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Abstract. A fundamental understanding of the processes governing atmospheric dispersion of contaminants is essential for
optimizing the emergency response following a biological incident. We present a mechanistic, vertically resolved atmospheric
dispersion model that couples advection and diffusion in the atmosphere with surface deposition, resuspension and decay due
to inactivation through a flux-exchange lower boundary. Air-clearance time is compared for two analytically solved reference
cases, namely (i) perfect contaminant deposition and (ii) zero contaminant deposition. The model is applied to scenarios with
constant turbulent diffusivity, a linear parameterization of turbulent diffusivity, and time-dependent resuspension, and compared
to the reference cases. These scenarios are studied numerically. A non-monotonic dependence of the air-clearance time on the
ratio of resuspension rate to deposition velocity is observed. We refer to the parameter region in which the air-clearance
time exceeds that of reference case (ii) as the overshoot regime. This behaviour is associated with a slowly evolving air-
surface exchange state with airborne contaminant. This regime is observed both for the scenarios assuming constant turbulent
diffusivity and the linear parametrization of the turbulent diffusivity. The time-dependent resuspension is a logistic decay
function which can be used to emulate scenarios with time intervals of high and low traffic. The model provides a simplified
framework for investigating atmospheric persistence and air-surface exchange processes and may serve as a building block for

more comprehensive atmospheric dispersion models.

1 Introduction

The decontamination response following the 2001 anthrax letters incident in the U.S implied that some facilities could not
be reopened for more than 2 years. For a larger-scale incident, the work with decontamination would be even more extensive
Franco and Bouri (2010). It is therefore important to develop predictive tools that support authorities in decision-making during
such events.

Modeling passive dispersion of particles in the atmosphere with surface deposition and resuspension has been done in a
number of studies, see the review by Sehmel (1980a) for some of the early work. Henry et al. (2023) define resuspension as
the process where particles re-entrain in to the atmosphere after deposition due to weather or mechanically inducement. In the

case of surface contamination of a biological contaminant with high persistency after deposition, it cannot be neglected that
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resuspension can cause hazardous exposure by inhalation for long-term periods (days to weeks) Layshock et al. (2012). In this
case, emergency responders must include counter actions in their decision process such as evacuation and decontamination.
The aim of this work is to present a mechanistic model that includes advection, diffusion, deposition, resuspension, and
surface inactivation processes that affect the spatio-temporal concentration of a biological contaminant in a column of air.
Deposition, resuspension and decay due to inactivation of material are modeled through the lower boundary of the system. The
model enables estimation of an air-clearance time, defined as the time at which the airborne contaminant mass decreases below
a specified threshold value. The primary purpose of the model is to provide a mechanistic understanding of the interactions
between atmospheric transport, deposition, resuspension, and surface inactivation and to quantify their influence on airborne
persistence. We envision the framework as a building block for more comprehensive atmospheric dispersion models that may

additionally include infective dynamics, flow around buildings, and other environmental processes.

2  Model Description

Fig. 1 conceptualizes the model. The model is a mechanistic description of the vertical processes governing atmospheric
dispersion. It is not intended to model horizontal concentration gradients, building wakes, urban-canyon flow structures, or
other three-dimensional flow phenomena. Instead, the model is designed to investigate the fundamental mechanisms governing
vertical transport and air-surface exchange processes. Airborne biological contaminants, denoted A, undergo advective and
diffusive transport due to gravitational settling and turbulent mixing, respectively. When the contaminants come into contact
with the surface they may adhere to the surface (deposition). We denote the deposited contaminant Ag. At the surface contam-
inants can decay to an inert compound, B, or the contaminants can detach from the surface and be resuspended in air. Let the
concentration of A be denoted a, with unit mass per length, and the mass of deposited contaminant A be denoted as. Then

the conservation laws in one dimension read

Oa 0J,

5 = "5 (0<z<L) ey
das

th =rq—Ts—T; (z=0) 2)

where J, is the flux of a, 4 the deposition rate, r; is the resuspension rate, and 7, the decay rate of A into the inert compound.
L is the characteristic height of the system. Applying Fick’s law the flux of a is simply

da
0z
where K is the turbulent diffusivity Taylor (1922); Richardson (1926); Sutton (1953), and v is the settling velocity of

Jo=—-K, — Uset@, 3

the contaminant due to gravitational pull. In general K, and vy are functions of position and time, i.e., K, = K. (z,t) and

Uset = Uset(2,t). The rates for the deposited contaminant are given by
Td = Udep@, T's = Aresas, and 7. = aay , “4)

where vgep is the deposition velocity, A the resuspension rate coefficient, and « is the decay rate coefficient. We have used

the symbolism found in the literature Slinn (1976); Calder (1961); Nicholson (1988); Sehmel (1980b). The decay r,. is here a
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Figure 1. Illustration of the model mechanisms. The vertical dispersion of airborne contaminants, A, is governed by diffusion and advection.

