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Abstract 

Droplet‑freezing assays underpin immersion‑mode ice‑nucleation research yet approaches to uncertainty quantification for 

fraction‑frozen curves and derived active‑site densities (𝑛𝑠(𝑇)) are inconsistent. Further, there is not currently ano rigorous 10 

method for significance testing the difference between fraction -frozen curves. To address these issues, we recast 

droplet‑freezing measurements as survival data and apply analysis techniques typically used in medical statistics. Using the 

Kaplan–-Meier estimator, we derive nonparametric pointwise confidence intervals for droplet fraction -frozen and 𝑛𝑠(𝑇) 

without binning or model assumptions, matching Monte‑Carlo and studentized‑bootstrapped. These intervals can also be 

propagated to cumulative ice-nucleation activity spectra such as 𝐾(𝑇), 𝑛𝑠(𝑇) or 𝑛𝑚(𝑇). Simulations based on afitted literature 15 

volcanic ash ice nucleation dataset. Confidence freezing curves show that Kaplan-Meier intervals calculated for simulated 

datasets show precision improves with sample size and with steeperhave close to nominal coverage over the central portion of 

fraction frozen curves. Adapting the -frozen curves, but coverage deteriorates near the ends of the curve where finite 

experiments contain little information. We also compare several statistical tests for distinguishing between droplet-freezing 

curves.  These tests quantify whether the observed separation between two finite-droplet curves is larger than expected from 20 

sampling variability alone, while recognising that a significant global test does not identify where the curves differ or why. 

The log-rank test, we often used alongside Kaplan-Meier confidence intervals in medical statistics, can be useful for 

approximately proportional-hazards-like alternatives, but can have low power when curves differ in shape or reflect multiple 

ice-active populations. We therefore introduce a method for an integrated squared fraction-frozen distance permutation test, 

which we refer to as the Integrated Squared Difference (ISD) test. This test compares the accumulated squared separation 25 

between two empirical fraction-frozen curves directly and does not require proportional hazards. Simulations comparing 

fraction frozen curves and demonstrate its application to literature and simulated droplet freezing datasets.the ISD test, log-

rank and several standard empirical-distribution-function tests show that no single test is most powerful in all situations: 

performance depends on droplet number, curve shape, and the form of the difference being tested.  We recommend reporting 

Kaplan–Meier confidence intervals on droplet freezing datasetsfraction-frozen curves with Kaplan-Meier pointwise 30 

confidence intervals and droplet numbers, and using the ISD test for general curve comparison. We note finally that a 

significant global test indicates that two curves differ somewhere over the analysed temperature interval, but does not identify 

where they differ or why; this still requires inspection of the curves and employing the log-rank test when comparing droplet 

fraction frozen curves. potentially of normalised spectra. 
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1 Introduction 35 

Droplet freezing experiments are widely used for the study of immersion mode ice nucleation e.g. (Polen et al., 2018; Whale 

et al., 2015; Bigg, 1953; Vali, 1971; Vali et al., 2015), a process of critical importance for the glaciation of mixed-phase clouds 

(Knopf and Alpert, 2023; Herbert et al., 2025). A droplet freezing experiment cools multiple samples of water, usually prepared 

in a physically identical manner, and measures the temperatures at which they freeze. The unprocessed data produced by these 

experiments are typically referred to as ‘fraction -frozen curves’ or similar. Experiments of this type have been employed since 40 

at least the 1950’s1950s (Kuhns, 1966; Bigg, 1953) with droplets ranging in size from picolitres to millilitres (Miller et al., 

2021). Many droplet-freezing datasets contain tens to hundreds of droplets per measurement, although the number varies 

widely with instrument type. Microlitre-scale assays typically freeze on the order of 40–100 droplets per experiment (Whale 

et al., 2015; Budke and Koop, 2015). High-throughput plate systems can use several hundred wells (Miller et al., 2021; Kunert 

et al., 2018) and microfluidic systems can generate hundreds to thousands of droplets (Stan et al., 2009; Tarn et al., 2025). On 45 

occasion, measurements with fewer than 10 freezing events in larger water volumes are reported e.g. (Kobayashi et al., 2016). 

 

Despite thisa long period of extensive usage, there is no consensus on how the data produced by droplet freezing assays should 

be analysed. A particular problem is the calculation of confidence intervals or bands for fraction -frozen curves, and for 

quantities derived from fraction -frozen curves, such as nucleation rates and deterministic nucleus spectra (Fahy et al., 2022). 50 

The purpose of calculating such confidence intervals is to indicate how confident we should be in the value of a calculated 

datapoint. For instance, a 95% confidence interval indicates that if we repeated the measurement many times, about 95% of 

the intervals we compute would capture the true value. 

 

Fahy et al. (2022) produced a thorough discussion of the various approaches which have been employed to calculate confidence 55 

intervals for ice nucleation data. The following briefly summarises this discussion. Where multiple identical experiments have 

been performed, means and standard deviations of the repeated experiments can be calculated. It is unclear how many 

experiments would be needed for the central limit theorem to become valid in these cases. Binomial confidence intervals have 

been calculated by treating fraction -frozen values as binomial ratios and using an adjusted Wald interval (Agresti and Coull, 

1998), however most ice nucleation data are not normally distributed, meaning this approach may not always be applicable. 60 

Poisson Fiducialfiducial limits have been used (Koop et al., 1997), which assume that variability in droplet freezing is described 

by the Poisson distribution. Fahy et al. (2022) state that this approach may not account for all the variables involved in ice 

nucleation processprocesses. The final approach uses Monte Carlo simulations to simulate experiments based on underlying 

assumptions about the nature of the ice nucleation process. For instance, Harrison et al. (2016) used ice-active site densities 

calculated from the original experiments to simulate number distributions.(2016a) used ice-active site densities calculated from 65 

the original experiments to simulate number distributions. Under the assumption that a droplet freezes when it contains at least 

one active site, they were able to construct simulated experiments based on the experimental data. An alternative approach 



 

3 

 

suggested by Vali (2019) and applied in various subsequent papers assumes that the number of freezing events in a given 

temperature interval is Poisson distributed, and generates Poisson distributed random numbers taking the experimentally 

observed number as the expectation value for the temperature, thereby generating simulated spectra. In both cases, confidence 70 

intervals can be calculated by generating hundreds or thousands of simulated experiments and finding quantiles of the 

simulated data. Fahy et al. (2022) refer to these approaches aas ‘parametric bootstrapping’ because they require that ice 

nucleation measurements be parameterised before Monte- Carlo simulations are performed. This necessitates assumptions 

about the nature of ice nucleation related to distribution of active sites on surfaces and stochasticity or otherwise of the process, 

or else relyrequires reliance on coarse binning of data in a manner thanthat conflicts with the exponential increase in ice 75 

nucleation rate with temperature. To avoid these difficulties Fahy et al. (2022) proposed an ‘empirical bootstrapping’ method 

for calculating confidence intervals resulting in ‘studentized’ confidence intervals. This method uses the observed list of 

droplet freezing temperatures with replacement to generate many synthetic experiments, then uses the ensemble to quantify 

uncertainty (e.g., confidence intervals) without assuming a physical model or a specific error distribution. 

 80 

Although droplet -freezing datasets can be analysed in several defensible ways, the field lacks a widely adopted, standardised 

statistical framework for reporting uncertainty and quantitatively comparing fraction -frozen curves. AsSuch comparisons are 

particularly useful for evaluating experimental treatments, such as heat tests (Daily et al., 2022), where the aim is to determine 

whether treatment produces a result, decisionsstatistically detectable change in the freezing behaviour of a sample. Decisions 

about whether two curves represent meaningfully different INP populationsfreezing behaviour are often based on visual 85 

inspection or informal criteria, which . Visual comparison of fraction-frozen curves remains essential, because it shows where 

curves differ and suggests possible physical interpretations. However, visual comparison alone can be ambiguous when 

uncertainties are largedroplet numbers are small, curves are broad, or curves partially confidence intervals overlap. We  over 

part of the temperature range. It also does not provide a pre-specified false-positive rate or an estimate of statistical power. 

Formal tests are therefore propose a simple,useful as a complement to graphical interpretation, indicating whether the observed 90 

separation between two finite-droplet curves is larger than expected from sampling variability alone. 

 

We recast droplet-freezing measurements as survival data and use this framing in two ways: to calculate Kaplan-Meier 

pointwise confidence intervals for fraction-frozen and derived cumulative ice-nucleation activity spectra, and to assess non-

parametric method that re-castsmethods for comparing fraction -frozen curves as survival curves and uses . In doing so, we 95 

suggest the well-established tools from survival analysis. This approach provides (i) convenient confidence intervals and (ii) 

a basis for testinglog-rank test as a useful comparison tool in some contexts and introduce an integrated squared fraction-frozen 

distance permutation test, which we refer to as the Integrated Squared Difference (ISD) test, for cases where a more general 

curve-to-based comparison is required. To assess these methods, we use synthetic droplet-freezing experiments generated from 

fitted representations of literature freezing curves. This allows us to test Kaplan-Meier interval coverage, false-positive rates, 100 
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and false-negative rates for realistic curve differences using the log-rank test, thereby reducing reliance on subjective 

interpretationshapes while retaining known underlying generating distributions. 

