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9 Abstract. Filter-based data assimilation, particularly the ensemble Kalman filter (EnKF), has been widely used
10 for forecasting across a broad range of scales. However, maintaining and updating multiple ensemble members
11 incurs substantial computational costs, and accumulated forecast errors progressively degrade forecast skill. To
12 address these challenges, we use the Lorenz-63 system as a testbed and develop a unified deep learning
13 framework that integrates ensemble-free data assimilation emulation — based on a data-assimilation multilayer

14 perceptron (DAMLP) — with forecast-error correction.

15 The experiments show that DAMLP substantially improves computational efficiency while producing analysis
16 states with accuracy comparable to, or better than, that of EnKF. The periodic correction strategy effectively

17 extends the useful forecast range, and its combination with a more accurate initial state yields a clear synergistic
18 improvement, further slowing the growth of forecast errors. In addition, local Lyapunov exponents (LEs) are

19 introduced to stratify the results according to local dynamical instability. These results demonstrate the potential
20 of combining learned assimilation emulation with observation-free forecast-error correction for efficient

21 forecasting of chaotic dynamical systems.

22 3 Introduction

23 The skill of numerical forecasting is strongly constrained by errors in the initial conditions. These errors, arising
24 from factors such as sparse observations, observational noise, and imperfect assimilation analyses, can be rapidly
25 amplified with model integration, thereby severely limiting the useful forecast range. Data assimilation (DA) is

26 an important means of reducing initial-condition errors (Carrassi et al., 2018) by combining model forecasts with
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27 observations to obtain an improved estimate of the system state. Among traditional DA methods, variational
28 approaches formulate the analysis as an optimization problem and have played a central role in numerical weather
29 prediction (Le Dimet and Talagrand, 1986; Courtier et al., 1994). The ensemble Kalman filter (EnKF), in contrast,
30 uses a finite ensemble to approximate the background-error covariance and thereby represents flow-dependent
31 uncertainty (Evensen, 1994; Houtekamer and Mitchell, 1998). Modern operational DA systems increasingly
32 employ variational, ensemble-based, and hybrid ensemble—variational frameworks, reflecting the need to combine
33 uncertainty estimation with efficient state estimation (Wang and Lei, 2014; Houtekamer and Zhang, 2016;

34 Inverarity et al., 2023; Yokota et al., 2024).

35 Despite their established theoretical foundations and operational use, conventional DA methods still face
36 important challenges in strong nonlinearity, under sparse observations, and constrained computational resources.
37 For the EnKF, the method approximates the background-error covariance with a finite ensemble, so assimilation
38 performance depends on ensemble size. An ensemble that is too small can suffer from sampling errors and
39 inadequate representation of the background-error covariance, whereas increasing the ensemble size substantially
40 raises the computational cost of ensemble propagation and analysis updates. Moreover, under sparse observations
41 or strong nonlinearity, the finite-ensemble approximation and the linear analysis update may not fully capture
42 complex error relationships. Reducing the computational cost of online assimilation while maintaining analysis

43 accuracy and forecast stability therefore remains an important challenge.

44 In recent years, deep learning (DL) has been increasingly introduced into data assimilation and dynamical-system
45 forecasting because of its strong capability for nonlinear mapping and high-dimensional feature representation
46 (LeCun et al., 2015; Pathak et al., 2018). Applications have expanded from stand-alone neural-network forecasting
47 to topics including analysis-operator learning, latent-space assimilation, background-error covariance
48 representation, and uncertainty quantification (Bocquet et al., 2020; Brajard et al., 2020; Geer, 2021; Cheng et al.,
49 2023). Among these, a representative direction is assimilation emulation, in which neural networks are trained to
50 approximate the analysis operator of conventional data assimilation. The motivation for developing assimilation
51 emulation is operational real-time forecasting: although training requires ensemble-based assimilation to generate
52 target analyses, the trained network performs online inference on a single state without maintaining or propagating

53 an ensemble, thereby substantially reducing computational cost.
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54 Early studies used neural networks as auxiliary components within variational assimilation or incomplete
55 dynamical systems (Tang and Hsieh, 2001), rather than learning the analysis operator itself. More recent work
56 has moved toward end-to-end learning of the analysis mapping, which is the essence of assimilation emulation.
57 For example, Arcucci et al. (2021) used deep learning to infer corrections between model forecasts and assimilated
58 states, illustrating how learned mappings can support state estimation under incomplete observational information.
59 Bocquet et al. (2024) more directly learned the sequential analysis step in a spatiotemporally chaotic system ---
60 Lorenz-96, showing that a learned analysis operator can approach the performance of a tuned EnKF while
61 propagating only a single forecast state during online filtering. These studies demonstrate that machine learning
62 can replace computationally expensive components of the conventional assimilation cycle rather than merely

63  serving as a forecast surrogate.

64 A complementary direction is forecast correction, which aims to mitigate the accumulation of forecast errors
65 during model integration without continuously assimilating observations. In recursive forecasting, even small
66 initial errors can continuously grow as the model evolves. Periodically correcting the model state with a neural
67 network and using the corrected state to initialize subsequent integration therefore provides a potential means of
68 slowing forecast-error growth. Previous studies have used analysis increments generated during data assimilation
69 to train machine-learning models for forecast state correction (Farchi et al., 2021; He et al., 2025). However, these
70 approaches generally make use of observational information available within the assimilation process. In contrast,
71 the present study considers a forecast-only correction strategy that operates without observational input during
72 inference and periodically adjusts the forecast state to mitigate the cumulative amplification of initial-condition

73 errors.

74 Despite these advances, several questions remain regarding the reliability of assimilation emulation across
75 different observation and dynamical regimes, as well as its integration with forecast correction. First, previous
76 studies have focused primarily on the feasibility and implementation of assimilation emulation, while the detailed
77  influences of observation frequency, training-data coverage, and local dynamical regime remain insufficiently
78 understood. In particular, how learned analysis mappings behave when observational constraints are weakened
79  and local instability varies requires systematic characterization. Second, assimilation emulation and forecast

80 correction have largely been investigated as separate tasks, and their combined effect on recursive forecasting
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81 remains less explored. In chaotic systems, the quality of the analysis state determines the initial forecast error,
82 whereas subsequent model integration governs its accumulation and amplification. Evaluating these two processes
83 within a unified framework is therefore important for understanding whether improvements in the initial state and
84 forecast correction provide complementary benefits. Third, forecast-error growth is strongly state dependent in
85 chaotic systems and is modulated by local dynamical instability and attractor geometry. Global error metrics alone
86 may therefore obscure when and where learning-based methods are most effective, necessitating a dynamical-

87  regime-based evaluation to characterize their strengths and limitations.

