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Abstract 

Droplet‑freezing assays underpin immersion‑mode ice‑nucleation research yet approaches to uncertainty quantification for 

fraction‑frozen curves and derived active‑site densities (𝑛𝑠(𝑇)) are inconsistent. Further, there is not currently a rigorous 10 

method for significance testing the difference between fraction frozen curves. To address these issues, we recast 

droplet‑freezing measurements as survival data and apply analysis techniques typically used in medical statistics. Using the 

Kaplan–Meier estimator, we derive nonparametric confidence intervals for droplet fraction frozen and 𝑛𝑠(𝑇) without binning 

or model assumptions, matching Monte‑Carlo and studentized‑bootstrapped intervals on a literature volcanic ash ice nucleation 

dataset. Confidence intervals calculated for simulated datasets show precision improves with sample size and with steeper 15 

fraction frozen curves. Adapting the log-rank test, we introduce a method for comparing fraction frozen curves and demonstrate 

its application to literature and simulated droplet freezing datasets. We recommend reporting Kaplan–Meier confidence 

intervals on droplet freezing datasets and employing the log-rank test when comparing droplet fraction frozen curves.  

1 Introduction 

Droplet freezing experiments are widely used for the study of immersion mode ice nucleation e.g. (Polen et al., 2018; Whale 20 

et al., 2015; Bigg, 1953; Vali, 1971; Vali et al., 2015), a process of critical importance for the glaciation of mixed-phase clouds 

(Knopf and Alpert, 2023; Herbert et al., 2025). A droplet freezing experiment cools multiple samples of water, usually prepared 

in a physically identical manner, and measures the temperatures at which they freeze. The unprocessed data produced by these 

experiments are typically referred to as ‘fraction frozen curves’ or similar. Experiments of this type have been employed since 

at least the 1950’s e.g. (Bigg, 1953) with droplets ranging in size from picolitres to millilitres (Miller et al., 2021; Murray et 25 

al., 2012). Despite this long period of usage, there is no consensus on how the data produced by droplet freezing assays should 

be analysed. A particular problem is the calculation of confidence intervals or bands for fraction frozen curves, and for 

quantities derived from fraction frozen curves, such as nucleation rates and deterministic nucleus spectra (Fahy et al., 2022). 

The purpose of calculating such confidence intervals is to indicate how confident we should be in the value of a calculated 

datapoint. For instance, a 95% confidence interval indicates that if we repeated the measurement many times, about 95% of 30 

the intervals we compute would capture the true value. 
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Fahy et al. (2022) produced a thorough discussion of the various approaches which have been employed to calculate confidence 

intervals for ice nucleation data. The following briefly summarises this discussion. Where multiple identical experiments have 

been performed, means and standard deviations of the repeated experiments can be calculated. It is unclear how many 35 

experiments would be needed for the central limit theorem to become valid in these cases. Binomial confidence intervals have 

been calculated by treating fraction frozen values as binomial ratios and using an adjusted Wald interval (Agresti and Coull, 

1998), however most ice nucleation data are not normally distributed, meaning this approach may not always be applicable. 

Poisson Fiducial limits have been used (Koop et al., 1997), which assume that variability in droplet freezing is described by 

the Poisson distribution. Fahy et al. (2022) state that this approach may not account for all the variables involved in ice 40 

nucleation process. The final approach uses Monte Carlo simulations to simulate experiments based on underlying assumptions 

about the nature of the ice nucleation process. For instance, Harrison et al. (2016) used ice-active site densities calculated from 

the original experiments to simulate number distributions. Under the assumption that a droplet freezes when it contains at least 

one active site, they were able to construct simulated experiments based on the experimental data. An alternative approach 

suggested by Vali (2019) and applied in various subsequent papers assumes that the number of freezing events in a given 45 

temperature interval is Poisson distributed, and generates Poisson distributed random numbers taking the experimentally 

observed number as the expectation value for the temperature, thereby generating simulated spectra. In both cases, confidence 

intervals can be calculated by generating hundreds or thousands of simulated experiments and finding quantiles of the 