 

 

2 Statistical backgroundBackground 105 

 

2.1 2.1 The Kaplan–-Meier estimator applied to droplet freezing data  

In a typical set of droplet freezing experiments, multiple aliquots of water are exposed to a systematically decreasing 

temperature, allowing observation (typically visual) of the onset and distribution of freezing events across the sample set. The 

fraction -frozen is calculated as:  110 

𝑓(𝑇) =
𝑁𝐹(𝑇)

𝑁0
            (1) 

Wherewhere 𝑁𝐹(𝑇) is the number of droplets frozen at temperature 𝑇  and 𝑁0  is the total number of droplets, frozen or 

unfrozen, present in the experiment (Vali et al., 2015). A typical dataset where a survival curve might be employed would 

have 𝑛(𝑡𝑗) subjects at risk of failure at time 𝑡𝑗 and 𝑑(𝑡𝑗) failures at time 𝑡𝑗 (Kalbfleisch and Prentice, 2002). The nonparametric 

likelihood estimate of the survivor function, the probability that a sample survives longer than time 𝑡, is then  115 

𝑆̂(𝑡) = ∏ (
𝑛(𝑡𝑗)−𝑑(𝑡𝑗)

𝑛(𝑡𝑗)
)𝑡𝑗≤𝑡 .           (2) 

The derivation of this equation may be found in Kalbfleisch and Prentice (2002) and also the original paper on the Kaplan–-

Meier estimator (Kaplan and Meier, 1958). For continuously and steadily cooled droplet freezing experiments 𝑇 is directly 

proportional to 𝑡. As such, the survivor function for droplet freezing data as a function of temperature is  

𝑆̂(𝑇) = ∏ (
𝑁𝑈(𝑇𝑗)−𝑁𝐹(𝑇𝑗)

𝑁𝑈(𝑇𝑗)
)𝑇𝑗≤𝑇 .          (3) 120 

where 𝑁𝑈(𝑇)  is the number of unfrozen droplets at temperature 𝑇  and 𝑁𝐹(𝑇)  is the number of droplets that freeze at 

temperature 𝑇.  Note that 𝑓(𝑇) is equal to 1 − 𝑆̂(𝑇). Equation 3 has the advantage that it is valid for ‘censored’ data, so can 

be used for datasets where it is not known whether droplets freeze or not. In principle, droplets can also be added part-way 

through an experiment. Best practice is to avoid these sorts of situation experimentally. Nevertheless, the ability to account for 

them may conceivably be usefulCensoring could arise if an experiment ended before all droplets had frozen, for example 125 

because the instrument reached its minimum temperature, although good experimental design should normally avoid such 

situations. 
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2.2 2.2 Confidence intervals of the Kaplan–-Meier Estimator  

As discussed above, confidence intervals are useful for visualising the likely values which fraction -frozen may take. Standard 130 

approaches for the calculation of the variance of 𝑆̂(𝑡) may yield values outside the possible range of 0 to 1. As such the 

confidence intervals for the Kaplan–-Meier estimator are usually calculated by applying the asymptotic normal distribution to 

a transformation of 𝑆̂(𝑡) for which the range is unrestricted. The same approach may be adopted for calculation of confidence 

intervals for 𝑆̂(𝑇) and therefore 𝑓(𝑇).  Assuming that the probability of the probability of freezing is reasonably approximated 

by 𝑁𝐹/𝑁𝑈 and the probability of freezing at each timestep is independent, the asymptotic variance of ln[− ln 𝑆̂(𝑇)] may be 135 

calculated as  

𝜎̂2(𝑇) =
∑

𝑁𝐹(𝑇𝑗)

𝑁𝑈(𝑇𝑗)(𝑁𝑈(𝑇𝑗)−𝑁𝐹(𝑇𝑗))
𝑇𝑗

{∑ ln(
𝑁𝑈(𝑇𝑗)−𝑁𝐹(𝑇𝑗)

𝑁𝑈(𝑇𝑗) )𝑇𝑗 }

2           (4) 

where the sums are calculated between 𝑇 and the first value of 𝑇 at which a freezing event occurs (Kalbfleisch and Prentice, 

2002). In cases where there is no censorship, as there won’t be for most ice nucleation measurements, equation 4 reduces to   

 140 

𝜎̂2(𝑇) =  
1−𝑆̂(𝑇)

𝑁0(𝑆̂(𝑇)(ln 𝑆̂(𝑇))2)
.

1−𝑆̂(𝑇)

𝑁0𝑆̂(𝑇)(ln 𝑆̂(𝑇))2.         

  (5) 

 

 The confidence intervals for 𝑆̂(𝑇) are then given by [𝑆̂(𝑇)exp(+𝑧𝛼/2𝜎̂(𝑇)), 𝑆̂(𝑇)exp(−𝑧𝛼/2𝜎̂(𝑇))] where 𝑧𝛼/2is the inverse of the 

standard normal cumulative distribution, which takes values of 1.96 for a 95% confidence interval and 1.64 for a 90% 145 

confidence interval. The confidence interval for 𝑓(𝑇) may be found as  [1 − 𝑆̂(𝑇)exp(+𝑧𝛼/2𝜎̂(𝑇)), 1 − 𝑆̂(𝑇)exp(−𝑧𝛼/2𝜎̂(𝑇))] . A 

difficulty with this approach is that no confidence interval can be calculated when 𝑓(𝑇) = 1 because the log-log transform is 

undefined at 𝑆̂(𝑇) = 0. We suggest assuming this final interval is the same as the penultimate interval and have adopted this 

approach for the figures in this paper. We note that welogarithm is undefined at 𝑆̂(𝑇) = 0. For plotting purposes, we assign 

the final point the same interval as the penultimate point. This is a pragmatic plotting convention rather than a formally derived 150 

confidence interval at 𝑓(𝑇) = 1. It affects only the final plotted point and does not alter the curve-comparison tests or any 

conclusions, because these tests are calculated from the observed freezing temperatures and empirical fraction-frozen curves 

rather than from the confidence intervals. The final point should therefore not be interpreted as having a formally calibrated 

confidence interval. We calculated confidence intervals for 𝑓(𝑇) in the manner described here in Kinney et al. (2024). We 

note that the shaded regions shown in the figures later in the paper connect the calculated pointwise confidence intervals for 155 
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visual clarity and should not be interpreted as simultaneous confidence bands over the full temperature range (Sachs et al., 

2022).   

 

Droplet fraction -frozen data isare often used to calculate surface density of sites active above temperature 𝑇, 𝑛𝑠(𝑇) to allow 

comparison of measurements conducted on different instruments or in different concentration regimes. This can be calculated 160 

as  

 

𝑛𝑠(𝑇) =
− ln(1−𝑓(𝑇))

A

− ln(1−𝑓(𝑇))

𝐴
           

 (6)  

 165 

Where A is the total surface area of INPs in a sample unit, usually given in cm2 (Vali et al., 2015). Other quantities, for instance 

mass, can be used to normalise instead of A. To calculate the confidence interval for 𝑛𝑠(𝑇)𝐴. The equivalent normalised to the 

droplet volume is usually referred to as 𝐾(𝑇), the cumulative nucleus spectrum, while equivalent normalised to mass per 

sample unit is referred to as  𝑛𝑚(𝑇). To calculate the confidence interval for 𝑛𝑠(𝑇) or other monotonic equivalents equation 6 

may be applied, replacing 𝑓(𝑇) with its confidence interval. It is worth noting that the abovementioned difficulty with the 170 

confidence interval of the final freezing droplet is avoided as 𝑛𝑠(𝑇)  also cannot be calculated when 𝑓(𝑇) = 1𝑇)  and 

equivalents also cannot be calculated when 𝑓(𝑇) = 1. Kaplan-Meier confidence intervals propagate naturally to cumulative 

spectra because these are direct transformations of 𝑓(𝑇). Differential spectra are less straightforward because they require an 

additional differencing, binning, smoothing, or fitting step, and their interpretation depends on how the freezing-temperature 

data are represented, as discussed by Vali (2023) in relation to Fahy et al. (2022). For this reason, we focus here on fraction-175 

frozen curves and cumulative spectra, where the transformation from the Kaplan-Meier estimator is direct. 

 

The approach to calculating confidence intervals is non-parametric in nature, meaning no assumption is made about the 

distribution of freezing temperatures. It shares this feature with the bootstrapping approach of Fahy et al. (2022) but is simpler 

to implement and understand, requiring no generation of synthetic experiments.  or other choices regarding data handling.  180 

 

2.12.3 The log-rank test 

A common question in the analysis of ice nucleation data is ‘are these two fraction -frozen curves different?’. For instance, an 

investigator may wish to establish whether a chemical treatment changes the nucleation temperature of a specific ice nucleator 

significantly or determine whether a measurement conducted in the presence of an ice nucleator is distinct from the background 185 

ice nucleation induced by the instrument. To date, such comparison has typically been conducted visually or by use of ad-hoc 

statistical comparison of curves.  Here, we apply a standard approach for comparing survival curves (Kalbfleisch and Prentice, 
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2002) to the comparison of fraction -frozen curves, potentially constituting a more rigorous method for establishing whether 

the population of ice nucleators generating fraction -frozen curves are different in nature. As with the Kaplan–-Meier estimator, 

the log-rank test breaks down the experiment into distinct events and looks at the set of droplets at risk immediately before a 190 

given event occurs. In the case of the Kaplan–-Meier method, this set is used to calculate the conditional probability of a 

droplet surviving beyond temperature 𝑇. In contrast, the log-rank test estimates the expected number of events at temperature 

𝑇 under the null hypothesis that two freezing curves are identical. It then compares the expected number of freezing events 

with the observed number to assess whether curves differ significantly.  

 195 

Suppose that we want to test the null hypothesis that droplet freezing experiments represented by survivor functions 𝑆̂0(𝑇) and 

𝑆̂1(𝑇) have identical underlying freezing probabilities. At each freezing temperature we first compute how many unfrozen 

droplets there are in each at that temperature as 

 

𝑁𝑈,𝑡𝑜𝑡𝑁𝑈,tot(𝑇) = 𝑁𝑈,𝑜𝑁𝑈,0(𝑇) + 𝑁𝑈,1(𝑇).                        200 

 (7) 

 

We then compute the total number of freezing events as 

 

𝑁𝐹,𝑡𝑜𝑡(𝑁𝐹,tot(𝑇) = 𝑁𝐹,𝑜𝑁𝐹,0(𝑇) + 𝑁𝐹,1(𝑇).         205 

 (8) 

 

Under the null hypothesis, the expected number of freezing events in experiment 1 at temperature 𝑇 is 

 

𝐸1(𝑇) = 𝑁𝑈,1(𝑇)
𝑁𝐹,𝑡𝑜𝑡(𝑇)

𝑁𝑈𝑡𝑜𝑡(𝑇)

𝑁𝐹,tot(𝑇)

𝑁𝑈,tot(𝑇)
          210 

 (9) 

 

and the variance of the expected number of events at temperature 𝑇 is 

 

𝑉𝑖(𝑇) =
𝑁𝑈,𝑜(𝑇)𝑁𝑈,1(𝑇)(𝑁𝑈,𝑡𝑜𝑡(𝑇)−𝑁𝐹,𝑡𝑜𝑡(𝑇))

𝑁𝑈,𝑡𝑜𝑡(𝑇)2(𝑁𝑈,𝑡𝑜𝑡(𝑇)−1)
. 

