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Abstract. With a future strong, possibly accelerated, weakening of the Atlantic Meridional Overturning Circulation (AMOC)
becoming a plausible scenario, there is a need to develop a reliable warning system for the onset of such an event. While many
statistical and physical early warning signals have been suggested for AMOC weakening, there is no warning system yet that
demonstrates skill even in a perfect model framework. Here, we present a prototype of a probability based warning system for a
strong AMOC decline and illustrate its performance through two examples. In the first, we use a conceptual stochastic AMOC
box model where the update rule is equation based. In the second example, we use data from an Earth System Model, where
the update rule is based on a machine learning approach. In both examples, a warning probability that the AMOC decreases
below a specific threshold within a certain future time horizon is obtained. Using an Observing System Simulation Experiment
(OSSE), we show that the warning system has skill compared to persistence as measured by the Brier skill score. This prototype
is hence a useful starting point for the development of warning systems that can eventually be useful for policy makers and

long-term planning decisions.

1 Introduction

There is substantial interest at the moment in the projection of the behavior of the Atlantic Meridional Overturning Circulation
(AMOC) over the next century (Bellomo et al., 2021; Lenton et al., 2025; Bonan et al., 2025; Baker et al., 2025; Dijkstra and
van Westen, 2026). While observations at the OSNAP (Fu et al., 2023) and RAPID-MOCHA (Moat et al., 2025) arrays in the
North Atlantic do not show a statistically significant AMOC decline over their operational intervals, a meridionally consistent
decline in the AMOC’s western boundary contribution over the past two decades has been observed (Xing et al., 2026). Proxy-
based (temperature) reconstructions of the AMOC indicate that its strength might have already decreased by 15% since 1950
(Caesar et al., 2018; Li and Liu, 2025; Michel et al., 2025).

Projections based on models participating in the Coupled Model Intercomparison Project (CMIP) phase 6, hereafter referred
to as CMIP6 models, indicate that the AMOC will decline over the next century under increased greenhouse gas forcing
(Weijer et al., 2020). While much of the decline is caused by the changes in forcing (Drijthout et al., 2025), the AMOC may
also undergo a strong, accelerated decline over the next century due to positive feedbacks in a so-called tipping event (Lenton

et al., 2025). Although both types of strong AMOC decline are often referred to as an AMOC collapse (Dijkstra et al., 2026),
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the plausibility of a tipping event has been increased by the analysis of CMIP6 model simulations where some show an AMOC
collapse under extended climate forcings, even at low emission scenarios (Drijfhout et al., 2025).

The underlying ‘mental image’ for the AMOC tipping phenomenon is that of a so-called back-to-back saddle-node bifur-
cation diagram (Stommel, 1961), where an equilibrium AMOC-ON state and an AMOC-OFF state can exist under the same
forcing conditions. Forcing variations are viewed as a slow change in a control parameter which changes the equilibrium
state of the climate model (Lenton, 2011). The existence of multiple equilibrium AMOC states has been demonstrated in the
Community Earth System Model (CESM) and has been connected to the export of freshwater by the AMOC at 34.5°S (van
Westen et al., 2024). Observations indicate that the AMOC exports freshwater at this latitude (Arumi-Planas et al., 2024). This
provides support for the notion that the present-day AMOC state is in a multistable regime (Dijkstra et al., 2026), where the
salt-advection feedback is destabilizing the AMOC (Weijer et al., 2019; Vanderborght et al., 2025).

Because the climate impacts of a strong AMOC weakening are potentially severe, in particular over the northern European
countries (van Westen and Baatsen, 2025), there is a clear need for a reliable warning system for AMOC tipping behavior. In
many studies early warning indicators have been based on the analysis of single time series, in particular searching for critical
slowing down. Since the early work of Held and Kleinen (2004), an increase in both variance and autocorrelation has been
identified in several AMOC fingerprints, consistent with a destabilization of the AMOC (Boers, 2021; Ditlevsen and Ditlevsen,
2023) under quasi-equilibrium conditions, but having large uncertainties (Ben-Yami et al., 2024). Several other early warning
indicators have been suggested, from properties of the underlying dynamical system (Ashwin et al., 2012) to complex network
constructed ones (Feng et al., 2014), to fully data based ones (Bury et al., 2021).

In the CESM, the collapse of the AMOC is dependent on the background AMOC state and also forcing rate dependent
(Van Westen et al., 2026). As a physics-based indicator for the onset of the strong AMOC weakening under climate change
forcing a sign change (from negative to positive) of the surface buoyancy flux over the 40°N-65°N Atlantic region has been
suggested (van Westen et al., 2025). Application to CMIP6 models indicates that, based on this indicator, the onset of the
collapse will occur around the year 2060 (& ~ 30 years). While this is around the same time as projected by critical slowing
down using AMOC fingerprints (Ditlevsen and Ditlevsen, 2023), the result is expected to be model dependent and hence also
has a large uncertainty.

Recently, an Observing System Simulation Experiment (OSSE) framework was developed for assessing how observations
can improve model-based warnings of an AMOC collapse (Kubo and Sawada, 2025). They show that accurately resolving
AMOC internal variability is more important for tipping prediction than observation frequency and establish when observa-
tions are sufficiently informative to improve model-based prediction of AMOC tipping. However, they do not translate this
information into a warning signal or evaluate the skill of such warnings. The present study addresses this gap by developing
and testing an end-to-end framework that assimilates observations, estimates the probability of an AMOC collapse within a
specified time horizon, and converts this probability into actionable warning levels.

In section 2, we describe the components of such a prototype probability based warning system, with details provided on the
data-assimilation method used and the computation of probabilities of strong AMOC weakening, either forcing or feedback

induced, over a certain time horizon. The results in section 3 show applications to (i) a conceptual box model and (ii) to data
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from the CESM, where the model update rules are equation based and data-based, respectively. A summary and discussion

follows in section 4.

2 Methods
2.1 Components of a warning system

A typical warning system has at least three components (Fig. 1). One component deals with sensor placement (the yellow
box in Fig. 1), i.e., where the observations are located in space and what temporal sampling frequencies are used. The second
component converts these observations into a warning signal (green boxes in Fig. 1), which can be physics-based or statistical
(or a combination of both). The third component (purple boxes in Fig. 1) consists of a test environment where the skill of the
warning signal can be evaluated in a perfect model setup. The resulting warning signal can be used to issue alarms (orange-red

boxes in Fig. 1).

- - —> Watch

\ P>0.10

Synthetic Truth Warning
— —_— —>

\ - ‘ oy

Observations
High
P >0.50

I Sensor
Placement

Figure 1. Sketch of a prototype probability based warning system, consisting of the sensor configuration (yellow), the warning signal
P (green) and the OSSE test setup (purple), together with possible alarms (orange-red). Here MC and TAMS refer to Monte Carlo and
Trajectory Adaptive Multilevel Splitting, respectively.
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In this paper, we will not consider the sensor placement problem, as observation locations relevant for the AMOC are not
expected to change much in the near future. Hence, with the given observational configuration, our goal is to build a probability
based warning system for a strong AMOC decline. Let the AMOC strength at 26°N in a model be indicated by ¥, then we use
a threshold value W, to define the collapsed set C by

C={x:U <V} M

where x is the state vector of the model and ¢ indicates time. Furthermore, the collapse time ¢., given the time ¢, up to which

observations are available, is
te =inf{t >t} : x(t) € C}. (2)

We now define the warning probability as the conditional probability P, (given the available observations) that the AMOC

strength decreases below the chosen threshold within a time horizon 7 beyond ¢;. Hence,

