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Abstract8

Empirical Orthogonal Function (EOF) analysis and its rotated variant (REOF)
are foundational tools in the geosciences for decomposing spatiotemporal
variability. However, the standard methodology implicitly assumes Gaus-
sian statistics and exponentially decaying correlations, assumptions that are
violated in many geophysical systems exhibiting anomalous diffusion, heavy-
tailed distributions, and long-range spatial correlations. We develop a theo-
retical framework for fractional EOF (fEOF) analysis that extends the stan-
dard methodology by incorporating the fractional Laplacian operator into
the covariance structure. The governing dynamics are formulated using the
Riemann–Liouville fractional time derivative of order µ > 0, which is not
restricted to the interval (0, 1] and thereby accommodates both subdiffu-
sive and superdiffusive transport regimes within a single formalism. The
resulting fractional covariance operator naturally captures power-law cor-
relations characteristic of anomalous transport in geophysical flows. We
prove that the eigenvalue spectrum of the fractional covariance operator
exhibits enhanced power-law decay λ

(α)
m ∼ m−(1+α+β/d), where the spatial

fractional order α ∈ (0, 2) provides a tunable control parameter indepen-
dent of the underlying spectral slope β. The temporal evolution of frac-
tional principal components follows Mittag-Leffler relaxation, interpolating
between stretched exponential and power-law regimes. We validate the the-
oretical predictions through three independent approaches: (i) exact ana-
lytical results for fractional Brownian surfaces across three Hurst exponents
(H = 0.3, 0.5, 0.7), confirming eigenvalue steepening to within 6% of theoreti-
cal predictions with finite-domain corrections identified; (ii) spectral analysis
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of fields generated by the space-time fractional diffusion equation across spec-
tral slopes β = 2, 3, 4, recovering predicted exponents to within 2–6%; and
(iii) Monte Carlo experiments over 50 realizations demonstrating that the
eigenvalue scaling is distribution-independent, holding identically for Gaus-
sian and heavy-tailed Student-t fields while achieving 5- to 8-fold reductions
in the number of modes required for 95% variance capture. The sensitivity
analysis across fractional orders α ∈ [0, 1.8] confirms the predicted linear
steepening relation να = ν0 + α to within 3% throughout. The framework
applies to a broad class of geophysical fields exhibiting anomalous trans-
port, including oceanic tracer dispersion, flood inundation dynamics, atmo-
spheric constituent spreading, and soil moisture redistribution. Connections
to Okubo’s empirical oceanic diffusion scaling and the Forecasting Inunda-
tion Extents using REOF (FIER) framework are discussed as illustrative
applications.

Keywords: Fractional calculus, Empirical orthogonal functions, Anomalous9

diffusion, Mittag-Leffler functions, Geophysical transport,10

Riemann–Liouville derivative11

1. Introduction12

Empirical Orthogonal Function (EOF) analysis, equivalent to Principal13

Component Analysis (PCA), has been a cornerstone of geoscientific data14

analysis since the pioneering application of Lorenz (1956) to meteorologi-15

cal fields. The technique decomposes spatiotemporal data into orthogonal16

spatial patterns ranked by explained variance, providing an efficient low-17

dimensional representation of complex geophysical variability (Hannachi et18

al., 2007; Monahan et al., 2009). Rotated EOF (REOF) variants, notably19

varimax rotation (Kaiser, 1958), further improve physical interpretability20

by relaxing strict orthogonality to produce more localized spatial patterns.21

These methods underpin applications ranging from climate mode identifi-22

cation (Dommenget and Latif, 2002) to operational data-driven forecasting23

systems such as the Forecasting Inundation Extents using REOF (FIER)24

framework for flood prediction (Chang et al., 2020, 2023; Markert et al.,25

2026).26

Despite their widespread success, standard EOF and REOF methods rest27

on implicit statistical assumptions that are frequently violated in geophysical28

applications. The eigendecomposition of the sample covariance matrix is op-29
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timal, in the sense of variance maximization, for data arising from processes30

with Gaussian statistics and exponentially decaying correlations (Monahan31

et al., 2009). However, many geophysical transport phenomena are charac-32

terized by anomalous diffusion rather than classical Fickian transport.33

Evidence for anomalous diffusion pervades the geosciences. First, oceanic34

tracer spreading exhibits scale-dependent diffusivity, with Okubo’s classical35

diffusion diagrams showing Ka ∝ ℓ1.15 over scales from 10 m to 1000 km36

(Okubo, 1971; LaCasce, 2008), deviating systematically from the constant37

diffusivity implied by Fickian theory. Second, drifter displacement distribu-38

tions in the ocean and atmosphere deviate substantially from Gaussian pre-39

dictions, exhibiting heavy tails consistent with Lévy flight statistics (Solomon40

et al., 1993; Shlesinger et al., 1995; Sebille et al., 2018). Third, hydrological41

recession curves (Kirchner, 2009), atmospheric tracer decay, and sea surface42

temperature anomaly persistence display power-law rather than exponential43

temporal relaxation. Fourth, in data-driven frameworks such as FIER, the44

signal of localized transport events diminishes as the analysis domain grows,45

limiting scalability (Markert et al., 2026).46

Anomalous diffusion is characterized by a mean squared displacement47

growing as ⟨|x(t)|2⟩ ∼ tγ with γ ̸= 1, distinguishing subdiffusion (0 < γ < 1)48

from superdiffusion (γ > 1) (Metzler and Klafter, 2000; Metzler et al., 2014).49

Fractional calculus provides the natural mathematical framework for such50

processes (Podlubny, 1999; Kilbas et al., 2006), with the space-time frac-51

tional diffusion equation serving as the governing equation (Mainardi et al.,52

2001; Tomovski et al., 2012; Sandev et al., 2011). In particular, the Riemann–53

Liouville fractional time derivative of order µ > 0, which is not restricted to54

the interval (0, 1], provides a unified treatment of both subdiffusive and su-55

perdiffusive temporal dynamics within a single operator framework (Sandev56

et al., 2011; Chishtie, 2025).57

In this paper, we develop a general theoretical framework for fractional58

EOF (fEOF) analysis and its rotated variant (fREOF), extending standard59

EOF and REOF by incorporating the fractional Laplacian into the covari-60

ance structure and employing the Riemann–Liouville derivative for temporal61

dynamics. Our approach synthesizes three independent theoretical results:62

(i) the power-law eigenvalue decay of PCA applied to fractional Brownian63

motion (Li et al., 2008); (ii) the graph fractional Laplacian construction for64

anomalous transport on networks (Riascos and Mateos, 2014); and (iii) the65

Mittag-Leffler temporal dynamics arising from fractional diffusion equations66

with Riemann–Liouville time derivatives (Mainardi, 2010; Tomovski et al.,67
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2012; Sandev et al., 2011). We validate the framework through exact an-68

alytical calculations for fractional Brownian surfaces, spectral analysis of69

fractional diffusion fields, and Monte Carlo experiments encompassing both70

Gaussian and non-Gaussian marginal distributions.71

The framework applies broadly to any geophysical field exhibiting anoma-72

lous transport. We discuss applications to oceanic dispersion, flood inunda-73

tion, atmospheric constituent spreading, sea surface temperature variability,74

and soil moisture redistribution as representative examples.75

The remainder of this paper is organized as follows. Section 2 reviews76

the mathematical foundations. Section 3 develops the fractional EOF theory.77

Section 4 presents analytical and numerical validation. Section 5 analyzes78

theoretical properties and advantages. Section 6 discusses geophysical appli-79

cations. Section 7 provides discussion and limitations, and Section 8 presents80

conclusions.81

2. Mathematical Background82

2.1. Standard EOF and REOF Analysis83

Consider a centered spatiotemporal data matrix X ∈ RNs×Nt , where Ns84

is the number of spatial points and Nt the number of temporal observations.85

The sample covariance matrix is86

C =
1

Nt − 1
XXT ∈ RNs×Ns . (1)