simulated data. Fahy et al. (2022) refer to these approaches a ‘parametric bootstrapping’ because they require that ice 

nucleation measurements be parameterised before Monte-Carlo simulations are performed. This necessitates assumptions 50 

about the nature of ice nucleation related to distribution of active sites on surfaces and stochasticity or otherwise of the process, 

or else rely on coarse binning of data in a manner than conflicts with the exponential increase in ice nucleation rate with 

temperature. To avoid these difficulties Fahy et al. (2022) proposed an ‘empirical bootstrapping’ method for calculating 

confidence intervals resulting in ‘studentized’ confidence intervals. This method uses the observed list of droplet freezing 

temperatures with replacement to generate many synthetic experiments, then uses the ensemble to quantify uncertainty (e.g., 55 

confidence intervals) without assuming a physical model or a specific error distribution. 

 

Although droplet freezing datasets can be analysed in several defensible ways, the field lacks a widely adopted, standardised 

statistical framework for quantitatively comparing fraction frozen curves. As a result, decisions about whether two curves 

represent meaningfully different INP populations are often based on visual inspection or informal criteria, which can be 60 

ambiguous when uncertainties are large or curves partially overlap. We therefore propose a simple, non-parametric method 

that re-casts fraction frozen curves as survival curves and uses established tools from survival analysis. This approach provides 

(i) convenient confidence intervals and (ii) a basis for testing curve-to-curve differences using the log-rank test, thereby 

reducing reliance on subjective interpretation. 

 65 
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2 Statistical background 

 

2.1 The Kaplan–Meier estimator applied to droplet freezing data 

In a typical set of droplet freezing experiments, multiple aliquots of water are exposed to a systematically decreasing 70 

temperature, allowing observation (typically visual) of the onset and distribution of freezing events across the sample set. The 

fraction frozen is calculated as:  

𝑓(𝑇) =
𝑁𝐹(𝑇)

𝑁0
            (1) 

Where 𝑁𝐹(𝑇) is the number of droplets frozen at temperature 𝑇 and 𝑁0 is the total number of droplets, frozen or unfrozen, 

present in the experiment (Vali et al., 2015). A typical dataset where a survival curve might be employed would have 𝑛(𝑡𝑗) 75 

subjects at risk of failure at time 𝑡𝑗 and 𝑑(𝑡𝑗) failures at time 𝑡𝑗 (Kalbfleisch and Prentice, 2002). The nonparametric likelihood 

estimate of the survivor function, the probability that a sample survives longer than time 𝑡, is then  

𝑆̂(𝑡) = ∏ (
𝑛(𝑡𝑗)−𝑑(𝑡𝑗)

𝑛(𝑡𝑗)
)𝑡𝑗≤𝑡 .           (2) 

The derivation of this equation may be found in Kalbfleisch and Prentice (2002) and also the original paper on the Kaplan–

Meier estimator (Kaplan and Meier, 1958). For continuously and steadily cooled droplet freezing experiments 𝑇 is directly 80 

proportional to 𝑡. As such the survivor function for droplet freezing data as a function of temperature is  

𝑆̂(𝑇) = ∏ (
𝑁𝑈(𝑇𝑗)−𝑁𝐹(𝑇𝑗)

𝑁𝑈(𝑇𝑗)
)𝑇𝑗≤𝑇 .          (3) 

where 𝑁𝑈(𝑇)  is the number of unfrozen droplets at temperature 𝑇  and 𝑁𝐹(𝑇)  is the number of droplets that freeze at 

temperature 𝑇.  Note that 𝑓(𝑇) is equal to 1 − 𝑆̂(𝑇). Equation 3 has the advantage that it is valid for ‘censored’ data, so can 

be used for datasets where it is not known whether droplets freeze or not. In principle, droplets can also be added part-way 85 

through an experiment. Best practice is to avoid these sorts of situation experimentally. Nevertheless, the ability to account for 

them may conceivably be useful. 