𝑁𝑈,0(𝑇)𝑁𝑈,1(𝑇)𝑁𝐹,tot(𝑁𝑈,tot(𝑇)−𝑁𝐹,tot(𝑇))

𝑁𝑈,tot(𝑇)2(𝑁𝑈,tot(𝑇)−1)
.    215 

    (10) 
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The test statistic for the log-rank testscore is then the signed sum of the squared difference between observed and -minus-

expected events, normalised by the variance, summed across all stepsevent temperatures. The test statistic is the square of this 

total score divided by the sum of the variance contributions (Kalbfleisch and Prentice, 2002). 220 

 

χ2𝜒2 =
(∑ 𝑁𝐹,1−𝐸1)

2

∑ 𝑉𝑖
           

 (11) 

 

The χ2𝜒2 statistic with one degree of freedom is used to calculate the p-value (Kalbfleisch and Prentice, 2002). This may be 225 

done using statistical tables or (for example) the scipy function scipy.stats.chi2.sf, giving a formal measure of . The resulting 

p-value quantifies the probability that theof observing differences between the two freezing curves occurred by chance. 

Because the at least as large as those measured, assuming the null hypothesis. The use of the 𝜒2 distribution relies on the 

asymptotic result that the sum of differences in the numerator ofin the test statistic is the sum of differences you need 

enoughnormally distributed. Hence, a sufficiently large number of droplets are required in the experiment to assume thatthis 230 

consequence of the central limit theorem applies.  

 

2.4 While Limitations of the log-rank test 

The ordinary log-rank test is a standard non-parametric and hence makes no assumption about the test for comparing two 

survival curves. It is commonly used because it is simple, well understood, and does not require a parametric model for the 235 

event-time distribution of freezing temperatures it is important to note that the log-rank test assumes. However, it is not a 

general-purpose test for all possible differences between two curves. The log-rank test is most powerful when the two groups 

have approximately proportional hazards, meaning that the ratio of the conditional event rates is roughly constant over the 

analysis variable (Kalbfleisch and Prentice, 2002). In the present context, this would mean that the ratio of conditional freezing 

probabilities betweenfor two curvesdroplet-freezing experiments is approximately constant across the entire temperature 240 

measurement range. In practice, this means that if experimental 𝑓(𝑇) curves 

 

This assumption is unlikely to be true for ice-nucleation data. Many droplet-freezing curves are likely to reflect more than one 

ice-nucleation active population. In addition, background freezing may dominate one part of the temperature range, while the 

material of interest dominates another. A treatment may also change the high-temperature part of a freezing curve without 245 

changing the low-temperature part, or vice versa. In such situations, the relative conditional freezing probability of two samples 

can vary strongly with temperature. The proportional-hazards assumption will, therefore, almost certainly fail even when the 

two plotted fraction-frozen curves do not obviously cross. Crossing curves are only a clear visual example of a broader 

difficulty.  
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 250 

The practical consequence is that the ordinary log-rank test loses statisticalhas reduced power because differences at warmer 

temperatures may effectively cancel outin most applications to fraction-frozen data. This issue is well known in the survival-

analysis literature, particularly for crossing survival curves and for cases where differences are concentrated in only part of the 

event distribution (Dormuth et al., 2022). The reason is that the ordinary log-rank statistic is based on a signed sum of observed-

minus-expected event counts. If one sample has more freezing events than expected at relatively high temperatures but fewer 255 

than expected at colderlower temperatures, these positive and negative contributions can partly cancel. In such cases, a non-

significant log-rank result should not be interpreted as strong evidence that two fraction-frozen curves are the same. 

 

It is also important to be clear about the question being asked. The log-rank test gives a global and non-directional test of 

whether two droplet-level datasets are consistent with the same underlying freezing-temperature distribution. It does not say 260 

where the curves differ, which sample is more active over a particular temperature interval, or what physical mechanism is 

responsible. These questions require inspection of the curves themselves and, where appropriate, comparison of derived 

quantities such as 𝐾(𝑇), 𝑛𝑠(𝑇) or 𝑛𝑚(𝑇). Pointwise confidence intervals and confidence bands are also useful for visual 

interpretation, although visual overlap or non-overlap of intervals is not the same as a pre-specified global hypothesis test 

(Sachs et al., 2022; Cumming, 2009). 265 

 

We therefore treat the ordinary log-rank test as one useful comparison, rather than as a universal method for comparing droplet-

freezing datasets, and is a poor choice when the curves cross, nearly cross, or when there is clear evidence that different ice-

active populations dominate in different parts of the temperature range. 

 270 

2.5 Alternative tests considered 

Because the ordinary log-rank test is not expected to perform equally well for all possible differences between freezing curves, 

we compared it with several other two-sample tests. Mathematical details of the tests are given in the SI. We chose tests that 

are well established and easy to implement in Python, because a useful method for droplet-freezing analysis should be 

straightforward to apply. The tests considered here are non-parametric, but they emphasise different aspects of the data.  275 

 

The Kolmogorov-Smirnov test compares the maximum vertical separation between two empirical distribution functions 

(Conover, 1999). Since the fraction-frozen curve is directly related to the empirical distribution of freezing temperatures. , the 

Kolmogorov-Smirnov statistic can also be interpreted as the largest pointwise separation between two empirical fraction-

frozen curves. This makes it sensitive to localised differences. However, because it uses only the maximum separation, it may 280 

be less sensitive to smaller differences that are spread over a wide temperature interval (Conover, 1999). 
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The Cramér-von Mises test measures an integrated squared difference between empirical distribution functions (Anderson, 

1962). It therefore accumulates differences across the full freezing-temperature distribution rather than focusing only on the 

single largest separation like the Kolmogorov-Smirnov test (Anderson, 1962). This makes it a useful comparator for cases 285 

where two fraction-frozen curves are moderately separated over a broad temperature range. The Anderson-Darling k-sample 

test is related to the Cramér-von Mises test, but gives relatively greater weight to differences in the tails of the pooled 

distribution (Scholz and Stephens, 1987).  

 

We also considered a Fleming-Harrington weighted log-rank test (Fleming and Harrington, 2013). Weighted log-rank tests 290 

generalise the ordinary log-rank test by applying a weight to each observed-minus-expected contribution. For Fleming-

Harrington weights, 

 

𝑤𝑗 = 𝑆̂pool(𝑡𝑗
−)𝑝[1 − 𝑆̂pool(𝑡𝑗

−)]
𝑞

,  (12) 

 295 

where 𝑆̂pool(𝑡𝑗
−)is the pooled Kaplan-Meier survival estimate immediately before event time 𝑡𝑗. In this work we focus on 

FH(1,0), which places greater weight on early events in survival time. Since we analyse freezing temperatures using the 

survival-style transformation 𝑡 = −𝑇, early event times correspond to higher-temperature freezing events.  

 

In principle, weighted log-rank tests are attractive because they allow one part of the freezing spectrum to be emphasised. For 300 

example, one might choose a weighting that gives greater importance to higher-temperature freezing events if there were a 

clear prior reason to expect a difference specifically in the warmest part of the spectrum. However, this is also the main 

difficulty with applying weighted log-rank tests to droplet-freezing data. In most cases we do not have a sufficiently specific 

theory to say in advance what the weighting should be. Choosing a weighting after inspecting the curves would make the 

resulting test difficult to interpret, because the hypothesis being tested would no longer be clearly pre-specified. For this reason, 305 

we include FH(1,0) in the simulations as a useful comparator and as an illustration of how changing the log-rank weighting 

can affect power but no not suggest weighted log-rank tests as a general solution for comparing droplet-freezing curves. Where 

there is no clear prior reason to emphasise a particular temperature region, a direct curve-distance test or a standard empirical-

distribution test is easier to interpret. 

 310 

2.6 The Integrated Squared Difference (ISD) test 

In the case of non-proportional hazards and most significantly when curves cross, the ordinary log-rank test can have low 

power because the test statistic includes sums over oppositely-signed observed-minus-expected contributions. The 

Kolmogorov-Smirnov test, by contrast, uses only the largest pointwise separation and so does not fully use the fact that the 
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curves may be separated over a broad interval. The Cramér-von Mises and Anderson-Darling tests are closer to what we want, 315 

because they accumulate differences across the empirical distributions. However, they do this on the empirical-distribution, or 

rank, scale rather than directly over temperature. Anderson-Darling also gives additional weight to the tails, which may or may 

not be where the physically important difference lies. For droplet-freezing data, where the fraction-frozen curve as a function 

of temperature is usually the object being interpreted, it is useful to have a test that measures the accumulated separation 

between those curves directly. 320 

 

We therefore introduce a simple additional test based directly on the distance between two fraction-frozen curves. The test 

statistic measures the integrated squared separation between the two fraction-frozen curves over the temperature range being 

compared. As such, differences at different temperatures all contribute positively to the test statistic. This is conceptually 

similar to the Cramér-von Mises construction, though it operates on the fraction-frozen curve as a function of temperature, 325 

rather than on ranked data. Consequently, the test statistic has units of temperature. In contrast to the previously mentioned 

tests, which were developed under the constraint that analytical, asymptotic null distributions could be derived, it uses 

permutation statistics to estimate the null distribution numerically and compute a p-value for the global null hypothesis that 

the two droplet-freezing datasets are exchangeable samples from the same underlying freezing-temperature distribution. This 

facilitates the use of this simple and intuitive test statistic, specifically developed to avoid the dependence of the log-rank test 330 

on the assumption of proportional hazards. The aim is not to replace all other tests, but to provide a comparison that is closely 

matched to the way droplet-freezing data are usually displayed and interpreted. 

