10

15

20

https://doi.org/10.5194/egusphere-2026-6561
Preprint. Discussion started: 5 November 2026 EG U
sphere

(© Author(s) 2026. CC BY 4.0 License.

From Sub-Diffusion to Fickian Diffusion of Conservative Solute
Tracers in Porous Rocks

Tingchang Yin'! and Brian Berkowitz!
1Depalrtment of Earth and Planetary Sciences, Weizmann Institute of Science, Rehovot 7610001, Israel

Correspondence: Tingchang Yin (tingchang.yin@weizmann.ac.il)

Abstract. Molecular diffusion of conservative solute tracers is relevant to many hydrogeological scenarios, such as contam-
inant and radionuclide migration. Sub-diffusion—wherein the mean squared displacement grows sub-linearly with time due
to prolonged trapping in the pore space—can occur in porous rocks but is expected to evolve asymptotically toward Fickian
diffusion at long times. However, this transition has received little attention in the literature. Here, simulations of diffusion are
conducted using particle-tracking methods in three digital porous-rock domains. The first two rocks are extracted from real
rock samples, and periodic boundary conditions are imposed on both of them. The third rock is constructed by combining sev-
eral rock samples and is therefore a long, artificial, and highly heterogeneous rock column. The survival probability computed
from the simulations demonstrates clearly the transition from sub-diffusion to Fickian diffusion. We then derive an analytical
survival probability model within the continuous time random walk (CTRW) framework; a truncated waiting-time distribution
is used to introduce a finite characteristic time scale. For the first two rocks, the transition can be captured by the CTRW model,
whereas the Fickian model is inadequate, when the observation time is comparable to or exceeds the finite time scale. For the
third rock, neither the CTRW nor the Fickian model can adequately describe the transition due to its strongly heterogeneous
nature. The implications of sub-diffusion are illustrated through an example in which a diffusive tracer plume arrives much
earlier than predicted by the Fickian model. Both the numerical results and the analytical model highlight the importance of

properly accounting for sub-diffusion in diffusion modeling of porous rocks.

1 Introduction

In subsurface porous rocks, the transport of solute tracers is driven mainly by molecular diffusion (Fetter et al., 2017, pp. 58-61)
when advection is absent. Diffusive solute transport occurs in a variety of scenarios, including contaminant migration in low-
permeability clays and crystalline rocks (Delay et al., 2002; Dentz et al., 2012) and radionuclide transport in deep geological
repositories for nuclear waste disposal (Soler et al., 2022). Although diffusion generally transports solute chemicals very slowly
(compared to subsurface flow), it plays a critical role in the long-term safety assessment of underground repositories (Wersin
et al., 2004), as it governs the migration of contaminants over geological timescales.

Molecular diffusion in subsurface porous rocks is generally assumed to be Fickian (Gouze et al., 2008; Tartakovsky and

Dentz, 2019). This assumption has been adopted widely in both experimental (Garcia-Gutiérrez et al., 2006; Garcia-Gutierrez
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et al., 2023) and numerical (Nasir et al., 2014; Grigaliuniene et al., 2024) studies, where an effective diffusion coefficient is
used to characterize the bulk diffusive behavior.

However, the Fickian assumption may not always be valid. Recent diffusion experiments (Rajyaguru et al., 2024, 2025) in
porous rocks (lasting approximately 70 days) have revealed noticeable early arrivals and late-time tails in breakthrough curves,
indicating sub-diffusion (wherein their mean-squared displacement grows sub-linearly with time due to prolonged trapping in
the pore space) that cannot be captured by Fickian models. To explore the origin of sub-diffusion, particle-tracking simulations
of tracer diffusion in porous rocks have been conducted (Yin and Berkowitz, 2026) to show that the trapping effect of low-
connectivity zones within the domain leads to heavy late-time tails.

A transition from sub-diffusion to Fickian diffusion in general porous media is expected when the observation length or time
scale is sufficiently large and the correlation length governing diffusion is finite (Koch and Brady, 1988; Regner et al., 2013),
although for geological media, the existence of a finite correlation length may at least in some cases be questionable (Berkowitz,
2021). Moreover, in terms of percolation theory (Stauffer and Aharony, 2018), which is sometimes considered applicable to
natural porous media and describes poorly connected networks spanning the domain with large "dead-end" clusters attached,
the correlation length can become infinitely large near the percolation threshold (Sahimi, 2011, p. 27). Note that many previous
studies (Dentz et al., 2004; Berkowitz and Scher, 2009; Bijeljic et al., 2011; Deng et al., 2025; Cohen and Berkowitz, 2026) have
demonstrated the transition from non-Fickian dispersion to Fickian transport in geological media under disordered velocity
fields and/or chemical reactions. Here, we focus solely on diffusion without additional drifts.

Diffusion experiments (Zhokh and Strizhak, 2019) and simulations (Aardo Reis and Di Caprio, 2014) in artificial porous
materials have demonstrated such transitions and shown that the classical Fickian model is insufficient to describe the temporal
evolution of diffusion. However, no study has focused on the transition to Fickian diffusion in natural porous rocks, which
generally exhibit much stronger heterogeneity than artificial porous materials.