 

2.2 Confidence intervals of the Kaplan–Meier Estimator 

As discussed above, confidence intervals are useful for visualising the likely values which fraction frozen may take. Standard 90 

approaches for the calculation of the variance of 𝑆̂(𝑡) may yield values outside the possible range of 0 to 1. As such the 

confidence intervals for the Kaplan–Meier estimator are usually calculated by applying the asymptotic normal distribution to 

a transformation of 𝑆̂(𝑡) for which the range is unrestricted. The same approach may be adopted for calculation of confidence 

intervals for 𝑆̂(𝑇) and therefore 𝑓(𝑇).  Assuming that the probability of the probability of freezing is reasonably approximated 
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by 𝑁𝐹/𝑁𝑈 and the probability of freezing at each timestep is independent, the asymptotic variance of ln[− ln 𝑆̂(𝑇)] may be 95 

calculated as  

𝜎̂2(𝑇) =

∑
𝑁𝐹(𝑇𝑗)

𝑁𝑈(𝑇𝑗)(𝑁𝑈(𝑇𝑗)−𝑁𝐹(𝑇𝑗))
𝑇𝑗

{∑ ln(
𝑁𝑈(𝑇𝑗)−𝑁𝐹(𝑇𝑗)

𝑁𝑈(𝑇𝑗)
)𝑇𝑗

}

2           (4) 

where the sums are calculated between 𝑇 and the first value of 𝑇 at which a freezing event occurs (Kalbfleisch and Prentice, 

2002). In cases where there is no censorship, as there won’t be for most ice nucleation measurements, equation 4 reduces to   

 100 

𝜎̂2(𝑇) =  
1−𝑆̂(𝑇)

𝑁0(𝑆̂(𝑇)(ln 𝑆̂(𝑇))2)
.           (5) 

 

 The confidence intervals for 𝑆̂(𝑇) are then given by [𝑆̂(𝑇)exp(+𝑧𝛼/2𝜎̂(𝑇)), 𝑆̂(𝑇)exp(−𝑧𝛼/2𝜎̂(𝑇))] where 𝑧𝛼/2is the inverse of the 

standard normal cumulative distribution, which takes values of 1.96 for a 95% confidence interval and 1.64 for a 90% 

confidence interval. The confidence interval for 𝑓(𝑇) may be found as  [1 − 𝑆̂(𝑇)exp(+𝑧𝛼/2𝜎̂(𝑇)), 1 − 𝑆̂(𝑇)exp(−𝑧𝛼/2𝜎̂(𝑇))] . A 105 

difficulty with this approach is that no confidence interval can be calculated when 𝑓(𝑇) = 1 because the log-log transform is 

undefined at 𝑆̂(𝑇) = 0. We suggest assuming this final interval is the same as the penultimate interval and have adopted this 

approach for the figures in this paper. We note that we calculated confidence intervals for 𝑓(𝑇) in the manner described here 

in Kinney et al. (2024).  

 110 

Droplet fraction frozen data is often used to calculate surface density of sites active above temperature 𝑇, 𝑛𝑠(𝑇) to allow 

comparison of measurements conducted on different instruments or in different concentration regimes. This can be calculated 

as  

 

𝑛𝑠(𝑇) =
− ln(1−𝑓(𝑇))

A
            (6)  115 

 

Where A is the total surface area of INPs in a sample unit, usually given in cm2 (Vali et al., 2015). Other quantities, for instance 

mass, can be used to normalise instead of A. To calculate the confidence interval for 𝑛𝑠(𝑇) equation 6 may be applied, 

replacing 𝑓(𝑇) with its confidence interval. It is worth noting that the abovementioned difficulty with the confidence interval 

of the final freezing droplet is avoided as 𝑛𝑠(𝑇) also cannot be calculated when 𝑓(𝑇) = 1. 120 

 

The approach to calculating confidence intervals is non-parametric in nature, meaning no assumption is made about the 

distribution of freezing temperatures. It shares this feature with the bootstrapping approach of Fahy et al. (2022) but is simpler 

to implement and understand, requiring no generation of synthetic experiments.   
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2.3 The log-rank test 125 