P‘r(tk):p(tcgtk""r ‘ Y1:k), (3)

where y1.,, with y = H(x) for a specific observation operator H, denotes the observation vector up to the time ¢;. For a

chosen warning level p,, the warning time t,, based on the probability P, (tx) is given by
tw = inf{tk : PT(tk) > p*}. 4)

If tf;“‘c is the time the collapse occurs (so the time where W < W), the lead time ¢; is then given by ¢; = tzmc —tw-

The choice of warning level p, affects the frequency of false alarms and missed events. At a given time ¢, a warning is
a false positive (false alarm) if the AMOC strength does not reach ¥, within the time horizon 7. Conversely, if the AMOC
strength reaches W within this horizon and no warning is issued, the outcome is a false negative (missed event). The sensitivity
is the fraction of cases with a decline within 7 for which a warning is issued. The specificity is the fraction of cases without
such a decline for which no warning is issued. Lowering p, can increase sensitivity at the expense of specificity, whereas
raising it can increase specificity at the expense of sensitivity. The choice of p, therefore depends on the relative consequences

of false alarms and missed events.
2.2  Warning probability computation

Clearly the main challenge in this warning system is the computation of the warning probability (3). Here, we will use a particle
filtering technique (Doucet et al., 2001; van Leeuwen, 2020), which can be applied when only a model update rule is available
(e.g., no adjoints are needed) and that does not assume Gaussian statistics for the state variables. This update rule on the state

vector x of the model is written here in discrete time as

Tpy1 = My () o)
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where M, also includes the forcing of the model. Given an initial state Xg, the evolution of the state vector, xy, is described
by (5). In ‘training mode’, observations y; become available at discrete times. The aim of a particle filtering technique is to
obtain a conditional probability density function p(x|y1.x) of the current state x;, at ¢ = t;, given all available observations.

The Monte Carlo approximation to the filtering density p(x|y1.x) uses a weighted ensemble of N model realizations, called

particles, with states x,(f), i=1,...,N. The discrete distribution is
PN (Xk|y1:k) Zw Vo, —x), (6)

Here, w,(f) denotes the weight of particle ¢ and ¢ is the Dirac delta function. We draw the initial particle states independently

from p(xo) and assign equal weights (w{” = )

The particle filter computes the distribution recursively through prediction and update steps. Given the states x,(j) ; and

weights w,i Y | representing py (Xx—1|y1:5—1), we integrate each particle forward to obtain x,i) The weights carry forward

through the prediction step, giving the prior

N (Xk[y1k-1) Zwk W0 — (). (7)

At t = ty, the observation y; becomes available. We then apply Bayes’ theorem to update the prior:

W)= Py |XK)DN (XK [Y 120 — 1).

Xe|Y1: (3
o (x| p(yr)
Substituting Egs. (6) and (7) into Eq. (8) gives the updated weights:
@)
(i) _ POrlx) G ),
w' = DLETk ©)
g plyr)

The denominator p(yy) serves as a common normalization factor. In practice, we normalize the updated weights so that
N () _

Yo wy, =1
The assumed observation error distribution determines the likelihood p(y |x,(;) ). For a scalar measurement y;, with Gaussian

measurement error of standard deviation ogier, the likelihood has the form

(H(x) —yp)?
2O-ﬁlter

plyelxy) ~ exp(— ). (10)

The observation operator H maps the particle state to the model equivalent of the measurement, H (x (¢ )).
In ‘prediction mode’, no new observation yy, is assimilated, so the algorithm proceeds with fixing the weights wi. By

conditioning the warning probability P, (t;) given by (3) on the current state x, we find

P (ty) = /p(tc <tp+7|xr=a)p(xr = | y1.5)de = /pT(m)p(a:k =z |yy.)de, an

where p, () is the T-year transition probability (i.e., the probability that ¥ < W, within a time 7) starting from . The integral

in (11) is approximated using the ensemble used for the particle filter. When a sufficiently large ensemble can be propagated
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in time from the state «, or the transition probability p, (x) is relatively large, a Monte Carlo approach will be feasible (Singh
et al., 2018). However, when the ensemble members are limited or the transition probability is very low, it is better to use the
Trajectory Adaptive Multilevel Splitting (TAMS) method (Jacques-Dumas et al., 2024), which is explained for convenience in
Appendix A.

2.3 Performance

To test the warning system, Observing System Simulation Experiments (OSSEs) are used. These are numerical model experi-
ments in which a high-fidelity ‘truth’ provides synthetic observations that are assimilated into analysis/forecast systems to test
candidate observing networks. They are widely used in climate science (Prive and Errico, 2014; Hoffman and Grassotti, 2016;
Li and Born, 2019), mostly addressing the sensor placement problem, and increasingly applied to climate tipping phenomena
where early detection depends critically on observing system design.

The OSSE truth z}™° is generated from (5) and the binary truth label E}, € {0,1} at time ¢ is given by
Ek:]_{ﬁc <t +7‘}. (12)

where 1 is the indicator function. In an OSSE, an ensemble simulation is available and each of these simulations can be used
as the ‘truth’. Hence, for every OSSE realization (or seed) r, r = 1,..., N, (possibly with different truth trajectories), there
are truth labels E7. Since the forecast has a probabilistic outcome, its skill can be assessed with the Brier score (Brier, 1950).
Pooling over N,. OSSE realizations and all valid snapshots ¢, the Brier score Bg is the mean-squared error of the probabilistic
forecast against the event labels,

1

T T 2
Bs = . 2 (Pi = B (3)

where N, is the total number of pooled (P, E) pairs. The sum above for r is from 1 to IV, and k is summed over the set of
valid evaluation times ¢;, for OSSE realization . Skill is usually expressed relative to a reference Bg, and gives the Brier Skill
Score Bgg
Bes = 1- 32, (14)
so that Bgg = 1 is a perfect forecast and Bgg = 0 is no better than the reference. Below, we will use different references, e.g.,
a constant base-rate forecast 152 = F, a constant forecast PZ =1/2, and a persistence forecast P, = E,_ (initialized at E).
A positive Bgg against all three references confirms that the forecast carries information beyond these naive predictors.

To separate calibration from informativeness, the pooled (P, E) pairs are sorted into 7, equal-width probability bins indexed
by j, each containing n; forecasts with mean forecast probability p; and observed event frequency fj The Brier score can then

be expressed using the decomposition (Murphy, 1973)
1 1

Bg ~ n; (p; — )% — ni(fi—EY¥ +E(1-FE). (15)
S Ne'ual J ](p] fj) Neval; J(f] ) ‘_\/—( )
Bunc
BREL BRES
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The reliability term Bgrgr, penalizes miscalibration, that is the gap between forecast probabilities and the frequencies that
actually materialize, and is small for a well-calibrated forecast. The resolution term Brpg rewards the forecast’s ability to
discriminate events from non-events by issuing probabilities that depart from the base rate, and is large for an informative
forecast. The uncertainty term Bync is a measure of the climatological uncertainty and depends only on the base rate, not on the
forecast. A near-zero Brgy, together with a Brgg approaching Bync therefore characterizes a forecast that is simultaneously

well calibrated and sharp.

3 Results

To illustrate the warning system and its skill, we will use two models at both ends of the AMOC model hierarchy. In subsection
3.1, the stochastic Stommel-Cessi model is used, with an equation-based update rule. Then in subsection 3.2, we use data from
the Community Earth System Model (CESM) with a data-based (i.e., using machine learning techniques) update rule (Bracco
et al., 2025).