Contaminants can be deposited to the surface, A, and re-suspended into the air. Deposited contaminants may be removed by a given rate

using active decontamination efforts or by simple decay giving rise to an inert compound, B. Rate constants are explained in the text, and L

is the system characteristic height.

simple linear decay, however, r,. can take any functional form depending on the underlying bio-chemical processes and may

also include effects of human infection.

We now introduce the following dimensionless quantities: @ = a/ag, as = as/(agAzs), 2= z/L, and 7 = (vs/L)t, where

ag is a concentration value used for scaling and Az is the thickness of the near-surface boundary layer. Substitution into the

flux and rates we obtain

oa_o (1 on) oa
or 02\ Pedz) 0z
da’s * o~ * *\ ~
ﬁ = Udep@z=0 — (Ares+a )as

0<z<1) ()

—~
IS 3
Il
o

S~—

(6)
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where Pe = vy L/ K, is the Peclet number and

Ares L . oL
——, A = ,and o = —.
Vset Azg Uset Uset

*

(7
The boundary at z = L (upper boundary) is always a homogeneous Dirichlet boundary, i.e., in terms of dimensionless units
a(l,7)=0. ®)

This boundary condition models the removal of the biological contaminant by free flow above the boundary layer, where the
contaminant concentration is zero. In the following we investigate the model predictions for the contaminant concentration in
air and surface under different conditions at the lower boundary z = 0. To ease the reading we will, unless otherwise stated,

omit the tilde notation for dimensionless quantities as well as replace 7 with £.
2.1 Solutions to reference cases

In this section we solve the model for two limiting cases: (i) perfect deposition and (ii) zero deposition For both cases we let
the Peclet number be constant, that is, Eq. (5) reads
ou_ 10, 0

ot  Pedz?2 0z

These two limiting cases serve as reference cases for the more general scenarios investigated in the next section. Analytical

€))

solutions to these linear problems are well-known see e.g. Refs. Farlow (1993) and Glinowiecka-Cox (2022), but for complete-

ness we briefly outline the treatment and the results. A detailed derivation of case (ii) can be found in appendix A.
2.1.1 Case (i)

Here the agent concentration at z = 0 is zero due to the perfect deposition, thus, we have a homogeneous Dirichlet boundary
a(z,t) =0 (z—0). (10)

This case entails a drainage of A at both system boundaries. Importantly, the dynamics of a decouples ag, i.e., we may seek

the solution for a only using Eq. (9). The Dirichlet problem has the solution

a(z,t) = qb(z,t)ZAnsin(kznz)e*%t, (11)

n=1
where k,, € R is the wave vector, k, =nm,n € N, and the Fourier coefficients are given by the initial distribution of the
agents a(z,0)
1
A, = 2/e%za(2,0)sin(knz) dz. (12)
0

The pre-factor function ¢ depends on the Peclet number

d(z,t) = e Pe(5T4) (13)
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It can be seen that @ — 0 as t — oo for all z € [0;1], thus, the steady-state solution is the trivial solution as expected with the

Dirichlet boundaries.
2.1.2 Case (ii)

In the case of zero deposition we obtain a no-flux boundary (zero deposition)

Oa(z,t)
0z

+ Pea(z,t) =0 (z—0) (14)

This is also known as a Robin boundary. The solution is on the form

a(z,t) :¢(Z7t) (YO(Z7t)_Yl(Z7t))> (15)
where
Yo = xo(z,t) + ZA” cos (Kn2) e~ et (16)
n=1
and
Pe X A, . _hy
Y1:X1(Z,t)+7zﬂ—nsm(nnz)e Pe” | (17)

n=1
The wave vector k,, € R is given by the non-linear relation tan(k, ) = 2,/ Pe; see appendix A for details. In the situation
where Pe > 2 the relation allows for an additional fundamental solution and the functions ( and x; are defined as