88 To address these questions, we use the classical Lorenz-63 chaotic system as a testbed to develop and evaluate
89  two deep-learning approaches. The first is a data-assimilation multilayer perceptron (DAMLP). Its training data
90 consist of EnKF-generated background—analysis ensemble-member pairs and corresponding observations, and
91 the network learns a mapping from background states and observations to analysis states. During online
92 application, DAMLP takes only a single background state and the current observation as input and directly outputs
93 an analysis state through the trained mapping network. The second is a forecast-correction network that learns the
94 mapping from the background states to the analysis states without using observations. During recursive
95 forecasting, this network is applied periodically to correct model states that serve as initial conditions for the next
96 step of model integration, thereby mitigating the accumulation of forecast errors. We further introduce the local
97 Lyapunov exponent (LE) to examine how local dynamical instability affects the performance of the two

98  approaches.

99 The main contributions of this study are threefold. First, we develop and evaluate an MLP-based analysis mapping
100 that emulates the EnKF update and examine its computational efficiency and assimilation accuracy under different
101 observation conditions. Second, we develop a periodic forecast-correction strategy that operates without
102 observational input during inference and evaluate its ability to mitigate forecast-error growth and extend the useful
103 forecast range. Third, we integrate assimilation emulation and forecast correction into a unified assimilation—
104 forecast framework and use LE-based diagnostics to characterize their performance across different local

105  dynamical regimes.

106 The remainder of this paper is organized as follows: Sect. 2 describes the Lorenz-63 model, data generation,
107 evaluation metrics, and the experimental designs. Section 3 presents the results of assimilation emulation, forecast

4
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108 correction, and their combined application. Section 4 summarizes the main findings and discusses the limitations

109  and directions for future work.

110 4 Data and Methods

111 4.2  Lorenz-63

112 The Lorenz-63 model is a three-variable nonlinear dynamical system introduced by Edward N. Lorenz (1963) to

113 study atmospheric convection. It is governed by a system of ordinary differential equations:

dx
=00 =%
dy

114 L —px—y— 1
qr = Px-y—xz @™
dz
E—xy Bz

115  where x, y, and z denote the state variables associated with the amplitudes of three Fourier modes describing
116 fluid motion and temperature variations. The parameters o, p, and Bare control parameters related to the Prandtl
117 number, the normalized Rayleigh number, and the geometric properties of the convective system, respectively.
118 The three equations represent key physical processes including buoyancy forcing, dissipation, and nonlinear

119  advection.

120 The Lorenz-63 system is well known for its strong sensitivity to initial conditions and provides a canonical
121 example of deterministic chaotic systems. Owing to its simple structure and rich nonlinear dynamics, it has been
122 widely used as a testbed for nonlinear dynamics, chaos theory, and data assimilation. In this study, the Lorenz-63
123 system is used to examine the performance of the proposed deep-learning-based assimilation and forecast-

124 correction methods under controlled experimental conditions.

125 43 EnKF

126 The Ensemble Kalman Filter (EnKF) is used as the baseline data assimilation method in this study. Originally
127 introduced by Evensen (1994), the EnKF is a sequential data assimilation approach that represents forecast
128 uncertainty using a finite ensemble. At each observation time, the ensemble forecast is updated using the available

129  observations according to the Kalman analysis equation.
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130 Let the model state variable be x, the observation be y, the ensemble mean be x,{ , and the background-error

131 covariance matrix be P/. The Kalman analysis update is given by:

132 x{ = xif +K(y+¢&— Hxif) )
133 where the Kalman gain matrix K is defined as:

134 K = PFHT(HP/HT + R)~! 3

135 Here, H denotes the observation operator, R is the observation-error covariance matrix, and &; represents the
136 perturbation added to the observations to maintain an appropriate ensemble spread (Burgers et al., 1998). The

137 forecast-error covariance Pkf is estimated directly from the finite ensemble:
1 <% — —
138 R e DT DAY “
i=1

139 Compared with the extended Kalman filter (EKF), the EnKF avoids the need for a tangent-linear approximation
140 of the dynamical system, thereby reducing computational complexity. In addition, the EnKF provides a natural
141 framework for representing uncertainty in both the model state and the observations, and has been widely used in
142 numerical weather prediction, climate modeling, and other complex dynamical-system applications (Houtekamer

143 and Zhang, 2016).
144 4.4  Data Generation

145 To construct a high-quality training dataset for the subsequent neural-network models, a twin-experiment
146 framework was designed within the Lorenz-63 system. Two dynamical models were used: a truth model and a
147 forecast model, with a slight difference in their parameter settings. The truth model adopted the standard Lorenz-
148 63 parameters ¢ = 10.0, § = 8/3, and p = 28, with an integration time step of At = 0.01. In the forecast
149 model, p was set to 29, while all other parameters remained unchanged. This parameter mismatch introduces a
150 systematic model error and causes the forecast trajectory to gradually diverge from the truth trajectory, thereby
151 representing the accumulation of forecast error associated with model-state evolution. Figure 1 compares the

152 attractors generated by the truth and forecast models in phase space.
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—— True model (p =28)
—— Dynamical model (p = 29)

153

154 Figure 1: Attractors of the truth model (blue) and forecast model (red) in phase space.

155 A dimensionless model time unit was defined such that 1 MTU corresponds to 100 integration steps, or a physical
156 time of 1.0. The truth model was first freely integrated from the initial state [1-1- 1] for 2000 MTU to eliminate
157 the initial transient, after which the integration was continued to generate the truth trajectory used in the
158 subsequent experiments. Observations were generated by adding zero-mean Gaussian noise with a standard
159 deviation of 0.15 to the truth, with an observation interval of 0.1 MTU, corresponding to every 10 integration
160  steps. During data assimilation, the ensemble size was set to 20. The initial ensemble is generated by adding a
161 background-error perturbation to the truth state to define an ensemble center, around which zero-mean random
162 perturbations are applied to construct the ensemble members. The forecast model is then integrated forward from
163 the initial ensemble, and a covariance-inflation factor of 1.4 is applied to the background ensemble to mitigate

164 covariance underestimation associated with the finite ensemble size.