3.1 Stochastic Stommel-Cessi model

The Stommel-Cessi model (Stommel, 1961; Cessi, 1994) is the cornerstone model for AMOC tipping and here we will use the

non-dimensional version of a stochastic version, given by

day = (—a(e, —1) =z [1+ p? (20— y)?] )dt + 02 dW, (16)

dys = (F —ye [1+ p? (e — y2)?])dt + oy dWY, (17)

where z is the non-dimensional equatorial-pole temperature contrast, y is the non-dimensional salinity contrast, « is the ratio
of a diffusive to a thermal relaxation time scale, ;2 measures the relative strength of advective exchange, and F is the non-
dimensional freshwater forcing. As standard parameters, we choose o = 100, p? = 4.0 and noise parameters o, = o, = 2.0 x
10~2. As forcing, we choose F'(t) = Fy+ Fpt, with Fy = 0.9 and F; = 2.0 x 1072, Using for example the Euler-Maruyama
scheme, the model update rule can be written in the form (5). The noise represents in a schematic way here the internal
variability as well as the forced variability of the AMOC.

The exchange factor 1+ u%(x —y)? is always positive, so it is not a signed overturning index. For a warning problem, a
convenient signed AMOC-like index is therefore z = x — y. A transition from a strong AMOC to a weak AMOC is defined by
crossing a threshold in z, usually chosen near the unstable equilibrium separating the two attracting basins. Let 2. be the chosen
critical value, then the collapsed set is C = {x = (z,y)7

F = Fy =0.9), the saddle-node bifurcation points of the model are located at F; = 0.964 and F5> = 0.914. Hence under the

transient forcing, the saddle-node F; will be reached at approximately ¢ = 0.064/0.002 = 32. Hence, we use a dimensionless

: 2z < z.}. For the deterministic case with Fy = 0 (hence constant

time interval ¢ € [0,70] as the OSSE length and take observations every integer time step.
In Fig. 2a, the state variables x and y of the truth trajectory are plotted under the freshwater forcing F'(¢) (shown in Fig. 2b),
indicating that a transition occurs in the interval ¢ € [30,50]. The AMOC variable z = x — y of this synthetic truth is shown
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Figure 2. (a) Trajectory of one realization (the ‘truth’ trajectory) of the Stommel-Cessi model, where both . and y; are plotted versus time.
(b) Freshwater flux forcing versus time. (c) Truth trajectory of the AMOC strength z = x — y; the collapse threshold z. is indicated as the

red dashed line. Observations generated from the truth are plotted as red dots. (d) Truth label E; of the truth trajectory for T = 10.

in Fig. 2c, and observations are generated with Gaussian zero mean noise having standard deviation ogjter = 0.025. For the
weakening of the AMOC, we choose a critical value of z. = 0.14 (shown as the dashed curve in Fig. 2c) which represents a
75% reduction in the AMOC strength. The truth label E};, at every time ¢, for a chosen time horizon 7 = 10 is shown in Fig. 2d.

Next, we test the particle filter using an ensemble of N = 500 members. Initial conditions are generated near the equilibrium
state of Fjy = 0.9 with a standard deviation o = 0.03 in both = and y. Figure 3a shows the particle filter posterior (mean and
95% band) z* given by

N
= wx(x)), (18)
=1

over the simulation period, while assimilating observations every integer time. The absolute value of the posterior error (mean
- truth) on z is overall smaller than 0.04 (Fig. 3b). The weight degeneracy at each step k is monitored by the effective number

of particles

N N2
Nea(tr) = (3 () )7

i=1

19)

When the fraction of effective number of particles Neg /N drops below 0.5 (Fig. 3c), then the weights are resampled. Particles

are drawn with replacement according to weights w,(:), and the new weights are set to w,(j) = % The posterior uncertainty,
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given by the square root of the variance

N
. . 2
Var(z, | yi) = > wf [2(@”) - 2], (20)

=1

is shown in Fig. 3d . It is largest at the beginning and near the transitions but is overall smaller than 0.02.
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Figure 3. (a) Particle filter posterior distribution of the AMOC strength z, where the black dotted curve is the ‘truth’ trajectory. The horizontal

Zt'rue

red dashed line is the value of z. = 0.14. (b) Posteriori mean error (z* — ). (¢) Relative effective sampling size Negt /N and threshold

for resampling (red line) and (d) the posterior uncertainty in z, determined by (20).

For the computation of the warning probability P; (¢;) for a particular time ¢, over the time horizon 7 = 10 i.e., the proba-
bility that z becomes smaller than z. within this time, we use TAMS (see appendix A with a number of trajectories N = 100)
conditioned on the posterior particle distribution. This method is a bit overkill here compared to Monte Carlo, but it is used
here for illustration that it can be applied (when really needed). Histograms of these posterior distributions (upper panels) and
the estimates of the warning probability (lower panels) are shown in Fig. 4 for four different times. As expected, at small times
we find P =0 and at large times we find P, = 1. At intermediate times, where the transition happens, there is substantial
variance in the TAMS estimate of P;.

The posterior weighted TAMS probability P is shown in Fig. 5a and also in Fig. 5b (in color) overlaid with the truth
trajectory and the observations. Clearly, P increases from ¢ = 30 and can provide a warning sign for the upcoming transition.
From this figure, one can determine the warning time t¢,,, and the lead time ¢;, when a tolerance p* has been chosen. For
example, for p* = 0.5 a lead time ¢; ~ 10 is found. This is indeed compatible with the time where the AMOC strength begins

to weaken more rapidly (around ¢ = 37).
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Step 3: conditioning TAMS on posterior particles
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Figure 4. Upper row: particle filter posterior distributions at different times ti, = 5,20,40,50. Lower row: Transition probability Py (t)

using TAMS at the same times for T = 10. The purple curve in the lower panels indicates the mean.
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Figure 5. (a) Posterior-weighted TAMS transition probability with 7 = 10, so Pio(t), versus time, with the event label of the ‘truth’ plotted

as the drawn black curve. (b) Same Pio(t) but now plotted along the ‘truth’ trajectory.
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To quantify the skill of the warning system we repeat the full OSSE five times (N, = 5) by generating independent truth
trajectories, and synthetic observations (Fig. 6e). The forecast obtains a Brier score Bg = 0.0140 (Fig. 6a). Its Murphy de-
composition Bg ~ Brgr, — Bris + Bunc pairs a small reliability term (Brgr, = 0.0022) with a resolution (Brgs = 0.2231)
that recovers most of the climatological uncertainty (Bync = 0.2349). Against trivial baselines, it obtains a Brier skill score
Bgg ~ +0.94 relative to both the climatology and constant-0.5 references, and Bgg ~ +0.25 relative to persistence (Fig. 6b).
Hence, for this set of realizations, the probabilistic warning forecast carries skill beyond all three reference forecasts. The relia-
bility diagram (Fig. 6¢) is consistent with the small value of Brg;,, although the intermediate-probability bins contain relatively
few forecasts because most probabilities are concentrated near zero or one. The forecast is well calibrated and sharp (Fig. 6d),
assigning confident probabilities to 88% of snapshots. The lead-time audit indicates a median warning lead of approximately
10.2 dimensionless time units at the threshold p* = 0.3, decreasing to approximately 9.7, 8.4, and 6.4 for p* = 0.5, 0.7, and
0.9, respectively (Fig. 6f). Thus, the forecast retains substantial probabilistic skill, while the most stringent warning levels are
reached closer to the actual transition.