To address these considerations, the transition from sub-diffusion to Fickian diffusion in porous rocks is investigated us-
ing both analytical models and numerical simulations. We perform particle-tracking simulations to reproduce the transition
behavior in three-dimensional (3D) digital rock samples. Generally, the sizes of CT-scanned rock samples are limited, which
may prevent the transition to Fickian diffusion from being observed within them. In this study, periodic boundary conditions
are imposed on the generated digital rocks in the = direction, allowing solute tracers to diffuse over sufficiently long times
and distances. Such boundary conditions are widely adopted in porous media flow and transport simulations (Clarke et al.,
2021; Wu et al., 2024; Arbabi and Sahimi, 2024), under the assumption that solute tracers experience similar porous structure
repeatedly over long times.

We then introduce a continuous time random walk (CTRW) model with a truncated waiting-time distribution to derive an
analytical model for the survival probability of conservative solute tracers in finite domains; the survival probability represents
the complementary cumulative distribution function of the first-passage time. Combining the survival probability model with
the numerical simulations, we aim to reproduce and elucidate both the early-time sub-diffusion and the asymptotic Fickian

diffusion observed at long times.
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This paper is organized as follows. In Section 2, we present the generation of digital porous rocks and the particle-tracking
method, including the boundary conditions, initial conditions, and control-plane pairs (used to obtain first-passage times over
finite distances). We also introduce the two observables computed from the numerical simulations, together with the CTRW
model and the derivation of the corresponding analytical survival probability model. In Section 3, we demonstrate the transi-
tion from sub-diffusion to Fickian diffusion using both the analytical model and the numerical results. The role of the finite
characteristic time scale is discussed, and the computed survival probability curves are fitted using the analytical model. The

implications of sub-diffusion are also discussed. Finally, concluding remarks are provided in Section 4.

2 Methods

We first present the generated porous media, the numerical setup for the diffusion simulations, and the definitions of the
computed observables. We then introduce the truncated CTRW model and derive the corresponding survival probability model.

For comparison, the Fickian survival probability model is also presented.
2.1 Numerical simulations
2.1.1 Digital porous media

The CT scan data of rocks (Vidal et al., 2024; Eduardo Menezes dos Anjos et al., 2024) are used to generate voxelized porous
media. Only the spanning cluster (i.e., the connected pore voxels spanning the domain in the z direction) is retained. In this
subsection, the domain sizes and pore sizes are expressed only in terms of the number of voxels. The corresponding physical
domain dimensions L,,, and voxel sizes [, of the generated porous media are presented in Section 2.1.4.

The pore structure of real rocks is heterogeneous. To eliminate structural bias between the two sides of the initial condition,
mirror symmetrization is used to construct the porous media. Specifically, the original voxelized porous medium is reflected
in the z direction to generate its mirror image. The original medium and its mirror image are then concatenated along the x
direction to produce a mirror-symmetric porous medium. The initial condition is located on the central plane of the mirror-
symmetric medium, as discussed in Section 2.1.3. This construction ensures that the diffusion plume encounters statistically
identical pore structures on both sides of its initial location, thereby preventing apparent differences in diffusion rates caused
solely by structural asymmetry.

The three media are shown in Figure 1. The first two porous media are generated from the rock samples SW04 and P04 (Vidal
et al., 2024), respectively. Their dimensions are 388 x 173 x 144 and 406 x 156 x 158 voxels, respectively, with mean pore
diameters of 4.326 and 4.738 voxels. The corresponding effective porosities are 11.14% and 8.74%, respectively.

The third porous medium, denoted by PC in this study, is significantly longer in the x direction and is constructed from
six rock samples (PO1-P06; see Vidal et al., 2024, Table 1). The samples are concatenated with an overlap of 40 voxels in
the x direction because the pore connectivity is generally discontinuous across the boundaries of different samples. Within

each overlapping region, a voxel is classified as pore space if it belongs to the pore phase in either sample. The resulting
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Figure 1. The three generated porous media: SW04, P04, and P€. The colors denote the distance of the voxels from the central plane. The

physical domain sizes of all three rocks are rescaled to 1 cm, as discussed in Section 2.1.4.

concatenated porous medium is subsequently mirror-symmetrized, as shown at the bottom of Figure 1. Its dimensions are
1946 x 153 x 144 voxels, with a mean pore diameter of 4.978 voxels and an effective porosity of 9.19%. Although this porous
medium is artificially constructed, it provides a representative example of a highly heterogeneous rock column over a relatively

long length scale.
2.1.2 Characteristics of the three porous media

The first two porous media investigated in this study are generated from individual rock samples, as described in Section 2.1.1.

The sample P04 is less space-filling and has lower porosity, whereas the sample SW04 is more space-filling and has higher
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porosity. Particle-tracking simulations with periodic boundary conditions (as shown in Section 2.1.3) are performed in these
two media to investigate how long it takes for the possible transition to Fickian diffusion to occur while allowing particles to
repeatedly experience the same pore structures under lower/higher porosity.

The third porous medium P€ is constructed based on a different consideration. Because periodic boundary conditions are
not generally realistic, a relatively long rock column is created by concatenating multiple rock samples to complement the
investigation of the transition to Fickian diffusion over sufficiently long distances. In this case, the control planes (used to
compute survival probability curves at different length scales) are placed only within the interval [0, L,,], as discussed in
Section 2.1.3.

