard at al. 2019, Figure 9). The final
version of Essery et al. (2024) is https://doi.org/10.5194/gmd-18-3583-2025. Of the param-
eters listed in Table 1, rgr0 and rhow will have no influence on snow depth simulations; this
could be apparent from the posterior parameters. Can MuSA diagnose parameter importance?

Reply:

We thank the reviewer for highlighting these various points. Unlike in the first ex-
periment, in experiment two we did not apply any topographic downscaling to the
ERA5 forcing data for the selected ESM-SnowMIP sites. Moreover, as suspected by
the reviewer, we used ERA5 data as forcing rather than the in-situ meteorological
data for generality. By not applying a topographic correction, especially for temper-
ature, we also made the DA task more challenging at these sites which are likely at
higher elevations than the nearest 0.25◦ ERA5 cell centroid based on a comparison to
coarser 0.5◦ GSWP3 cells in Ménard et al. [2019]. Nonetheless, the majority (≃ 95%) of
the prior probability on the additive temperature bias perturbation parameter with
σb = 1 K is in the range [−2, 2] K which would accommodate an elevation difference
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of roughly 300 m according with a standard lapse rate 6.5 K km−1. According to Fig-
ure 9 in Ménard et al. [2019], this 300 m elevation difference encompasses most of
the sites that we considered except RME which seems to have the largest difference
with GSWP3. The AdaPBS still performed quite well at RME (compared to say SNB),
so it may be that compared to GSWP3 the elevation differences are smaller between
ERA5 and these sites. We now explicitly mention the reasons for this choice of forcing
and lack of topographic correction explicitly in the experimental setup (Section 3.3)
thanks to the reviewer’s comment as follows

Changes:

The meteorological forcing was obtained directly from the
::::::::
nearest

:::::
grid

:::::
cell

:::
of

::::
the

ERA5 reanalysis [Hersbach et al., 2020] . Thus,
::::::::
without

::::::::::
applying

::::::::::::::
topographic

::::::::::::
corrections.

::::::
While

:::::::::::
site-level

::::::::::::::::
meteorological

::::::::
forcing

:::::
was

:::::::::::
available

:::::
from

::::::::::::::::::::::
Ménard et al. [2019]

:
,
::::
we

:::::
used

::::
the

::::::
more

:::::::::::
uncertain,

::::::::::::
unadjusted

:::::::
global

:::::::::::
reanalysis

::::::
data

::
to

:::::::::
provide

::
a

:::::
more

:::::::::::::
challenging

::::::::::::::
experimental

:::::::
setup

:::::
that

::
is

:::::::::::
generally

::::::::::::
applicable

:::
to

:::::
any

::::
site

::::::
with

:::::::
snow

:::::::
depth

::::::
data.

::::::::::::
Specifically,

:
each water yeara

:
,
::::
we

::::::::::::
assimilated

::
a

::::::
large batch of 24× 365 = 8760 hourly

snow depth observationsare being assimilated in these experiments.

Reply:

We have now also updated the FSM2 reference to the published version [Essery et al.,
2025] throughout.

We thank the reviewer for pointing out that these two specific parameters should
have no influence on snow depth simulations and for raising the possibility of eval-
uating parameter importance. It is possible to diagnose parameter importance in
MuSA using any of the DA techniques contained therein, including AdaPBS, as long
as they provide a sufficiently robust (i.e., non degenerate) approximation of the pos-
terior. Such an evaluation can be performed by looking at the information gain to
see how much the entropy is reduced when passing from the marginal prior to the
marginal posterior for each parameter [van Hove et al., 2026]; a greater entropy re-
duction corresponds to greater information gain. Note that this differs from classical
sensitivity analysis, which focuses on how much varying a parameter affects some
simulated output; the information gain instead measures how much is learned about
a parameter by conditioning on actual data. While the possibility of performing such
an information gain analysis is an intriguing opportunity for future studies, we con-
sider it beyond the scope of this paper, which is focused on presenting AdaPBS, es-
pecially as we are primarily concerned with performance in state space in terms of
predicted snow depth in Experiment 2. To help clarify this, we have also added the
following paragraph to Section 3.3:

Changes:
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:::::::
Unlike

:::::::::::::
Experiment

:::
1

:::::
with

:::::
the

::::::::::::::
temperature

:::::::
index

::::::::
model,

::::
we

:::::
did

::::
not

:::::
run

:::::::::
MCMC

::
in

:::::
this

::::::
more

::::::::::
complex

::::::::::::
experiment

:::::
due

:::
to

::::
the

::::::
high

::::::::::::::::
computational

:::::
cost

:::::
and

::::::::::
marginal

:::::::::::
additional

:::::::::
benefits

:::
to

:::::
the

::::::::::
analysis.