This example was only to illustrate the framework of the AMOC warning system. A systematic study of the warning system
parameters was undertaken, but because the model is so simple, we do not show these results and instead turn to a much more

challenging application in the next subsection.
3.2 CESM

Our second example is the Community Earth System Model (CESM), in particular version CESM1.0.5 in which an AMOC
tipping event has been found under quasi-equilibrium freshwater flux forcing (van Westen et al., 2024). In this case, the methods
to determine the warning probability cannot be applied to the model directly because the state vector is too high dimensional.

In this case, we construct a model update rule using a machine learning approach.
3.2.1 Data

We use output of the CESM AMOC hysteresis simulation presented in van Westen and Dijkstra (2023). The freshwater flux
forcing Fg ramps linearly from 0 to 0.66 Sv with a rate +3 x 10~* Sv/yr over years 0-2200, then reduces back to zero at the
same rate over years 2200—4400. The onset of the AMOC collapse occurs at about model year 1750 or Fir =~ 0.525 Sv. The
reduced CESM state vector used here consists of ten physically interpretable AMOC-related diagnostics,

XE = [w26N,1000ma wmaxa ¢Inin,deep7 FO?)Sv Fm)N7 TN7 SNa ATa ASv Ap]k (21)

Here, 126n,1000m 18 the overturning strength at 25.8°N and 1041 m depth (the RAPID-MOCHA array equivalent), max 1S
the maximum overturning streamfunction over the Atlantic basin from 30°S to 70°N, restricted to depths below 500 m to avoid
contamination by the wind-driven shallow subtropical cell, and ¥ y,in, deep 15 the minimum of the AMOC strength below 2000
m, which measures the bottom-cell strength. The diagnostics F,,s and F,,y are the freshwater transport indicators by the
overturning at the southern (34°S) and northern (60°N) Atlantic boundaries. The thermohaline group {T, Sn, AT, AS, Ap}

is computed from the Atlantic zonally averaged temperature, salinity and potential density, averaged over the upper 1000 m

11
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Multi-seed Brier/skill verification, R=5 independent OSSEs
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Figure 6. Brier/skill verification of the Stommel-Cessi early-warning forecast, pooled over R = 5 independent OSSE realizations (or seeds).
(a) Murphy decomposition Bs ~ Brgr, — Bres + Bunc (Brer = 0.0022, Bres = 0.2231, Bunc = 0.2349, Bg = 0.0140). (b) Com-
parison to trivial baselines (Bss =~ +0.94 versus the climatology and constant-0.5 references, and Bss =~ +0.25 versus persistence). (c)
Reliability diagram across the five seeds. (d) Sharpness histogram of the forecast probability Pio (88% confident). (e) Pio(t) trajectories for
each of the five seeds, with thin vertical lines marking each seed’s own collapse time. (f) Lead-time audit (for the first time the threshold is
crossed). The median warning lead time decreases from approximately 10.2 dimensionless time units at p* = 0.3 to approximately 6.4 at

p* = 0.9, with all five seeds contributing at every threshold. Here min_run indicates the number of consecutive threshold crossings required.
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(weighted by layer thickness) and over latitude within a northern box (45-60°N) and a southern box (30-34°S). Ty and Sy
are the northern-box temperature and salinity, and AT, AS and Ap are the north-minus-south differences; hence AT < 0 and
Ap > 0in the AMOC-ON state. This diagnostic state provides a compact but physically interpretable state space on which the

autoencoder, latent dynamics model, and particle filter can operate.
3.2.2 Autoencoder reconstruction

As a 10-dimensional space is still large for the application of the particle filter method, a further reduction is pursued. Many
methods are available for this purpose, and we choose here a machine-learning based method (Bracco et al., 2025), an au-
toencoder. The first step is to test whether the 10-dimensional CESM diagnostic state can be represented accurately in a
low-dimensional latent space (with dimension L) using such an autoencoder. Let x;, € R4, with d = 10, be the state vector (21)
at time step t5. We first normalize each component in the state vector by subtracting the mean and dividing by the standard
deviation. We choose the latent space dimension L = 4. The architectures of both the encoder and decoder are multi-layer
perceptrons with two hidden layers of 128 neurons and a tanh activation function. For z;, € R¥, the encoder (Enc) and decoder

(Dec) represent

zi = Enc(xg), X =Dec(zg). (22)
The autoencoder pre-training loss is given by

Lag = ||xx — Dec(Enc(xy))||7, (23)

where |||, is the Ly norm. The autoencoder is trained on years 1-3500 of the CESM data, since the AMOC-OFF state is needed
but not the recovery. The continguous block of years 1500—1700 is reserved as a pre-collapse validation holdout. The training
and validation losses decrease (Fig. B1 in Appendix B) rapidly during the early epochs and then approach a stable plateau.
The validation curve remains close to the training curve, indicating that the autoencoder is not simply memorizing the training
trajectory.

The reconstructed trajectories in Fig. 7 show that the autoencoder captures the dominant low-frequency evolution of the
CESM AMOC transition. In particular, the rapid weakening of 126 N, 1000m and ©max, the sign change and recovery structure
of F,,s, and the large-scale evolution of T, Sy, AT, AS, and Ap are all represented by the decoder. This is important
because the particle filter (see next subsection) never observes the full CESM model state directly; it operates by propagating
particles in latent space and then decoding them back to the diagnostic state. As such, the quality of the decoder is integral as
it directly controls the quality of the predicted observations used inside the likelihood function in the particle filter. However,
the reconstruction is not equally strong for all variables. On the validation block, the coefficient of determination R? reaches
1.00 for ¥min,decp and Fy, v and lies between 0.91 and 0.97 for Fy,, 5, Ty, Sy, AT and AS, but falls to 0.50 for ¥a6n,1000m.
0.52 for Ap and 0.55 for t),,«. These three variables retain visibly noisier residuals because their high-frequency content is

essentially unrepresentable in an L = 4 latent space without sacrificing reconstruction quality elsewhere.
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Figure 7. Truth (black) and autoencoder reconstruction (red) for all ten state-vector components over the training window 1-3500. The
orange shaded band marks the validation holdout (years 1500—1700); the vertical lines mark the collapse onset (year 1758) and the crossing
of 126N 1000m = 5 Sv (year 1803). Panel titles give the coefficient of determination on the training set (RZ,,;,) and on the validation block
(R2,)). Reconstruction is near-exact for ¥min,deep and Fouon (R2, = 1.00) and good for F,,s, whose sign-reversal structure is captured,
and for Ty, Sy, AT and AS. It is weakest for 126 n,1000m (0.50), Ap (0.52) and ¥max (0.55), which retain high-frequency variability that

the L = 4 latent compression cannot represent.
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3.2.3 Latent dynamics model

After training the autoencoder, a latent dynamics model is trained to obtain an update rule for the latent state, so we can use
that in the particle filter. Here, rather than asking the neural network to predict the full next latent state zg; directly from
the current latent state z; and forcing input uy, (specified below), the network predicts only the increment Azy. The update is

therefore written as
Azy, = zp 1 — 2 = fo(Zk, Uk), (24)

where fp is a two hidden layer 128-neuron network with tanh activations at the two hidden layers and a linear, unactivated,
output layer. In this formulation, the current state zj is carried forward explicitly, and the network only has to learn the
correction needed to move the system to the next time step. This choice is useful because the latent variables typically have
magnitudes of order O(1), while the step-to-step changes are much smaller, of order O(0.1). Learning these smaller changes
is a better-conditioned regression problem than learning the full map from zj, to zj 1.