2.1.3 Particle-tracking methods

Discrete-time scheme. Diffusion in voxelized porous structures is simulated using the Lagrangian discrete-time particle-
tracking method (Zhang et al., 2022; Yin et al., 2024, 2025):

Az = €/2D,, At, (1)

where Az € R? is the particle displacement during each time step, At is the time-step size, £ is a vector of independent
standard normal random variables, and D,,, is the pore-scale molecular diffusion coefficient.

Initial conditions. The initial condition (light green plane in Figure 2) is located at the central plane (x = L,,, /2) of the domain.
Lagrangian tracer particles are initially released from this plane and subsequently diffuse toward both sides of the domain.
Boundary conditions. Periodic boundary conditions (light red planes in Figure 2) are imposed on the two opposite faces
in the x direction. Under periodic boundary conditions, a particle crossing the boundary at x = 0 or x = L, is reintroduced
at the opposite side of the domain. The mirror-symmetric construction ensures that the pore spaces match across the two
opposite faces. Reflection boundary conditions are imposed on all other faces and pore walls to ensure a locally uniform
particle distribution (Szymczak and Ladd, 2003).

Control planes. Multiple pairs of control planes (light blue planes in Figure 2) are placed within the domain to detect particle
crossings. Survival probability curves are then computed for different pairs of control planes, as discussed in Section 2.1.5.
Owing to the periodic boundary conditions, control planes may also be positioned at locations with x coordinates outside the

interval [0, L,,], except the sample P€.
2.1.4 Simulation parameters

The simulation parameters used in this study are summarized below. Unless otherwise specified, the length and time units are

centimeters (cm) and seconds (s), respectively.

— Domain size (L,,): For all generated porous media, the domain length in the x-direction is normalized to L,, = 1 cm,
while the domain dimensions in the other directions are scaled proportionally. This choice is reasonable because, for

example, the voxel size [, of sample P€ is 1/1946 ~ 5.14 x 10~* cm, corresponding to a mean pore diameter of approx-
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Figure 2. Illustration of the initial condition, control planes, and boundary conditions.

imately five voxels, or 0.0026 cm (26 pm). This value falls within the typical pore-size range of carbonate rocks (Sow-

izdzat et al., 2022).

Molecular diffusion coefficient (D,,,): The molecular diffusion coefficient is set to D,, =1 x 107°% c¢m? /s, which is

consistent with the order of magnitude of diffusion coefficients for common chemical tracers in water.

Time-step size (At): The time-step size is chosen to be approximately one order of magnitude smaller than [2/D,,.

Number of tracer particles (/V,,): The number of tracer particles is set to N, =1 x 104

Location of control-plane pairs (I.): The location of a control-plane pair is specified by its distance from the cen-
tral plane. For example, {. = 0.2 cm indicates that the two control planes are located at x = L,,/2+0.2 cn. We
set five control-plane pairs in each rock: (0.4,0.5,1.0,1.5,2.0) cm for SW04, (1.0,2.0,3.0,4.0,5.0) cm for P04, and
(0.1,0.2,0.3,0.4,0.5) cm for P®. As L,, = 1 cm, a control-plane pair with [, = 2 cm means that the first-passage times
of particles are measured at locations where the particles have already crossed two repeated domains in either the negative

or positive z direction.
2.1.5 Computed observables

Based on the simulation results, two observables are computed: the mean squared displacement (MSD) (Pacheco-Pozo and
Sokolov, 2023), which quantifies how far tracer particles move from their initial positions over time, and the survival proba-
bility (Redner, 2023), which characterizes the retention behavior over time at a given length scale. These two observables not
only distinguish Fickian diffusion from sub-diffusion but also reveal the transition between them over different time/length

scales, as described below.
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Mean squared displacements. The MSD is calculated as
1 &
2
MSD(#) = = > [i(t) — i (0)], )

Pi=1
where z;(t) denotes the = coordinate of the ith particle at time ¢. The domain for numerical simulations is 3D, and only the
projection of particle displacement onto the = direction is considered when calculating the MSD. The same applies to the
survival probability defined below.

For Fickian diffusion, the MSD is linearly proportional to t. When
MSD(t) ~ t#,

where £3 is the MSD exponent, diffusion is non-Fickian if 8 # 1. In particular, sub-diffusion is characterized by 0 < 5 < 1. The
MSD curves are computed throughout the simulations to identify Fickian and non-Fickian diffusion.

Survival probability. For each pair of control planes, the first-passage time, denoted by ¢, at which a particle first reaches
either control plane is recorded. The survival probability is then computed as
N(ty>1t)

N,

SN (1) = 3)

where the superscript N indicates that the survival probability is obtained from numerical simulations, and N (¢ > t) denotes

the number of particles whose first-passage times exceed ¢ for the given pair of control planes.
2.2 Truncated CTRW

The CTRW is a stochastic framework for describing both Fickian and non-Fickian diffusion. Within this framework, the
diffusion process is classically represented by the Montroll-Weiss equation (Montroll and Weiss, 1965; Metzler et al., 2022) in
Fourier—Laplace space, whose long-time and large-scale limit yields continuum diffusion equations. In this work, we employ
an equivalent integro-differential formulation (Fa and Wang, 2010) in physical space and time, which was shown to be well
suited for finite-domain problems. The one-dimensional (1D) governing equation is given by