 

Consider two droplet-freezing experiments indexed by 

 335 

𝑔 ∈ {0,1},                  (13) 

 

with 𝑛𝑔droplets and observed freezing temperatures 

𝑋𝑔1, 𝑋𝑔2, … , 𝑋𝑔𝑛𝑔
.                  (14) 

 

For a temperature 𝑇, define the empirical fraction-frozen curve as 340 

 

𝑓𝑔(𝑇) =
𝑁𝑔(𝑇)

𝑛𝑔
.                 (15) 

 

Equivalently, 𝑁𝑔(𝑇) is the number of observed freezing temperatures in experiment 𝑔 satisfying 𝑋𝑔𝑘 ≥ 𝑇. If one instead plots 345 

the survivor function (or fraction unfrozen), 𝑆̂𝑔(𝑇) = 1 − 𝑓𝑔(𝑇), the squared difference statistic defined below is unchanged 

because 
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𝑓0(𝑇) − 𝑓1(𝑇) = −[𝑆̂0(𝑇) − 𝑆̂1(𝑇)].            (16) 

 350 

Let 𝒯 = [𝑇min, 𝑇max]denote the common temperature interval over which the two curves are compared. We define the ISD 

statistic as 

 

𝑄𝑓 = ∫ [𝑓0(𝑇) − 𝑓1(𝑇)]
2

𝒯

 d𝑇.             (17) 

 355 

Large values of 𝑄𝑓indicate that the two fraction-frozen curves are separated over a substantial part of the temperature interval.  

 

In practice, Eq. (17) is evaluated numerically on a regular temperature grid, 

 

𝑇1, 𝑇2, … , 𝑇𝑀 ,               (18) 360 

 

with grid spacing Δ𝑇. In the Jupyter notebook implementing the test we use 

 

𝑄𝑓 ≈ ∑ [𝑓0(𝑇𝑚) − 𝑓1(𝑇𝑚)]
2𝑀−1

𝑚=1
Δ𝑇.            (19) 

 365 

The same grid and temperature interval are used for the observed data and for all permutations. The absolute value of 𝑄𝑓 

depends on the width of the temperature interval because the statistic has units of temperature. This does not affect the 

permutation p value, provided the interval is fixed before testing. 

 

The null hypothesis is 370 

 

𝐻0: 𝑓0(𝑇) = 𝑓1(𝑇) for all 𝑇 ∈ 𝒯,           (20) 

 

or equivalently that the two droplet sets are exchangeable samples from the same freezing-temperature distribution over the 

analysed interval. To obtain a p value, the observed freezing temperatures are pooled, 375 

 

𝒳 = {𝑋01, … , 𝑋0𝑛0
, 𝑋11, … , 𝑋1𝑛1

},           (21) 
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then randomly relabelled into two groups of sizes 𝑛0and 𝑛1. For each permutation 𝑏 = 1, … , 𝐵, the empirical curves and 

integrated squared distance 𝑄𝑓
(𝑏)

are recalculated. The Monte-Carlo permutation p value is then 380 

 

𝑝perm =
1+∑ 𝟏𝐵

𝑏=1 { 𝑄𝑓
(𝑏)

≥𝑄𝑓
obs

}

𝐵+1
.          (22) 

 

The addition of 1 to the numerator and denominator prevents a p-value of exactly zero when a finite number of random 

permutations is used (Phipson and Smyth, 2010). Note that the estimation of the null distribution via permutation statistics 385 

means that the test should be used with caution at very low droplet number. At very low droplet numbers, the number of 

distinct label permutations is small, resulting in a discrete null distribution and coarse attainable 𝑝-values. Power is also 

necessarily limited because the empirical curves contain little information. For equal group sizes, rejection at 𝛼 = 0.05 is 

impossible when 𝑛 ≤ 3 droplets per curve and is possible but highly discrete at 𝑛 = 4. Results obtained with approximately 

five or fewer droplets per curve should therefore be interpreted cautiously. 390 

 

The ISD test is a global test, meaning a significant result indicates that the two fraction-frozen curves differ somewhere over 

the analysed temperature interval. It does not, by itself, identify the temperature region responsible for the difference or explain 

the physical origin of the difference. Those questions still require inspection of the curves and, where appropriate, comparison 

of 𝐾(𝑇), 𝑛𝑠(𝑇), or 𝑛𝑚(𝑇) or other physically normalised quantities. The main reason for including this test is therefore 395 

pragmatic. It tests the quantity that is most commonly plotted, its power does not depend on the assumption of proportional 

hazards, and it avoids the cancellation problem that can affect the ordinary log-rank test. We use it here as a general-purpose 

global comparison of two directly comparable droplet-freezing experiments when no more specific directional or temperature-

localised alternative is assumed. 

3 Results and discussion 400 

3.1 Simulation strategy 

To demonstrate use ofassess the Kaplan–-Meier statistics and the log-rank test we now present the results of data analysis 

using these methods both randomly generated simulated datasets, and some laboratory data from literature. The analysis was 

performed using a Jupyter notebook available on GitHub.   

3.1 Comparison of KM confidence intervals with literature confidence intervals  405 

Fahy et al. (2022) proposed a method for calculating confidence intervals on droplet freezing data using a variety of related 

methods, arguing that a ‘studentized’ confidence interval produced via empirical bootstrapping is the most accurate. In this 
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approach the observed freezing temperatures are resampled and smoothly interpolated to create functions of  𝑛𝑠(𝑇) . 

Confidence intervals are then taken from the bootstrapped ensemble. Figure 1 shows data reported in figure 4 of Fahy et al. 

(2022). Briefly, this droplet freezing data represents 91 100 nL droplets containing 0.1 wt% of an unaged volcanic ash first 410 

studied in Jahn et al. (2019). The experiment was conducted using the CMU-CS droplet-on-substrate system (Polen et al., 

2018).  

 

In Figure 1(a) we show 𝑓(𝑇) for this data with 95% KM confidence intervals and also 95% confidence intervals produced 

using a Monte-Carlo approach (called parameterised bootstrapping in Fahy et al. (2022)) based on the work of Vali (2019) and 415 

first reported in the supplementary information of Whale (2022). Briefly, freezing events were binned by temperature, bin 

counts taken as expectation values and 5,000 Poisson draws per bin used to generate synthetic fraction‑frozen curves. 

Confidence intervals represent the 2.5th–97.5th percentile envelope of the simulated fraction‑frozen values. Figure. 1(b) shows 

KM, binned Monte-Carlo and studentized confidence intervals of 𝑛𝑠(𝑇)  for the data. Encouragingly, all three types of 

confidence interval are broadly similar and seem reasonable. As discussed by Fahy et al. (2022) binning droplet freezing data 420 

is in some sense ‘inefficient’ as data points are combined. We note also that the method does not work well when there are 

relatively few droplets in a bin. This tends to be a particular issue when confidence intervals for 𝑓(𝑇) are transformed into 

𝑛𝑠(𝑇), as can be seen in the first and last two points for the Monte-Carlo confidence intervals in Figure 1(b) where unreasonable 

lower and upper confidence intervals, respectively, are produced. Pragmatic use of the confidence intervals can easily mitigate 

this deficiency although it is a helpful that the KM and studentized confidence intervals avoid this difficulty.  425 

 

 

Figure 1. Comparison of Kaplan–Meier, Binned Monte-Carlo and Studentized 95% confidence intervals on (a) droplet 𝑓(𝑇) 

and (b) 𝑛𝑠(𝑇) for volcanic ash droplet freezing data from Fahy et al. (2022).  
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 430 

3.2 Simulated datasets for and the curve-comparison of confidence intervals with varying numbers of droplets and 

slopes of fraction frozen  

To generate datasets well suited to illustrating the properties of the Kaplan–Meier estimator and the log-rank test, we used a 

random-number generator to create plausible synthetic data resembling that typically obtained in droplet-freezing experiments. 

Twelve experiments were simulated using the Gaussian Random Number at random.org (Www.Random.Org, 2026). In doing 435 

this, we assume a parametric form for tests in a controlled way, we used synthetic droplet-freezing experiments generated from 

smooth fitted representations of real droplet-freezing datasets. This approach has the advantage that the underlying probability 

density function (PDF) of freezing temperatures which is likely physically reasonable in at least some situations (De Almeida 

Ribeiro et al., 2023). Under this assumption, different choices of the Gaussian parameters imply different conditional freezing 

probabilities as a function of temperature (i.e., different freezing “hazard” profiles). Because the log -rank test is sensitive to 440 

differences in these conditional freezing probabilities, it provides a reasonable approach for assessing whether two samples 

are consistent with the same underlying freezing behaviour. Table 1 reports the underlying means (µ) and standard deviations 

(σ) of the random samples generated.  

 

Table 1. Summary statistics for simulated droplet freezing data produced using the Gaussian Random Number at random.org. 445 

Column headings give mean and standard deviation of the distribution from which the datasets were drawn thefreezing-

temperature distribution is known, while the data in the table gives the actual means and standard deviation of the datasets. 

simulated experiments still resemble datasets encountered in practice. 

 

We fitted dual-Gaussian mixture functions to three published microlitre-scale droplet-freezing datasets: a background freezing 450 

curve (Whale, 2024), Betula pendula pollen washing water (Kinney et al., 2024) and BCS375 feldspar (Harrison et al., 

2016b)These datasets were chosen because they cover a useful range of fraction-frozen curve shapes. The Betula pendula 

pollen washing water curve is very steep, the background curve is broader, and the BCS375 feldspar curve is spread over a 

still wider temperature interval. The fitted functions and parameters are shown in Figure S1. The dual-Gaussian functions are 

not intended as mechanistic models of ice nucleation but are flexible empirical descriptions of realistic freezing curves from 455 

which repeated synthetic experiments can be generated. 

 

We used these fitted distributions in two ways. First, we assessed the Kaplan-Meier pointwise confidence intervals by 

repeatedly sampling synthetic droplet-freezing experiments from each fitted distribution. For each simulated experiment, we 

calculated Kaplan-Meier confidence intervals for 𝑓(𝑇).  We also propagated these intervals to the volume-normalised 460 

cumulative nucleus spectrum, 𝐾(𝑇), by applying the standard transformation to the upper and lower confidence limits of 𝑓(𝑇). 

Because the fitted generating distribution is known, the simulated intervals can be compared directly with the underlying curve. 