165 The forecast—analysis cycle is repeated sequentially to generate a standardized assimilation dataset containing the
166 background ensemble members, the corresponding analysis ensemble members, observations, and truth state. At
167 each observation time, all ensemble members are retained as individual training samples. In total, 75, 000 samples

168 are generated. Of these, 60,000 samples are used for network training, while the remaining 15,000 samples are
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169 reserved for validation and hyperparameter tuning. The test samples are taken from the subsequent portion of the

170 assimilation sequence and are not included in either the training or validation sets.
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171 Shuffled training sample

172 Figure 2: Representative shuffled training samples used in the experiments. (a)—(c) Values of the truth state (blue),
173 background ensemble member (orange), and analysis ensemble member (red) for x, y, and z, respectively; (d) overall
174 RMSE of the background and analysis members relative to the truth for each sample. The samples are shown in

175 randomly shuffled order rather than chronological order.

176 Figure 2 illustrates a representative subset of the shuffled training dataset generated from the EnKF assimilation
177  experiments. Each training sample is constructed from an individual background ensemble member and its
178 corresponding analysis ensemble member at a given observation time, together with the associated observation.
179 Panels (a)—(c) show the x, y and z components of these shuffled samples, while panel (d) shows the corresponding
180 sample-wise RMSE. Although the samples are no longer arranged in temporal order, the analysis members
181  generally exhibit smaller errors than the background members. This systematic difference provides the
182 supervised-learning signal used by the neural networks to learn the mapping from background states to analysis

183 states, with or without observational input depending on the application.
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184 4.5 Evaluation Metrics
185  2.4.1 Root Mean Square Error (RMSE)

186 Root Mean Square Error (RMSE) is used to evaluate the overall magnitude of the deviation between predicted

187  and true values, and is defined as:

188 RMSE = (5)

189 where x;denotes the model prediction, y;denotes the corresponding truth, and Nis the number of samples. A
190 smaller RMSE indicates closer agreement between the prediction and the truth. RMSE is used as a primary metric

191  for evaluating both assimilation and forecast accuracy.
192  2.4.2 Correlation Coefficient (Corr)

193 The correlation coefficient is used to evaluate the temporal consistency between the predicted and truth sequences

194 and is defined as:

Y (=D -

195 Corr =
VI, G — 02— )2

(6)

196 where xand ydenote the means of the predicted and truth sequences, respectively, and Nis the number of samples.
197 A correlation coefficient closer to 1 indicates better agreement in temporal variability between the prediction and
198 the truth. This metric is used to assess how well the predicted trajectory captures the temporal evolution of the

199  dynamical system.

200  2.4.3 Relative Skill Score (Skill)

201 To quantify the performance of a method relative to a reference method, a relative Skill score based on RMSE is
202 introduced:

RMSEref — RMSEmetnoa

203 skill = RMSE,;

Q)
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204 where RMSE,sdenotes the RMSE of the reference method and RMSE, ,¢0qdenotes that of the method being
205 evaluated. A value of Skill > 0 indicates a reduction in RMSE relative to the reference method, Skill =0

206  indicates equal RMSE, and Skill < 0 indicates a larger RMSE than the reference method.
207  2.4.4 Standard Deviation and Statistical Uncertainty

208 The standard deviation across independent experiments is used to characterize the variability of the reported
209 results. At a given forecast or assimilation time ¢, let {eV(t;),e@ (t;), ..., e®(t;)} denote the RMSE values

210 obtained from M independent experiments. The mean and standard deviation are defined as:

M M
1 1 2
211 et =27 ). et 0(t) = [T ). (™ (t) — () ®
m=1 m=1

212 The shaded regions surrounding the curves represent the mean =+ one standard deviation, illustrating the variability

213 associated with different initial-ensemble realizations and other sources of experimental randomness.
214 2.4.5 Paired t-test

215 A paired t-test is used to assess whether the difference in error between two methods under identical experimental

216 conditions is statistically significant. Let ei(l)and efZ)denote the errors of the two methods for the i-th paired
217 sample, where i = 1, ..., N and N is the number of paired samples, such as paired experimental runs or rolling-

218 start samples considered in this study. The paired difference is defined as:
219 di=e —ef” ©

220 Assuming that the paired differences d;are approximately normally distributed, their sample mean dand sample

221 standard deviation sjare calculated, and the t-statistic is given by:

d

222 t=——
sq/NN

(10)

223 Under the null hypothesis H,: d = 0, which assumes no systematic difference in error between the two methods,
224 a p-value below the significance level (p < 0.05) indicates a statistically significant difference. With the

225 definition in Eq. (9), if p < 0.05 and d > 0, Method 2 has a significantly lower error than Method 1.

10
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226 2.4.6 Local Lyapunov Exponent (LE)

227 The local Lyapunov exponent (LE) is introduced to characterize variations in local dynamical instability along
228 the Lorenz-63 trajectory. It provides a finite-time measure of the growth of small perturbations and is used here

229 as a diagnostic of local instability.

230 In this study, LE is estimated using a sliding-window approach. At a given time ¢; along the reference trajectory,
231 a small perturbation is introduced to the state x(t;), yielding the perturbed state x'(t;). The initial separation

232 between the two states is defined as:
233 do =l x(t;) = x'(t) Il 1)

234 The reference and perturbed states are then integrated forward over the same time interval At, giving the

235 separation:
236 di =l x(t; + At) —x'(t; + At) |l (12)

237 Within a given sliding window, the local Lyapunov exponent is approximated as:

M
1 d
i=

239 where M denotes the number of samples included in the calculation window. In the present experiments, the
240 initial perturbation magnitude is set to 10, with a new random unit direction generated at each starting time.
241 The reference and perturbed trajectories are integrated forward for | MTU using the same dynamical model, with
242 the perturbation renormalized after each integration step. The first 0.5 MTU is excluded as a transient, and the LE
243 is evaluated from the perturbation-growth rates over the remaining 0.5 MTU. A larger positive LE indicates

244 stronger local instability, whereas a smaller or negative value indicates relatively stable local dynamics.

245 LE is used here as a diagnostic of dynamical instability rather than as a direct measure of forecast skill. In the
246 assimilation-emulation experiments, 5-MTU sliding-window mean LE values are used to identify representative

247 high- and low-instability periods. In the forecast-correction experiments, each correction event is paired with the

11



https://doi.org/10.5194/egusphere-2026-6597
Preprint. Discussion started: 29 October 2026 EG U
sphere

(© Author(s) 2026. CC BY 4.0 License.