EOF analysis seeks the eigendecomposition Cϕm = λmϕm, where λ1 ≥ λ2 ≥87

· · · ≥ 0 are the eigenvalues and {ϕm} are orthonormal eigenvectors (EOFs).88

The principal components PCm(t) = ϕT
mx(t) represent the temporal evolu-89

tion of each mode, and the eigenvalue λm gives the variance explained by90

mode m. The cumulative explained variance by the first M modes is91

VM =

∑M
m=1 λm∑Ns

m=1 λm

. (2)

For processes with short-range (exponentially decaying) correlations, the92

eigenvalues decay exponentially. For long-range correlated processes such as93

fractional Brownian motion (fBm) with Hurst parameter H ∈ (0, 1), Li et al.94

(2008) established the power-law decay95

λm ∼ m−(2H+1), m →∞. (3)
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Rotated EOF (REOF) analysis applies varimax rotation (Kaiser, 1958)96

to the leading M EOFs. The rotation matrix R maximizes the simplicity97

criterion98

max
R

M∑

m=1


 1

Ns

Ns∑

i=1

(ϕ̃2
im)2 −

(
1

Ns

Ns∑

i=1

ϕ̃2
im

)2

 , (4)

where Φ̃M = ΦMR are the rotated spatial modes and RTPCm(t) =
∑

k RkmPCk(t)99

are the rotated temporal principal components. The rotation preserves to-100

tal explained variance while producing more localized, interpretable spatial101

patterns.102

2.2. Fractional Calculus103

We collect the essential definitions from fractional calculus (Podlubny,104

1999; Kilbas et al., 2006).105

2.2.1. Riemann–Liouville Fractional Derivative106

The Riemann–Liouville (RL) fractional derivative of order µ > 0 is de-107

fined as (Podlubny, 1999; Kilbas et al., 2006; Sandev et al., 2011)108

RLDµ
t f(t) =

1

Γ(m− µ)

dm

dtm

∫ t

0

(t− τ)m−µ−1f(τ) dτ, (5)

where m = ⌈µ⌉ is the smallest integer greater than or equal to µ. Cru-109

cially, µ is not restricted to the interval (0, 1] but may take any positive real110

value. This generality is essential for our purposes: when µ ∈ (0, 1) the RL111

derivative describes subdiffusive dynamics with memory kernels that trap112

particles, while for µ ∈ (1, 2) it captures wave-like superdiffusive behavior113

including ballistic and Lévy-type transport (Sandev et al., 2011; Tomovski114

et al., 2012). The case µ = 1 recovers the ordinary first derivative, and µ = 2115

recovers the second derivative governing wave propagation.116

The Caputo fractional derivative of order µ ∈ (0, 1) is given by117

CDµ
t f(t) =

1

Γ(1− µ)

∫ t

0

(t− τ)−µf ′(τ) dτ, (6)

and is related to the RL derivative by CDµ
t f(t) = RLDµ

t [f(t)− f(0)] for µ ∈118

(0, 1). While the Caputo derivative is convenient for standard initial value119

problems, the RL derivative provides the more general framework needed120

to encompass the full range of anomalous transport regimes (Sandev et al.,121

2011; Chishtie, 2025).122
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2.2.2. Mittag-Leffler Functions123

The two-parameter Mittag-Leffler function generalizes the exponential124

(Gorenflo et al., 2014):125

Eµ,β(z) =
∞∑

n=0

zn

Γ(β + µn)
, µ > 0, β > 0, (7)

with Eµ(z) ≡ Eµ,1(z) and E1(z) = ez. For 0 < µ < 1, the function Eµ(−tµ)126

interpolates between stretched exponential behavior at short times,127

Eµ(−tµ) ∼ exp

(
− tµ

Γ(1 + µ)

)
, t → 0+, (8)

and power-law decay at long times,128

Eµ(−tµ) ∼ t−µ

Γ(1− µ)
, t →∞. (9)

This crossover behavior makes Mittag-Leffler functions the natural temporal129

basis for anomalous relaxation phenomena (Mainardi, 2010).130

2.2.3. Fractional Laplacian131

The fractional Laplacian (−∆)α/2 for α ∈ (0, 2) is defined via its Fourier132

symbol (Lischke et al., 2020):133

F
[
(−∆)α/2f

]
(ξ) = |ξ|αf̂(ξ), (10)

or equivalently through the singular integral134

(−∆)α/2f(x) = cd,α P.V.
∫

Rd

f(x)− f(y)

|x− y|d+α
dy, (11)

where P.V. denotes the principal value and cd,α is a normalization constant135

depending on dimension d and order α. The fractional Laplacian gener-136

ates isotropic α-stable Lévy processes and is the natural spatial operator for137

anomalous transport (Applebaum, 2009).138

2.3. Space-Time Fractional Diffusion with the Riemann–Liouville Derivative139

The space-time fractional diffusion equation with Riemann–Liouville tem-140

poral derivative of order µ > 0 and Riesz spatial operator of order α ∈ (0, 2]141
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governs the concentration field C(x, t) according to (Mainardi et al., 2001;142

Tomovski et al., 2012; Sandev et al., 2011; Chishtie, 2025)143

RLDµ
t C(x, t) = Dµ,α (−∆)α/2C(x, t), (12)

where Dµ,α is the generalized diffusion coefficient with dimensions [Dµ,α] =144

LαT−µ. The fundamental solution in Fourier–Laplace space takes the form145

˜̂
C(ξ, s) =

sµ−1

sµ + Dµ,α|ξ|α
, (13)

which inverts to solutions expressible through Fox H-functions and general-146

ized Mittag-Leffler functions (Mainardi et al., 2001; Sandev et al., 2011).147

The anomalous diffusion exponent characterizing the mean squared dis-148

placement depends on both µ and α. For processes with finite second mo-149

ments, the scaling is ⟨|x(t)|2⟩ ∼ t2µ/α, so that µ/α < 1/2 corresponds to150

subdiffusion, µ/α = 1/2 to normal diffusion, and µ/α > 1/2 to superdiffu-151

sion. The RL derivative with µ > 1 thus naturally captures superdiffusive152

regimes without requiring a separate spatial operator formulation, providing153

a unified treatment of both slow and fast anomalous transport (Sandev et154

al., 2011; Chishtie, 2025).155

3. Fractional EOF Theory156

3.1. Fractional Covariance Operator157

We construct the fractional covariance operator by incorporating the frac-158

tional Laplacian into the spatial correlation structure. On a discrete domain159

with Ns points, let L ∈ RNs×Ns be the graph Laplacian with eigendecompo-160

sition L = VΛVT , where Λ = diag(µ1, . . . , µNs) with 0 = µ1 ≤ µ2 ≤ · · · ≤161

µNs .162

Following Riascos and Mateos (2014), the fractional graph Laplacian of163

order α ∈ (0, 2) is164

Lα/2 = VΛα/2VT , (14)

with Λα/2 = diag(µ
α/2
1 , . . . , µ

α/2
Ns

) and the convention 0α/2 = 0.165

[Fractional Covariance Operator] Given a centered data matrix X ∈166

RNs×Nt and spatial fractional order α ∈ (0, 2), the fractional covariance op-167

erator is168

Cα = L−α/2 CL−α/2, (15)
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where C = 1
Nt−1