The output layer of the network is initialized with its weights scaled to 1% of their default random-initialization magnitude
and its bias set to zero, so at the beginning of training the model predicts only very small increments. Consequently, its initial
behavior is approximately zjy1 =~ zx. The external forcing input uy € R? carries two channels, ug = [Fi norm (tx), 77 (tr)],
where Fyy norm € [0,1] is the normalized freshwater flux amplitude and 7 € {—1,0,41} is the sign of dFy /dt. The reason is
intrinsic to the hysteresis simulation protocol: a value such as Fr = 0.4 Sv (model years 1333 and 3067) occurs during both
the ON-state ramp-up and the OFF-state ramp-down, so without the ramp-direction channel the network can better distinguish
the two branches. Including rr breaks this ambiguity at the input level and lets the same network fy represent both branches
of the hysteresis simulation.

The network fy is trained in two stages. First, a one-step training minimizes the MSE on zj_; prediction with the encoder
and decoder frozen, using gradient clipping at norm 1.0 to stabilize early iterations. However, one-step training alone underfits
the cumulative collapse dynamics: rollouts initialized at year 1500 collapse approximately 300 years late, and rollouts initial-
ized at year 1000 do not collapse at all over an 800-year horizon. A second multi-step refinement stage therefore fine-tunes the
latent dynamics on K -step free rollouts in latent space, with K following K =5 — 10 — 20 — 30 — 40 growing in stages of
300-500 epochs, with the final K = 40 stage running for the remaining 1000 epochs. Short rollouts keep the optimization well
conditioned, since error accumulation over a few steps is bounded and the loss landscape remains close to the one-step-trained
initialization. K is then increased only once the network has mastered the shorter horizon, rather than asking it to fit 40-step
rollouts directly from a one-step-only starting point. This forces the network to capture the cumulative dependence of the latent
trajectory on F'y rather than the dominant noise term in single-step prediction.

The latent dynamics loss stabilizes without evidence of validation divergence (Fig. B2 in Appendix B). The validation loss
lies below the training loss in this experiment, which is not problematic here. The holdout block lies in the early-collapse
approach phase where one-step latent residuals are smaller than in the noisier multi-century stationary regime that dominates
the training set. This is a property of where the validation block was placed, not of generalization. The important point is that

the validation loss remains stable, indicating that the learned latent dynamics does not become unstable over the validation
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window. The multi-step rollout experiment provides a more physically meaningful validation than the training and validation
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Figure 8. Multi-step rollouts of the latent dynamics network decoded to 126 n,1000m Over an 800-year horizon, initialized from six repre-
sentative years (to € {200,1000,1500,1900,2500,3000}). Grey shows the full CESM truth trajectory for context; black, the truth over the
rollout window; red, the latent dynamics network rollout. Green dashed lines mark the rollout start year; the red dashed line marks the truth
collapse year (~ 1803), where ¥ < W, =5 Sv (so not the onset year); the orange band marks the holdout block during training. Rollouts
initialized on the ON-state equilibrium (¢o = 200, 1000) remain close to truth for several centuries; rollouts initialized inside the approach
phase (to = 1500) reproduce the collapse at approximately the correct year; rollouts initialized post-collapse (to = 1900, 2500, 3000) remain

in the OFF state with no spurious recovery.

loss alone. Starting from several different years (Fig. 8), the latent dynamics is integrated forward and decoded to 26N, 1000m -
The resulting forecasts do not represent the high-frequency variability, but they capture the correct long-time scale AMOC
behavior. Rollouts initialized before the transition move toward the collapse, rollouts initialized near the transition reproduce
the rapid weakening of the AMOC, and rollouts initialized after the transition remain close to the collapsed OFF-state regime
(Fig. 8).

3.2.4 Particle-filter

The next step is to test the particle filter on the quasi-equilibrium AMOC-ON state trajectory. This validation is necessary
because a particle filter that is already inconsistent in this quasi-stationary regime cannot be interpreted reliably during the later

transition. The filter represents the posterior distribution over the latent state using particles, i.e.,

p(zr | y1x) Zw,i)é p—zy), (25)

where z(z) is the state vector of the ¢-th latent particle and w( " is its normalized importance weight.
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In the results below, N = 1000 particles are used. The synthetic observations are generated by adding Gaussian noise with
standard deviation o, ; = astd(x;) to each truth variable, where std(z;) is computed over the quasi-stationary window
(years 1-400) and « = 0.05, giving a signal-to-noise ratio of 20 for every variable. In the likelihood function (10), the filter uses
Ofilter,j = (0'ng7 ;T RMSE?QC’ j) , where RMSE;._; is the autoencoder reconstruction error over the same window; 10% of
the weighted ensemble spread is further added to this in quadrature (for details, see Appendix C). For the operating observation
set this gives gobs = 0.046 Sv and ofjger = 0.64 Sv for 126N, 1000m» and Tops = 7.3 x 1074 Sv and ogiter = 4.2 x 1073 Sv for
Foys.

The prior—posterior PDF snapshots are shown for a representative state-vector at time step ¢, = 300 years, within the early
quasi-equilibrium window. The results for 126n.1000m and F,,s are shown in Fig 9. The prior distribution corresponds to
the decoded forecast ensemble before assimilating the observation; the posterior distribution shows the same ensemble after
assimilation (including the likelihood-based weight update, and any resampling). For a well-calibrated filter the posterior
should contract relative to the prior and shift toward the observation without reducing to an unrealistically narrow distribution.
Indeed, the posterior of 126N, 1000/m and Fy,s show this behavior. The variables ¥,.x and ¥min,deep also display this behavior
(not shown) at the same time step.

Detailed diagnostics of the performance of the particle filter are presented in appendix C. These results suggest that as-
similating all ten reduced CESM diagnostics is not automatically optimal. Some variables are dynamically redundant, and
some are inconsistent with the assumed observation-noise model. We performed an exhaustive observation-subset Pareto-
feasibility analysis (not shown), but that did not deliver a clear result. We hence decided to base the operating observation set
{Fovs, ¥26N,1000m } O physical grounds. F,,s is a measure of the salt-advection feedback, and 126 N, 1000m directly measures

AMOC strength at the RAPID-MOCHA latitude and clearly distinguishes the non-collapsed and collapsed regimes.

3.2.5 Warning probability

The collapse threshold is defined as ¥a6n,1000m < We =5 Sv. The truth trajectory crosses this threshold at approximately
year teollapse ~ 1803 (Fig. 10a). At each saved learning time ?j, the posterior particle ensemble zg),w,(j) fori=1,...,N is
projected forward over the horizon [t, ) + 7] under the actual forcing scenario, using the learned latent dynamics without
further assimilation. Each projected particle is decoded at every step of the horizon to obtain its AMOC strength. The posterior

predictive collapse probability is then

N
_ (1) : (1) .
Pr(tr) = Z;wk 1 LkgrtnglgﬁTtb%N,moom(t’tk) <Wl. (26)
i
where 7 = 150 years was chosen here. The projection uses a latent process noise Tgorecast = {/ Qdiag, Where Qaiag is the

diagonal of the empirical one-step latent residual covariance calibrated over the stationary window, applied per step rather than
Otorecast = 0 as in the original Singh et al. (2018) formulation. The added process noise restores the spread of the projected

ensemble around its deterministic centroid. Saved snapshots are taken every 25 years, and the warning years quoted below are
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Figure 9. Prior (left) and posterior (right) probability density functions for N = 1000 particles, for (a,b) ¥26n,1000m and (c,d) Foys at
tr = 300 years within the stationary CESM window. Light-blue: weighted histogram of decoded particles; orange: weighted KDE overlay;
black dashed: truth value; cyan dashed: noisy observation. The prior is the decoded forecast ensemble before assimilation at step k; the
posterior is the same ensemble after assimilation. At this time step the posterior contracts sharply around the noisy observation, with the

truth—posterior gap of order oo, as expected from the all-variable likelihood.

defined as the first persistent threshold crossing, requiring at least two consecutive snapshots (i.e., min_run = 2) above the level
to avoid registering single-snapshot blips.