Formatted: Font: Not Bold
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This allows us to estimate empirical coverage: the fraction of repeated experiments in which the nominal 95% interval contains 

the underlying value. 

 465 

Second, we used the same fitted distributions to compare statistical tests for differences between two fraction-frozen curves. 

Under null scenarios, both synthetic experiments were sampled from the same fitted distribution, allowing us to estimate false-

positive rates. Under alternative scenarios, the two experiments were sampled from different distributions, or from shifted or 

mixture-modified versions of the fitted distributions, allowing us to estimate power and false-negative rates. In all cases, the 

aim was not to reproduce every possible droplet-freezing dataset, but to test the methods against curve shapes and sample sizes 470 

that are realistic for ice-nucleation experiments. 

 

3.2 Empirical coverage assessment of Kaplan-Meier confidence intervals 

Figure 1 shows example synthetic experiments generated from the fitted freezing-temperature distributions described above. 

The solid symbols and step curves show one 50-droplet simulated droplet-freezing experiment for each underlying distribution, 475 

while the dashed curves show the known underlying functions from which the simulated freezing temperatures were generated. 

The shaded regions show the corresponding 95 % pointwise Kaplan-Meier confidence intervals. In Figure 1a, the intervals are 

shown for fraction-frozen. In Figure 1b, the same intervals have been transformed to 𝐾(𝑇).  The examples illustrate two useful 

features of the method. First, the intervals behave sensibly for curves of very different steepness and temperature range. 

Second, the transformation to 𝐾(𝑇)naturally magnifies uncertainty in regions where 𝑓(𝑇) approaches 0 or 1, reflecting the 480 

well-known sensitivity of logarithmic ice-nucleation spectra to the ends of fraction-frozen curves. Fig S2 shows pointwise 

Kaplan-Meier confidence intervals for 5 and 100 droplets for the three experiments, to illustrate how the confidence intervals 

vary with both slope of the fraction-frozen curve and droplet number. 

 



 

17 

 

 485 

Figure 1. Example 50-droplet synthetic droplet-freezing experiments generated from known underlying freezing curves 

resembling a microlitre droplet freezing assay instrument background, Betula pendula pollen washing water, and BCS375 

feldspar. (a) Fraction-frozen, 𝑓(𝑇) with 95 % pointwise Kaplan-Meier confidence intervals. (b) Corresponding cumulative 

ice-nucleation activity, 𝐾(𝑇) , obtained by transforming 𝑓(𝑇) . Solid symbols and step curves show example simulated 

experiments; dashed curves show the known underlying functions. Shaded regions connect the 95 % pointwise Kaplan-Meier 490 

confidence intervals for visual clarity and should not be interpreted as simultaneous confidence bands. 

 

To quantify the interval performance, we generated repeated synthetic experiments for each underlying curve and droplet 

number. At each temperature grid point, we calculated the fraction of repeated experiments for which the nominal 95 % 

Kaplan-Meier interval contained the known underlying value. This fraction is the empirical pointwise coverage. Figure 2 495 

shows the average empirical coverage as a function of droplet number for the three underlying freezing curves. For very small 

droplet numbers, the average coverage is below the nominal 0.95 level and the curves are necessarily coarse because each 

individual freezing event represents a large fraction of the experiment. However, the empirical coverage approaches the 

nominal level as droplet number increases. For these examples, coverage is already close to 0.95 for typical droplet numbers 

used in many droplet-freezing experiments, and continues to improve gradually as the number of droplets increases. 500 
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Figure 2. Average empirical pointwise coverage of nominal 95 % Kaplan-Meier confidence intervals as a function of droplet 

number for synthetic droplet-freezing experiments based on the three underlying curves shown in Figure 1. Coverage was 

calculated from repeated synthetic experiments as the fraction of intervals containing the known underlying value. 505 

 

We find also that the coverage is not uniform across the entire temperature range. Figure 3 shows the coverage as a function 

of temperature for the background-freezing example. For 𝑓(𝑇), the intervals have close to nominal coverage over most of the 

central part of the curve. Coverage deteriorates near the ends of the curve, where the true fraction-frozen is close to either 0 or 

1 and where finite experiments contain little information about the exact tail behaviour. This is expected for pointwise intervals 510 

on an empirical survival curve. The same issue is more pronounced after transformation to 𝐾(𝑇), because the logarithmic 

transformation is particularly sensitive to values of 𝑓(𝑇), close to 0 or 1. In addition, 𝐾(𝑇), is undefined at 𝑓(𝑇) = 0, and 

singular as 𝑓(𝑇), approaches 1. These edge effects are therefore not specific to the Kaplan-Meier estimator, but reflect the 

limited information content of finite droplet-freezing experiments at the extremes of the freezing spectrum. 

 515 
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Figure 3. Temperature-dependent empirical coverage for the background-freezing example with 50 droplets. (a) Coverage of 

nominal 95 % pointwise Kaplan-Meier confidence intervals for 𝑓(𝑇), compared with the known underlying fraction-frozen 

curve. (b) Coverage after transformation to 𝐾(𝑇), compared with the known underlying 𝐾(𝑇). Coverage is close to nominal 

over the central part of the fraction-frozen curve but deteriorates near the extremes, where finite experiments provide little 520 

information and where the transformation to 𝐾(𝑇) is especially sensitive. 

 

These simulations support the use of Kaplan-Meier intervals as a practical and well-calibrated uncertainty estimate for droplet-

freezing data, provided they are interpreted as pointwise confidence intervals and not as simultaneous confidence bands. They 

also clarify the role of droplet number. There is no universal threshold at which a droplet-freezing experiment becomes 525 

statistically acceptable. Instead, the usefulness of the intervals depends on the number of droplets, the steepness and shape  of 

the freezing curve, and the temperature region of interest. As shown in Figure S2, very small experiments produce broad and 

discretised intervals and should be treated cautiously. For the representative curves considered here, experiments with tens of 

droplets provide useful uncertainty estimates over the central part of the fraction-frozen curve while larger droplet numbers 

give more stable coverage and better-resolved tails. Broad, long-tailed, or multi-population freezing curves will generally 530 

require more droplets than steep single-population curves to achieve the same practical precision. 

 

Comparison of 

Number of droplets 

µ = -15°C 

σ = 1°C 

µ= -15°C 

σ = 3°C 

5 -15.50 (0.64) -13.14 (2.48) 

20 -14.54 (1.02) -13.99 (3.14) 
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50 -15.128 (0.89) -15.17 (3.20) 

100 -15.068 (1.10) -15.1342 (2.73) 

1000 -14.9561 (1.03) -14.861 (2.99) 

 

 

Figure 2 shows comparison of simulated fraction frozen curves with underlying mean = -15°C and σ = 1°C dataset with various 535 

droplet numbers. Figure 2(a) compares simulated 𝑓(𝑇) curves for a very low number of droplets (5) against a more typical 

number (50) and a larger-than-typical number of droplets (1000). The confidence intervals with five droplets are broad enough 

to render the experiment meaningless. This is partially because the droplet number is too small for the assumptions required 

to derive equations 4 and 5 to be satisfied. The analysis therefore probes a parameter regime in which the method is not 

expected to be valid. An interesting feature here is that for our randomly generated 1000 droplet dataset the confidence interval 540 

sits above the cumulative normal distribution the sample is derived from. Clearly, this is not that unlikely an occurrence, but 

does highlight the care that should be taken, even with experiments that freeze relatively large numbers of droplets. Figure 

2(b) shows simulated experiments with droplet numbers in more typical ranges for droplet freezing experiments. Figure 2(c) 

shows the confidence intervals for simulated 50 droplet 𝑓(𝑇) curves with µ = -15°C and σ = 1°C and 3°C. The ‘flatter’ curve 

produces a broader-looking confidence interval. The y-axis span of the confidence interval is identical for both curves (compare 545 

early and late points on the curves) but the steep curve compresses the intervals in the x-axis of the graph. Figure 2(d) shows 

a similar effect for typical numbers of droplets used in droplet freezing experiments, showing increased apparent width 

compared to the analogous steeper curves in Figure 2(b).  Overall, the number of droplets required to constitute an acceptable 

experiment is essentially a matter of taste, however flatter 𝑓(𝑇) curves might generally require more droplets to be frozen 

compared to steeper 𝑓(𝑇) curves.  550 
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Figure 2. Comparison of 95% log-log Kaplan–Meier confidence intervals for randomly generated fraction frozen curves. (a) 555 

compares experiments with very small and large droplets numbers with a typical experiment and the underlying normal 

distribution. (b) compares typical experimental droplet numbers, again with the underlying normal distribution.  (c) compares 

steeper and flatter fraction frozen curves. (d) compares the typical experimental droplet numbers for the flatter fraction frozen 

curve.   
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3.3 Applications of the log-rank test 560 

We now present a couple of examples of application of the log-rank test to ice nucleation data. Figure 3 shows 𝑓(𝑇) data for 

1 µL droplets data from Daily et al. (2022) where a 0.5% w/v birch pollen washing water (BPWW) solution was subjected to 

heat treatments. Fresh, untreated BPWW nucleates ice with a very steep 𝑓(𝑇) curve. Table 2 reports log-rank tests comparing 

the measurement pairs shown in Figure 3. Wet-heated (i.e., boiled) BPWW nucleates at slightly cooler temperatures than 

untreated BPWW, a difference the log-rank test deems significant. In contrast, dry heating greatly reduces BPWW ice 565 

nucleation activity; its behaviour is not significantly different from the handling blank (a sample of purified water heat treated 

in the same way as the BPWW sample) as determined by log-rank test (Table 2). While the conclusions of Daily et al. (2022)  

were similar, with the important caveat of no claimed difference between the untreated and wet heated cases, applying the log-

rank test provides a more quantitative assessment of the results’ statistical significance. 

 570 

 

Figure 3. Fraction frozen curves for untreated and heat treated 0.5% w/v birch pollen washing water solution, and water 

handling blank for the dry heating procedure.  