248 LE of the truth state at the same valid time. Samples from all correction times and forecast initializations are then

249 pooled and grouped according to LE quantiles to examine how correction effectiveness varies with local instability.
250 4.6  Experimental Setup

251 This section describes the neural-network design, training strategy, and implementation of the two learning-based
252 approaches. Both models are trained using the EnKF assimilation dataset described in Sect. 2.3. Assimilation
f

253 emulation learns an observation-conditioned mapping from background ensemble members x;; to the

a
ij >

254 corresponding analysis ensemble members x, whereas forecast correction learns the corresponding
255 background-to-analysis mapping without observational input. Although ensemble-based data are used for training,
256 the trained models do not require explicit ensemble propagation during online inference. A multilayer perceptron
257 (MLP) is adopted as the basic network architecture because of its ability to approximate nonlinear mappings and

258  its relatively simple training procedure (Hornik et al., 1989).

259 251  Experiment 1: Assimilation Emulation

260  Neural Network Architecture and Input-Output Design

261 DAMLP is trained to emulate the EnKF analysis update through an end-to-end mapping from a background

262 ensemble member and the corresponding observation to the corresponding analysis ensemble member:
263 xf; = Fo(xl,y?) (14)

264  where xif ; € Rdenotes the j-th background ensemble member at observation time i, y° € R%s the observation
265 vector, and x{; € R%denotes the target analysis ensemble member. The network input is a six-dimensional vector

266 formed by concatenating xi}c ; and y?» while the output is a three-dimensional estimate of x’;.

267  DAMLP is trained by minimizing the mean squared error (MSE) between the predicted and target analysis states.
268 Given N training samples, let z, denote the input of the k-th sample and xjthe corresponding target. The loss

269  function is defined as:
1 N
270 L() =ﬁkz I Foz) — xf I (15)
=1

12
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271 DAMLP consists of three fully connected hidden layers with widths [16- 32, 16] and ReLU activation functions.
272 Batch normalization and dropout with a rate of 0.2 are introduced to improve generalization. The network also
273 includes a linear residual connection from the input to the output. Training is performed using the Adam optimizer
274 with an initial learning rate of 1 X 1073, together with a cosine-annealing learning-rate schedule. The model is

275 trained for 120 epochs with a batch size of 32, and early stopping is used to select the best-performing model.
276  Coupling with the Assimilation System

277 DAMLP and EnKF are evaluated in parallel assimilation experiments for the Lorenz-63 system using the same
278 initial conditions, model parameters, and observation sequences. DAMLP is trained only at At,, = 0.1 MTU and
279 s directly applied to larger observation intervals (At,, = 0.2 — 0.6 MTU) without retraining to evaluate its

280 generalization to sparser observations. The two experiments differ only in the analysis-update procedure.

281 EnKF scheme: At each observation time, all ensemble members are updated using the standard EnKF algorithm.

282 DAMLP scheme: At each observation time, the current background state xlf is concatenated with the observation
283 vector y{to form a six-dimensional input. A forward pass through DAMLP directly produces the analysis state
284 %7. This analysis state is then used as the initial condition for subsequent single-trajectory integration, and the

285 ensemble members are no longer maintained or updated.

286 In essence, this approach replaces the linear EnKF analysis update with a nonlinear mapping learned by the neural

287  network:
288 X = x{j + K(yf — Hxif'j) — 2 = fe([xif, yf]) (16)

289  Thus, online DAMLP assimilation propagates only a single state rather than a full ensemble, reducing the

290 computational cost associated with ensemble propagation and updating.

291 2,52  Experiment 2: Forecast Correction Scheme

292 Neural Network Architecture and Input-Output Design

13
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293 The forecast-correction network is trained using the same background-to-analysis learning framework as DAMLP,
294 but without observational input. Specifically, it learns an end-to-end mapping from a background ensemble

295  member to the corresponding analysis ensemble member:
296 xt = Fo (x!;) (17)

297 where both the inputs and outputs are three-dimensional. The loss function follows the same MSE formulation as

298  Eq. (15), with the input reduced to the background state z, = (x{ )

299  The network uses the same three-layer MLP with a linear residual connection as in Experiment 1. The training
300 data are normalized using RobustScaler, and optimization is performed using AdamW with gradient clipping. The

301 model is trained for 120 epochs with a batch size of 32, with dynamic learning-rate adjustment and early stopping.
302  Forecast Correction Scheme

303 The forecast-correction experiment compares an uncorrected dynamical-model forecast with a neural-network-
304 corrected forecast (NN-Corrected). In the NN-Corrected experiment, the neural network is applied every 10
305 integration steps to correct the current model state. The corrected state is then used to initialize the subsequent
306 model integration. In contrast, the uncorrected forecast evolves solely according to the original dynamical

307  equations.

308 The forecast experiments use a rolling-start strategy. A total of 1000 initial states are selected sequentially from
309 the analysis sequence obtained from the assimilation experiments, with a spacing of 0.1 MTU between

310 consecutive initial states. An 8-MTU free forecast is performed from each initial state.

311 5 Results

312 This section provides a systematic evaluation of the two neural network approaches discussed earlier—
313 assimilation emulation using DAMLP and Forecast Correction. It is important to note that all data used in the
314 experiments in this section come from a test set that is independent of both the training and validation sets (see
315 Sect. 2.3); the networks were never exposed to these test samples during the training phase. Therefore, the results
316 below accurately reflect the models’ generalization performance rather than a memorized fit to the training data.

14
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317 52 Assimilation Emulation

318 This section evaluates the performance of DAMLP in the assimilation-emulation task, with particular emphasis
319 on computational efficiency, assimilation accuracy under different observation conditions, the influence of local
320 dynamical instability, and the impact of the resulting analysis states on subsequent forecast performance. DAMLP
321 is trained at At,,, =0.1 MTU. To reduce the influence of random sampling in the initial ensemble on the statistical
322 results, 10 independent assimilation experiments are conducted for each observation setting. For each observation
323 interval, 400 analysis times were retained per run, and the assimilation-window length was adjusted accordingly.
324 All experiments use the same truth trajectory and observation sequence, while different random seeds are used to
325 generate the initial background ensembles. EnKF and DAMLP are compared under identical initial-ensemble and
326 observation conditions. For each experiment, the instantaneous RMSE over the assimilation window and the
327 corresponding time-mean RMSE are calculated. The final results are reported as the mean and standard deviation

328  across the 10 independent experiments. Using EnKF as the baseline, the skill of DAMLP is defined as:

RMSEg,kr — RMSEpamLp

329 skill = (18)

RMSEgnkr

330  where Skill > 0 indicates that DAMLP has a lower RMSE than EnKF, whereas Skill < 0 indicates that DAMLP

331 has a higher RMSE than EnKF.