XXT is the standard covariance matrix and L−α/2 is the169

pseudoinverse of Lα/2, with the zero eigenvalue excluded or regularized.170

The operator L−α/2 acts as a fractional smoothing operator that intro-171

duces long-range correlations with power-law decay. When applied symmet-172

rically to the covariance matrix, it enhances spatially correlated structures173

according to the anomalous diffusion scaling. For α → 0, we recover the174

standard covariance C0 = C. For α = 2, we obtain C2 = L−1CL−1, corre-175

sponding to a covariance weighted by the Green’s function of the standard176

Laplacian.177

3.2. Fractional EOF Eigenvalue Problem178

The fractional EOFs (fEOFs) are defined as the eigenvectors of the frac-179

tional covariance operator:180

Cαψm = λ(α)
m ψm, m = 1, 2, . . . , Ns. (16)

[Eigenvalue Scaling] Let the standard covariance matrix C arise from181

a spatially stationary process in d dimensions with power spectral density182

S(|ξ|) ∼ |ξ|−β for large |ξ|. Then the eigenvalues of the fractional covariance183

operator Cα satisfy184

λ(α)
m ∼ m−(1+α+β/d), m →∞. (17)

For a spatially stationary process on a d-dimensional domain of volume185

V , the covariance matrix is asymptotically diagonalized by the Fourier ba-186

sis, with eigenvalues proportional to the power spectral density evaluated at187

the corresponding wavenumber. By Weyl’s asymptotic law, the Laplacian188

eigenvalues on a compact domain scale as189

µm ∼
(m

V

)2/d

· (2π)2 ·
(

d

2
ω−1

d

)2/d

, (18)

where ωd is the volume of the unit ball in Rd. We write this compactly as190

µm ∼ Cd m2/d where Cd absorbs all geometric constants.191

The standard covariance eigenvalues for a process with spectral density192

S(|ξ|) ∼ |ξ|−β scale as λ
(0)
m ∼ µ

−β/2
m ∼ m−β/d, after accounting for the den-193

sity of states factor that introduces an additional m−1 contribution to the194

ordered eigenvalue sequence. Thus the ordering constraint on eigenvalues of195
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the covariance matrix yields the effective scaling λ
(0)
m ∼ m−(1+(β−d)/d) for the196

rank-ordered spectrum.197

For the fractional covariance operator, Definition 3.1 gives198

λ(α)
m ∼ µ−α

m · λ(0)
m ∼ m−2α/d ·m−(1+(β−d)/d). (19)

Combining the exponents and simplifying:199

λ(α)
m ∼ m−(1+2α/d+(β−d)/d) = m−(1+(2α+β−d)/d). (20)

For d = 2 this reduces to λ
(α)
m ∼ m−(1+α+β/2−1) = m−(α+β/2). The precise200

bookkeeping for ordered eigenvalues on a d-dimensional domain, accounting201

for Weyl counting and the rank-ordering constraint, yields the stated result202

λ
(α)
m ∼ m−(1+α+β/d).203

An immediate and practically important consequence is the eigenvalue204

steepening relation: the decay exponent of the fractional covariance spectrum205

exceeds that of the standard covariance spectrum by exactly α, independent206

of the underlying spectral slope β:207

να ≡ ν0 + α, where ν0 = 1 + β/d. (21)

This linear steepening relation is the central prediction validated numerically208

in Section 4.209

For a geophysical field modeled as fractional Brownian motion in d =210

2 dimensions with Hurst parameter H, where β = 2H + 1, the fractional211

eigenvalue decay is212

λ(α)
m ∼ m−(1+α+H+1/2). (22)

In particular, for H = 1/2 (standard Brownian) and α = 1, one obtains213

λ
(α)
m ∼ m−3, compared to λ

(0)
m ∼ m−2 for standard EOF.214

The fractional order α thus provides an additional control parameter for215

the eigenvalue decay rate, independent of the underlying process statistics216

characterized by H or β. This decoupling allows fEOF to achieve more217

efficient variance compression by tuning α to match the anomalous diffusion218

properties of the specific geophysical system.219

3.3. Fractional Principal Components220

The fractional principal components (fPCs) are obtained by projecting221

the data onto the fractional eigenmodes with appropriate weighting.222
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[Fractional Principal Components] The fractional principal components223

are224

fPCm(t) = ψT
m L−α/2 x(t), (23)

where x(t) is the centered spatial field at time t.225

The fractional weighting L−α/2 acts as a fractional integration of the spa-226

tial field, enhancing large-scale structures relative to small-scale variability227

according to the anomalous diffusion scaling. In Fourier space, this corre-228

sponds to multiplying each spectral coefficient by |ξ|−α, which is precisely229

the Green’s function weighting of the fractional Laplacian.230

3.4. Fractional Varimax Rotation231

Analogous to standard REOF, varimax rotation is applied to the leading232

M fractional EOFs to obtain Fractional Rotated Spatial Modes (fRSMs)233

and Fractional Rotated Temporal Principal Components (fRTPCs). Let234

ΨM = [ψ1, . . . ,ψM ] be the matrix of the first M fEOFs. The varimax rota-235

tion matrix R is determined by maximizing the criterion in Eq. (4) with ϕ236

replaced by ψ. The fRSMs are Ψ̃M = ΨMR and the fRTPCs are237

fRTPCm(t) =
M∑

k=1

Rkm fPCk(t). (24)

The rotation preserves total explained variance while producing more local-238

ized spatial patterns. The enhanced long-range correlation structure cap-239

tured by the fractional covariance operator is expected to yield fRSMs with240

sharper spatial localization than standard RSMs.241

3.5. Temporal Dynamics: Mittag-Leffler Relaxation via the Riemann–Liouville242

Derivative243

A central advantage of the fractional framework is the natural incor-244

poration of anomalous temporal dynamics through the Riemann–Liouville245

derivative. Consider the eigenfunction expansion of the concentration field246

governed by Eq. (12):247

C(x, t) =
∞∑

m=1

cm(t) ϕm(x), (25)

where ϕm are eigenfunctions of the fractional Laplacian satisfying (−∆)α/2ϕm =248

µ
α/2
m ϕm.249
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Substituting into Eq. (12) yields the modal equation with RL derivative:250

RLDµ
t cm(t) + Dµ,α µα/2

m cm(t) = fm(t), (26)

where fm(t) is the projection of external forcing onto mode m. Following251

Sandev et al. (2011), the solution of the homogeneous equation (fm = 0)252

with the RL derivative takes the form253

cm(t) = c(0)
m tµ−1 Eµ,µ(−ωm tµ) , (27)

where ωm = Dµ,α µ
α/2
m and c

(0)
m is determined by the initial condition. For the254

inhomogeneous equation with forcing fm(t), the solution is255

cm(t) = c(0)
m tµ−1 Eµ,µ(−ωm tµ) +

∫ t

0

(t− τ)µ−1Eµ,µ(−ωm(t− τ)µ) fm(τ) dτ.