¢ ¢

oC(x,t) 0C (z,t1) 0 0?C(z,t1)

o —/g(t—tl)Tdtl +D§/g(t_tl)Tdtl’ “4)
0

0
where C(z,t) is the concentration profile, and g(t) is the prescribed waiting-time probability density function (PDF). Note
that Equation (4) assumes a Gaussian jump-length PDF, with D = 02 /2, where ¢ is the standard deviation of the jump-length
distribution.
Here, we adopt a truncated waiting-time PDF (Fa, 2010), given by
b
[(e)

where a > 0 controls the strength of non-Fickian diffusion, b > 0 determines how long the non-Fickian behavior persists, and

g(t) = t* Lexp (—bt), Q)

I'(-) denotes the Gamma function. A smaller « value generally indicates stronger transient sub-diffusive behavior. A larger b
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value generally results in a shorter range of power-law behavior. From a long-time perspective, b has the most significant effect,
as it largely determines t,,, and controls the onset of the transition.
We choose this waiting-time PDF because it can describe transient sub-diffusion followed by asymptotic Fickian diffusion.

To explain this, we show that such a PDF is characterized by a finite time scale,

bm =7 (6)

which approximately marks the transition from the initial power-law waiting-time behavior to the exponentially truncated
regime. Note that t,,, does not represent an exact transition time at which the exponential term begins to dominate in Equa-
tion (5); rather, there is no mathematically sharp point at which this dominance begins. In the time regimes t < t,, and
t > t,,, the power-law behavior and exponential truncation dominate, respectively. Consequently, the diffusion progressively
approaches the Fickian limit for ¢ > ¢,,,.

Substituting Equation (5) into Equation (4), the exact solution for the concentration profile (Fa, 2010) can be obtained:

C(z,t) w,x) cos[wt + O(w, x)] dw, (7

. oo
B 27v/ Db J 2
where ®(w,z) and 0(w, x) are auxiliary functions, whose definitions are provided in Appendix A. The unit of C'(z,t) is length
to the power of —1, as the amount of substance is treated as dimensionless in the particle-tracking simulations. Note that
Equation (7) is Green-function-like and exhibits translation invariance.

We consider a finite 1D domain spanning 0 < x < L with absorbing boundary conditions at both ends. The initial condition
is a Dirac delta function located at © = L /2. The exact solution for the concentration profile in the finite domain, denoted by

Ca(z,t), can then be constructed using the method of images (Metzler and Klafter, 2000) as

Ca(z,t)= i Clx-— 2nL—&—£ t)-Clx— 2nL—£ t (3)
A ) - e 2 9 2 b .
The survival probability, which represents the normalized "amount" of solute tracer particles remaining within the 1D do-

main, is obtained from the truncated CTRW model (Equation (8)) by integrating the concentration profile over the finite domain,

L
S(t)= [ Ca(z,t)dx, )
/
which yields
S(t) = ﬁ /A(w) { (I§+) - I§—>) cos(wt + d(w)) + (I§+> - I§—>) sin(wt + qb(w))} dw, (10)
0

where A(w), I£+), I,E_), IS(+), IS(_), and ¢(w) are auxiliary functions defined in Appendix B. The oscillatory integral with
respect to w generally admits no closed-form solution. Therefore, S(t) is evaluated numerically using the Levin method (Chen

et al., 2024).
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As a comparison, we introduce the Fickian survival probability model (Redner, 2001), denoted by Sf(t), which is given by
Sy(t) = / > (1) G(x,t, De; 2am) da, (11)
m=0

where a = L/2, G(z,t,D¢;x0) = (4mDet) "' exp[—(z — 20)?/(4D,t)] is the Green’s function, z denotes the location of the
initial condition, and D, is the 1D effective Fickian diffusion coefficient. Note that the integration domain in Equation (11) is

shifted from [0, L] to [—a, a], which does not affect the validity of the solution.

3 Results and Discussion

We first compare the analytical survival probability curves determined by the CTRW and Fickian models, i.e., S(¢) and Sy (),
respectively, to demonstrate the analytical transition from sub-diffusion to Fickian diffusion controlled by the characteristic
time scale ,,. We then present the numerical survival probability curves, S¥ (), computed from particle-tracking simulations
in the three porous rocks. The analytical models S(t) and S;(t) are fitted to the computed S () curves under different
control-plane pairs to elucidate the transition using both analytical and numerical evidence. Finally, the implications of early-

time sub-diffusion are discussed.
3.1 Transitions shown by analytical models

The truncated CTRW framework presented in Section 2.2 is controlled by a finite characteristic time scale, t,,. Within this
framework, diffusion transitions from non-Fickian to Fickian behavior when the observation time scale is much larger than
tm. To demonstrate this transition from the perspective of survival probability, two sets of parameters are used to generate
the CTRW-based survival probabilities S(¢) (Equation (10)), which are then compared to the Fickian model S¢(t) given by
Equation (11). The two parameter sets for the CTRW model are shown in Table 1. The main difference between them is the
value of b, which results in substantially different ¢,,, values and is used to demonstrate the adaptability of the model. The other

parameters are also changed to introduce additional variability.

Table 1. Parameter sets used to generate the CTRW-based survival probabilities.