A common question in the analysis of ice nucleation data is ‘are these two fraction frozen curves different?’. For instance, an 

investigator may wish to establish whether a chemical treatment changes the nucleation temperature of a specific ice nucleator 

significantly or determine whether a measurement conducted in the presence of an ice nucleator is distinct from the background 

ice nucleation induced by the instrument. To date, such comparison has typically been conducted visually or by use of ad-hoc 

statistical comparison of curves.  Here, we apply a standard approach for comparing survival curves (Kalbfleisch and Prentice, 130 

2002) to the comparison of fraction frozen curves, constituting a more rigorous method for establishing whether the population 

of ice nucleators generating fraction frozen curves are different in nature. As with the Kaplan–Meier estimator the log-rank 

test breaks down the experiment into distinct events and looks at the set of droplets at risk immediately before a given event 

occurs. In the case of the Kaplan–Meier method, this set is used to calculate the conditional probability of a droplet surviving 

beyond temperature 𝑇. In contrast the log-rank test estimates the expected number of events at temperature 𝑇 under the null 135 

hypothesis that two freezing curves are identical. It then compares the expected number of freezing events with the observed 

number to assess whether curves differ significantly.  

 

Suppose that we want to test the null hypothesis that droplet freezing experiments represented by survivor functions 𝑆̂0(𝑇) and 

𝑆̂1(𝑇) have identical underlying freezing probabilities. At each freezing temperature we first compute how many unfrozen 140 

droplets there are in each at temperature as 

 

𝑁𝑈,𝑡𝑜𝑡(𝑇) = 𝑁𝑈,𝑜(𝑇) + 𝑁𝑈,1(𝑇).                         (7) 

 

We then compute the total number of freezing events as 145 

 

𝑁𝐹,𝑡𝑜𝑡(𝑇) = 𝑁𝐹,𝑜(𝑇) + 𝑁𝐹,1(𝑇).          (8) 

 

Under the null hypothesis, the expected number of freezing events in experiment 1 at temperature 𝑇 is 

 150 

𝐸1(𝑇) = 𝑁𝑈,1(𝑇)
𝑁𝐹,𝑡𝑜𝑡(𝑇)

𝑁𝑈𝑡𝑜𝑡(𝑇)
           (9) 

 

and the variance of the expected number of events at temperature 𝑇 is 

 

𝑉𝑖(𝑇) =
𝑁𝑈,𝑜(𝑇)𝑁𝑈,1(𝑇)(𝑁𝑈,𝑡𝑜𝑡(𝑇)−𝑁𝐹,𝑡𝑜𝑡(𝑇))

𝑁𝑈,𝑡𝑜𝑡(𝑇)2(𝑁𝑈,𝑡𝑜𝑡(𝑇)−1)
.         (10) 155 
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The test statistic for the log-rank test is then the sum of the squared difference between observed and expected events, 

normalised by the variance, summed across all steps (Kalbfleisch and Prentice, 2002). 

 

χ2 =
(∑ 𝑁𝐹,1−𝐸1)

2

∑ 𝑉𝑖
            (11) 160 

 

The χ2 statistic with one degree of freedom is used to calculate the p-value (Kalbfleisch and Prentice, 2002). This may be done 

using statistical tables or (for example) the scipy function stats.chi2.sf, giving a formal measure of the probability that the 

differences between the two freezing curves occurred by chance. Because the numerator of the test statistic is the sum of 

differences you need enough droplets in the experiment to assume that central limit theorem applies.  165 

 

While the log-rank test is non-parametric and hence makes no assumption about the distribution of freezing temperatures it is 

important to note that the log-rank test assumes proportional hazards, meaning that the ratio of freezing probabilities between 

two curves is constant across the entire temperature measurement range. In practice, this means that if experimental 𝑓(𝑇) 

curves cross the log-rank test loses statistical power because differences at warmer temperatures may effectively cancel out 170 

differences at colder temperatures.  