0, if Pe <2

Xo(z,t) = { Ao, if Pe =2 (18)
A, cosh (koz) e;jet, if Pe > 2,

and

0, if Pe < 2

x1(2,t) =< Aoz, if Pe=2 (19)

2
Pe Arg aloas .
S sinh (koz)ePe’, if Pe > 2.

The Fourier coefficients for n € N are given by

fol cos (Kpz) — 25 sin (K, 2) e'T%a(z,0)dz

A, = : 5 (20)
N (COS(I{nZ) — 5 sin (nnz)) dz
For Pe > 2 we also have
1 Pe : Be ,
A = Jo cosh (ro2) — 5.5 sinh (koz) ez *a(2,0)dz e

) 2
In (cosh(/-eoz) - &sinh(noz)) dz

2&0
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Figure 2. Concentration profiles for different times and airborne mass with respect to time; dimensionless time ¢t = 1 corresponds to approx-

imately 9 hours. (a) and (b): Case (i) - perfect deposition. (c) and (d): Case (ii) - zero deposition. In both cases the Peclet number is 4. The

initial condition is given by Eq. (25), and t. is the air-clearance time see Eq. (26).

For the case where Pe =2, A is calculated from Eq. (20) when k,, — 0. Again, one can see that the steady state solution,
a = 0, is the trivial zero solution. Fig. 2 shows an example of the concentration profiles for case (i) and case (ii) as function of
time for Pe=4 with a Gaussian distribution as initial conditons, see Eq. (25). One clearly sees that the contaminant drains from

the system much quicker for case (i) compared to case (ii); which is expected.

2.2 Relaxation time

Case (i): From distribution of the prefactor ¢, Eq. (13), into the Fourier series in Eq. (11) one can see that each term in the

series has a characteristic relaxation time ¢,, = 4Pe/ (P€2 + 4k%) . This means that each Fourier mode feature a non-monotonic
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relaxation with respect to the Peclet number. We define two regimes

small Pe: ¢,, < Pe

large Pe: t,, x 1/ Pe.

That is, for small Peclet numbers (diffusion dominated) the decay rate for a given mode decreases for increasing Pe, whereas
for large Peclet numbers (advection dominated) the decay rate increases with increasing Ple.

Case (ii): When Pe < 2 we have the same relation for a given Fourier mode as in the first regime for small Pe in case (i).
When Pe > 2 in case (ii) the additional wave vector, <y, dominates the relaxation time of the system, implying a much higher

value than for the modes with n > 0 since

1
i 22)
4 Pe
1
t'n, = ﬁ . (23)
T T Pe

For large Pe in case (ii), we have that ¢y > t,, with an exponential increasing relaxation for the additional wave vector

1
large Pe: tg o ﬁepe,

see Appendix A, section A4 for a detailed derivation.

3 Example Applications

For general scenarios, we define the lower boundary z — 0 as a Robin-like boundary with flux exchange to and from the
surface, as presented in Slinn (1976),

da(z,t)
0z

TeS

+ Pea(z,t) = vgpa(2,t) — Agsas(t) (z—0). (24)

Using this boundary and the initial condition in Eq. (25) we will study different scenarios as predicted by the model from
numerical solutions using a standard finite volume scheme, see appendix B for model verification. To our knowledge, no

suitable validation data are currently available for the specific application considered here.
3.1 Model setup

In this section we present the model parameters, K, L, Vs and vqep With dimensions. The parameter values used throughout the
study are summarized in Table 1. In all scenarios except the case with linear parametrization of K ., we use an effective constant
value of K, = 0.075m? s~! which implies Pe = 4 with L = 100m. The settling velocity is set to ve; = 3 x 1073 ms~! based
on Stokes’ law for particles with a diameter of 10 um, Salem and Katz (2016). We choose vgep = 5 X 10~*ms~! (alow estimate
for 10 um particles, see for example Sehmel (1980b) and Giardina and Buffa (2018)). When investigating the dependence on

A}/ Vjep the resuspension rate is varied over the range Ares = 1.25 x 107757 t0 6.25 x 10~ "s~". The range was chosen to
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Table 1. Parameter ranges used in this study; see text for references