Parameter set D « b tm
1 1 0.5 0.2 0.5
2 1x107% 0.8 1x107° 8x10*

The generated S(t) curves are shown in Figure 3. The S(t) curves are fitted using the Fickian model S (t) through the
non-linear least-squares method, and the fitted parameters are shown in Table 2. The role of the characteristic time scale ¢,,
(Equation (6)) is clearly illustrated in both subplots. Although the two parameter sets differ by several orders of magnitude
and indicate survival probability curves over substantially different time scales under different domain sizes L, they exhibit the

same qualitative behavior. Before ¢,,, the S(t) curves deviate markedly from the Fickian model S(t) as shown in Figure 3,
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Figure 3. Generated S(t) curves (hollow markers) and their best fits using the Fickian model Sf(t) (curves). (a) Parameter set 1. (b)
Parameter set 2. The vertical dashed lines denote the t,,, values (Equation (6)), with ¢,,, = 2.5 s in (a) and t,,, = 80000 s in (b). The L values
(denoted by different markers in both (a) and (b)), the effective Fickian diffusion coefficients D., and the coefficients of determination R?,

which quantify the goodness of fit of the Fickian model, are shown in Table 2.

exhibiting pronounced early arrivals and late-time tails. After ¢,,, the S(¢) curves gradually approach Fickian behavior, as
evidenced by the increasing coefficients of determination R? (Table 2). Also, the fitted D, values become constant at large L
values.

Again, from a mathematical viewpoint, the characteristic time scale ¢,, does not represent the exact transition time from
sub-diffusion to Fickian diffusion; however, it can serve as a reference time scale for this transition. In Figure 3, when the S(t)
curves begin to decay from one at times smaller than or only slightly larger than ¢, (e.g., the curves represented by hollow
square markers in both Figure 3a and b), sub-diffusive behavior is still evident, as indicated by the relatively low R? values
shown in Table 2. When S(t) begins to decay from one at a time much larger than t,,, (approximately two orders of magnitude
larger in Figure 3), the diffusion can be well described by the Fickian model.

The characteristic time scale can be interpreted as a characteristic length scale, [, = /Det,,, where D, should be the
effective diffusion coefficient fitted in the Fickian regime using Equation (11). The corresponding [,,, values are approximately
1 cm and 0.001 cm for the two parameter sets, respectively. From Figure 3, it can be seen that when L >> [,,,, diffusion is

Fickian.

10
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Table 2. The L values, the effective diffusion coefficients D., and the coefficients of determination R? obtained from the best fits using the

Fickian model S (¢) in Figure 3a and b.

(a): Parameter set 1 (b): Parameter set 2

Marker L D, R? L D, R?

3 569x107' 09823 | 0.002 1.64x 107 0.9904
10 4.14x107' 0.9991 | 0.0007 1.28x 107" 0.9992
20 4.01x107% 09999 | 0.05 1.28x10°* 0.9998
50 4.01x107* 1 1.2 1.28 x 107" 0.9994

[e]

< > 0O

Note that the choice of the waiting-time distribution, Equation (5), makes the resulting survival probability solution in
Equation (11) inapplicable to pure sub-diffusion without transition. For sufficiently small but finite values of b, the value of ¢,,
becomes very large, indicating that a transition still exists, e.g., the parameter set 2 (Table 1). However, if b = 0, the waiting-time
distribution becomes meaningless because the factor b vanishes, even though exp(—bt) = 1. Such a choice is only suitable
for finite domains with finite trapping times for tracer particles. Therefore, decreasing b does not eliminate the Fickian regime
but instead postpones its onset to increasingly longer times. For infinitely long trapping times, the time-fractional diffusion

equation provides a suitable alternative (Metzler and Klafter, 2000; Metzler et al., 2022; Rajyaguru et al., 2025).
3.2 Analyses of numerical results
3.2.1 Mean squared displacement and transition times

The computed MSD curves for diffusion in the three porous media are shown in Figure 4. At early times, all the MSD curves
exhibit sub-linear behavior, with 3 < 1. The MSD curves enter the asymptotic Fickian diffusion regime, and with 5 — 1 at
later times.

For SW04, which has relatively high porosity and is more space-filling, the transition to Fickian diffusion is very smooth
(Figure 4a). For the other two samples, noticeable variations can be observed in the MSD curves, i.e., the diffusion rates do
not increase monotonically. The heterogeneous structures within P04 and P€ can repeatedly trap and release tracer particles,
causing the bulk diffusion rate to fluctuate. This phenomenon is particularly pronounced in the MSD curve of PC, as it is an
artificial porous medium constructed by concatenating different rock samples with overlapping regions.

The characteristic times ¢, can be estimated roughly from the MSD curves by identifying the transition from sub-diffusion
to Fickian diffusion, as indicated by the black dashed vertical lines in Figure 4. The estimated ¢,,, values are equal to the ratios

of « to b listed in Table 3, which are then used to fit the computed survival probabilities in Section 3.2.2.

11
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Figure 4. MSD curves for the three porous media. (a) SW04; (b) P04; and (c) PC. The red solid and blue dashed lines in each subplot serve
as references for the /3 values at early and late times, respectively. The black vertical dashed lines denote the ¢,, values, which are roughly

estimated from the transition times from sub-diffusion to Fickian diffusion observed in the MSD curves.