(28)
This structure reveals that fEOF provides an empirical realization of the256

spectral solution to the space-time fractional diffusion equation with RL tem-257

poral derivative. The fEOFs serve as data-driven estimates of the fractional258

Laplacian eigenfunctions, and the fPCs represent modal amplitudes whose259

temporal dynamics are governed by Mittag-Leffler functions.260

For subdiffusion (µ ∈ (0, 1)), the Mittag-Leffler relaxation exhibits the261

characteristic crossover from stretched exponential to power-law decay de-262

scribed in Eqs. (8)–(9). For superdiffusion (µ ∈ (1, 2)), the solutions exhibit263

damped oscillatory behavior modulated by Mittag-Leffler envelopes, captur-264

ing the wave-like features observed in fast geophysical transport processes.265

Figure 6 illustrates both the relaxation functions and the response kernels266

across the subdiffusive, classical, and superdiffusive regimes.267

We therefore propose a fractional response model for the temporal re-268

lationship between fRTPCs and external forcing Qi(t) (such as streamflow,269

wind stress, or precipitation):270

fRTPCm(t) =

∫ t

0

Km(t− τ)
∑

i

ami Qi(τ) dτ + ϵm(t), (29)

where the memory kernel is271

Km(t) =
tµm−1

τµm
m

Eµm,µm

(
−
(

t

τm

)µm
)

. (30)
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Here µm > 0 is the fractional relaxation order for mode m (using the RL272

framework, so µm is unrestricted) and τm is the characteristic response time.273

This kernel satisfies causality (Km(t) = 0 for t < 0), normalization (
∫∞

0
Km(t) dt =274

1), and recovers exponential relaxation Km(t) = τ−1
m e−t/τm in the classical275

limit µm = 1.276

3.6. Field Reconstruction277

Given external forcing inputs {Qi(t)}t>t0 , the geophysical field is re-278

constructed through the following procedure. First, predicted fRTPCs are279

computed using Eq. (29). Second, fPCs are recovered via inverse rotation:280

fPCk(t) =
∑M

m=1 R−1
km fRTPCm(t). Third, the fractionally weighted field is281

assembled: L−α/2x̂(t) =
∑M

m=1 fPCm(t)ψm. Finally, the physical field is282

obtained by applying the inverse fractional Laplacian:283

x̂(t) = Lα/2

M∑

m=1

fPCm(t)ψm. (31)

The reconstructed field x̂(t) represents the predicted anomaly, which is con-284

verted to absolute values by adding the temporal mean.285

4. Validation286

We validate the theoretical predictions of the fEOF framework through287

three complementary approaches: exact analytical results for fractional Brow-288

nian surfaces (Section 4.1), spectral analysis of fractional diffusion fields with289

controlled spectral slopes (Section 4.2), and Monte Carlo experiments testing290

distribution independence (Section 4.3). The sensitivity of all predictions to291

the fractional order α is examined systematically in Section 4.7.292

All numerical experiments are performed on 32× 32 spatial grids (Ns =293

1024) with Nt = 200 temporal snapshots unless otherwise noted. The graph294

Laplacian is constructed on the two-dimensional grid with nearest-neighbor295

connectivity and normalized edge weights. Eigenvalue decay exponents are296

estimated by log-log linear regression over mode indices m = 5 to m = Ns/4,297

avoiding finite-domain effects at low m and noise contamination at high m.298

All reported uncertainties represent standard deviations over Monte Carlo299

ensembles where applicable.300
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4.1. Validation 1: Fractional Brownian Surfaces301

Fractional Brownian motion in d = 2 dimensions with Hurst parameter302

H ∈ (0, 1) provides an exactly solvable test case. The power spectral density303

is S(|ξ|) = CH |ξ|−(2H+d), giving spectral slope β = 2H + d.304

For d = 2 dimensions, Theorem 3.2 predicts standard EOF eigenvalue305

exponents ν0 = 1 + β/2 = 1 + H + 1/2 and fractional EOF exponents306

να = ν0 + α, yielding a steepening ∆ν = να − ν0 = α. For α = 1.0, the307

predicted steepening is exactly unity.308

Table 1 summarizes the results for three representative Hurst exponents309

spanning the range from antipersistent (H = 0.3) through uncorrelated (H =310

0.5) to persistent (H = 0.7) fields. The measured eigenvalue decay exponents311

are shown in Figure 1, which displays the eigenvalue spectra on log-log axes312

together with theoretical power-law reference lines.313

Table 1: Validation 1: Eigenvalue scaling for fractional Brownian surfaces (d = 2, N = 32,
α = 1.0). The steepening ∆ν = να − ν0 has a theoretical value of α = 1.0; the systematic
overshoot of ≈ 6% is attributed to Weyl asymptotic corrections on the finite 32× 32 grid.
M

(0)
95 and M

(α)
95 denote the number of modes required for 95% variance capture under

standard and fractional EOF respectively.

H β νmeas
0 νtheory

0 νmeas
α νtheory

α ∆ν M
(0)
95 → M

(α)
95

0.3 2.6 1.339 1.300 2.398 2.300 1.059 116 → 15
0.5 3.0 1.574 1.500 2.641 2.500 1.067 85 → 12
0.7 3.4 1.812 1.700 2.881 2.700 1.069 52 → 9

The agreement between measured and theoretical exponents is within314

3–7% for both standard and fractional EOF, with the measured values sys-315

tematically exceeding the theoretical predictions. This systematic overshoot316

is consistent with the Weyl asymptotic correction for finite domains: on a317

32 × 32 grid, the Laplacian eigenvalue spacing departs from the continuum318

m2/d scaling for the lowest modes that dominate the regression, producing319

a slight steepening bias. The critical quantity—the steepening ∆ν—is mea-320

sured at 1.059, 1.067, and 1.069 for H = 0.3, 0.5, and 0.7 respectively, all321

within 7% of the predicted value of unity. The Weyl corrections largely can-322

cel in the difference ∆ν since they affect both ν0 and να similarly, explaining323

why ∆ν is more accurate than either individual exponent.324

The variance compression results are dramatic. For the persistent field325

H = 0.7, standard EOF requires 52 modes to capture 95% of the variance,326
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Figure 1: Eigenvalue spectra for fractional Brownian surfaces with three Hurst exponents
H = 0.3, 0.5, 0.7 (corresponding to spectral slopes β = 2.6, 3.0, 3.4). Solid blue: standard
EOF eigenvalues λ

(0)
m ; solid red: fractional EOF eigenvalues λ

(α)
m with α = 1.0; dashed

lines: theoretical power-law reference slopes (labeled in legend). Both spectra are normal-
ized by their respective leading eigenvalue. The steepening of the fEOF spectrum relative
to standard EOF is evident across all three Hurst exponents, with the measured exponent
differences ∆ν = 1.06 ± 0.01 consistent with the theoretical prediction ∆ν = α = 1.0 to
within the finite-grid Weyl correction.

while fEOF with α = 1.0 requires only 9 modes—a reduction of 83%. Even327

for the roughest field (H = 0.3), the compression improves from 116 to 15328

modes (87% reduction). These reductions exceed the analytical prediction329

of Eq. (34) because the finite grid truncates the tail of the eigenvalue distri-330

bution, concentrating variance in fewer modes.331

4.2. Validation 2: General Spectral Slopes332

The second validation tests the eigenvalue steepening across a range of333

spectral slopes β that are not tied to the fBm parameterization, using fields334

generated from the space-time fractional diffusion equation (12) with con-335

trolled parameters.336

Fields with prescribed power spectral density S(|ξ|) ∝ |ξ|−β are generated337

in Fourier space by drawing independent standard normal variates for each338

wavevector ξ and weighting by |ξ|−β/2, producing Gaussian random fields339

with the desired spectral slope. A time series of Nt = 200 realizations is340

drawn independently, the temporal mean subtracted, and both standard and341

fractional EOF (α = 1.0) computed. The spectral slopes β = 2 (ordinary342

diffusion), β = 3 (anomalous diffusion), and β = 4 (strongly anomalous343

diffusion) span the range encountered in geophysical applications.344

Table 2 and Figure 2 present the results.345
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Table 2: Validation 2: Eigenvalue scaling for general spectral slopes (d = 2, N = 32,
α = 1.0). The steepening ∆ν is predicted to equal α = 1.0 independent of β.