332  3.1.1 Computational Efficiency Analysis

333 Table 1: Total online assimilation times and corresponding RMSEs of EnKF and DAMLP under different ensemble

334 sizes
Ensemble size 20 50 100 200
EnKF time (s) 1.3972 3.4069 6.6744 13.2718
DAMLP time (s) 0.0907 0.0907 0.0907 0.0907
EnKF RMSE 0.4025 + 0.0024 0.3929+ 0.0013 0.3897 + 0.0007 0.3887 +0.0010
DAMLP RMSE 0.4075 + 0.0005 0.4075 + 0.0005 0.4075 + 0.0005 0.4075+ 0.0005

335 To evaluate the overall online computational efficiency, EnKF and DAMLP were compared using EnKF ensemble

336 sizes of 20, 50, 100, and 200. For each setting, 10 assimilation experiments were conducted over a 40-MTU

15
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337  window with an observation interval of 0.1 MTU. The reported computational time includes both model

338 integration and analysis updates over the complete assimilation cycle.

339 The computational efficiency and assimilation accuracy of EnKF and DAMLP were summarized in Table 1.
340 The computational cost of EnKF increases markedly with ensemble size, from 1.3972 s for 20 members to 13.2718
341 s for 200 members, while the DAMLP runtime remains nearly constant at approximately 0.09 s. Meanwhile, the
342 RMSE of DAMLP remains approximately 0.408 and is comparable to that of EnKF across the tested ensemble
343 sizes, although EnKF achieves slightly lower mean RMSE as the ensemble size increases. DAMLP also shows
344 consistently low variability across experiments. These results indicate that the ensemble-free online operation of
345 DAMLP substantially reduces computational cost while maintaining comparable assimilation accuracy, with the

346 efficiency advantage becoming increasingly pronounced as the EnKF ensemble size increases.

347 3.1.2  Assimilation Accuracy under Different Observation Intervals
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349 Figure 3: Assimilation performance at different observation intervals. (a) Time-mean RMSE of EnKF and DAMLP
350 for At,,=0.1-0.6 MTU, shown as the mean and standard deviation across 10 independent experiments; (b) Skill of
351 DAMLP relative to EnKF, expressed as a percentage, with error bars denoting the standard deviation across

352 experiments.

353 Figure 3 compares the assimilation performance of DAMLP and EnKF at different observation intervals across
354 10 independent experiments. As shown in Fig. 3a, when At,, < 0.2 MTU, the two methods exhibit similar error
355 levels, indicating that DAMLP closely reproduces the statistical performance of EnKF. As the observation interval
356 increases to At,, = 0.3-0.5 MTU, the mean RMSE of DAMLP becomes lower than that of EnKF. In particular,

357  DAMLP achieves Skill values of approximately 60.3%-69.6% over this range (Fig. 3b). When the observation

358 interval is further increased to 0.6 MTU, however, the DAMLP error rises sharply and the Skill becomes negative.
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359 These results indicate that DAMLP and EnKF respond differently to increasing observation intervals. Under
360 frequent observations (At,, < 0.2 MTU), the system state is constrained frequently by observational information
361 and the background error remains relatively small, resulting in similar performance between DAMLP and EnKF.
362 At moderately sparse observation intervals (At,, = 0.3-0.5 MTU), background errors undergo stronger nonlinear
363 growth between successive observations. Under these conditions, the EnKF analysis update may become less
364 effective in representing the increasingly nonlinear error structure, whereas DAMLP directly learns a nonlinear
365 mapping from the background state and observations to the analysis state without explicitly relying on covariance
366 propagation or a linear Kalman-gain update. This enables DAMLP to maintain relatively stable assimilation

367 accuracy under moderately sparse observations.

368 When the observation interval is increased further and approaches the mean timescale of transitions between the
369 two wings of the Lorenz-63 attractor (approximately 0.6—-0.7 MTU; Miller et al., 1994), the trajectory may switch
370 between attractor wings between two consecutive observations. In this regime, the deterministic mapping used by
371 DAMLP does not retain the probabilistic information represented by an ensemble. Consequently, a single
372 background state together with the current observation may be insufficient to distinguish the subsequent trajectory

373 evolution, leading to larger analysis errors and a rapid degradation in performance.

(a) Atm=0.1,25.0-40.0 MTU (b) Atm=0.4, 25.0-40.0 MTU (c) Atm=0.6, 25.0-40.0 MTU

20 20 20

10 10

> 0 > 0 > 0
-10 -10 -10
—— EnKF (RMSE=0.41£0.01) —— EnKF (RMSE=2.2041.12) —— EnKF (RMSE=3.7141.85)
-20 —— DAMLP (RMSE=0.41£0.00) -20 —— DAMLP (RMSE=0.76+0.00) -20 —— DAMLP (RMSE=3.62£0.69)
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375 Figure 4: Phase-space distributions of the EnKF and DAMLP analysis trajectories at different observation intervals.
376 Panels (a)—(c) correspond to At,, =0.1, 0.4, and 0.6 MTU, respectively. Red lines denote the EnKF analysis

377 trajectories, blue lines denote the DAMLP analysis trajectories, and gray dots indicate observation times.

378  Figure 4 shows the analysis trajectories of EnKF and DAMLP in phase space for different observation intervals.

379 Because the trajectories are densely clustered over the full 40-MTU assimilation window, a 15 MTU segment
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380  from 25 to 40 MTU is shown for clarity. When the observation interval is small (At,, = 0.1 MTU), the analysis
381 trajectories of both EnKF and DAMLP closely follow the truth trajectory, and their RMSE values are similar,

382  indicating that DAMLP can effectively reproduce the analysis performance of EnKF.

383 When the observation interval increases to At,, = 0.4 MTU, the EnKF trajectory exhibits pronounced deviations
384 during transitions between the two attractor wings and near the outer parts of the attractor, whereas the DAMLP
385 trajectory remains more closely distributed around the truth attractor. Its RMSE is also lower than that of EnKF,
386  indicating more stable assimilation performance under moderately sparse observations. The error distribution is
387 closely related to the attractor geometry: larger errors tend to occur along the outer branches of the two wings,
388 while the inner regions of the wings and the transition passages between them are associated with relatively
389 smaller errors. This contrast is particularly evident for EnKF, whereas DAMLP reduces the error growth along

390  the outer branches to some extent.