K. [m?s™']  ve[ms™']  wvgep [ms™] Aves [s71] als™'

0.075-1 3x1073 5x107% 1.25x1077-6.25 x 1071 0-5x10"3

*
Tes

ensure that the corresponding values of A%/ v(’j"ep encompass the full spectrum of air-clearance time behaviour bounded by the
two reference cases for o = 0. The initial condition is set to be a Gaussian distribution, in dimensionless form
1 —(2-0.5)2

e 2027 25
V2mo (23)

where o = 0.05. Note that we have chosen an initial condition where the total dimensionless mass is 1.

a(z,0) =

3.2 Air-clearance time

The air-clearance time, ¢, is introduced as a diagnostic metric for comparing model behaviour across scenarios. It should not
be interpreted as a risk metric or an operational decision threshold directly. Rather, it is used here as a measure of airborne

persistence and is defined as the first time at which the airborne contaminant mass falls below a prescribed threshold value

1
/a(z,tc)dz:C, (26)
0

we choose C' = 0.01 in this study corresponding to 1 % mass remaining. It is important to note that ¢ only gives a time measure
of air concentration and not surface concentration. If the surface concentration enters the definition, the values of ¢, will be
different by orders of magnitude depending on the specific scenario. For example, when o = 0 the only drainage is through the
upper boundary. Here the values of ¢, will strongly depend on the size of the fraction of the resuspension rate and deposition
velocity. For small fractions, deposited material re-enters the air at a slow rate after some time, giving very large values of t..
The air-clearance time is used throughout this study because it provides a simple measure of airborne persistence and allows
direct comparison with the reference cases. The relationship between t. and Pe for cases (i) and (ii) is shown in Fig. 3. As
expected, t. increases with increasing Pe for both cases in the Peclet number interval studied here, and is relatively larger for
case (ii). For case (i) this indicates that we are in the diffusion controlled regime. For case (ii), the increase in ¢, begins to show

the exponential relationship on Pe in this regime as predicted in section 2.2.
3.3 Scenarios with constant effective value for K,

For comparison with the reference cases we choose constant effective values of K,. Here we present two scenarios: One
that models the dynamics with, and one without inactivation of contaminant deposited on the surface. The inactivation is
modeled with a linear decay, and mimics the removal process by active decontamination or by simple decay of material. The
air-clearance times ¢, are shown in Fig. 4 (a) for these scenarios. The curves in Fig. 4 (a) show the relationship between t. and

the fraction A%/ Vjep Where vgep = 5 X 10~*ms~? for Pe = 4. The blue curve is with no inactivation, & = 0. This relation has
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Figure 3. The relation between the air-clearance time and Pe for reference cases (i) and (ii). Notice the logarithmic scale on the second axis

also been studied for Peclet numbers in the same range as for the reference cases, and shows the same characteristics except

*

for faster air-clearance times for decreasing Pe. A non-monotonic dependence of ¢. on A}

/Viep is observed. We refer to the
region in which ¢. exceeds the values obtained from case (ii) as the overshoot regime. This overshoot is associated with a
slowly evolving air-surface exchange state with a small flux of contaminant from the surface to the air, which is seen in Fig. 5

(c). The total flux exchange from the surface to the air near the lower boundary, is given by

Jsurf—air () = Ajegas(t) — vjepa(z,t) (z—0), 27

Tes 'S

and is positive in positive z-direction. When the system reaches the slowly evolving air-surface exchange state (£ > 1) there is
a small rate of change of mass in the air. Consequently the air-clearance time metric becomes highly sensitive to the remaining
airborne mass in this state. For solutions in which the airborne mass remains above the threshold value C, illustrated by the
dashed line in Fig. 5(a), large values of ¢. are obtained. For sufficiently large values of A,/ Vgep less material deposits on
the surface and the system does not reach a slowly evolving air-surface exchange state. In these cases there is a large flux of
material out of the upper boundary and the system approaches ¢, for case (ii) as mentioned before, see Fig. 5 (b). By adding a

decay for deposited material, c, the overshoot decreases and vanishes for increasing «. This is due to the fact that less material
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Figure 4. Relation between t. and the fraction Af/vg,, wWhere vae, = 5 X 10~"ms™'. (a): Pe =4, (b): Pe(z) given by Eq. (29) with

1

Vet =3 x 107 ms ™!, k5 = 0.4 and u, = 0.3ms™". Lines serve as a guide to the eye.

is available for resuspension which implies a faster air-clearance time. In general ¢. decreases for increasing « for a given

* *
Ares / Udep .