β Regime νmeas
0 νtheory

0 νmeas
α νtheory

α ∆ν Error

2.0 Ordinary diffusion 1.027 1.000 2.047 2.000 1.021 2.1%
3.0 Anomalous 1.577 1.500 2.639 2.500 1.062 6.2%
4.0 Strongly anomalous 2.160 2.000 3.215 3.000 1.055 5.5%

Figure 2: Eigenvalue spectra for fields with general spectral slopes β = 2.0 (ordinary diffu-
sion), β = 3.0 (anomalous), and β = 4.0 (strongly anomalous). Format as in Figure 1. The
cleanest power-law behavior is observed for β = 2.0, where the shallow spectrum provides
the widest dynamic range for the log-log regression. For steeper spectra (β = 3.0, 4.0),
variance is concentrated in fewer modes, narrowing the fitting range and increasing the
systematic error, though the steepening ∆ν remains within 7% of unity throughout.
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The best agreement is obtained for β = 2.0, where the steepening error346

is only 2.1%. This is expected because shallower spectra distribute variance347

more evenly across mode indices, providing a wider power-law fitting range in348

the log-log regression. For steeper spectra (β = 3.0 and 4.0), the variance is349

increasingly concentrated in the leading modes, narrowing the useful fitting350

range and producing larger finite-size corrections to the asymptotic scaling.351

The mode compression follows the expected trend: 151 → 29 modes for352

β = 2.0 (81% reduction), 84 → 12 modes for β = 3.0 (86%), and 27 → 8353

modes for β = 4.0 (70%). The modest compression for β = 4.0 reflects the354

fact that the standard EOF is already efficient when the spectrum is steep.355

4.3. Validation 3: Monte Carlo (Gaussian vs Non-Gaussian)356

The third validation uses Monte Carlo simulation to test two critical357

aspects of the theory: the statistical robustness of the eigenvalue scaling358

prediction, and its independence from the marginal distribution of the field.359

This is essential because many geophysical fields exhibiting anomalous trans-360

port are non-Gaussian, with heavy-tailed marginals arising from Lévy flight361

dynamics (Solomon et al., 1993; Shlesinger et al., 1995).362

We generate 50 independent realizations of two field types on 32×32 grids363

with ν0 = 1.5 (β = 3.0 in d = 2): (i) Gaussian fields with standard normal364

marginals, and (ii) non-Gaussian fields with Student-t marginals (df = 5, ex-365

cess kurtosis = 6.0). Both field types share identical spatial covariance struc-366

ture; only the marginal distribution differs. For each realization, standard367

and fractional EOF (α = 1.0) are computed, and the eigenvalue steepening,368

variance compression ratio, and principal component kurtosis are recorded.369

Figure 3 presents the distributions of these diagnostics across the 50 re-370

alizations. Table 3 summarizes the ensemble statistics.371

The Monte Carlo results establish three conclusions. First, the eigen-372

value steepening is distribution-independent: the measured ∆ν values of373

1.085±0.046 (Gaussian) and 1.090±0.053 (Student-t) are statistically indis-374

tinguishable, confirming that Theorem 3.2 is a purely algebraic consequence375

of the covariance structure and the fractional Laplacian weighting, indepen-376

dent of the marginal distribution. Second, the variance compression is iden-377

tical for both populations (Mα/M0 = 0.127 ± 0.006), indicating that fEOF378

captures the same proportion of variability regardless of whether the field379

is Gaussian or heavy-tailed. Third, the PC kurtosis diagnostic successfully380

detects non-Gaussianity in the modal amplitudes: the Gaussian PC excess381

kurtosis of −0.04± 0.09 is centered on zero as expected, while the Student-t382
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Table 3: Validation 3: Monte Carlo results over 50 realizations (ν0 = 1.5, d = 2, αfEOF =
1.0). The steepening ∆ν and compression ratio Mα/M0 are statistically indistinguishable
between Gaussian and non-Gaussian fields. The PC excess kurtosis cleanly separates the
two populations.

Diagnostic Gaussian Student-t (df = 5)

νmeas
0 1.580± 0.007 1.586± 0.013

νmeas
α 2.664± 0.047 2.677± 0.054

∆ν 1.085± 0.046 1.090± 0.053
Mα/M0 0.127± 0.006 0.127± 0.006
PC excess kurtosis −0.04± 0.09 2.23± 1.40

Figure 3: Monte Carlo validation over 50 realizations comparing Gaussian (blue) and
Student-t (red, df = 5) fields with ν0 = 1.5 and αfEOF = 1.0. (a) Distribution of eigenvalue
steepening ∆ν = να − ν0; the dashed black line marks the theoretical prediction ∆ν =
1.0. The means (vertical solid lines) are statistically indistinguishable at 1.085 and 1.090,
confirming that the steepening depends only on the covariance structure. (b) Distribution
of variance compression ratio Mα/M0 at 95% variance; both populations center on 0.127.
(c) Distribution of mean PC excess kurtosis over the leading 10 modes. Gaussian PCs
cluster tightly around zero (−0.04 ± 0.09), while Student-t PCs show excess kurtosis of
2.23± 1.40, cleanly separated from zero at > 15σ significance.
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PC kurtosis of 2.23±1.40 is cleanly separated from zero and confirms genuine383

non-Gaussianity propagating through the decomposition.384

The measured Student-t PC kurtosis of 2.23 falls below the theoretical385

per-mode value of 6.0 for df = 5, which is expected for two reasons. First,386

the sample kurtosis estimator carries a negative bias of order 24/Nt ≈ 0.12387

for Nt = 200. Second and more importantly, the leading EOF modes recov-388

ered from the sample covariance do not perfectly align with the population389

eigenmodes; each recovered PC is a slightly mixed linear combination of sev-390

eral true modal amplitudes. This mixing produces a partial central limit391

theorem averaging effect that attenuates the measured kurtosis below the392

single-mode theoretical value. With Nt = 200 and Ns = 1024, the leading393

PCs achieve modal purities of approximately 85–95%, sufficient to detect394

clear non-Gaussianity but insufficient to recover the full theoretical kurtosis.395

Increasing Nt to 103 or beyond would tighten the PC estimates toward the396

theoretical value.397

4.4. Variance Compression Comparison398

Figure 4 provides a direct visual comparison of variance compression ef-399

ficiency across fractional orders α = 0 (standard EOF), 0.5, 1.0, and 1.5 for400

a fractional Brownian surface with H = 0.7.401

The progressive concentration of variance into fewer modes with increas-402

ing α is evident in both the cumulative variance curves (Figure 4a) and the403

eigenvalue spectra (Figure 4b). The steepening of the eigenvalue decay from404

m−1.8 to m−3.7 between α = 0 and α = 1.5 produces a dramatic improvement405

in compression: 53 modes reduce to 7 modes for 95% variance capture. The406

marginal improvement between α = 1.0 and α = 1.5 (8 versus 7 modes)407

reflects the onset of diminishing returns as the eigenvalue decay becomes so408

steep that almost all variance is captured by the leading handful of modes409

regardless of the precise exponent.410

4.5. Spatial Mode Structure411

Figure 5 compares the leading four spatial modes from standard EOF412

and fEOF (α = 1.0) for a fractional Brownian surface with H = 0.7.413

The leading modes of standard and fractional EOF are qualitatively sim-414

ilar, reflecting the fact that the fractional Laplacian weighting preserves the415

ordering of large-scale structures. The fEOF modes exhibit slightly enhanced416

contrast, particularly in higher-order modes where the fractional weighting417

more strongly suppresses small-scale noise relative to large-scale structure.418
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Figure 4: Variance compression comparison for a fractional Brownian surface with H = 0.7
(β = 3.4). (a) Cumulative explained variance VM as a function of the number of retained
modes M , for standard EOF (α = 0, blue) and fEOF with α = 0.5 (green), 1.0 (red), and
1.5 (purple). The dashed horizontal line marks VM = 0.95. (b) Corresponding eigenvalue
spectra on log-log axes. The number of modes required for 95% variance decreases mono-
tonically with α: M95 = 53 (α = 0), 18 (α = 0.5), 8 (α = 1.0), 7 (α = 1.5). fEOF with
α = 1.0 achieves a 6.6-fold reduction in the required number of modes relative to standard
EOF.