391 When the observation interval is further increased to At,, = 0.6 MTU, both methods show clear trajectory
392 deviations. This suggests that, when observations are too sparse, a deterministic neural-network mapping may be
393 insufficient to represent the uncertainty associated with transitions between attractor wings, thereby reducing the
394 assimilation advantage of DAMLP. These phase-space trajectories are consistent with the results described above:
395 DAMLP shows its clearest advantage under moderately sparse observation conditions, whereas under either

396  frequent or extremely sparse observations, its relative performance compared with EnKF is less consistent.
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398 Figure 5: Comparison of rolling-forecast performance initialized from DAMLP and EnKF analysis states. (a, ¢, ¢)
399 RMSE and (b, d, f) correlation as functions of lead time for observation intervals of (a, b) At,, =0.1, (¢, d) At,, =
400 0.4, and (e, f) At,, = 0.6 MTU. Shading denotes lead times at which DAMLP is significantly better than EnKF (p <
401 0.05).
402 To further evaluate the usefulness of the DAMLP analysis states for subsequent forecasting, we conducted rolling-
403  forecasts initialized from DAMLP and EnKF analyses. For each observation interval, 400 analysis states from
404 each of the 10 independent assimilation runs were used as initial conditions for 8-MTU free forecasts with the
405  dynamical model.
406  Figure 5 compares the forecast performance obtained from the initialization schemes. When At,, = 0.1 MTU,
407 the RMSE and correlation curves for the two schemes nearly overlap, and statistically significant differences
408 occur only sporadically. This indicates that, under frequent observations, DAMLP closely reproduces the EnKF
409 analysis but provides little additional forecast benefit. When At,,, = 0.4 MTU, forecasts initialized from DAMLP
410 analyses maintain lower RMSE and higher correlation for approximately the first 3 MTU, with a relatively
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411 continuous region of statistical significance. This suggests that, under moderately sparse observations, DAMLP
412 produces higher-quality initial states that effectively delay forecast-error growth. When At,, = 0.6 MTU, the
413 DAMLP-initialized forecast starts with a larger RMSE and lower correlation than the EnKF-initialized forecast,
414 reflecting the degraded quality of the DAMLP analysis under extremely sparse observations. The errors of both
415 schemes subsequently increase rapidly and gradually converge, with only intermittent lead times at which

416  DAMLP shows lower RMSE.

417 Overall, the forecast benefit of DAMLP depends clearly on the observation interval: its advantage is most
418 pronounced under moderately sparse observations, whereas the additional gain relative to EnKF is limited when

419 observations are either frequent or extremely sparse.
420  3.1.3  Modulation of DAMLP Performance by Local Dynamical Instability

421 The preceding experiments show that the performance of DAMLP exhibits a clear three-regime dependence on
422 the observation interval, suggesting that, in addition to observation frequency, the local dynamical state of the
423 system may also influence its performance. Because the strength of local instability in the Lorenz-63 system is
424 not uniform throughout phase space, error-growth rates can differ substantially along different parts of the
425 trajectory. It is therefore necessary to examine the performance differences between DAMLP and EnKF from the

426 perspective of local dynamical stability.
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428 Figure 6: Phase-space distribution of the local Lyapunov exponent (LE) for the Lorenz-63 system. Points represent
429 the truth trajectory in phase space, and colors indicate the corresponding LE values (units: MTU™). Positive values
430 (red) indicate stronger local dynamical instability, whereas negative values (blue) indicate relatively stable dynamical
431 evolution.

432 Figure 6 shows the local finite-time Lyapunov exponent (LE) along the attractor. The LE exhibits a clear spatial
433 structure: the outer branches of the two wings have large positive values, indicating strong local instability and
434 rapid error growth, whereas the inner regions and parts of the transition zones between the wings are characterized
435 by smaller or negative LE values. Notably, the regions where the EnKF trajectory in Fig. 4 deviates most—the
436 outer branches and the transition zones—are closely linked to this LE structure. The largest deviations occur on
437 the outer branches, i.e., the high-LE regions where errors grow fastest; these errors are then carried into the
438 transition zones and appear as trajectory displacements. This correspondence suggests that the relative advantage
439 of DAMLP under moderately sparse observations may be associated with dynamically sensitive, high-LE regimes,

440  motivating a more direct comparison between high- and low-LE periods.
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442 Figure 7: Selection of high- and low-instability periods based on local LE and comparison of DAMLP assimilation
443 Skill. (a) Temporal evolution of the local finite-time LE over the assimilation window; blue shading indicates the low-
444 LE period selected using a 5-MTU sliding window, and red shading indicates the high-LE period. (b) Mean Skill of
445 DAMLP relative to EnKF during the high- and low-LE periods at different observation intervals; error bars denote
446 the standard deviation across 10 independent experiments.

447 To avoid subjective selection, the high- and low-instability periods were identified objectively as the 5-MTU
448 windows with the maximum and minimum window-mean LE, respectively. Using this criterion, Fig. 7a identifies
449  ahigh-LE period from 19.7 to 24.7 MTU and a low-LE period from 24.6 to 29.6 MTU. Figure 7b compares the
450 Skill of DAMLP relative to EnKF within these two periods for different observation intervals. Under frequent
451 observations (At,, = 0.1 MTU), the Skill values are close to zero in both regimes. As the observation interval
452 increases to 0.2—-0.4 MTU, a clear separation emerges: DAMLP shows positive Skill during the high-LE period,
453 while its Skill is negative during the low-LE period. At At,, = 0.5 MTU, the difference between the two regimes

454 becomes small and the uncertainty increases substantially.
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455 These results indicate that the relative performance of DAMLP is modulated by local dynamical instability, but
456 the relationship is not monotonic. During low-LE periods, error growth is relatively weak and the EnKF analysis
457 remains effective, leaving limited room for DAMLP to improve upon it. During high-LE periods, the background-
458 error structure is more strongly affected by nonlinear error growth, and the nonlinear mapping learned by DAMLP
459  can provide greater benefit. However, under very sparse observations, other factors such as accumulated

460 background error and reduced observational constraint become increasingly important.

461  Overall, the advantage of DAMLP is most evident under moderately sparse observations and strong local
462 instability. This is consistent with the phase-space results in Fig. 4 and the LE distribution in Fig. 6: the largest
463 EnKF deviations occur on the outer branches where LE is high, and DAMLP provides its clearest benefit precisely
464 in those dynamically sensitive regions. It also agrees with Fig. 3, where the overall Skill of DAMLP is positive
465  for Atm=0.3-0.5 MTU and becomes negative at 0.6 MTU.

466 5.3  Forecast Correction

467  5.3.1 Performance Evaluation of the Forecast-Correction Scheme

468 To evaluate the effectiveness of forecast-error correction in extending the useful forecast range, a fixed
469 observation interval of At,, = 0.1 MTU was used. Based on 1000 rolling-start experiments, the forecast
470 performance of the standard Lorenz-63 model was compared with that of the periodic correction scheme over 800

471  integration steps.
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473 Figure 8: Statistical evaluation of the forecast-correction scheme. (a) RMSE of the two schemes as a function of
474 forecast lead time; (b) correlation coefficient of the two schemes as a function of forecast lead time. The red solid line
475 denotes the standard Lorenz-63 forecast, and the blue solid line denotes the forecast with the correction model.