:::::
As

::::::
such,

:::::
the

::::::
KLD

::::::::
metric

:::::::
could

::::
not

::::
be

::::::
used

::::::::
without

::::
an

:::::::::::::::
MCMC-based

::::::::::
reference

::::::::::::::
distribution.

:::::::::
Instead,

::::
this

:::::::::::::
experiment

:::::::::
focused

:::
on

::::::::::::
comparing

:::
the

::::::::::::
predictive

::::::::::::::
performance

:::
in

:::::
state

:::::::
space

::
of

::::::::::
AdaPBS

:::
to

::::
that

:::
of

:::::::::::
ES-MDA,

:::
an

:::::::::::
advanced

:::::
and

::::::::::::::
competitive

:::::::::
baseline

::::
for

:::::
DA

::::::
with

::::::
more

::::::::::
complex

:::::::
snow

:::::::::
models

:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
[Alonso-González et al., 2022, Alonso-González et al., 2026].

:::
In

:::::
this

:::::::::::::::::::::
higher-dimensional

:::::::::::::
experiment,

:::
the

:::::::
entire

:::::::::::::::::
19-dimensional

:::::::::::
parameter

:::::::
space

::
is

::::
too

:::::
large

::::
for

::::::::::::::::
comprehensive

::::
and

::::::::::::
instructive

:::::::::::::::
visualization.

::::
An

::::::::::::
alternative

:::::::
could

:::
be

:::
to

::::::::::::
investigate

::::
the

:::::::::::::
importance

::
of

::::::
each

::::::::::::
parameter

:::
by

:::::::::::::
estimating

::::
the

:::::::::::::
information

::::::
gain

:::::::::::::::::::::::::
[van Hove et al., 2026],

:::::
but

:::::
such

::::::::::::
parameter

:::::::::
analysis

:::::::
strays

:::::::::
beyond

::::
the

:::::::
focus

:::
of

:::::
this

:::::::::::::
experiment.

:::::::::
Except

::::
for

::
a

::::::::
handful

:::
of

::::::::
forcing

::::::::::::
parameters

:::::::
partly

::::::::::
analyzed

:::
in

:::::::::::::
Experiment

::
1,

::::
the

::::::::::
majority

::
of

::::
the

:::
19

::::::::::::
parameters

::::
are

::::::::::
so-called

:::::::::
nuisance

:::::::::::::
parameters

:::::::::::::::
[Jaynes, 2003].

::::::
They

::::
are

::::
not

:::
of

:::::::::
primary

::::::::
interest

:::::::::
beyond

::::::
their

::::::
effect

::::
on

::::
the

::::::
state

:::::
and

:::::
their

:::::
role

:::
in

:::::::::
making

::::
the

:::::
DA

::::::::::
problem

:::::
more

::::::::::::::
challenging.

:::::
We

:::::
thus

:::::::
focus

:::
on

::::
the

:::::::::::::::
performance

::
of

::::::::::
AdaPBS

:::::
and

::::::::::
ES-MDA

::::
for

:::::::::::
estimating

::::
the

::::::
snow

:::::::
depth

::::::
state

::::::::::
observed

:::
at

::::
the

:::::::::
selected

:::::::::::::::::
ESM-SnowMIP

:::::
sites.

:

COMMENT # 1.8

It would be easy to add PBS RMSE and bias to Table 3, allowing the reader to judge for
themselves how badly it is struggling. There will be enormous redundancy in hourly snow
depth measurements because of autocorrelation; would decimated or averaged observations be
less challenging?

Reply:

We thank the reviewer for this suggestion and have now added the corresponding
metrics for PBS to Table 3 and discussed these new results in the revised text as fol-
lows in Section 4.2:

Changes:

::::
The

:
results in Table 3 show is what they do not show: the performance of

::::
also

:::::::
show

::::
that

::::::::::
AdaPBS

:::::::::::::
consistently

::::::::::::::
outperforms

:::::
PBS

:::
in

::::
this

:::::::::::::
experiment

::::
for

:::
all

:::::::::
metrics

:::::::
across

:::
all

:::::
sites,

::::::
with

::::
the

:::::::::::
exception

:::
of

:::::
SOD

:::::::
where

::::
the

:::::
low

:::::
bias

:::::::
differs

::::
by

:::::
only

:::::
0.01.

::::::::::
Overall,

::::::
when

:::::::::::::
considering

:::::::::
metrics

:::::::::::
averaged

:::::
over

::::
all

::::::
sites,

:::::
use

:::
of

:::::::::
AdaPBS

:::::::
leads

:::
to

::
a

::::::
25%,

:::::
41%,

:::::
and

:::::
60%

:::::::::::
reduction

:::
in

::::::::
RMSE,

:::::::
CRPS,

:::::
and

::::::
bias,

::::::::::::::
respectively,

:::::::::::
compared

:::
to

::::::
PBS.