3.4 Linear model for K,

Parametrization of the turbulent diffusivity, K, = K. (z), depends on the atmospheric conditions. We have here chosen a linear

model
K.(2) = kusz, (28)

where « and u, is the von Karman’s constant and friction velocity, respectively. This model is valid in a neutral atmosphere for

flat terrain in the surface boundary layer Monin and Obukhov (1954); Stull (1988). Introducing a spatial dependency for K,

10
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Figure 5. Illustration of the system dynamics with Pe = 1 and varying Ay,. (a) and (b) shows the airborne mass with respect to time where
the dashed horizontal line illustrates the fraction of material which is left in the air with C' = 0.01, and the red marker is the air-clearance
time for case (ii). (c) illustrates the flux exchange of contaminant near the surface with respect to time given by Eq. (27), and is positive in

positive z-direction.

implies a hyperbolic spatial dependency for the Peclet number

Pe(z) = Vsl

RUxZ

(29)

Note that z in Eq. (29) has dimensions. At the lower boundary Pe is defined using the height of the near-surface boundary
layer, Az, = 0.4m. The friction velocity is estimated to v, = 0.3ms~! from the wind profile, Stull (1988),

. — u(z)k
* In(z/2)’

with a near surface (z = 0.4m) wind velocity u =~ 2.2ms ™!, a roughness length zy = 0.02m corresponding to a flat terrain,

(30)

and the von Karman’s constant x = 0.4. Keeping v, constant the discretization of the system gives the range of values of
K,(z) €[0.024;12] for 0.4m < z < 100m which implies that Pe(z) € [0.025;12.5]. As the range of Pe(z) spans 3 orders of

magnitude, this affects the dynamics of the concentration profiles compared to cases with a constant value of K., see Fig. 6.

11
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Figure 6. Concentration profiles for different (dimensionless) times and airborne mass with respect to time; ¢ = 1 corresponds to approxi-
mately 9 hours. (a) and (b): Afs/vge, = 0.01. (c) and (d): Ae/vg., = 1000 - approximating zero deposition. Both cases use the linear model
for K.(z) as in Eq. (28). The initial condition is given by Eq. (25).

Fig. 4 (b) shows the air-clearance times with respect to Af, /v, for this scenario. The blue curve is almost merged with the
orange curve where o = 1.67 x 10~ ! meaning there is no significant change in ¢.. Note that this scenario also implies an over-
shoot in the air-clearance time that decreases and vanish for increasing «. In general the values of ¢. are much lower than for
the scenarios with constant K ,, which is caused by the range of values of K, (z). With physical dimensions the air-clearance

*

times is approximately 30-40 minutes in the interval of Af /vg,, studied here.

3.5 Time-dependent resuspension rate

With a time-dependent resuspension rate it is possible to simulate scenarios with time-intervals of high and low traffic. In a

real situation one could expect an undetected release of a biological contaminant which will not affect the daily traffic until the

12
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Figure 7. (a): Illustration of the scaled resuspension rate with related to 7, A% (7), determined by a logistic decay function, see Eq. (31),
with 7 = 30 and to = 0.76. The physical values of the resuspension rate coefficients are Apin =5 X 1078571 and Apax = 1 x 107%™ 1. (b)

and (c): Concentration profiles for different times and airborne mass with respect to time.

release is detected and the operational activities of the first responders are initiated. By choosing a logistic decay function we
can model this scenario for given time-intervals
* *

(t) — A¥, 4 max - Amin (31)

A min 1_|_eT‘(t—t()) )

Tes

where Apin =5 x 107857 and A e = 1 x 10~#s7! emulates the resuspension rates for low and high traffic, and r and ¢, are
some rate constant and the inflection time respectively. Note that A*, r, ¢ and ¢ is non-dimensionsalized in Eq. (31). The value
of A roughly estimates a low wind induced resuspension rate Sehmel (1980a), and Ay« is arbitrarily chosen to estimate a
vehicle induced resuspension rate. Fig. 7 (a) illustrates the logistic decay function model for A% (7) with = 30 and to = 0.76.
Fig. 7 (b) and (c) shows the concentration profiles for given values of time and airborne mass with respect to time, respectively.
The value of A%, lies in the overshoot regime for vgep = 5 x 104 ms ™1, see Fig. 4 for A}, / Vgep = 0.08, which contributes

to higher ¢.-values depending on the value of the inflection time ¢o. When ¢, exceeds the corresponding air-clearance time it is

constant matching the ones for the given fraction of A, /v, see Fig. 8 for Pe =0.3.