476 Figure 8 shows the evolution of the overall RMSE (Fig. 8a) and correlation coefficient (Fig. 8b) with forecast
477 lead time for the standard Lorenz-63 model and the corrected model. As shown in Fig. 8a, the RMSE of the
478 standard model increases rapidly with lead time, exhibiting the characteristic error growth of a chaotic system,
479  and approaches saturation by 8 MTU, with a mean RMSE close to 11. By contrast, the corrected model applies
480 an error correction every 10 integration steps, which effectively slows the accumulation of forecast error and
481 produces a more gradual increase in RMSE. This result indicates that periodic correction can suppress forecast-

482 error growth and delay the loss of forecast skill.

483 The evolution of the correlation coefficient (Fig. 8b) further supports this result. As lead time increases, the
484 correlation of the standard model decreases rapidly and approaches zero at approximately 3 MTU, after which it
485  becomes negative and remains low at longer lead times. In contrast, the correlation of the corrected model
486 decreases more slowly, remaining above 0.5 until approximately 3.5 MTU. This indicates that the correction

487 scheme can maintain phase consistency between the forecast and truth trajectories over a longer forecast period.
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489 Figure 9: Forecast trajectories and overall RMSE for a randomly selected initialization. Panels (a)—(c) show the

490 forecast trajectories of x, y, and z as functions of forecast lead time, respectively; panel (d) shows the overall RMSE
491 as a function of forecast lead time. Red lines denote the standard Lorenz-63 forecast, blue lines denote the neural-
492 network-corrected forecast, and black lines denote the truth trajectory.

493 To further illustrate the effect of the correction scheme during forecasting, Fig. 9 shows the forecast trajectories
494 of the three state variables for a forecast initialized at a randomly selected time. For the x variable (Fig. 9a), the
495 standard model (red line) begins to develop a phase error relative to the truth trajectory (black line) after
496 approximately 1.5 MTU, followed by pronounced amplitude divergence after about 2.5 MTU. By contrast, the
497 corrected forecast (blue line) maintains good agreement with the truth in both phase and amplitude until
498 approximately 6 MTU. Its corresponding RMSE also remains markedly lower during the early and intermediate
499  forecast period. Similar behavior is observed for the y (Fig. 9b) and z (Fig. 9c) variables. These results indicate
500 that small corrections applied every 0.1 MTU can periodically bring the forecast state back toward the truth

501 trajectory, thereby effectively suppressing forecast-error growth.
502  5.3.2 Modulation of Correction Performance by Local Dynamical Instability

503 The preceding experiments show that periodic correction can improve overall forecast performance. Because error
504 growth in chaotic systems is closely related to the local dynamical state, the effectiveness of the correction may
505 also vary with the degree of local instability. Figure 10 presents the Skill of the correction scheme relative to the
506 standard Lorenz-63 model, stratified according to LE. Skill is defined as:

RMSE 63(t,i) — RMSE o (7, 1)

507 Skill(z,i) = RMSE ¢5(t, 1)

(19

508 where T denotes the forecast lead time and i denotes the i-th rolling-start sample. A value of Skill > Oindicates
509 that the corrected forecast has a lower RMSE than the standard Lorenz-63 forecast, whereas Skill < 0 indicates

510 that the correction increases the forecast error.

511 Corrections are applied every 0.1 MTU over the 8-MTU forecast window, giving 80 correction times for each
512 rolling forecast. At each correction time, Skill is calculated from the errors immediately before and after correction,

513 both evaluated against the truth at the same valid time, and is paired with the finite-time LE of that truth state.
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514 Samples from all lead times (0.1-8.0 MTU) and all rolling-start forecasts are pooled and divided into 10 LE-

515 quantile bins. The mean Skill is then calculated for each bin.

Skill vs Local Instability (binned by LE quantiles)
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517 Figure 10: Relative SKkill of the forecast-correction scheme as a function of local dynamical instability (LE). Samples
518 from all correction times and rolling-start forecasts are pooled and divided into 10 LE-quantile bins. Points denote

519 the mean LE and mean Skill within each bin, and error bars indicate the standard error of the mean Skill.

520 The results show that, in low-instability regimes (LE < 1.5), the Skill values remain mostly negative, indicating
521 limited benefit from periodic correction when the forecast is already relatively stable. As LE increases, Skill rises
522 steadily and becomes positive, reaching its maximum at relatively high LE (LE = 2-4) before decreasing slightly

523 in the most unstable regime (LE > 4). Overall, the correction effect is clearly state dependent, with the greatest

524 benefit occurring under moderately to strongly unstable conditions and a slight reduction at the highest LE values.
525 54 Combined Optimization Scheme

526 The preceding two sections examined, respectively, the improvement in analysis-state quality achieved by
527 DAMLP and the effectiveness of periodic state correction in suppressing forecast-error growth. In this section,
528  the two components are combined to evaluate forecast performance when DAMLP-derived initial conditions are
529 used together with the correction model. Four forecast pathways are compared: EnKF analysis state + original
530 model, EnKF analysis state + corrected model, DAMLP analysis state + original model, and DAMLP analysis

531 state + corrected model.
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533 Figure 11: Forecast performance of the four pathways in the unified framework under two observation scenarios: (a—
534 b) frequent observations (At,,=0.1 MTU); (c—d) sparse observations (At,,=0.4 MTU).
535 Figure 11 shows the evolution of RMSE and correlation for the four forecast pathways under two representative

536 observation scenarios: frequent observations (At,, = 0.1 MTU) and sparse observations (At,, = 0.4 MTU).