3 Results and discussion 

To demonstrate use of Kaplan–Meier statistics and the log-rank test we now present the results of data analysis using these 

methods both randomly generated simulated datasets, and some laboratory data from literature. The analysis was performed 

using a Jupyter notebook available on GitHub.   175 

3.1 Comparison of KM confidence intervals with literature confidence intervals  

Fahy et al. (2022) proposed a method for calculating confidence intervals on droplet freezing data using a variety of related 

methods, arguing that a ‘studentized’ confidence interval produced via empirical bootstrapping is the most accurate. In this 

approach the observed freezing temperatures are resampled and smoothly interpolated to create functions of  𝑛𝑠(𝑇) . 

Confidence intervals are then taken from the bootstrapped ensemble. Figure 1 shows data reported in figure 4 of Fahy et al. 180 

(2022). Briefly, this droplet freezing data represents 91 100 nL droplets containing 0.1 wt% of an unaged volcanic ash first 

studied in Jahn et al. (2019). The experiment was conducted using the CMU-CS droplet-on-substrate system (Polen et al., 

2018).  

 

In Figure 1(a) we show 𝑓(𝑇) for this data with 95% KM confidence intervals and also 95% confidence intervals produced 185 

using a Monte-Carlo approach (called parameterised bootstrapping in Fahy et al. (2022)) based on the work of Vali (2019) and 
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first reported in the supplementary information of Whale (2022). Briefly, freezing events were binned by temperature, bin 

counts taken as expectation values and 5,000 Poisson draws per bin used to generate synthetic fraction‑frozen curves. 

Confidence intervals represent the 2.5th–97.5th percentile envelope of the simulated fraction‑frozen values. Figure. 1(b) shows 

KM, binned Monte-Carlo and studentized confidence intervals of 𝑛𝑠(𝑇)  for the data. Encouragingly, all three types of 190 

confidence interval are broadly similar and seem reasonable. As discussed by Fahy et al. (2022) binning droplet freezing data 

is in some sense ‘inefficient’ as data points are combined. We note also that the method does not work well when there are 

relatively few droplets in a bin. This tends to be a particular issue when confidence intervals for 𝑓(𝑇) are transformed into 

𝑛𝑠(𝑇), as can be seen in the first and last two points for the Monte-Carlo confidence intervals in Figure 1(b) where unreasonable 

lower and upper confidence intervals, respectively, are produced. Pragmatic use of the confidence intervals can easily mitigate 195 

this deficiency although it is a helpful that the KM and studentized confidence intervals avoid this difficulty.  

 

 

Figure 1. Comparison of Kaplan–Meier, Binned Monte-Carlo and Studentized 95% confidence intervals on (a) droplet 𝑓(𝑇) 

and (b) 𝑛𝑠(𝑇) for volcanic ash droplet freezing data from Fahy et al. (2022).  200 

 

3.2 Simulated datasets for comparison of confidence intervals with varying numbers of droplets and slopes of fraction 

frozen  

To generate datasets well suited to illustrating the properties of the Kaplan–Meier estimator and the log-rank test, we used a 

random-number generator to create plausible synthetic data resembling that typically obtained in droplet-freezing experiments. 205 

Twelve experiments were simulated using the Gaussian Random Number at https://www.random.org/gaussian-distributions/. 

In doing this, we assume a parametric form for the underlying probability density function (PDF) of freezing temperatures 

which is likely physically reasonable in at least some situations (De Almeida Ribeiro et al., 2023). Under this assumption, 
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different choices of the Gaussian parameters imply different conditional freezing probabilities as a function of temperature 

(i.e., different freezing “hazard” profiles). Because the log-rank test is sensitive to differences in these conditional freezing 210 

probabilities, it provides a reasonable approach for assessing whether two samples are consistent with the same underlying 

freezing behaviour. Table 1 reports the underlying means (µ) and standard deviations (σ) of the random samples generated.  

 

Table 1. Summary statistics for simulated droplet freezing data produced using the Gaussian Random Number at random.org. 

Column headings give mean and standard deviation of the distribution from which the datasets were drawn the while the data 215 

in the table gives the actual means and standard deviation of the datasets.  