13
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to

Figure 8. Relation of air-clearance time, t., and inflection time, ¢o, for the model with Pe = 0.3,1,4 and o = 0. Note that ¢. and to are

dimensionless. Lines serve as a guide to the eye.

4 Conclusion

We presented a mechanistic model for investigating vertical atmospheric dispersion coupled with deposition, resuspension, and
surface inactivation processes through a flux-exchange lower boundary. The framework is intended to provide insight into the
interactions between atmospheric transport and air-surface exchange.

We apply the model to selected scenarios with a measure of how fast material is cleared from the air. Assuming a constant
effective value of the turbulent diffusion, K., we found analytical solutions to the reference cases (i) and (ii), assuming perfect
deposition and zero deposition, respectively. For case (i) the relaxation times of the system is proportional to the Peclet number
for small Peclet numbers and inverse proportional to the Peclet number for large Peclet numbers. For Case (ii) we have the
same relation as for case (i) for small Peclet numbers, and an exponential relationship for large Peclet numbers. These results
indicates that the studied range of Peclet numbers is in the diffusion controlled regime for case (i). For case (ii) the large values

in the range of Peclet numbers begin to show the exponential relationship.
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The numerical solutions to the model in the scenarios where we allowed an exchange of material in the surface layer, we
found regimes where the air-clearance time overshoots that of case (ii) for constant K ,. This overshoot decreases and vanishes
for increasing decay rates. The same characteristics with the overshoot are also seen in the scenario with a linear parame-
terization of K .. Here the air-clearance time was approximately 2-3 orders of magnitude smaller than for the scenarios with
constant K,. We also showed an example of how to implement a more realistic time-dependent resuspension-rate, describing
the aspects of countermeasures for a biological incident. The model also allows for investigating other scenarios, for example,
wet deposition of the contaminant due to rainout and washout, and for estimating the air-clearance time due to resuspension
of material caused by movement in a surface contaminated area. Future work will focus on additional transport and removal
mechanisms, including activity-dependent resuspension in a hybrid model with continuous dispersion in air coupled with
agent-based activity on the surface. The air-surface exchange formulation presented here may also be incorporated into higher-
dimensional atmospheric dispersion frameworks to investigate the interaction between transport, deposition, resuspension, and

surface inactivation in more complex environments.

Code and data availability. The VADERS model source code is available under the MIT License at https://github.com/MskytteP/VADERS.
The exact version used to generate the results presented in this paper is archived on Zenodo at: https://doi.org/10.5281/zenodo.22790822,
Liboriussen (2026). The archive contains the model source code, numerical verification scripts, figure-generation scripts, and the data required

to reproduce the simulations presented in this study.

Appendix A: Derivations of reference cases

A detailed derivation of the solution to the reference cases (ii) is shown here. The derivation of case (i) follows the same

approach and is therefore omitted. From Eq. (9) we have

Oa 1 9%a Oa

i Wl Al
Ot  Pe 022 + 0z Ab
Assuming a separable solution we can write a as

a(z,t) =v(z,t) p(2,1), (A2)
where ¢(2,t) = €7*T¢ and inserting in Eq. (A1), we get

Ov o 2v\ dv 0%

— —y——=|v—|1l+—=— | =—==—. A3
ot * (6 Pe) v ( + Pe) 0z 022 (A3)
Ife= —% and y = —%, then Eq. (A3) has the form of a pure diffusion equation which can be solved using separation of
variables

v 1 0%

— = A4
Ot  Pe 022 (Ad)
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The boundary conditions for the transformed variable is,

ov(0,t) Pe B
7 + 71)(0,” = 0

v(1,t)=0.

By separation of variables, v(z,t) = Z(z)T'(t), we get from Eq. (A4)

7" =-\Z
1

T — —— AT
Pe 7’

which by the assumption of Z(z) = e"* Eq. (A7) gives

r==+v-A.