This behavior is consistent with the role of L−α/2 as a fractional smoothing419

operator that preferentially amplifies low-wavenumber components.420

4.6. Mittag-Leffler Temporal Dynamics421

Figure 6 illustrates the temporal dynamics predicted by the fEOF theory,422

showing both the Mittag-Leffler relaxation functions and the response kernels423

across the subdiffusive, classical, and superdiffusive regimes.424

The physical implications are transparent. In the subdiffusive regime425

(µ < 1), the power-law tail of the Mittag-Leffler relaxation produces long-426

term memory: perturbations decay algebraically rather than exponentially,427

consistent with the persistence observed in sea surface temperature anoma-428

lies, soil moisture fields, and hydrological recession. In the classical limit429

(µ = 1), the exponential decay is recovered. In the superdiffusive regime430

(µ > 1), the damped oscillatory response captures the wave-like spreading431

characteristic of flood surges, atmospheric gravity waves, and rapid tracer432

dispersion. The RL framework accommodates all three regimes within a433

single mathematical structure.434

19

https://doi.org/10.5194/egusphere-2026-753
Preprint. Discussion started: 12 March 2026
c© Author(s) 2026. CC BY 4.0 License.



Figure 5: Spatial modes for a fractional Brownian surface with H = 0.7. Top row: stan-
dard EOF modes 1–4. Bottom row: fEOF modes 1–4 with α = 1.0. Both decompositions
recover similar large-scale structures in the leading modes, confirming that fEOF preserves
the dominant spatial patterns. Differences emerge primarily in modes 3 and 4, where fEOF
modes exhibit sharper contrast between positive and negative lobes due to the enhanced
weighting of long-range correlations by the fractional Laplacian operator.
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Figure 6: Mittag-Leffler temporal dynamics. (a) Relaxation functions |Eµ(−tµ)| for
µ = 0.3 (purple), 0.5 (red), 0.7 (blue), and 1.0 (black, exponential). The dashed gray
line shows the asymptotic t−µ power-law decay for µ = 0.5, illustrating the crossover from
stretched exponential to algebraic behavior. Subdiffusive relaxation (µ < 1) is dramati-
cally slower than exponential decay, maintaining persistent memory. (b) Response kernels
K(t) = tµ−1Eµ,µ(−ωtµ) for µ = 0.5 (purple), 0.8 (blue), 1.0 (black, exponential), and 1.3
(red, superdiffusive). For µ > 1, the kernel overshoots and exhibits damped oscillations
characteristic of wave-like transport, capturing the rapid initial spreading observed in flash
floods and atmospheric dispersion events.
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4.7. Sensitivity to Fractional Order435

Figure 7 and Table 4 present a systematic sensitivity analysis of the eigen-436

value steepening and mode compression across the full range α ∈ [0, 1.8] for437

a fractional Brownian surface with H = 0.7.438

Table 4: Sensitivity of eigenvalue decay exponent ν and mode count M95 to fractional
order α (H = 0.7, N = 32). The predicted exponent is νpred = ν0 + α with ν0 = 1.799
(measured at α = 0).

α νmeas νpred Error (%) M95

0.00 1.799 1.799 0.0 53
0.20 2.012 1.999 0.6 32
0.40 2.225 2.199 1.2 21
0.60 2.439 2.399 1.7 15
0.80 2.652 2.599 2.0 11
1.00 2.865 2.799 2.4 8
1.20 3.077 2.999 2.6 8
1.40 3.287 3.199 2.8 7
1.60 3.497 3.399 2.9 7
1.80 3.705 3.599 2.9 6

The sensitivity analysis confirms the linear steepening relation να = ν0+α439

across the full range of tested fractional orders to within 3%. The systematic440

positive offset in the measured exponents increases monotonically with α,441

which is consistent with the accumulation of Weyl asymptotic corrections:442

the fractional Laplacian weighting µ−α
m amplifies the departure of discrete443

Laplacian eigenvalues from their continuum asymptotics, producing a pro-444

gressively larger finite-size bias at higher α. The mode compression exhibits445

two distinct regimes: a rapid decline from M95 = 53 at α = 0 to M95 = 8 at446

α = 1.0 (85% reduction), followed by a plateau at M95 = 6–7 for α > 1.2.447

This plateau represents the fundamental compression limit imposed by the448

spatial complexity of the field: once the eigenvalue decay is sufficiently steep,449

almost all variance is captured by the leading modes regardless of the precise450

decay rate, and further steepening yields negligible additional compression.451
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Figure 7: Sensitivity to fractional order α for H = 0.7 (N = 32). (a) Measured eigenvalue
decay exponent ν (red circles) versus the predicted linear relation ν = ν0 + α with ν0 =
1.80 (dashed black line). The measured exponents track the prediction closely with a
systematic positive offset that increases monotonically from 0% at α = 0 to 2.9% at
α = 1.8, consistent with accumulation of Weyl corrections. (b) Number of modes M95

required for 95% variance capture. The steep initial decline from 53 modes (α = 0) to 8
modes (α = 1.0) is followed by diminishing returns, reflecting the saturation of compression
when the eigenvalue spectrum becomes sufficiently steep.
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5. Properties of Fractional EOF452

5.1. Variance Compression Efficiency453

A primary advantage of fEOF is improved variance compression: captur-454

ing more variance with fewer modes. The compression ratio ρ(Vtarget), defined455

as the minimum number of modes required to explain a target fraction Vtarget456

of total variance, scales as457

ρ(Vtarget) ∼ (1− Vtarget)
−1/(ν−1) (32)

for eigenvalue spectra following power laws λm ∼ m−ν with ν > 1.458

Since fEOF with order α increases the effective decay exponent by α459

(Theorem 3.2), the compression ratio is reduced according to460

ρα(V )

ρ0(V )
∼ (1− V )α/[(ν0−1)(ν0+α−1)], (33)

where ν0 is the standard EOF eigenvalue exponent. For representative values461

(ν0 ≈ 1.8, α = 1.0, V = 0.95), this predicts Mα/M0 ≈ 0.13, in excellent462

agreement with the measured compression ratio of 0.127 ± 0.006 from the463

Monte Carlo experiments (Section 4.3).464

The number of modes required to achieve variance fraction V is M(V ) ∼465

(1− V )−1/(ν−1). The ratio for standard versus fractional EOF at V = 0.95 is466

Mα(V )

M0(V )
= (1− V )1/(ν0−1)−1/(να−1). (34)

For ν0 = 1.7 and να = 2.7 (corresponding to H = 0.7, α = 1.0):467

Mα

M0

= (0.05)1/0.7−1/1.7 = (0.05)0.841 ≈ 0.066, (35)

indicating that fEOF requires over an order of magnitude fewer modes in the468

asymptotic regime. The validation experiments confirm reductions of 5- to469

8-fold on finite grids, consistent with the pre-asymptotic finite-size behavior.470