3.2.2 Survival probability analyses

Control-plane pairs with different /. values are specified during the simulations, and the corresponding survival probability
curves, SV (t), are computed, as shown in Figure 5. The truncated CTRW model S(¢) and Fickian S (t) are then fitted to the
computed S™ (t) curves, respectively. When fitting S(¢), appropriate values of o and b are chosen such that t,,, (Equation (6))
matches the estimated characteristic times discussed in the previous subsection, which are also indicated by the dashed black
vertical lines in Figure 5; the « values are chosen to be equal to the early-time 3 values shown in Figure 4, because early time
diffusion is characterized by a power law waiting time PDF. The L values are equal to 2[., which also denotes the number of
repeated domains that solute tracers have experienced under periodic boundary conditions for samples SW04 and P04. Note
that although the physical domain size L,, of all three rocks is rescaled to 1 cm, their dimensions are 388 x 173 x 144 voxels
(SW04), 406 x 156 x 158 voxels (P04), and 1946 x 153 x 144 voxels (PC), respectively. Thus, tracer particles crossing control
planes at [, = 0.1 cm in P€ is roughly equivalent, in terms of the number of voxels traveled, to tracer particles crossing control

planes at /. = 0.5 cm in the first two rocks.
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The parameter values used in the models S (¢) and S(t) are shown in Table 3. A zoomed-in view of SV (¢) for SW04 is
shown in Figure 6, which more clearly compares the predictive performance of S(t) and S (¢). When using S¢(t) and S(t)
for fitting, we adopt the following criterion: the fitting parameters obtained from the best fit to the S™V (¢) curve with the largest
I value are used to fit all S™ (¢) curves. This allows us to examine whether the transition can be described by the two models

using a single set of parameters.

SN

108 104 10° 108 107 108 105 106 107 108 10°

Figure 5. Computed survival probability curves, S™ (t), from the particle-tracking simulations in the three porous media. (a) SW04; (b) P04;
and (c) P. Different markers represent the computed S (t) values for different control-plane pairs, .. The dashed and solid curves (shown
in different colors) denote the best fits of the Fickian model, Sy (#), and the truncated CTRW model, S(t), respectively, to the S* (¢) data
for five different I, values. The I. values corresponding to each marker, the coefficients of determination (R?), and the parameters used in
the fits with S(¢) and S (t) are shown in Table 3. The dashed black vertical lines in each subplot denote the transition time ¢,, in the model
S(t).

The transition from sub-diffusion to Fickian diffusion can be observed as the observation time or length scale /. increases
for diffusion in all three porous media. Sub-diffusion is reflected by the early arrivals and late-time tails of S™ () compared
with the Sy (¢) curves (e.g., the red solid curve and circle markers in Figure 5b). The truncated CTRW model, S(t), better
captures these two features of sub-diffusion, with a single set of parameters, as shown in Table 3. As the control-plane spacing
l. increases, the computed S™ (t) curves progressively approach Fickian behavior, for which both S(t) and Sy (¢) provide good
predictions.

For P, the fits using either S +(t) or S(t) fail to match the survival probabilities, except for the one with the largest [, (square

markers in Figure 5c). This digital sample is an artificial rock combining six different digital rocks, whose heterogeneity is
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Table 3. The [. values corresponding to the markers in each subplot of Figure 5, the parameters of the Sy (t) and S(¢) models (shown as

dashed and solid curves, respectively, in different colors), and their corresponding coefficients of determination (R?).

(a): SW04

S¢(t) parameters S(t) parameters
Marker L, () p (t)p

D. R? a b D R?
o 04 450x1077 09971 | 0.68 25x107° 1.19x1072 0.9996
+ 0.5 450x1077 09962 | 0.68 25x107° 1.19x1072 0.9980
* 1.0 450x1077 09996 | 0.68 2.5x107° 1.19x1072 0.9996
x 1.5 4.50x1077 09999 | 0.68 25x107° 1.19x1072 0.9999
20 4.50x1077 09999 | 0.68 2.5x107° 1.19x1072 0.9996

(b): P04

S (t) parameters S(t) parameters
Marker 1, () p t)p

D. R? a b D R?
o 1.0 7.80x107% 09941 | 0.64 35x1077 1.40x10"' 0.9976
+ 20 7.80x107% 09988 | 0.64 3.5x1077 1.40x107'  0.9999
* 30 7.80x107% 09994 | 0.64 3.5x1077 1.40x107' 0.9997
x 40 7.80x107% 09997 | 0.64 35x1077 1.40x10"' 0.9996
50 7.80x107% 09999 | 0.64 3.5x1077 1.40x107'  0.9990

(c): P¢

St (t) parameters S(t) parameters

Marker .
D. R? o b D R?

o 0.1 1.12x1077 0.6066 | 0.60 2.5x107° 2.70x1073 0.7405

+ 02 1.12x1077 09938 | 0.60 25x107° 2.70x107® 0.9988

* 03 1.12x1077 09919 | 0.60 2.5x107° 2.70x1073 0.9901

X 04 1.12x1077 09725 | 060 2.5x107° 2.70x1072 0.9703

05 1.12x1077 09999 | 0.60 2.5x107° 2.70x107> 0.9997

expected to be much stronger than that of the other two rocks. Tracer particles do not experience repeated porous structures.
Thus, diffusion and the transition in such a rock cannot be described by either the CTRW model (with the specific truncated
waiting-time distribution) introduced in this study or the Fickian model. A CTRW model with a different choice of the waiting
time PDF may better match the simulations, but is beyond the scope of this study and can be investigated in the future.
Nonetheless, the survival probabilities in Figure Sc show a transition from non-Fickian diffusion to Fickian diffusion, which is
consistent with the MSD curve in Figure 4c.