::
A

::::::
likely

::::::::
reason

::::
for

::::
the

::::::
large

::::::
gains

::::::
from

::::::::::::
adaptation

::
is

:::::
that

:
the non-iterative PBS and

the ES. The reason for this is that in this case the PBS would have a tendency to
struggle with capturing

::::::::::::::
non-iterative

:::::
PBS

:::::::::::
struggles

:::
to

:::::::::
capture the dense observa-

tions, as demonstrated by the average of eight iterations needed in AdaPBS, and
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very likely degenerate
:
.
::::

As
:::

a
:::::::
result,

:::::
PBS

:::::::
often

:::::::::::::
degenerates

:
completely to a sub-

optimal solutionwhereas the .
::::::::::::

Although
::::
not

:::::::::::
explicitly

:::::::::::
evaluated

::::::
here,

::
a
:
single ES

update would suffer due to
::
is

::::::::::
expected

:::
to

:::::
also

:::::
lead

:::
to

::
a
:::::::::::::

suboptimal
::::::::::

solution
:::::
due

::
to

::::
the

::::::::::::
combined

:::::::
effects

:::
of

:
nonlinearity and the highly informative nature of these

observations. The expected performance of these two non-iterative schemes is based
on

::::
the

:::::::::::::::
observations.

:::::
This

:::::::::::::
expectation

:::
is

:::::::::::
supported

::::
by

:::::::::::::
Experiment

::
1

:::
as

:::::
well

:::
as

:
pre-

vious experiments comparing the ES-MDA to these non-iterative schemes
:::
the

::::
ES

in snow data assimilation [Aalstad et al., 2018, Alonso-González et al., 2022] and
beyond

:::::
other

::::::::::::::
applications [Pirk et al., 2022, 2024, Keetz et al., 2025].

Reply:

The reviewer is correct that there is likely some redundancy in hourly snow depth
measurements especially considering that observation errors are actually autocorre-
lated. The idea here was to construct a case that was particularly challenging for
the PBS by ending up with a very narrow needle in terms of numerous and highly
informative observations. Averaging would not necessarily make the assimilation
less challenging, since with this additive Gaussian error model the observation error
standard deviation σy would need to be scaled by 1/

√
Nav where Nav is the number

of observations that are averaged over, to account for the averaging. On the other
hand, accounting for auto-correlated errors in the observations would reduce the in-
formation content of the snow depth observations and thus make contraction of the
posterior less dramatic and easier to capture. While it is possible to add this to the
likelihood related following the work of Smith et al. [2010] as cited in the manuscript,
this is beyond the scope of our study where we assume uncorrelated observation er-
rors as is typical in DA [Carrassi et al., 2018]. The use of decimated (sub-sampled)
observations would certainly make the exercise easier and reduce degeneracy, but
this would also cause a loss of information assuming uncorrelated errors. The re-
lated technique of data tempering (also known as mini-batching) following Chopin
[2002] which is now discussed in the new Section 4.3 provides a similar way to make
the problem less challenging while not throwing away information.

Minor errors:

COMMENT # 1.9

p3 “Ensembe Kalman”

Reply:
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Fixed to ‘Ensemble Kalman’, thanks for spotting this.

COMMENT # 1.10

p4-5 “comprehensive texts . . . for a comprehensive”

Reply:

Thanks for spotting this unfortunate wording, we have now change the second com-
prehensive to "thorough"

COMMENT # 1.11

p12 “that we can easy generate”

Reply:

Fixed to ‘that we can easily generate’, thanks.

COMMENT # 1.12

p13 “samples form the target”

Reply:

Fixed typo to ‘from’, thanks for pointing this out.

COMMENT # 1.13

p15 “each iterations proposals density” (missing apostrophe)

Reply:

Thanks for spotting this, we now added the missing apostrophe:

Changes:

The particles θ
(k)
i for each iteration k have been drawn independently from their

respective sampling proposal distributions q(k).

COMMENT # 1.14
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p19 No reference in the text to Figure 1 (could be related to the steps in 2.6.1).

Reply:

Thanks for spotting this, we have now added the following paragraph just above
Figure 1:

Changes:

::::
The

::::::::
overall

:::::::::::
workflow

::
of

::::
the

:::::::::
AdaPBS

:::::::::::
algorithm

::
is

::::::::::::
visualized

::
in

::::::::
Figure

:::
??.