Number of droplets µ = -15°C 

σ = 1°C 

µ= -15°C 

σ = 3°C 

5 -15.50 (0.64) -13.14 (2.48) 

20 -14.54 (1.02) -13.99 (3.14) 

50 -15.128 (0.89) -15.17 (3.20) 

100 -15.068 (1.10) -15.1342 (2.73) 

1000 -14.9561 (1.03) -14.861 (2.99) 

 

 

Figure 2 shows comparison of simulated fraction frozen curves with underlying mean = -15°C and σ = 1°C dataset with various 

droplet numbers. Figure 2(a) compares simulated 𝑓(𝑇) curves for a very low number of droplets (5) against a more typical 220 

number (50) and a larger-than-typical number of droplets (1000). The confidence intervals with five droplets are broad enough 

to render the experiment meaningless. This is partially because the droplet number is too small for the assumptions required 

to derive equations 4 and 5 to be satisfied. The analysis therefore probes a parameter regime in which the method is not 

expected to be valid. An interesting feature here is that for our randomly generated 1000 droplet dataset the confidence interval 

sits above the cumulative normal distribution the sample is derived from. Clearly, this is not that unlikely an occurrence, but 225 

does highlight the care that should be taken, even with experiments that freeze relatively large numbers of droplets. Figure 

2(b) shows simulated experiments with droplet numbers in more typical ranges for droplet freezing experiments. Figure 2(c) 

shows the confidence intervals for simulated 50 droplet 𝑓(𝑇) curves with µ = -15°C and σ = 1°C and 3°C. The ‘flatter’ curve 

produces a broader-looking confidence interval. The y-axis span of the confidence interval is identical for both curves (compare 

early and late points on the curves) but the steep curve compresses the intervals in the x-axis of the graph. Figure 2(d) shows 230 

a similar effect for typical numbers of droplets used in droplet freezing experiments, showing increased apparent width 

compared to the analogous steeper curves in Figure 2(b).  Overall, the number of droplets required to constitute an acceptable 

experiment is essentially a matter of taste, however flatter 𝑓(𝑇) curves might generally require more droplets to be frozen 

compared to steeper 𝑓(𝑇) curves.  

 235 
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Figure 2. Comparison of 95% log-log Kaplan–Meier confidence intervals for randomly generated fraction frozen curves. (a) 

compares experiments with very small and large droplets numbers with a typical experiment and the underlying normal 240 

distribution. (b) compares typical experimental droplet numbers, again with the underlying normal distribution.  (c) compares 

steeper and flatter fraction frozen curves. (d) compares the typical experimental droplet numbers for the flatter fraction frozen 

curve.   
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3.3 Applications of the log-rank test 

We now present a couple of examples of application of the log-rank test to ice nucleation data. Figure 3 shows 𝑓(𝑇) data for 245 

1 µL droplets data from Daily et al. (2022) where a 0.5% w/v birch pollen washing water (BPWW) solution was subjected to 

heat treatments. Fresh, untreated BPWW nucleates ice with a very steep 𝑓(𝑇) curve. Table 2 reports log-rank tests comparing 

the measurement pairs shown in Figure 3. Wet-heated (i.e., boiled) BPWW nucleates at slightly cooler temperatures than 

untreated BPWW, a difference the log-rank test deems significant. In contrast, dry heating greatly reduces BPWW ice 

nucleation activity; its behaviour is not significantly different from the handling blank (a sample of purified water heat treated 250 

in the same way as the BPWW sample) as determined by log-rank test (Table 2). While the conclusions of Daily et al. (2022)  

were similar, with the important caveat of no claimed difference between the untreated and wet heated cases, applying the log-

rank test provides a more quantitative assessment of the results’ statistical significance. 

 

 255 

Figure 3. Fraction frozen curves for untreated and heat treated 0.5% w/v birch pollen washing water solution, and water 

handling blank for the dry heating procedure.  
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Table 2. Pairwise log-rank tests for 𝑓(𝑇) data for Birch pollen washing water solutions from Daily et al. (2022). 