In Figure 5, the S™ (¢) curves exhibit behavior similar to that observed in the theoretical CTRW-based survival probability

curves in Figure 3: only those curves that begin to decay from one at times much larger than ¢,, (roughly more than two
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Figure 6. Zoomed-in view of Figure 5a. The markers, solid curves, and dashed curves have the same meanings as in Figure 5b. The relevant

model parameters are shown in Table 3. Subplots (a) and (b) here show different temporal ranges of S N (¥): (a) 0.5-1.0 and (b) 0-0.5.

orders of magnitude larger) can be well described by the Fickian model. Moreover, in Figure 4, the MSD gradually becomes
linear after ¢,,,, whereas in both Figures 3 and 5, the survival probability curves do not immediately approach Fickian behavior.
This suggests that, although the observation time is already slightly larger than ¢,,, the survival probability is still affected by
memory effects, and diffusion remains non-Fickian. This is consistent with previous work on dispersion (Dentz et al., 2004),
which showed that transport can remain non-Fickian even at times well beyond the transition time.

From the values of /., we can roughly determine the length scale at which diffusion approaches the Fickian regime in each
rock sample. For SW04, the S (¢) curve with . = 1.5 cm can be well fitted by S (), indicating that diffusion of tracer plumes
becomes Fickian after they experience 1.5 repeated porous structures in either the —z or x direction. This is shown by the x-
shaped markers and the black solid curve in Figure Sa, as well as the corresponding value of R? in Table 3. For P04, the Fickian
regime is attained at least when /. = 4.0 cm, corresponding to four repeated domains. The substantial difference in the /.. values
required to reach the Fickian regime suggests that stronger heterogeneity requires a longer distance for diffusion to become
Fickian. This trend is further highlighted by diffusion in PC. This rock is constructed by combining six different rocks, and the
Fickian regime is reached at [, = 0.5 cm. Although this corresponds to approximately one domain, the domain itself consists
of six different rocks and therefore represents a much longer and more heterogeneous porous structure. In real applications, if
a rock formation consists of different layers, some of which have particularly low connectivity and strong heterogeneity, such

as clay layers, Fickian diffusion may require very long distances to emerge or may be difficult to attain.
3.3 The transition to Fickian diffusion

Transitions to Fickian diffusion are observed numerically in all the rocks considered. This suggests that when a large rock
contains repeated porous structures (e.g., P04 and SW04 under periodic boundary conditions), or when a highly heterogeneous
rock (P©) is observed over a sufficiently long length scale (comparable to the domain size L,, here), diffusion eventually
evolves toward Fickian behavior.

The causes of the transition to Fickian diffusion can be explained qualitatively as follows. At sufficiently long time and

distance scales, tracers sample a large number of diffusion events, progressively averaging out the trapping and memory effects
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associated with locally poorly connected pore structures. In addition, extremely long trapping events are suppressed by the finite
physical scales of the pore structure and the finite duration of tracer immobilization (Rajyaguru et al., 2025). Consequently, the
transport gradually approaches an effectively Fickian regime, although the effective diffusion coefficient may remain reduced
due to continuing short-time immobilization events (as indicated by the comparison between D,,, in Equation (1) and D, in

Table 3).
3.4 Implications of sub-diffusion

The applicability of the Fickian model depends on the relationship between the observation time and the characteristic time
scale t,,. If diffusion in a porous medium eventually evolves from sub-diffusion to Fickian diffusion, a classical Fickian
model may provide an adequate description of the long-time asymptotic diffusive transport. However, it cannot capture the
sub-diffusive dynamics that occur prior to the transition.

In reality, diffusion of conservative solute tracers in large-scale porous rocks may exhibit sub-diffusion before eventually
approaching the Fickian regime. Using a purely Fickian model as the governing equation assumes that this behavior is absent:
this can lead to inaccurate predictions of early-time diffusion processes, breakthrough curves, and first-passage statistics.

Early time is a relative concept here; it may refer not only to hours or days but also to months or even years. Note that
previous experiments have observed sub-diffusion over 70 days in porous rocks (Rajyaguru et al., 2025). The implications of
sub-diffusion can be illustrated using an artificial example relevant to diffusion in SW04. Suppose that diffusion in an real
infinite rock follows the CTRW model given by Equation (7), with & = 0.68, b = 2.5 x 107>, and D = 1.19 x 10~2 (Table 3).
A Fickian model with D, = 4.50 x 10~7 is used for comparison, with the Green’s function in Equation (11) employed to
calculate the Fickian Breakthrough curves (BTCs).

A sampling location at x, = 0.2 is selected to measure the BTCs, B(z,t), as shown in Figure 7. The "real" BTC (described
by the truncated CTRW model) exhibits earlier arrivals than that predicted by the Fickian model, while the tails of the two
BTCs gradually merge because, at sufficiently long times, the truncated CTRW model asymptotically approaches the Fickian
regime.