The warning probability (Fig. 10b) remains close to zero during the early part of the simulation and then rises sharply
(Fig. 10c) before the true collapse year. The probability exceeds 0.5 at approximately year ¢(P, > 0.5) ~ 1651, corresponding
to a lead time of about 1803 — 1651 ~ 152 years, and exceeds 0.9 at approximately year ¢(P; > 0.9) =~ 1726, a lead time
of about 1803 — 1726 ~ 77 years. The result indicates that the posterior particle distribution contains enough information
by approximately year 1650 to assign more than 50% probability to a collapse within the following 7 = 150 years, and by
approximately year 1725 that probability exceeds 90%.

These warning years are subject to three sources of uncertainty. First, a crossing year can only be resolved to the snapshot
stride, here 25 years. Second, the autoencoder and the latent dynamics network are retrained for each realisation of the exper-
iment, and the resulting latent coordinates are not identical between trainings; repeating the training moves each crossing by

one snapshot interval. Third, the particle-filter seed contributes an interquartile spread in P, of at most 0.026 across the N,, = 5
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Figure 10. Warning probability P- for a rolling horizon of 7 = 150 years, as a function of learning year ¢;. (a) Truth 126N 1000m (grey)
with the collapse threshold ¥. =5 Sv (red) and the truth collapse year tcoliapse = 1803 (black dotted). (b) P (¢x) over the full range of
saved snapshots, computed by projecting the posterior particle ensemble at each t; forward over [tx,tr + 7] under the actual forcing and
testing first passage of the decoded ¥26 n,1000m below U.. Snapshots are saved every 25 years; the dark blue line is the median over N, = 5
particle-filter seeds, the blue band their interquartile range, and the thin grey lines the individual seeds. The green and orange dashed lines
mark the first persistent crossings of P- = 0.5 and P = 0.9, at years 1651 and 1726, requiring at least two consecutive snapshots above
the level. The grey shading indicates the window shown in (c). (c) The same curves over the transition window 1400-1800. (d) Spread
across the five seeds: interquartile width (blue) and full range (grey). The spread is non-zero only during the transition, reaching a maximum
interquartile width of 0.026, since elsewhere every seed gives Pr =~ 0 or 1. Note that a snapshot is only scored when the full horizon 7 fits

inside the training window, so the probability curve ends at year 3350 while the truth in (a) extends to 3500.
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particle-filter seeds, peaking at year 1576 on the rising limb and confined to the transition window (Fig. 10d), since elsewhere
every seed gives P, ~ 0 or P; ~ 1. The warning years are therefore determined to approximately one snapshot interval, with
the training-to-training variability dominating the contribution of the filter itself.

Two limitations should be kept in mind. The projection uses the actual forcing scenario over the time horizon rather than a
forecast of it, so P, measures the information content of the posterior state estimate under a known forcing trajectory, not the
combined uncertainty of state and forcing. The transition from low to high probability also appears abrupt in the figure even
though the underlying curve is continuous in ¢;, because the probability is evaluated only at saved snapshots. Even with these
limitations, the result demonstrates that the autoencoder—particle filter framework can be used not only for state estimation, but

also for probabilistic prediction of a future tipping event.
3.2.6 Performance

Also in the CESM example, a Brier-score verification has been applied to measure the skill of the probabilistic forecast (Fig-
ure 11) using N, =5 particle-filter seeds. Unlike the box-model case, CESM provides a single truth trajectory, so these
seeds sample the filter and forecast noise rather than independent realizations of the event. The forecast obtains a Brier
score Bg = 0.0067, and its Murphy decomposition (Figure 11a) Bs = Brrr, — Bres + Bunc pairs a small reliability term
(Brer = 0.0066) with a resolution (Brgs = 0.25) that recovers almost all of the climatological uncertainty (Bync = 0.25).
The forecast is sharp (Figure 11e), assigning confident probabilities near 0 or 1 to 93% of snapshots, with 1% ambivalent.
Relative to the reference forecasts it scores a Brier skill score Bgg = +0.97 against climatology, +0.85 against persistence
of the observed state and +0.82 against linear extrapolation (Figure 11b). The score is stable under changes in the snapshot
stride (save_every) and temporal offset, with Bg between 0.004 and 0.012 and Bgg above +0.95 with respect to climatology
(Figures 11c,d).

These numbers should be read with the composition of the verification sample in mind. The scored snapshots span the
full window, so roughly half of them lie after the collapse, where the event has already occurred and the forecast correctly
returns P; =~ 1. The base rate is therefore close to 0.5 (Fig. 11e) and the climatological uncertainty term takes its maximum
value Bync = 0.25; a substantial part of the resolution, and hence of the skill scores, is earned on snapshots that are trivially
classified. The scores demonstrate that the forecast is calibrated and does not merely track the base rate, but they overstate
the difficulty of the task relative to a verification restricted to the pre-collapse period. The lead-time audit (Fig. 11f) gives a
median warning lead of ~ 77 years at p* > 0.9 and ~ 127 years at p* > 0.7, identical across the min_run persistence settings.
At the more permissive thresholds the audit returns ~ 152 years at p* > 0.5 and ~ 202 years at p* > 0.3; the latter exceeds
the horizon 7 = 150 years over which P; is defined, and the former lies at that ceiling, so neither can really be interpreted as a

warning issued that far ahead. Only the leads at p* > 0.7 and above are bounded strictly by 7 and are quoted as such.

20



https://doi.org/10.5194/egusphere-2026-5755
Preprint. Discussion started: 3 November 2026 EG U
© Author(s) 2026. CC BY 4.0 License. Sp here

(a) Murphy decomposition: BS = REL — RES + UNC (b) Comparison to baselines
0.25 4 0.2500 0.2500 W baseline BS
BSS=+0.97 = actual BS = 0.0067
0.201
2
c
[
S 0.15 1
Q
£
o
o
© 0.10
f
o
0.05 BSS=+0.85
0.0066 0.0067
0.00 -
REL BS . a‘°\°q\1 e \0‘35\ . e‘,:g(av‘
A e‘s.ﬁ‘et\ e
(c) Stride sensitivity
0.008 1 0.012 1 r 0.985
r 0.980
4 0.010 A
0.007 L 0.975
r 0.970
0 %) w0 4 wn
2 0.006 4 g 8 0.008 2
r0.965
0.006 1 L
0.005 - 0.960
r 0.955
0.004 -
0.004 A  0.950
3x10' 4x10! 6x 10! 102 2x10? 0 10 20 30 40 50 60 70
save_every (yr) offset (yr)
(e) Sharpness: confident 93%, ambivalent 1% (f) Lead-time audit (median across seeds)
—— base rate 0.50 ! 200
300 1 0.9
180
2501
160 ©
>
200 A Q07 2
2 k=] ©
5 2 140 £
8 150 o g
=t o
= 0.5 120 g
1001
100
50 4 0.3 202 202 202
0- . . ‘ 80
0.0 0.2 0.4 0.6 0.8 1.0 1 2 5
P min_run