𝒇(𝑻)  Curve 1 𝒇(𝑻) curve 2 Log-rank χ2 Log-rank p-value Significant? (p<0.05) 

Handling blank Untreated BPWW 96.56 8.65 × 10-23 Yes 

Handling blank Dry heated BPWW 1.78 0.18183 No 

Handling blank Wet heated BPWW 97.75 4.74× 10-23 Yes 

Untreated BPWW Dry heated BPWW 89.37 3.28 × 10-21 Yes 

Untreated BPWW Wet heated BPWW 75.51 3.63 × 10-18 Yes 

Dry heated BPWW Wet heated BPWW 85.12 2.80 × 10-20 Yes 

 260 

We now use some of the simulated the datasets reported in table 1 and a 100-droplet simulated dataset drawn from an 

underlying normal distribution with µ = -16°C and σ = 1°C to examine the sensitivity of the log-rank test under several 

scenarios and to highlight its limitations for ice‑nucleation measurements. Figure 4(a) compares the 100 droplet simulations 

with underlying means of −15°C and −16°C and σ = 1°C. As expected, the log-rank test detects a clear difference. Figure 4(b) 

shows fraction‑frozen curves drawn from the same distribution (µ = -15, σ = 1) that are nevertheless judged different, 265 

incorrectly rejecting the null hypothesis. This appears to be a Type I error due to sampling variability. As can be seen in table 

1 the simulated 20 droplet curve has an improbable high mean (-14.54°C), leading to this error. In Figure 4(c), the null is not 

rejected even though the underlying populations differ; here the curves cross, violating the proportional‑hazards assumption 

on which the log-rank test relies and reducing power. Figure 4(d) provides a counterexample in which, despite a crossing, the 

null is correctly rejected. For most ice nucleation studies, such crossings are unlikely, but the possibility should be considered. 270 

In the medical statistics literature, methods for handling crossing survival curves have been explored (Dormuth et al., 2022) 

and could be adapted to droplet‑freezing data if needed.  
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Figure 4. Simulated fraction frozen curves evaluated with the log-rank test. Asterisks (*) mark significant results at α = 0.05 

(a) Curves with means of −15°C vs −16°C; the test correctly detects a difference. (b) Identical underlying distribution but 275 

different droplet numbers, yielding a Type I error (false positive). (c) Curves with different slopes that cross, yielding a Type II 

error (false negative). (d) Overlapping, crossing curves that nonetheless differ overall; the test returns a correct significant 

result. 
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4 Conclusions 280 

Framing droplet-freezing measurements as survival data enables direct use of the Kaplan–Meier (KM) estimator to provide a 

simple, reproducible method for calculating nonparametric confidence intervals (CIs) for droplet fraction frozen (𝑓(𝑇)) and 

derived 𝑛𝑠(𝑇) values. On a literature volcanic‑ash dataset, KM CIs broadly agree with Monte‑Carlo and 

studentized‑bootstrapped CIs while avoiding binning‑related edge artifacts, supporting KM as a robust option for uncertainty 

quantification. KM confidence intervals show that precision depends on sample size: very small experiments yield overly wide 285 

CIs, whereas ~50 droplets or more typically provide usable constraints for 𝑓(𝑇) and 𝑛𝑠(𝑇), depending somewhat on the slope 

of 𝑓(𝑇). Compared to previously published methods for calculating CIs for droplet freezing data our approach has the 

advantages of being analytical in nature and relatively simple to understand and implement. We recommend reporting 𝑓(𝑇) 

and 𝑛𝑠(𝑇) with KM CIs and the number of droplets analysed. 

 290 

The log-rank test gives a rigorous hypothesis test for differences between fraction‑frozen curves which we have applied to 

literature birch pollen washing water (BPWW) data. Application to simulated data highlights limitations. Sampling variability 

can of course yield errors, and crossings in 𝑓(𝑇) curves can mask true differences because the proportional‑hazards assumption 

reduces power in these cases. Where 𝑓(𝑇)  curves are compared we recommend calculating and reporting and log-rank 

statistics and p-values to improve transparency and comparability across studies. 295 

 

Code and data availability. A current version of the analysis Jupyter notebook and input data used in this paper may be found 

at https://github.com/TFWhale/KM-nucleation-stats  
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