::::
As

:::::
with

::::
the

:::::::::
standard

::::::
PBS,

:::::::::
AdaPBS

:::
is

:::::::::::
initialized

:::
by

:::::::::::
sampling

:
a
:::::::::
particle

:::::::::::
ensemble

:::::
from

::::
the

:::::::
prior,

:::::::::
running

::::
this

:::::::::::
ensemble

:::::::::
through

::::
the

:::::::::
forward

::::::::
model,

:::::
and

::::::::::::
computing

::::::::::::::::::
self-normalized

::::::::::::
importance

:::::::::
weights

::::
via

::::
(??).

:::::::::::
Ensemble

::::::::::
diversity

:::
is

:::::
then

:::::::::::
diagnosed

:::::::
using

:::
the

::::::::::
effective

::::::::
sample

::::
size

:::::
Neff:::

in
:::::
(??).

:::
If

:::::
Neff :::::::::

exceeds
:
a
:::::::::::::
predefined

:::::::::::
threshold,

::::
the

::::::::::::
algorithm

::::::
stops

:::::::::::::
successfully,

::::::::::::
outputting

::::
this

:::::::::
diverse

::::::::::
ensemble

:::
as

::::
the

::::::::::
posterior

::::::::::::::::
approximation.

:::::::::::::
Otherwise,

:
it
::::::::
adapts

::
a

:::::
new

::::::::::
sampling

::::::::::
proposal

:::::::
using

:::::::::
clipping

::::
(??)

:::::
and

::::::::::
ensemble

::::::::::
statistics

::::
via

::::
(??)

::::
and

:::::
(??).

:::
A

::::::
new

::::::::
particle

:::::::::::
ensemble

:::
is

:::::::
drawn

::::::
from

:::::
this

:::::::::
adapted

:::::::::::
sampling

:::::::::::
proposal,

::::
run

:::::::::
through

::::
the

:::::::::
forward

:::::::
model,

:::::
and

:::::::::
weights

::::
are

:::::::::
obtained

:::::::
using

::::
(??),

::::::
now

:::::::::::::::
incorporating

:::
the

:::::::
entire

::::::::
particle

:::::::::
history

:::
via

::
a
:::::::::
mixture

::::::::::
proposal

:::::
(??).

:::::::::::::
Adaptation

::::::::::
continues

::::::
until

::::
the

:::::::::::
ESS-based

::::::::::
diversity

:::::::::::
threshold

::
is

::::
met

:::
or

::
a
::::::::::::
predefined

::::::::::::
maximum

:::::::::
number

::
of

:::::::::::
iterations

::
is

:::::::::
reached.

:

COMMENT # 1.15

p20 “cryospheric sciene”

Reply:

Fixed ‘science’, thanks.

COMMENT # 1.16

p22 “The idea being . . . ” is an incomplete sentence as written.

Reply:

Thanks for spotting this, we changed the sentence to:

Changes:
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The idea being
::
is

:
to accelerate MCMC by initializing at a location

::::::::
starting

::::
the

:::::::
chain

within or close to the typical set of the target posterior distribution.

COMMENT # 1.17

p23 “FMSM2”.

Reply:

Fixed the typo.

COMMENT # 1.18

p23 “7 perturbation parameters to correct the forcing” – only six are listed.

Reply:

TODO add specific humidity or reduce to six forcing parameters? If we only use 6
we need to update total parameter count to 18 not 19

COMMENT # 1.19

p26 The MCMC distribution in Figure 2 should have a colour scale.

Reply:

We thank the reviewer for pointing out the lack of scale for the MCMC heatmap. We
have now visualized all the reference posterior MCMC samples in blue and removed
the heatmap as the point density colormap does not add much information.

COMMENT # 1.20

p29 Figure 5 would be clearer if ESS in the legend was changed to Neff as in the caption.

Reply:

We thank the reviewer for spotting this inconsistency regarding effective sample size
(ESS) notation by using the ESS acronym in the legend and the Neff symbol in the cap-
tion. We have updated Figure 5 (and Figure 1) to instead just use Neff for consistency
and clarity.
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COMMENT # 1.21

p29 Rather than ending up selecting a threshold value, you must have started out by doing so
if it is preselected (p16).

Reply:

We thank the reviewer for spotting this unfortunate turn of phrase, we have now
changed this to the following which aligns with our original intent:

Changes:

In this case, we ended up selecting
:::::
used

:
a relatively high Neff diversity threshold

value
:::::::::
diversity

:::::::::::
threshold

:::
of

:
τ = 0.3 (30%)

:::
for

:::::::::
Neff/Ne, which in practice resulted in

the same number of iterations as ES-MDA.

We would like to thank Richard Essery for his constructive and detailed review.
We are especially grateful to receive this positive feedback given the key role of FSM2
[Essery et al., 2025] and ESM-SnowMIP [Ménard et al., 2019] in our study.

On behalf of all coauthors,
Kristoffer Aalstad and Esteban Alonso-González
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