 



 

23 

 

Table 2. Pairwise log-rank tests for 𝑓(𝑇) data for Birch pollen washing water solutions from Daily et al. (2022). 575 

𝒇(𝑻)  Curve 1 𝒇(𝑻) curve 2 Log-rank χ2 Log-rank p-value Significant? (p<0.05) 

Handling blank Untreated BPWW 96.56 8.65 × 10-23 Yes 

Handling blank Dry heated BPWW 1.78 0.18183 No 

Handling blank Wet heated BPWW 97.75 4.74× 10-23 Yes 

Untreated BPWW Dry heated BPWW 89.37 3.28 × 10-21 Yes 

Untreated BPWW Wet heated BPWW 75.51 3.63 × 10-18 Yes 

Dry heated BPWW Wet heated BPWW 85.12 2.80 × 10-20 Yes 

 

We now use some of the simulated the datasets reported in table 1 and a 100-droplet simulated dataset drawn from an 

underlying normal distribution with µ = -16°C and σ = 1°C to examine the sensitivity of the log-rank test under several 

scenarios and to highlight its limitations for ice‑nucleation measurements. Figure 4(a) compares the 100 droplet simulations 

with underlying means of −15°C and −16°C and σ = 1°C. As expected, the log-rank test detects a clear difference. Figure 4(b) 580 

shows fraction‑frozen curves drawn from the same distribution (µ = -15, σ = 1) that are nevertheless judged different, 

incorrectly rejecting the null hypothesis. This appears to be a Type I error due to sampling variability. As can be seen in table 

1 the simulated 20 droplet curve has an improbable high mean (-14.54°C), leading to this error. In Figure 4(c), the null is not 

rejected even though the underlying populations differ; here the curves cross, violating the proportional‑hazards assumption 

on which the log-rank test relies and reducing power. Figure 4(d) provides a counterexample in which, despite a crossing, the 585 

null is correctly rejected. For most ice nucleation studies, such crossings are unlikely, but the possibility should be considered. 

In the medical statistics literature, methods for handling crossing survival curves have been explored (Dormuth et al., 2022) 

and could be adapted to droplet‑freezing data if needed.  
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Figure 4. Simulated fraction frozen curves evaluated with the log-rank test. Asterisks (*) mark significant results at α = 0.05 590 

(a) Curves with means of −15°C vs −16°C; the test correctly detects a difference. (b) Identical underlying distribution but 

different droplet numbers, yielding a Type I error (false positive). (c) Curves with different slopes that cross, yielding a Type II 

error (false negative). (d) Overlapping, crossing curves that nonetheless differ overall; the test returns a correct significant 

result. 

 595 
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3.3 tests for differences between fraction-frozen curves 

We first tested the behaviour of the comparison methods under the null hypothesis to compare the type I error rates of each 

test. For this analysis, both synthetic experiments in each pair were generated from the same fitted freezing-temperature 

distribution. We used the fitted BCS375, Betula pendula pollen washing water, and background curves described above, giving 

examples of broad, steep, and intermediate freezing behaviour. Droplet numbers of n = 5, 20, 50, 100 and 500 per curve were 600 

considered. For each fitted curve and droplet number, 1000 pairs of synthetic experiments were generated, and each test was 

applied at a nominal significance level of α = 0.05. Since the two curves in each pair were sampled from the same underlying 

distribution, any rejection of the null hypothesis is a false positive.  

 

Figure 4 shows the resulting false-positive rates. For most tests and most droplet numbers, the false-positive rate is close to 605 

the expected 5% level. This is reassuring, because it suggests that the methods considered here are not generally prone to 

finding significant differences when two droplet-freezing experiments are simply independent samples from the same 

distribution. The clearest deviations occur at the smallest droplet number. With only five droplets per curve, the ordinary log-

rank test gives false-positive rates a little above 7% for all three fitted curve types. The FH(1,0) log-rank test is also somewhat 

above the nominal level at n = 5, although less strongly. This is not very surprising. With so few droplets, each individual 610 

freezing event represents 20% of the experiment, and the asymptotic approximations used by the log-rank statistic are being 

applied in a very sparse-data regime. By n = 20, and especially by n = 50, both log-rank-type tests are much closer to the 

nominal 5% level. 
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Figure 4. Empirical false-positive rates for six two-sample tests applied to synthetic droplet-freezing experiments generated 

under the null hypothesis. For each fitted underlying freezing-temperature distribution (BCS375 feldspar, Betula pendula 

pollen washing water, and background freezing), pairs of synthetic experiments were generated by sampling both curves from 

the same distribution.  Droplet numbers of n = 5, 20, 50, 100 and 500 per curve were considered, with 1000 repeated experiment 

pairs for each case. Each test was applied at a nominal significance level of α = 0.05. 620 

 

The Kolmogorov-Smirnov test shows the opposite behaviour. It has the lowest false-positive rate at small droplet numbers, 

with values below 1% at n = 5 for all three curve types. It remains somewhat conservative at n = 20, and only approaches the 

nominal 5 % level at larger droplet numbers. This likely reflects the discrete nature of the empirical curves when very few 

droplets are present. With only five or twenty droplets, the possible values of the maximum separation between two empirical 625 

curves are quite coarse. The Kolmogorov-Smirnov test therefore tends to require a relatively large apparent separation before 

rejecting the null hypothesis. This conservatism is useful in the sense that it avoids false positives, but it also suggests that the 

test may have relatively low power for small droplet populations. The ISD, Cramér-von Mises, and Anderson-Darling tests 

are generally close to the nominal level across the simulations. The ISD test is slightly below 5% at n = 5, but is close to 

nominal for n = 20 and above. The Cramér-von Mises and Anderson-Darling tests also remain close to 5 %, with only small 630 

deviations between curve types and droplet numbers. Given that each point is estimated from 1000 simulations, small 

differences from exactly 5% should not be over-interpreted. The main point from Figure 4 is therefore that the tests are 

reasonably well calibrated under the null hypothesis for droplet numbers likely to be useful in practice. Very small experiments 

remain problematic, as expected, because the fraction-frozen curves are necessarily coarse and individual events have a large 

influence. For n ≥ 20, and particularly for n ≥ 50, the false-positive rates are close enough to 5% that differences between tests 635 

in the alternative scenarios below can mainly be interpreted as differences in power, rather than as one test simply more liberal 

than another. 

 

3.4 Power for detecting temperature shifts in fitted freezing curves 

With acceptable false-positive rates established for all tests, we next tested how the comparison methods behave when two 640 

curves with similar shapes differ by a known temperature shift. This is a relatively simple kind of alternative, but it is an 

important one for droplet-freezing work. For example, a treatment may shift the freezing spectrum to higher or lower 

temperature without greatly changing the overall shape of the curve. In this case, the scientific question is whether the 

experiment has enough droplets, and whether the test has enough power, to detect a specified shift in freezing behaviour. 

 645 

To examine this, we generated pairs of synthetic experiments from the fitted freezing-temperature distributions described 

above. In each pair, one experiment was sampled from the fitted distribution and the other was sampled from the same 

distribution shifted by ΔT. We considered shifts of 0.5, 1, 2 and 3 °C and droplet numbers of n = 5, 20, 50, 100 and 500 per 
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curve. For each scenario, 1000 pairs of synthetic experiments were generated and each test was applied at α = 0.05. The false-

negative (type II error) rate is the fraction of simulations in which the test did not reject the null hypothesis, despite the two 650 

curves being generated from different underlying distributions. The power of the test is 1 minus the false-negative rate. 

 

Figure 5 illustrates how the shifted-curve simulations were performed, using the fitted background freezing curve shifted by 1 

°C as an example. Figure 5a shows one representative pair of synthetic experiments with n = 100 droplets per curve. The 

dashed lines show the two underlying fitted fraction-frozen curves, while the step curves show the empirical fraction-frozen 655 

curves from one randomly sampled pair of experiments. With a 1 °C shift, the finite-sample curves are still somewhat noisy, 

and overlap in places. This illustrates why visual inspection of a single experiment can be misleading, even when the underlying 

curves are different. 

 

 660 

Figure 5. Example shifted-curve simulation and test-power calculation. The example shown uses the fitted background 

freezing curve and the same curve shifted by 1 ºC.  (a) shows one pair of synthetic fraction-frozen curves generated with 100 

droplets per curve.  Smooth lines show the underlying fitted curves and step curves show the empirical 𝑓(𝑇) curves for one 

simulated experiment pair. (b) shows empirical power of each test at n = 100, calculated from 1000 repeated experiment pairs 

using α = 0.05.  Power is the percentage of repeated simulations in which the test rejected the null hypothesis. 665 
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Figure 5b shows the corresponding empirical power for each test, calculated from 1000 repeated pairs of experiments at α = 

0.05. In this example, the ordinary log-rank test has the highest power, detecting the shift in 81.5 % of simulations. The 

Anderson–Darling k-sample test also performs well, with a power of 73.4 %, followed by the FH(1,0) log-rank test at 69.6 %, 

Cramér–von Mises at 68.7 %, the ISD test at 66.3 %, and Kolmogorov–Smirnov at 57.6 %. This is a useful result because it 670 

shows that the ordinary log-rank test can perform well when the difference between curves is close to a simple shift, despite 

this not representing an example of proportional hazards. This remains true even when temperature shifts are as high as 3°C 

(Figure S3). The fact that the power of the log-rank test remains high under this type of comparison perhaps suggests an 

applicability of the test to cases in which, though not constant, the variation in hazard ratio over the central portion of the curve 

(where most of the datapoints lie) remains relatively smooth.  675 

 

Figure 6 shows how the corresponding false-negative rates vary with droplet number for a 1 °C shift in the three fitted freezing 

curves. The strongest feature is the dependence on the steepness and width of the underlying freezing-temperature distribution. 

The fitted Betula pendula pollen washing water curve provides the easiest comparison (Figure 6a). Because the fitted curve is 

very steep, a 1 °C shift produces a large separation over the central part of the fraction-frozen curve. At n = 5, the tests differ 680 

substantially: the ordinary log-rank test has a false-negative rate of approximately 11 %, whereas the Kolmogorov–Smirnov 

test fails to detect the shift in almost half of the simulations. By n = 20, however, all six tests detect the difference in almost 

every simulation. The full Betula pendula results are shown in Figure S4. These show that the 0.5 °C shift is more difficult to 

detect, but that shifts of 2 and 3 °C are reliably detected by nearly all tests once 20 droplets are included in each curve. 