537 Under frequent observations (Figs. 11a-b), the analysis states produced by DAMLP and EnKF have similar
538 accuracy, and the initial forecast errors of the two initialization schemes are therefore nearly identical. For the
539 uncorrected forecasts (gray and green dashed lines), RMSE increases rapidly with lead time and approaches
540  saturation at approximately 11.0 after about 5 MTU. By contrast, the corrected forecasts (red and blue solid lines)
541 exhibit a markedly slower increase in RMSE and a more gradual decrease in correlation, while the two corrected
542 curves almost completely overlap. This indicates that, under frequent observations, the primary advantage of

543 DAMLP lies in computational efficiency rather than in providing additional forecast-accuracy gains.

544 Under sparse observations (Figs. 11c—d), the four forecast pathways become clearly separated. The DAMLP-
545 initialized forecasts have lower initial RMSE than the EnKF-initialized forecasts, indicating that DAMLP
546 produces more accurate analysis states under sparse-observation conditions. However, without forecast correction,

547 the advantage of DAMLP + original model persists for only a limited period, and its error gradually approaches
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548  that of EnKF + original model after approximately 3 MTU. After the correction model is introduced, forecast-
549 error growth is substantially reduced. Among the four pathways, DAMLP + corrected model maintains the lowest
550  RMSE and relatively high correlation throughout the forecast window. The corresponding blue shaded region is

551 also the narrowest, indicating lower sensitivity to initial-ensemble sampling and greater statistical stability.

552 These results show that forecast errors are influenced by both the accuracy of the initial state and the accumulation
553 of error during model integration. The more accurate initial states produced by DAMLP reduce the initial forecast
554 error, while the correction model suppresses its subsequent amplification through periodic state adjustment. Their
555 combined effect therefore helps extend the useful forecast range and provides experimental support for integrating

556  deep-learning-based assimilation emulation with forecast correction.

557 6  Conclusions and Discussions

558 This study develops a deep-learning framework that combines assimilation emulation with forecast-error
559  correction in the Lorenz-63 system. DAMLP replaces the online ensemble-based analysis procedure with a
560 learned state—observation mapping, substantially reducing computational cost while maintaining assimilation
561 accuracy comparable to EnKF and providing additional benefits under moderately sparse observations. The
562 forecast correction model is periodically applied during model integration without observational input and slows
563 the growth of forecast errors. Their combination further shows that improving the initial state and reducing error

564 accumulation during integration can provide complementary benefits for forecasting chaotic systems.

565 The assimilation-emulation experiments show that DAMLP offers two main advantages: substantially reduced
566 online computational cost and improved performance under moderately sparse observations. In terms of
567  computational efficiency, the total online assimilation time of EnKF increases markedly with ensemble size, from
568 1.3972 s for 20 members to 13.2718 s for 200 members, whereas the runtime of DAMLP remains nearly constant
569 at approximately 0.09 s. This contrast reflects the different online computational structures of the two methods:
570 EnKF requires the propagation and update of all ensemble members, while DAMLP propagates only a single
571 forecast state and performs one network inference at each observation time. In terms of assimilation accuracy,
572 DAMLP closely reproduces the performance of EnKF when observations are frequent. As the observation interval

573 increases to moderately sparse conditions, DAMLP achieves lower RMSE than EnKF, indicating that the learned
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574 nonlinear mapping can provide additional benefit when observational constraints are weakened. However, this
575 advantage decreases when observations become very sparse, suggesting that DAMLP performance depends not

576 only on observation frequency but also on the accumulated background error and local dynamical regime.

577 The LE-based analysis further shows that the relative performance of DAMLP depends on the local dynamical
578 regime. The distribution of LE over the Lorenz-63 attractor is highly nonuniform, indicating substantial variation
579 in local instability along the trajectory. Under frequent observations, DAMLP and EnKF perform similarly in both
580 high- and low-LE periods, indicating that strong observational constraints largely suppress the influence of local
581 instability on their performance difference. As the observation interval increases to moderately sparse conditions,
582  DAMLP exhibits positive Skill during the high-LE period but negative Skill during the low-LE period, suggesting
583 that the nonlinear mapping learned by DAMLP provides the greatest relative benefit when observational
584 constraints are weakened and local error growth is sufficiently strong. However, this relationship is not monotonic:
585 under very sparse observations, the difference between the two regimes decreases and the variability increases,

586 indicating that accumulated background error and reduced observational constraint begin to outweigh the effect
587 of local instability alone. Therefore, LE modulates rather than solely determines the relative performance of

588 DAMLP, which is also influenced by observation frequency and accumulated background error.

589 The forecast correction experiments show that periodic state correction slows forecast-error growth, producing
590 lower RMSE and a slower decline in correlation than the uncorrected model. The LE-stratified results further
591 reveal a clear state dependence of the correction effect. In low-instability regimes, the Skill of the correction can
592 be negative, indicating that unnecessary correction may slightly degrade an already stable forecast. As LE
593 increases, the correction becomes increasingly beneficial, with the largest improvement occurring under
594 moderately to strongly unstable conditions. The benefit decreases slightly in the most unstable regime, showing
595 that the correction effect does not increase monotonically with LE. These results indicate that periodic correction
596 is most effective when forecast errors are actively growing but have not yet become too large to be reliably

597  corrected.

598 The combined use of DAMLP and the forecast-correction model further demonstrates that improvements in
599  initial-state quality and corrections applied during the forecast have complementary effects in recursive
600 forecasting. In the sparse-observation case examined here, DAMLP provides a more accurate initial state than
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601  EnKF, but this initial advantage gradually diminishes during uncorrected model integration. Periodic correction
602 reduces the subsequent growth of forecast error and allows the benefit of the improved initial state to persist for
603 a longer lead time. As a result, the DAMLP-initialized corrected forecast maintains lower RMSE, higher
604 correlation, and smaller across-experiment variability over much of the forecast window. These results indicate
605  that improving the analysis state and controlling error growth during integration address two different stages of
606 forecast-error development and can therefore be effectively combined in a unified assimilation—forecast
607  framework, while retaining the computational advantage of ensemble-free online assimilation. This framework

608 thus offers a promising pathway toward efficient assimilation—forecast systems for chaotic dynamical systems.

609 Several limitations should be noted when interpreting these results. First, the present experiments are conducted
610 only with the low-dimensional Lorenz-63 system under controlled observation and dynamical configurations.
611 Although learning-based assimilation emulation has already been explored in higher-dimensional systems, the
612 present framework still needs to be evaluated under more complex dynamical and observational configurations.
613 Second, although DAMLP eliminates ensemble propagation during online assimilation, its deterministic single-
614 state inference does not explicitly represent flow-dependent uncertainty, which may become increasingly
615  important under very sparse observations or strong nonlinear error growth. Third, the forecast-correction model
616 is currently applied at a fixed interval, whereas the LE-based results indicate that the benefit of correction varies
617 substantially with the local dynamical regime. Future work will therefore focus on extending the framework to
618 more complex systems, developing uncertainty-aware assimilation emulation, and exploring adaptive correction
619 strategies based on local instability. In addition, incorporating physical or dynamical constraints into network

620  training may further improve physical consistency, robustness, and generalization across different regimes.
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