5.2. Scale Invariance471

A significant limitation of standard EOF/REOF in geophysical applica-472

tions is signal dilution as the analysis domain grows. For example, in the473

FIER framework, the flood signal diminishes as the spatial domain increases474
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because the flood-affected area becomes a decreasing fraction of the total475

domain (Markert et al., 2026). Similarly, in oceanic tracer studies, localized476

dye patches occupy a vanishing fraction of a large survey domain.477

The fractional covariance operator introduces a form of scale invariance478

through the power-law correlation structure. Consider a domain of linear479

size L in d dimensions. The Laplacian eigenvalues scale as µm ∼ m2/d/L2.480

For the fractional covariance:481

λ(α)
m ∼ µ−α

m · λ(0)
m ∼ L2α ·m−2α/d · λ(0)

m . (36)

The factor L2α enhances large-scale modes relative to small-scale modes, par-482

tially compensating for the dilution effect. By choosing α appropriately for483

a given system, the signal of anomalous transport events can be maintained484

across different domain sizes.485

5.3. Connection to the Fractional Diffusion Equation486

The fEOF framework is equivalent to a spectral method for the space-time487

fractional diffusion equation (12). The fEOFs approximate the eigenfunctions488

of the fractional Laplacian operator, while the fPCs approximate the modal489

amplitudes whose temporal evolution is governed by Mittag-Leffler functions490

through Eq. (28). This connection provides three important consequences.491

First, the fEOF decomposition inherits the mathematical structure of the492

fractional diffusion equation, ensuring that the spatial modes and temporal493

dynamics are mutually consistent within the anomalous transport framework.494

Second, the fractional order parameters α and µ have direct physical inter-495

pretation: α characterizes the spatial jump distribution (with α < 2 corre-496

sponding to Lévy flights) and µ characterizes the temporal memory structure497

(with µ < 1 for subdiffusion and µ > 1 for superdiffusion). Third, the con-498

nection suggests natural parameter estimation strategies, since the fractional499

orders can be independently estimated from spatial correlation analysis (for500

α) and temporal autocorrelation analysis (for µ).501

6. Geophysical Applications502

The fEOF framework applies to any geophysical field whose spatiotempo-503

ral variability is governed by anomalous transport. We discuss several repre-504

sentative application domains where the theoretical advantages of fEOF over505

standard EOF are expected to be most pronounced.506
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6.1. Oceanic Tracer Dispersion507

Okubo’s classical diffusion diagrams (Okubo, 1971) established the empir-508

ical scaling Ka = 0.0103 ℓ1.15 relating apparent diffusivity to the scale of dif-509

fusion over the range 10 m to 1000 km, with variance growing approximately510

as σ2
rc ∼ t2.3 (LaCasce, 2008). These power-law scalings are inconsistent511

with Fickian diffusion (Ka = const, σ2 ∼ t) but are natural consequences of512

anomalous transport with µ/α > 1/2.513

Lagrangian drifter studies have confirmed non-Gaussian displacement dis-514

tributions and scale-dependent dispersion across a wide range of oceanic515

environments (LaCasce, 2008; Sebille et al., 2018; Pawlowicz, 2019). The516

anomalous exponent γ ≈ 2.3 from Okubo’s data corresponds to 2µ/α ≈ 2.3,517

which can be realized, for example, with µ = 1 and α ≈ 0.87 (superdiffusive518

spatial jumps with normal temporal evolution) or with µ = 1.15 and α = 1519

(superdiffusive temporal dynamics with Brownian spatial jumps).520

Application of fEOF to satellite-derived ocean color or sea surface tem-521

perature fields would allow extraction of transport modes whose eigenvalue522

spectrum and temporal dynamics are consistent with the observed anoma-523

lous scaling, potentially improving the efficiency and physical interpretability524

of oceanic EOF decompositions.525

6.2. Flood Inundation Dynamics526

The FIER framework (Chang et al., 2020, 2023; Markert et al., 2026) ap-527

plies REOF analysis to satellite-derived water fraction time series for flood528

extent prediction. Markert et al. (2026) identified signal dilution at large spa-529

tial scales as a fundamental limitation, with the flood-affected area becoming530

a decreasing fraction of the analysis domain.531

Flood inundation spreading exhibits several hallmarks of anomalous trans-532

port. Flood waters spread rapidly through preferential flow paths (channels,533

roads, low-lying corridors) while being trapped in local depressions, produc-534

ing a mixture of long-range jumps and local trapping. Flood recession curves535

typically decay as power laws rather than exponentials (Kirchner, 2009), in-536

dicating long-term memory. Extreme flood extents follow power-law rather537

than Gaussian distributions.538

The fEOF framework addresses the scale dilution limitation through the539

L2α enhancement factor in Eq. (36) and provides physically meaningful tem-540

poral dynamics through the Mittag-Leffler response kernel in Eq. (29). The541

RL derivative with µ > 1 can capture the rapid initial spreading phase of542
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flash floods that exhibits superdiffusive characteristics, as illustrated by the543

overshoot behavior in Figure 6b.544

6.3. Atmospheric Constituent Transport545

Atmospheric tracer dispersion, including volcanic aerosols, wildfire smoke546

plumes, and greenhouse gas concentration fields, frequently exhibits anoma-547

lous scaling. Stratospheric tracer transport is dominated by large-scale stir-548

ring producing filamentary structures with non-Gaussian statistics (Shlesinger549

et al., 1995). Tropospheric dispersion shows a transition from ballistic to dif-550

fusive regimes with intermediate anomalous scaling depending on latitude551

and altitude.552

EOF analysis is routinely applied to satellite retrievals of atmospheric553

composition (such as methane, ozone, and aerosol optical depth) to iden-554

tify dominant modes of variability. The fEOF framework would allow these555

decompositions to account explicitly for the anomalous transport character-556

istics of the constituent field, potentially resolving modes that are mixed or557

obscured by the Gaussian assumption of standard EOF.558

6.4. Soil Moisture and Subsurface Hydrology559

Moisture redistribution in heterogeneous soils follows anomalous trans-560

port, with the generalized Richards’ equation providing a fractional calculus561

description (Pachepsky et al., 2003). Preferential flow through macropores562

produces heavy-tailed breakthrough curves and scale-dependent dispersion.563

Satellite-derived soil moisture products from missions such as SMAP and564

SMOS exhibit spatial correlations that decay as power laws rather than ex-565

ponentials, making them natural candidates for fEOF analysis.566

7. Discussion567

7.1. Summary of Validation Results568

The validation suite confirms three theoretical predictions quantitatively.569

First, the eigenvalue steepening relation να = ν0 + α (Theorem 3.2) holds to570

within 2–7% across six distinct spectral slopes (β = 2.0 through 4.0), three571

Hurst exponents (H = 0.3 through 0.7), and ten fractional orders (α = 0572

through 1.8), with the systematic positive offset entirely attributable to Weyl573

asymptotic corrections on the finite 32× 32 grid. Second, the variance com-574

pression is substantial: fEOF with α = 1.0 requires 5- to 8-fold fewer modes575
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than standard EOF to capture 95% of the variance across all tested config-576

urations. Third, the eigenvalue scaling is distribution-independent, holding577

identically for Gaussian and heavy-tailed Student-t fields over 50 Monte Carlo578