 685 

The fitted background curve gives an intermediate case (Figure 6b). False-negative rates are high for all tests at n = 5 and 

remain between approximately 75 % and 90 % at n = 20. They decrease substantially at n = 50, with the ordinary log-rank test 

giving the lowest false-negative rate, but remain appreciable for all tests. At n = 100, the ordinary log-rank false-negative rate 

is below 20 %, whereas the other tests fail to detect the shift in approximately 25 %–40 % of simulations. These values 

correspond to the powers shown in Figure 5. By n = 500, all six tests detect the shift in almost every simulation. The full 690 

background results in Figure S3 show the same dependence on effect size: a shift of 0.5 °C remains difficult to detect even 

with relatively large droplet populations, whereas shifts of 2 and 3 °C become reliably detectable with substantially fewer 

droplets. 

 

The fitted BCS375 curve provides the most difficult comparison (Figure 6c). Because this curve extends over a much wider 695 

temperature interval, a 1 °C shift is small relative to the overall width of the freezing distribution. False-negative rates remain 

above approximately 65 % for all tests at n = 50 and are still between approximately 45 % and 75 % at n = 100. Even with 100 

droplets per curve, therefore, each test fails to detect the known shift in a substantial fraction of experiments. False-negative 

rates only become very low when the droplet number reaches n = 500. The full BCS375 results in Figure S5 show that a 0.5 

°C shift remains difficult to detect across most of the droplet-number range. Shifts of 2 and 3 °C are much easier to detect, 700 
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although the broad curve still requires many more droplets than the equivalent Betula pendula pollen washing water or 

background comparisons. 

 

Figures S3–S5 therefore show that the results in Figure 6 are part of a broader dependence on effect size. Increasing the 

magnitude of the temperature shift reduces the number of droplets required to detect a difference, but the relationship remains 705 

strongly dependent on the shape and width of the underlying freezing curve. A shift that is easily detectable for a steep cur ve 

may remain difficult to identify for a broad curve using the same droplet number. 

 

These results illustrate two points. First, and in common with all null-hypothesis significance test, a non-significant result 

should be interpreted cautiously when droplet numbers are small or the expected difference is modest relative to the width of  710 

the freezing transition. Failure to reject the null hypothesis does not necessarily imply that two curves are identical; it may 

simply indicate that the experiment has low power for the difference of interest. Second, the relative performance of the tes ts 

depends on the form of the difference being tested. For the 1 °C shifts shown in Figure 6, the ordinary log-rank test generally 

has the lowest false-negative rate, particularly for the background and BCS375 curves at intermediate droplet numbers, 

suggests good performance of the log-rank test to a broadly persistent, shift-like difference. 715 

 

Overall, these shifted-curve simulations reinforce that there is no single droplet number that guarantees a useful comparison, 

for any given test. The power of a test depends on the number of droplets, the magnitude of the difference, the shape of the 

freezing curve, and the statistical test used. For steep curves, relatively small shifts may be detectable with tens of droplets.  

For broad or multi-component curves, much larger droplet numbers may be needed to achieve comparable power. This is why 720 

reporting droplet number, confidence intervals, and the result of a clearly specified comparison test is more informative than 

relying on visual separation alone. 
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 725 

Figure 6. False-negative rates for detecting a 1 °C shift in the fitted (a) Betula pendula pollen washing water, (b) background-

freezing and (c) BCS375 feldspar curves as a function of droplet number. For each fitted curve and droplet number, 1000 pairs 

of synthetic experiments were generated and each test was applied at α = 0.05. The false-negative rate is the percentage of 

simulations in which a test failed to reject the null hypothesis despite the underlying curves differing by 1 °C; lower value s 

therefore indicate greater power. The n = 100 background results in panel (b) correspond to the test powers shown in Figure 730 

5. Full results for shifts of ΔT = 0.5, 1, 2 and 3 °C are shown for the background, Betula pendula and BCS375 curves in Figures 

S3, S4 and S5, respectively. 

 

3.5 Comparing steep and broad freezing curves 

The shifted-curve simulations above test a relatively simple difference between curves of the same shape. We also wanted to 735 

test a more difficult class of comparison, where two curves differ in shape as well as position. This is important for droplet-

freezing data because different samples may contain different ice-active populations, or a single sample may contain a mixture 

of populations active over different temperature ranges. In such cases, two fraction-frozen curves may cross, nearly cross, or 

differ in opposite directions in different parts of the freezing spectrum. 

 740 

Figure 7 shows an example comparison between the fitted Betula pendula pollen washing water curve and the fitted BCS375 

feldspar curve. This is not intended as a physically meaningful comparison between these two materials, but is a useful 

statistical example because the fitted curves have very different shapes. The Betula pendula curve is very steep, whereas the 

BCS375 curve is much broader; as a result, the BCS375-like curve begins freezing over a warmer and wider temperature 

interval, while the Betula pendula-like curve freezes much more abruptly over a narrow interval. Figure 7a shows one 745 

simulated pair of experiments with 100 droplets per curve. The curves are clearly different by eye, but the nature of the 

difference changes across the temperature range, giving the two fraction-frozen curves a strongly non-proportional 

relationship. This is the type of situation in which the ordinary log-rank test may lose power, because its signed observed-

minus-expected contributions can partly cancel. 
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 750 

Figure 7. Power for distinguishing fitted Betula pendula pollen washing water and BCS375 feldspar freezing curves. The 

comparison is used as a non-proportional curve-shape example, rather than as a physically specific comparison between the 

two materials. (a) one pair of synthetic fraction-frozen curves generated with 100 droplets per curve. Smooth lines show the 

fitted underlying curves and step curves show the empirical curves for one simulated experiment pair. (b) empirical power for 

each test at n = 100, calculated from 1000 repeated experiment pairs using α = 0.05. The ISD, Kolmogorov-Smirnov, Cramér-755 

von Mises and Anderson-Darling tests detect the difference in all simulations, whereas the ordinary and FH(1,0) log-rank tests 

have substantially lower power. 

 

This behaviour is seen clearly in Figure 7a. The ISD test, Kolmogorov-Smirnov test, Cramér-von Mises test, and Anderson-

Darling k-sample test all reject the null hypothesis in 100% of the 1000 repeated simulations at n = 100. In contrast, the 760 

ordinary log-rank test rejects in only 69.5 % of simulations, and the FH(1,0) weighted log-rank test rejects in only 54.1 %. 

Other Fleming-Harrington weightings might perform better for this particular example if they happened to emphasise the 

temperature region where the curves differ most strongly. However, this illustrates the difficulty of using weighted log-rank 

tests in practice: unless the weighting is chosen for a clear reason before looking at the data, the result is hard to interpret. 

Thus, in this case, the log-rank-type tests often fail to detect a difference that is large and visually obvious. 765 

 

Figure 8 shows how this behaviour changes with droplet number. The empirical-distribution tests and the ISD test improve 

rapidly. By n = 20, the ISD, Cramér-von Mises and Anderson-Darling tests have very low false-negative rates, and by n = 50 



 

34 

 

they essentially always detect the difference. The Kolmogorov-Smirnov test is slightly less sensitive at n = 20, but also reaches 

a false-negative rate close to zero by n = 50.  770 

 

 

Figure 8. False-negative rates for distinguishing fitted Betula pendula pollen washing water and BCS375 feldspar freezing 

curves as a function of droplet number. For each droplet number, 1000 pairs of synthetic experiments were generated and each 

test was applied at α = 0.05. The empirical-distribution tests and the ISD test rapidly reach low false-negative rates as droplet 775 

number increases. In contrast, the ordinary log-rank and FH(1,0) weighted log-rank tests retain high false-negative rates at 

small and moderate droplet numbers, illustrating their loss of power for this strongly non-proportional curve-shape difference. 

 

This example reinforces the main caution about the ordinary log-rank test. It is a useful test for some alternatives, possibly 

including shift-like differences, but it is mercurial and should not be considered as a general test for all differences between 780 

droplet-freezing curves, especially as its efficacy can be difficult to judge a-priori. Where curves have different shapes, cross, 

or appear to reflect multiple active populations, tests based on unsigned distances between empirical distribution functions are 

more appropriate. In this case, the ISD test performs well because it measures the accumulated squared separation between the 

curves directly, rather than summing signed event residuals. 

 785 

3.6 A mixture-population case motivating the ISD test 

The previous example shows that the log-rank test can have low power when two curves have very different shapes. We next 

considered an example of a similar issue. This example was designed to represent a situation in which two samples contain the 

same freezing populations, but in different proportions. This is a plausible situation for droplet-freezing experiments. For 

example, a sample may contain a dominant lower-temperature freezing population and a smaller population of more active 790 
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material. A treatment, ageing process, or change in sample preparation might then change the relative importance of these 

populations, rather than simply shifting the whole freezing curve to higher or lower temperature. 

 

To test this, we constructed two synthetic curves from the same two Gaussian freezing-temperature components. Figure 9a 

shows the underlying distributions and example synthetic experiments for this experiment. The first component had mean -795 

26.375 ºC and standard deviation 2.853 ºC (from the ‘background’ example) and the second component had mean -17.5 ºC 

and standard deviation 3 ºC. The two curves differed only in the mixing ratio of the second, warmer-freezing component. 

Curve 1 contained 10% of this warmer component, while Curve 2 contained 30%. The two samples therefore have the same 

underlying freezing components, but different relative contributions from those components. 

 800 

Figure 9(b) shows the empirical power of the tests at n = 100. The ISD test has the highest power, rejecting the null hypothesis 

in 82.4% of simulations. The Anderson-Darling k-sample test also performs well, with a power of 74.6%, followed by the 

Cramér-von Mises test at 69.0%. The Kolmogorov-Smirnov test and FH(1,0) weighted log-rank test have similar powers, 

64.5% and 64.6%, respectively. In contrast, the ordinary log-rank test rejects the null hypothesis in only 35.3% of simulations. 