(AS5)

(AO6)

(AT)

(A8)

(A9)

A is a separation constant that will be determined in the following subsections. Note that by separation of variables we get the

following boundary conditions for Z from Eqgs. (AS) and (A6)

0Z(0) N Pe
0z 2

Z(0)=0

Z(1)=0.
Egs. (A7), (A10) and (A11) is a regular Sturm-Liouville problem, and we will use the properties from this later on.
Al Casel: A=k2>0
The general solution is
Z (z) = Cycos(kz) + Cosin (kz) .
By inserting Eq. (A12), in Eqs. (A10) and (A11) we get

P
Cor + 7601 =0
Cycos(k) 4+ Casin (k) =0,
which has non-trivial solutions when
2K
tan(k) = —.
an(k) Po

Let C; = 1 then from Eq. (A13) we have Cs = —%, which implies

Z(z) =cos(kz) — ;}:sin(nz) .
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Using the solutions to Egs. (A7) and (A8) we can write the seperated solution as

En

Zn(2)T,(t) = (cos(nnz) - ZP—eSin(ﬁn )) Csze™ Pt (A17)

Rn,
where Z,, is the spatial eigenfunctions. The values for x,, can be found be solving Eq. (A15) for the values of x with the

Newton-Raphson method, Epperson (2013). The eigenfunction expansion where A,, satisfies the initial conditions is given by

ZA <cos KnZ —;esin(ﬂnz))e Pl (A18)
K

The values of A,, can be found by writing the equation for the transformed variable, a, at ¢ = 0 with a given initial condition

fo(z)

a(z,0) = v(z,O)e_%Z = fo(2) (A19)
=0(2,0)=e2fo(2) . (A20)

Multiplying Eq. (A20) by Z,,,, integrating from 0 to 1 on both sides and moving >, A,, outside the integral we have

ZA (Zns Zom) <Zme%,f0>7 (A21)

where the inner product is defined as

= /g(z)h(z)dz. (A22)
0

We can use the property of orthogonality of the eigenfunctions to simplify Eq. (A21)
Anm <Zm7 Zm> = <Zme%z7 f0>

(ZeF )
A (A2

With an expression for A4,, and v(z,t), see Egs. (A23) and (A18) respectively, and by Eq. (A2) the solution to the initial-

n

boundary-value-problem is
Kn

P 53
b(z,t) ZA (cos K2 —;sin(ﬂnz)) e~ Pet. (A24)

This solution holds for Pe < 2. When Pe > 2 the solution contains additional eigenvalue modes, a hyperbolic mode for Pe > 2

and a zero mode for Pe = 2, which is shown here.
A2 Case2: A=0

In this case the general solutions to Eqs. (A7) and (A8) is

Z(z)=az+b (A25)
T(t) =c. (A26)
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From the boundary conditions, see Eqs. (A10) and (A11) we get

a=—b (A27)

=b (];6 - 1) =0, (A28)

which is satisfied when in the case where Pe = 2. This implies an additional zero eigenvalue mode when Pe = 2 to the modes

from Case 1. Let b =1 and ¢ = 1 we have the zero mode solution as
"U()(Z,t) :A()ZO :Ao(].*Z), (A29)

where A is determined by the initial conditions as in Eq. (A23). If we let Pe = 2 and k,, — 0 and sum from 0 to co, we will
get the zero mode expressed in Eq. (A18). So the final solution has the same general form as for case 1 when Pe = 2, with

eigenvalues \,, > 0.

A3 Case3: A= —k2<0

For case 3 we can write the distinct roots from Eq. (A9) as

r==+K (A30)
which gives a general solution for the spatial variable as

Z(z) = C1e™ + Cre™ "% (A31)
By inserting the boundary conditions from Egs. (AS) and (A6) we get the relation

K+ %

— =2, (A32)

2

which is satisfied when Pe > 2. By rewriting the general solution for Z as
Z(z) = Cycosh(kz) + Cysinh(kz), (A33)

we obtain the non-trivial solutions for the boundary conditions as

2K

tanh(k) = ﬁ’

(A34)

which can also be solved by the Newton-Raphson method. For Pe > 2 Eq. (A34) only has one positive distinct root which
implies an additional eigenmode to the final solution in case 1, see Eq. (A24). Combining the three cases we can write the final

solution to the initial-boundary-value-problem as

a(z,t) =¢(z,t) (Yo(z,t) = Yi(z,1)) (A35)

18
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where
Yo = xo(z,t) + i Ay, cos(kpz) e*;iét, (A36)
n=1
and
Y1 =x1(z,t) + % i % sin (kn2) eiiiﬁ . (A37)
n=1""