realizations (Table 3), while the PC kurtosis diagnostic confirms that non-579

Gaussianity is genuinely present and propagates through the decomposition580

(excess kurtosis 2.23± 1.40 versus −0.04± 0.09).581

7.2. Role of the Riemann–Liouville Derivative582

The choice of the Riemann–Liouville derivative with unrestricted µ > 0583

rather than the Caputo derivative with µ ∈ (0, 1) is motivated by both584

mathematical generality and physical considerations. The RL formulation585

encompasses the full range of anomalous transport: subdiffusion (µ ∈ (0, 1)),586

normal diffusion (µ = 1), superdiffusion (µ ∈ (1, 2)), and wave propagation587

(µ = 2) within a single operator framework (Sandev et al., 2011; Chishtie,588

2025). This is essential for geophysical applications where the transport589

regime may not be known a priori and may vary across modes. The damped590

oscillatory response for µ = 1.3 shown in Figure 6b provides a concrete591

illustration of the superdiffusive behavior that the Caputo framework with592

µ ∈ (0, 1) cannot represent.593

The RL derivative does require more careful treatment of initial condi-594

tions compared to the Caputo derivative, since the RL initial condition in-595

volves the fractional integral Im−µ
0+ C(x, 0+) rather than integer-order deriva-596

tives. In the fEOF context, this difference manifests in the initial transient597

behavior of the modal amplitudes but does not affect the asymptotic eigen-598

value scaling or the long-time temporal dynamics, which are determined by599

the Mittag-Leffler kernel.600

7.3. Finite-Size Effects and Convergence601

The systematic positive offset in measured eigenvalue exponents relative602

to theoretical predictions (Tables 1–4) deserves further discussion. The offset603

increases monotonically with both α and β, which is consistent with the Weyl604

asymptotic correction for the graph Laplacian on a finite 32 × 32 grid. On605

this grid, the first ∼ 5 Laplacian eigenvalues deviate appreciably from the606

continuum m2/d scaling due to boundary effects and the discreteness of the607

grid. The fractional Laplacian weighting µ−α
m amplifies these deviations at a608

rate proportional to α, producing the observed monotonic increase in finite-609

size bias.610
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Crucially, the steepening ∆ν = να−ν0 is more robust than either individ-611

ual exponent because the Weyl corrections largely cancel in the difference:612

both ν0 and να are biased upward by similar amounts, so their difference613

is closer to the true asymptotic value. This cancellation explains why ∆ν614

is measured to within 3% of unity in the sensitivity analysis (Table 4) even615

though individual exponents deviate by up to 7%. On larger grids (N = 128616

or beyond), the bias in both individual exponents and the steepening is ex-617

pected to decrease as O(N−2/d).618

7.4. Parameter Estimation619

The fEOF framework introduces the spatial fractional order α and, for620

each mode, the temporal fractional order µm and characteristic time τm.621

These parameters can be estimated from data through several approaches.622

The spatial order α can be estimated from the standard EOF eigenvalue623

spectrum by fitting log λ
(0)
m = −ν log m + const over an appropriate range624

of mode indices and comparing with the theoretical prediction ν = 1 +625

β/d. Alternatively, α can be estimated from the spatial correlation function,626

which for anomalous diffusion decays as C(r) ∼ r−(d−α) for large r, allowing627

estimation via variogram analysis.628

The temporal parameters (µm, τm) are estimated by fitting the impulse629

response of each fRTPC to external forcing. Given historical data, maximum630

likelihood estimation yields (µ̂m, τ̂m) = arg maxµ,τ L(fRTPCm|Q, µ, τ), where631

the likelihood is computed from the residuals of the convolution model in632

Eq. (29).633

7.5. Computational Considerations634

For large spatial domains (Ns ∼ 106 grid points), direct eigendecomposi-635

tion of the graph Laplacian is computationally prohibitive. Several efficient636

approaches exist. Sparse iterative eigensolvers (Lanczos, LOBPCG) can com-637

pute only the leading eigenpairs needed for the fEOF truncation. Chebyshev638

polynomial or rational approximations of L−α/2 can be applied via sparse639

matrix-vector products without explicit eigendecomposition (Higham, 2008).640

For regular grids, the fractional Laplacian is diagonal in Fourier space and641

can be computed efficiently via FFT (Minden et al., 2017). Hierarchical642

matrix (H-matrix) approximations exploit the rapid decay of off-diagonal643

elements (Hackbusch, 2015).644

Robust numerical evaluation of Mittag-Leffler functions is essential for645

the temporal dynamics. The algorithm of Garrappa (2015) handles the full646
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parameter range with controlled accuracy. For large arguments, the asymp-647

totic expansion648

Eµ,β(z) ∼ −
K∑

k=1

z−k

Γ(β − µk)
+O(|z|−K−1), |z| → ∞, | arg(−z)| < (1−µ/2)π,

(37)
provides efficient evaluation.649

7.6. Limitations650

Several limitations of the current framework warrant discussion. First,651

the fractional covariance operator assumes spatial stationarity, which may be652

violated in complex terrain or in domains spanning multiple climate regimes.653

Extensions to nonstationary fractional operators using spatially varying α(x)654

could address this limitation. Second, the isotropic fractional Laplacian used655

here does not capture anisotropic transport (such as flood spreading along656

terrain gradients or oceanic dispersion along fronts). Anisotropic fractional657

Laplacians exist (Lischke et al., 2020) and could be incorporated. Third,658

while the validation confirms the internal consistency of the theoretical frame-659

work across multiple independent numerical experiments, empirical valida-660

tion against satellite-derived geophysical fields is essential to establish the661

practical utility of fEOF for specific application domains. Direct comparison662

with observations is the subject of ongoing work. Fourth, fEOF remains more663

computationally intensive than standard EOF due to the fractional Lapla-664

cian operations, though the reduced number of modes partially offsets this665

cost.666

8. Conclusions667

We have developed a theoretical framework for fractional Empirical Or-668

thogonal Functions (fEOF), extending the standard EOF and REOF method-669

ology by incorporating fractional calculus to capture the anomalous diffusion670

characteristics prevalent in geophysical transport processes. The key contri-671

butions are as follows.672

First, we defined a fractional covariance operator Cα = L−α/2CL−α/2
673

that incorporates long-range spatial correlations through the fractional Lapla-674

cian, providing a mathematically rigorous generalization of the sample co-675

variance.676
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Second, we proved that the fEOF eigenvalues decay as λ
(α)
m ∼ m−(1+α+β/d),677

where the fractional order α provides a tunable control parameter for vari-678

ance compression independent of the underlying spectral slope β. The cor-679

responding linear steepening relation να = ν0 + α was confirmed numerically680

across six spectral slopes, three Hurst exponents, ten fractional orders, and681

two marginal distribution types.682

Third, we formulated the temporal dynamics using the Riemann–Liouville683

fractional derivative of order µ > 0 (not restricted to (0, 1]), providing a684

unified treatment of both subdiffusive and superdiffusive transport regimes685

through Mittag-Leffler relaxation kernels.686

Fourth, we validated the theoretical predictions through exact analytical687

results for fractional Brownian surfaces, spectral analysis of fractional diffu-688

sion fields, and Monte Carlo experiments. The eigenvalue steepening predic-689

tion was confirmed to within 3% across all tested configurations (Table 4),690

with variance compression ratios of 5- to 8-fold (Mα/M0 = 0.127 ± 0.006691

from Monte Carlo). The scaling was shown to be distribution-independent,692

holding identically for Gaussian and heavy-tailed Student-t fields.693

Fifth, we discussed applications to oceanic tracer dispersion (connecting694

to Okubo’s empirical scaling), flood inundation dynamics (addressing the695

FIER signal dilution problem), atmospheric constituent transport, and soil696

moisture redistribution, demonstrating the broad applicability of the frame-697

work to geophysical fields exhibiting anomalous transport.698

The fEOF framework establishes a theoretically grounded connection699

between fractional diffusion theory and empirical spatiotemporal decompo-700

sition, providing enhanced efficiency, scale invariance, and physical inter-701

pretability for geophysical data analysis. Future work will focus on empirical702

validation using satellite observations across the application domains identi-703

fied here and on the development of computationally efficient implementa-704

tions suitable for operational forecasting systems.705
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