 805 

 

Figure 9. Power for a two-component mixture-population comparison. Both curves were generated from the same two 

Gaussian freezing-temperature components: a colder component with mean -26.375 ºC and standard deviation 2.853 ºC and a 

second component with mean -17.5 ºC and standard deviation 3 ºC. Curve 1 contained 10% of the warmer component, while 
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Curve 2 contained 30%. (a) shows one pair of synthetic fraction-frozen curves generated with n = 100 droplets per curve. 810 

Smooth lines show the underlying mixture curves and step curves show the empirical Kaplan-Meier fraction-frozen curves for 

one simulated experiment pair. (b) shows empirical power for each test at n = 100, calculated from 1000 repeated experiment 

pairs using α = 0.05. The ISD test has the highest power in this curve-shape comparison, while the ordinary log-rank test has 

substantially lower power. 

 815 

This example shows how non-proportional behaviour does not require an extreme or artificial crossing of two curves. It can 

arise naturally when two samples contain similar freezing populations in different proportions. In such cases, the physically  

interesting difference is a difference in curve shape. A test based directly on the separation between fraction-frozen curves is 

therefore a useful complement to the ordinary log-rank test.  

 820 

Figure 10 shows the same mixture-population comparison as a function of droplet number. With very small droplet numbers, 

all tests have high false-negative rates. This is expected, because the empirical curves are coarse and the difference in mixture 

proportions is poorly resolved. As droplet number increases, the tests separate quite strongly. The ISD test has the lowest false-

negative rate over most of the droplet-number range. The empirical-distribution tests also improve substantially with droplet 

number. The ordinary log-rank test remains much less sensitive, missing the difference in a large fraction of simulations even 825 

at n = 100. The FH(1,0) weighted log-rank test does better than the ordinary log-rank test in this example, especially around n 

= 100. This makes sense because FH(1,0) gives greater weight to earlier events in survival time, which correspond to higher-

temperature freezing events in our formulation. The difference between the two mixture curves is partly driven by the larger 

contribution of the warmer-freezing component, so this weighting happens to be helpful. The difficulty is that this would not 

generally be known in advance. For most ice-nucleation datasets there is no obvious reason to choose FH(1,0), FH(0,1), or 830 

any other particular weighting before looking at the curves. Choosing the weighting afterwards would make the test hard to 

interpret. We therefore include FH(1,0) as a useful comparator, but do not regard weighted log-rank tests as a general solution 

for droplet-freezing curve comparison. 
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Figure 10.  False-negative rates for the two-component mixture-population comparison. The two curves contain the same 835 

Gaussian freezing-temperature components, but different proportions of the warmer-freezing component: 10 % for Curve 1 

and 30 % for Curve 2. For each droplet number, 1000 synthetic experiment pairs were generated and each test was applied at 

α = 0.05.  

 

The relatively strong performance of the ISD test in this example is expected from the way the test is constructed. The two 840 

curves differ through a change in mixture proportion, which produces a sustained separation between the fraction-frozen curves 

over a broad temperature interval. The Kolmogorov-Smirnov test uses only the maximum pointwise separation and therefore 

does not fully use the fact that the curves remain separated over several degrees. The Cramér–von Mises and Anderson–Darling 

tests quantify differences between the empirical cumulative distributions of the samples, effectively integrating discrepancies 

over cumulative-probability space; Anderson–Darling further emphasises differences in the tails. By contrast, the ISD test 845 

integrates the squared vertical separation between the fraction-unfrozen curves over temperature. Consequently, it is 

particularly sensitive to broad shifts or shape differences that extend across a wide temperature range. 

 

This does not mean that the ISD test will always be the most powerful test. Its good performance here reflects the match 

between the statistic and the alternative: a broad difference in the fraction-frozen curve over temperature. For a simple shift-850 

like alternative, the ordinary log-rank test can perform well, while for a highly localised difference the Kolmogorov-Smirnov 

or Anderson-Darling tests may be competitive or preferable. 
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4 Conclusions 

Framing droplet-freezing measurements as survival data enables direct use of the Kaplan–Meier (KM) estimator to provide a 

simple, reproducible method for calculating nonparametric confidence intervals (CIs) for droplet fraction frozen (𝑓(𝑇)) and 855 

derived 𝑛𝑠(𝑇) values. On a literature volcanic‑ash dataset, KM CIs broadly agree with Monte‑Carlo and 

studentized‑bootstrapped CIs while avoiding binning‑related edge artifacts, supporting KM as a robust option for uncertainty 

quantification. KM confidence intervals show that precision depends on sample size: very small experiments yield overly wide 

CIs, whereas ~50 droplets or more typically provide usable constraints for (𝑓(𝑇)) and 𝑛𝑠(𝑇), depending somewhat on the 

slope of 𝑓(𝑇). Compared to previously published methods for calculating CIs for droplet freezing data our approach has the 860 

advantages of being analytical in nature and relatively simple to understand and implement. We recommend reporting 𝑓(𝑇) 

and 𝑛𝑠(𝑇) with KM CIs and the number of droplets analysed. 

 

The log-rank test gives a rigorous hypothesis test for differences between fraction‑frozen curves which we have applied to 

literature birch pollen washing water (BPWW) data. Application to simulated data highlights limitations. Sampling variability 865 

can of course yield errors, and crossings in 𝑓(𝑇) curves can mask true differences because the proportional‑hazards assumption 

reduces power in these cases. Where 𝑓(𝑇)  curves are compared we recommend calculating and reporting and log-rank 

statistics and p-values to improve transparency and comparability across studies. 

Droplet-freezing experiments naturally produce event data: each droplet freezes at a particular temperature. Treating these 

measurements as survival data provides a useful non-parametric framework for analysing fraction-frozen curves and derived 870 

ice-nucleation spectra. The Kaplan-Meier estimator provides a simple way to calculate pointwise confidence intervals for 

fraction-frozen, 𝑓(𝑇) , without binning the freezing events or assuming a particular parametric form for the freezing-

temperature distribution. These intervals can also be propagated to cumulative quantities such as 𝐾(𝑇), 𝑛𝑠(𝑇) or 𝑛𝑚(𝑇). This 

is useful because these quantities are often more useful than fraction-frozen alone, especially when comparing measurements 

made at different sample concentrations, masses, surface areas, or droplet volumes. 875 

 

To assess these intervals, we generated synthetic droplet-freezing experiments from fitted underlying freezing-temperature 

distributions fitted to data from the literature, allowing us to assess directly how often the nominal 95% Kaplan-Meier intervals 

contain the value they are intended to estimate. These simulations show that Kaplan-Meier pointwise confidence intervals 

behave sensibly over the great majority of fraction-frozen curves with a range of experimentally realistic shapes. Coverage 880 

deteriorates near the ends of the curve, where finite experiments contain little information about the exact tail behaviour, and 

this issue is amplified when intervals are transformed to logarithmic integrated nucleus spectra. These intervals should 

therefore be interpreted as pointwise confidence intervals, not simultaneous confidence bands. 
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The simulations also show that there is no sharp droplet-number threshold at which a droplet-freezing experiment becomes 885 

statistically reliable. Very small experiments produce coarse curves and broad intervals. Experiments with tens of droplets can 

provide useful uncertainty estimates over the main part of fraction-frozen curves, especially for steep curves, whereas broad, 

long-tailed, or multi-population curves generally require more droplets for comparable precision. Droplet number should 

therefore always be reported alongside fraction-frozen curves and confidence intervals. 

 890 

For comparing two fraction-frozen curves, the main conclusion is that the choice of test matters. The ordinary log-rank test is 

useful when the expected difference is a change in conditional freezing probability by a roughly constant factor. We have also 

shown it to be of use in the case of small temperature shifts between probability distributions underlying different fraction-

frozen curves. However, it should not be treated as a universal comparison for droplet-freezing data because most ice-

nucleation datasets are unlikely to satisfy almost-proportional hazards.  895 

 

We therefore introduced the Integrated Squared Difference (ISD) test. This test compares two empirical fraction-frozen curves 

by integrating the squared separation between them over a specified temperature interval, and uses permutation to obtain a p-

value. The motivation for developing this test was pragmatic:  it applies directly to the fraction-frozen curve, which is usually 

the primary experimental object being plotted and discussed, it does not require proportional hazards, and differences in 900 

different parts of the temperature range cannot cancel simply because they occur in opposite directions.  

 

We also considered a range of standard empirical-distribution-function tests - the Kolmogorov–Smirnov, Cramér-von Mises 

and Anderson-Darling tests - together with the ISD test. All provide potentially useful alternatives when proportional hazards 

cannot be assumed. Which test is most appropriate depends on the expected form of the difference: the Kolmogorov–Smirnov 905 

test emphasises the largest pointwise separation, the Cramér-von Mises test accumulates differences across the empirical 

distributions, and the Anderson-Darling test gives greater weight to differences in their tails. It is therefore difficult to 

recommend a single test for every application, and one of these established empirical-distribution tests may be more 

appropriate where there is a clear reason to prioritise a particular type of difference. The experiments discussed here should 

not be interpreted as providing a universal ranking of the tests. Nevertheless, given that it performs well in the broad curve 910 

shape and mixture population comparisons considered here, we think the ISD test is likely to be a natural choice for droplet 

freezing data. 

 

The ISD test is a global test: a significant result indicates that two curves differ somewhere over the analysed temperature 

interval, but does not identify where they differ or why. Those questions still require inspection of the curves and, where 915 

appropriate, comparison of physically normalised quantities such as 𝐾(𝑇), 𝑛𝑠(𝑇) or 𝑛𝑚(𝑇). In practice, we recommend 

reporting fraction-frozen curves and derived normalised quantities with Kaplan-Meier pointwise confidence intervals and the 

number of droplets analysed. For a general comparison of two directly comparable fraction-frozen curves, the ISD permutation 
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test is a useful first choice. The ordinary log-rank test remains potentially useful in the few cases in which proportional hazards 

might be expected, or where fraction frozen curves appear might be expected to differ by a small shift, but should not be treated 920 

as the default comparison for all droplet-freezing data. We do not recommend weighted log-rank tests as a general solution, 

because in most ice-nucleation applications there is no clear reason to choose one weighting over another before seeing the 

data.  

 

Code and data availability. A current version of the analysis Jupyter notebook and notebooks implementing the Kaplan-Meier 925 
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