Figure 11. Brier-score verification of the CESM forecast. (a) Murphy decomposition Bs = Brrer, — Brrs + Bunc (Brer = 0.0066,
Bres = 0.2500, Bunc = 0.2500, Bs = 0.0067). (b) Comparison to the reference forecasts (Bss = +0.97 versus climatology, +-0.85 ver-
sus persistence of the observed state and 4-0.82 versus bootstrapped linear extrapolation). (c) Stride and (d) offset robustness of Bs and Bgs.
(e) Sharpness histogram of P, (93% confident, 1% ambivalent; the dashed line marks the base rate of 0.50). (f) Lead-time audit (median
across seeds): median warning lead of 77 years at p* > 0.9, 127 years at p* > 0.7, 152 years at p* > 0.5 and 202 years at p* > 0.3, stable

across the min_run setting.
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4 Summary and Discussion

A skillful warning system for a strong AMOC weakening at decadal-to-centennial lead times is important for disaster pre-
paredness and for deep adaptation (Nummelin et al., 2026; Biesbroek et al., 2025). In this paper, we have provided a prototype
of a probability based warning system. It consists of a model update rule (equation or data based), a particle filter method, a
method to compute warning probabilities, all embedded in an OSSE testing framework. Note that this is still a prototype, as
much work has to be done to generalize it to include effects of model bias, to assimilate real observations and to address the
sensor location problem.

The approach was illustrated using the Stommel-Cessi box model (Stommel, 1961; Cessi, 1994), where the update rule is
provided by two coupled stochastic differential equations and both the bifurcation diagram and transition behavior are well
known. Because of its small dimensionality, a large ensemble can be used in the particle filter and in the computation of
the transition probability. Here, we illustrated the use of Trajectory Adaptive Multilevel Splitting (TAMS) for the transition
probability computation, although this method is only needed when transition probabilities are low and/or when evaluating the
update rule is expensive. It was subsequently applied to output from the Community Earth System Model (CESM) under a
background pre-industrial climate and quasi-equilibrium freshwater flux forcing. For this case, we build a data-based update
rule using an autoencoder method from a 10-dimensional physics-informed set of quantities of the CESM state vector. In this
case, both particle filtering and warning probability are carried out in the latent space of the autoencoder; a Monte Carlo method
was used for determining the warning probability.

The final result obtained is an estimate of the warning probability
PT(tk') = P(tc S tk +7 | }’1:k)’ (27)

where £ is the first time that the AMOC strength U at 26°N becomes smaller than a critical value ¥, 7 is the chosen time
horizon and y;.; denotes the observation vector up to the present analysis time ;. Such a quantity can be used to provide
alarms when specific probabilities are exceeded for given forecast horizons. Using an OSSE approach, it was shown that this
warning system has high skill in providing a warning for the AMOC collapse, as found in the CESM (van Westen et al., 2024),
giving for example a probability exceeding 0.7 about 127 years before the collapse threshold. The Brier Skill score is about
+0.85 compared to persistence.

There are three key challenges in this approach. The first is determining a proper model update rule. In the CESM case,
it is impossible to use the full model state vector evolution because it is then computationally too expensive to use a large
ensemble. The second is the weight degeneracy problem (see also Appendix C) in the particle filter method (Frei and Kiinsch,
2013), being one of the reasons why such a method is not used operationally in weather (and for example hurricane track)
forecasting. The third is the computation of transition probabilities, where also a large ensemble (when using Monte-Carlo)
or an adequate score function (when using TAMS) are required. There is room for large improvements here which are left for
future work. In addition, we have not considered any model errors when using a perfect-model OSSE, where the truth model,
particle-filter forecast model, and TAMS/Monte Carlo model are identical for the box model; for the CESM, only emulator

error is considered. This isolates only uncertainty due to observational noise, finite particle number, finite Monte Carlo or
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TAMS sampling, and finite time stepping, but not model biases. The latter bias is an important issue as model differences are
the dominant uncertainty of 21st-century AMOC weakening in CMIP6 models (Portmann et al., 2026).

We have focussed here on an AMOC warning system, but the approach can also be applied to other tipping phenomena
(Lenton et al., 2025). Of particular interest are transitions in the North Atlantic Subpolar Gyre (SPG). Here, the mechanisms
of transition are related to changes in convection, boundary layer current strength and mixed-layer depth and hence different
observables have to be used (Born and Stocker, 2014) than for the AMOC. Because the transition time scale is considered to be
shorter than for the AMOC, it may be more feasible to use large ensembles, even for Earth System Models, to obtain a skillful
warning probability.

Finally, we have not addressed the sensor placement problem where some of the observations contribute much more infor-
mation to the warning probability than others. However, this problem can be addressed systematically in our OSSE approach,
where the observations used in the particle filter can be varied to find an optimal sensor arrangement for a warning probability.
For the AMOC, this may not be so relevant as the available observation locations (from array data or satellites) may not change

over the next decades, but for the SPG transitions, this may likely be useful.

Code and data availability. The codes and data to reproduce all the figures in the main text of the paper can be downloaded from https:

//doi.org/10.5281/zenodo.22860525.
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Appendix A: Trajectory Adaptive Multilevel Splitting

After the particle filter approach, the probability P, (¢;) is approximated by

waj)pT z"). (A1)

where for using TAMS above Monte Carlo methods, it is assumed that p, (x) is very small. In TAMS, a score function S is
required which monitors the progression towards the desired target. For a simulated trajectory w = {mn}fy;o over a time T,
define its maximum progress score as

S(UJ) = Ogr}i)](\/,.g(wn) ; §($n) =Vv.-v (A2)

and let the transition event be indicated as
A ={S(w) > 0}. (A3)

For a fixed initial condition =, TAMS begins with N7 independent trajectories w®), ..., w 7). For each trajectory compute
S;=8 (w®), it finds the least advanced trajectory j, = arg min; S; and its score £ = .S;, . Next, it removes trajectory j,. and
selects a survivor trajectory j with S; > ¢. Finally it finds the first time T(j ) at which I3 (w(TJ )) >/, clones the trajectory j up to

(j ) and continues the clone with a new stochastic forcing. If K killing/cloning steps occur before termination and a number

Nyt of the final replicas reach the event, the one-kill TAMS estimator is

N,
~TAMS b hit
s = (1) e (a4)

The full observation-conditioned probability estimator is therefore

Zw(z PTAMS (g ))_ (A5)

Appendix B: Auto-encoder performance

The hyperparameters of the autoencoder and the latent dynamics network are listed in Table B1. All ten diagnostics are stan-
dardised with the mean and standard deviation of the training set (years 1-1499 and 1701-3500); years 1500—1700 are held
out for validation. The encoder and decoder are fully connected networks with two hidden layers of 128 units and tanh acti-
vations, mapping the ten diagnostics to a latent state of dimension L = 4 and back. The autoencoder is trained on the squared
reconstruction error summed over the ten standardised variables.

The latent dynamics network has the same hidden structure and predicts the increment Azy from (zg,ug), with u, =
(Fy/0.66, rr). Its output layer is initialised close to zero, so that training starts from persistence. It is first trained on one-step

increments (Fig. B2) and then refined on free multi-step rollouts with a curriculum in the rollout length K = 5,10, 20, 30,40,
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Table B1. Hyperparameters of the autoencoder and latent dynamics network.