Figure 7 suggests that using a Fickian model could underestimate, for example, the concentration of a diffusive pollutant
plume at an observation location during early times. The relative error (Eemly) associated with this early-time underestimation

can be quantified in this example as

B - B
Eearly = M, (12)

Berrw
at the early time ¢ = 3 x 103, where Borrw and By are the concentrations observed at location x5 and time ¢ = 3 x 103, as
predicted by the truncated CTRW and Fickian models, respectively. The resulting value, Fe,.1, = 97.15%, indicates that the
Fickian model substantially underestimates the early-time BTC.
We note again that if there is an infinite hierarchy of trapping scales, or if the pore structure is exactly at the percolation

threshold, the transition theoretically does not exist. Simulations with periodic boundary conditions in lattice percolation net-
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Figure 7. Breakthrough curves for the artificial example predicted by the truncated CTRW and Fickian models.

works near the percolation threshold exhibit non-Fickian diffusion over all time scales (Mardoukhi et al., 2015). Thus, there is
still a non-zero possibility that sub-diffusion can persist indefinitely

This work also suggests that using diffusion results obtained from small samples to infer larger-scale diffusion behavior
can be problematic. First, pre-asymptotic diffusion can be non-Fickian when the time/length scale is not sufficiently large, as
indicated by the early-time mismatch between the Fickian and truncated CTRW models in Figure 7. Second, even when a
Fickian signature is observed, the effective diffusion coefficient D, can remain scale-dependent. In Figure 8, the SV (t) curves
are fitted independently using the Fickian model S (t), without fixing D, (note that in Figure 5c, the fitted D, value obtained
from the SV (¢) curve with the largest [. is used to fit all curves). The D, values obtained from the best fits are reported
in Table 4. Based on both the visual agreement and the reported R? values, the third curve (I, = 0.3 cm) already exhibits a
nearly Fickian signature. However, the fitted effective diffusion coefficients D, reported in Table 4 vary considerably with /.
Therefore, even when the effective diffusion behavior exhibits a Fickian-like signature, as indicated by the survival probability
curves, the diffusion cannot necessarily be characterized by a single scale-independent D.. Such scale dependence may be
particularly relevant in heterogeneous porous media and should be considered when extrapolating diffusion behavior across

length scales.

Table 4. The I. values corresponding to the markers in Figure 8, the parameters of the S (¢) models (shown as dashed curves in different

colors), and the corresponding coefficients of determination (RY).

Marker [, D. R?
o 0.1 3.67x1077 0.9969
+ 02 1.16x1077 0.9940
* 03 9.54x107% 0.9998
x 0.4 860x107% 0.9998
05 1.12x1077  0.9999
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Figure 8. Computed survival probability curves, S (), from the particle-tracking simulations in P°. The markers denote the S™ (¢) values,
which are the same as those shown in Figure 5c. The dashed curves denote the best fits obtained using the Fickian model Sy (t) without

fixing the D. values, which are reported in Table 4.

4 Conclusions

In principle, diffusion of conservative solute tracers in porous rocks can transition from sub-diffusion to Fickian diffusion over
increasing length and/or time scales. Using a truncated CTRW model and particle-tracking simulations with periodic boundary
conditions, we demonstrate such transitions both analytically and numerically. The transition is described by a characteristic
time beyond which diffusion approaches the Fickian regime.

The classical Fickian model neglects the early-time sub-diffusion, which in large-scale diffusion modeling may lead to
inaccurate predictions of early-time diffusive transport processes of e.g., contaminants in the subsurface. The truncated CTRW
model provides an alternative framework for capturing this sub-diffusive behavior. For natural porous rocks with an infinite
hierarchy of trapping scales or pore structures near the percolation threshold, sub-diffusion may persist over all time scales.

Whether such behavior occurs in natural porous rocks remains an open question and warrants further investigation.

Code availability. The data supporting the findings of this study were generated from numerical simulations performed using an open-

sourced computational codes (Yin, 2026).

Data availability. The porous media digital samples are obtained from open data sources (Eduardo Menezes dos Anjos et al., 2024). The

data generated by the simulation code are available in a Mendeley Data repository (Yin, 2026).
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Appendix A: Auxiliary functions in the analytical solution of concentration profiles

The auxiliary functions appearing in Equation (7) are defined below:

B(w,x) TZ(W)eXp_ || rg(w)cos<02(w)>},

v Db 2
and
0(w,a) = 92(“)2) - |;|ba rg(w)sin<92éw)) :
with

ri(w) = vVw?+ b2,

ra(w) = /[ (@) cos(at (w)) — b 4727 (w) sin? (2 (),

and

o) — arccos ( () cos(ah (w)) - b“) |

r2(w)
Appendix B: Auxiliary functions in the survival probability model

The auxiliary functions in Equation (10) are defined below:

Aw) =2,
w
92 — T
¢(W) - 2 )
2H) _ 7~ :2)\ (cos(Lu —2cos (7“) cosh () + cosh(LA))

(A2 4 p2) (cos(Lp) + cosh(L)\))

4psin ( ) smh( )
+ (A2 + u?) (cos(Lp) + cosh(LN))’
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and
L L)\
75 _70) :2M (COS(L,u) —2cos (7") cosh (%) —i—cosh(L)\))
T (A2 + %) (cos(Lp) + cosh(LA))
395 B
4)\sin (%) sinh (%’\)
- (A2 + u?) (cos(Lp) + cosh(LA))’
where
p(w) = \ga sin<022> , ®5)
and
AMw) = \/Dfa cos(%) . (B6)
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