Autoencoder Dynamics (one-step)  Dynamics (multi-step)
Architecture 10—128 —128 —4 (+ mirror) 6—128—128—4 as one-step
Activation tanh tanh tanh
Parameters 36878 17924 17924
Optimiser Adam Adam Adam
Learning rate 1073 1073 3x107*
Batch size 264 264 264
Updates 5000 5000 2500
Gradient clipping (norm) - 1.0 1.0
Rollout length K - 1 5, 10, 20, 30, 40
Training / validation samples 3299 /201 3297 /200 pairs -

which is required for the rollouts to reproduce the timing of the collapse (Fig. 8). In both networks an “epoch” denotes one
gradient update on a mini-batch of 264 samples drawn at random from the training set.

480 A limited sensitivity test was performed at fixed L = 4 with three alternative autoencoder configurations: a decoder-Jacobian
penalty (A = 1072 and 5 x 10~2) and increased loss weights for Fi.s, Foyn, Ty and S (A = 1073). None of these reduced the
ratio of decoded prediction spread to filter observation noise below a factor of two for all variables, so the unregularised config-
uration was retained. The latent dimension itself was not varied. Figures B1 and B2 show the performance of the autoencoder

and the latent dynamics network.
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Figure B1. Training and validation loss for the autoencoder over 5000 epochs, on linear (left) and logarithmic (right) scales. The training set
comprises years 1-1499 and 1701-3500, with years 1500-1700 held out as the validation block, chosen to span the pre-collapse approach
into collapse onset. Loss is the mean per-sample sum-of-squared errors over the ten normalized diagnostics. Both curves plateau by epoch
~ 2500 and remain close throughout, indicating no overfit; the validation loss tracking the training loss across the regime transition is the

key generalization check before the AE is fed into the latent dynamics and particle filter pipelines.
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Figure B2. Training and validation loss for the latent dynamics network over 5000 epochs of one-step prediction training, on linear (left) and
logarithmic (right) scales. The validation loss lies below the training loss consistently; this reflects the placement of the holdout block (years
1500-1700) in the early-collapse approach phase, where one-step latent residuals are smaller than in the noisier multi-century stationary
regime, rather than any anomaly in generalization. The plateau is reached by epoch ~ 1000 and the loss remains stable thereafter, confirming

that the residual dynamics of Eq. (24) with two-channel forcing (Fs,7F) is well-posed on the training data.

Appendix C: CESM Particle filter performance

For CESM, filtering is performed in latent space, which keeps propagation cheap and lets uncertainty be controlled through
a low-dimensional process noise. Observation likelihoods, by contrast, are evaluated in the original physical space, since that
is where the data live and where the noise model is specified. The weight degeneracy in the particle filter is monitored by
the effective sample size, ESS = (Zi(w(i))z) _1, and handled by an EnKF-guided proposal in latent space (Frei and Kiinsch,

2013). The cross-covariance between latent particles and their decoded observations produces a Kalman gain that translates
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observation-space innovations into latent-space corrections; each particle is then nudged toward a particle-specific perturbed
observation before the likelihood is evaluated. The observation-noise covariance is inflated by a factor 1/~ so that the nudge is
damped instead of collapsing the ensemble onto a deterministic estimate, and the importance weights are tempered by (1 — ),
which allows the proposal to remain approximately consistent with the posterior. This single change shifts the operating regime
from almost-always-degenerate to one in which the filter can run the full trajectory without continuous emergency reseeding.
It is important to note that the EnKF approach does not, by itself, guarantee that the filter uncertainty is statistically well

calibrated. This calibration is assessed using the Normalized Innovation Squared (NIS), defined as

NIS =v7S5 1y, (CI)
where the innovation vector is

V = Yobs — Ypriors (C2)
and the innovation covariance is

S = Covy (¥prior) + R. (C3)

Here, Cov, (¥prior) 18 the weighted covariance of the predicted observations computed from the prior ensemble, before the
EnKF nudge is applied, and R is the observation-error covariance matrix. NIS is a practical diagnostic as it distinguishes a
well calibrated filter from one which produces a low posterior spread through an overconfident likelihood or, on the other hand,
from one whose R has been inflated so considerably that NIS is far below the X?L,obs expectation.

These two failure modes are interpreted in opposite ways. Values of NIS > E[x?] suggest that the forecast is drifting away
from the observations, or that the filter is over-confident in its predicted state. In contrast, values of NIS < E[y?] indicate
that the innovation covariance S is too large, meaning that the diagonal observation-error covariance R absorbs more uncer-
tainty than is justified by the actual observation mismatch. This second behavior is observed in the all-variable CESM filter:
NIS/nebs < 1 for almost all candidate observation subsets. Therefore, the limiting factor is not the ability of the observations
to infer the target variable, but rather the mis-specification of o,}s, Which controls which observation subsets are statistically
feasible when assimilated together. In the CESM implementation, the observation-noise budget was separated into a truth-side
observation noise and a filter-side observation noise, each calibrated per channel as a fraction of the corresponding climatolog-
ical variability, following the covariance-calibration perspective of Mehra (1970) and Dee (1995). This avoids carrying a single
hard-coded value of o, across all variables.

In addition, the operating observation set was reduced from all ten state-vector elements to {Foy5,%26N,1000m }- This re-
moves, among others, Ymin deep and Fy, v, whose small filter-side observation error (a consequence of their near-perfect
reconstruction) dominated the likelihood and caused the intermittent ESS = 1 collapses of the all-variable filter. To prevent the
filter from degenerating, the EnKF nudge and the weight update are applied adaptively: a step is assimilated only if at least
three steps have passed since the previous assimilation and the effective sample size before the update exceeds 0.3/N. Over the

stationary window this leaves 134 assimilation steps out of 400. With the operating set, the minimum ESS at assimilation steps
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is 374/1000 (40 resamples, ~ 30.0% over 134 assimilations; Figure Cla). The filter remains under-confident, with a mean NIS
of 0.82 against E[x3] = 2, and the lag-1 innovation autocorrelation exceeds the white-noise bound for both channels (0.17 for
I, and 0.44 for 196 5,1000m ), partly because innovations are also evaluated on non-assimilation steps. This is consistent with
the o, misspecification discussed above.

The same mismatch explains the posterior-mean errors in Figure C1d. Measured in units of o fiter, the error reaches 16.5
for Ymin,deep, 11.8 for Ty and 10.4 for F,, n, which would suggest that the filter fails badly on these channels. Measured
against their own climatological variability, however, the posterior-mean error lies between 0.6 and 1.0 for all ten diagnostics,
with a median of 0.74. The filter therefore estimates every channel to a comparable physical accuracy; what differs is the width
of the error bar it was assigned, which for the best-reconstructed channels is only 6 to 9% of their natural variability.

For CESM, the all-variable filter is strongly under-confident (NIS/nops < 1) and suffers intermittent ESS collapses driven
by the tight filter-side observation error of the best-reconstructed channels, ¥min,decp and Foyn. Reducing the operating set to
{Fovs;¥26N,1000m | and separating truth-side from filter-side observation noise removes these collapses. The resulting diagnos-
tics on the stationary window (Figure C1) show a mean NIS of 0.82 against a reference mean of 2, falling within its confidence

band 94% of the time, and a posterior on 926N 1000m that tracks the observations at the oobs, filter level.
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Figure C1. CESM particle-filter diagnostics on the stationary window (years 1-400) for the operating configuration {Fo.s,%26N,1000m }

with EnKF-guided proposal (7 = 0.5): (a) ESS after the weight update at assimilation steps; (b) NIS time series with the x3 95% interval;

(c) NIS distribution against X%; (d) posterior-mean RMSE in units of oobs,siter (Orange: assimilated channels); (e) lag-1 innovation autocor-

relation; (f) ¥26 N, 1000m truth, observations and posterior (£20).
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