X1(z,t) and x2(z,t) is given by

0, if Pe < 2

Xo(z:t) = 4 Ao, if Pe =2 (A38)
Ao COSh(ﬁoz)e%%et, if Pe > 2,

and
0, if Pe < 2

X1(2,t) = § Aoz, if Pe =2 (A39)

2
Pe Awg s alons .
S sinh (koz)ePe’, if Pe > 2.

Ap and A,,, is found by the same method as in Eqs. (A20) - (A23) with the expression for v and Z given by the cases, see
Eq. (A29) for case 2 and Eq. (A33) with C; =1 and Cs = —% for case 3.

A4 Estimating relaxation time for large Pe

For the additional eigenmode given by Eq. (A34) we can approximate « for large Pe by using the exponential definition of
tanh
1— 6—2;%

tanh(:‘ﬂ:) = m .

(A40)

For large Pe we have large x, which implies that e ~2* < 1. Rewriting Eq. (A40) and expanding the denominator as geometric
series
1—e€

tanh(k) = T
€

=(l—e)(l—e+e>—..) (A41)

=1—2+2—... (A42)

Substituting e ~2* back in Eq. (A42) we observe that e =2~ < e~** for large x. We approximate Eq. (A34) as
2K
1-2e %~ ——. A43
e Pe (A43)
By rewriting Eq. (A43) as

% — k~ Pee %", (A44)

19



350

355

360

365

370

375

https://doi.org/10.5194/egusphere-2026-5623
Preprint. Discussion started: 12 November 2026 EG U
sphere

(© Author(s) 2026. CC BY 4.0 License.

and define the small difference

P
§=12°_4, (A45)
2
we have
§ a2 Pee 20570 — pee=Fee2s (A46)

Since § is small, we have €2° = 1. Rearranging Eq. (A45) and insert in the expression for the relaxation time for the additional

wave vector we have

Pe
O (A47)
Pe
Sty = , A48
O7 Be _Pc | pes— 42 (A45)

Since 02 < Ped we can ignore the last term in the denominator. Using this and inserting the relation from Eq. (A46), we can

express the dependency of ¢y on Pe as

1 1 p
to~ -~ —e' °. A49
0N SR e (A49)

Appendix B: Numerical Methods

We used a one-dimensional finite-volume method with first-order upwind advection and explicit Euler time integration to solve
the model in the scenarios used to investigate the lower flux exchange boundary condition. The solver was first evaluated by
assessing mass conservation of the airborne and surface concentrations in a closed system with an upper homogeneous Robin

boundary condition. This verification was done with Pe =4 and A

. o .
res/Viep = 0.1, and no significant changes in the mass was

observed, see Fig. B1.
The numerical solution was verified against the analytical solutions for cases (i) and (ii) described in the paper. Figs. B2 and
B3 show the relative Ly error, defined as
ELZ _ Hanum_aanaHg7 (B1)
l|@anall

, where anym and a,y, is the numerical and analytical concentrations, respectively. The discrete Lo norm is evaluated as

N 1/2
llalle = <Za$Az> , (B2)
i=1

which corresponds to a finite-volume approximation of the continuous Lo norm. The verification was performed for Pe = 0.3,1
and 4, and N = 250,500 and 1000, where N is the number of cells. As expected the relative L, error decreases with increasing
grid resolution for the different Pe-cases, demonstrating convergence of the numerical solution towards the analytical solution.
Unless otherwise stated, all the reported results the FV-solver was set up with 250 cells and we chose the size of the time-steps

so the stability-conditions was satisfied.
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Figure B1. M. — Mo, where M, is the total mass in the system defined by Mot = Mair + Murface and M is the initial mass of the system.

The parameter settings for this verification was Ay /vg., = 0.1 and Pe = 4.
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Figure B2. (a)-(c) Numerical (solid lines) and analytical (dashed lines) concentration profiles for case (i) at three stages of the simulation:
the initial condition, 50 % of the airborne mass remaining, and 1 % of the airborne mass remaining. Panels (a), (b), and (c) correspond to
Pe =0.3, Pe =1, and Pe = 4, respectively, using /N = 250 grid cells. (d) Relative L error at the final simulation stage (1 % airborne mass

remaining) as a function of grid resolution.
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Figure B3. (a)-(c) Numerical (solid lines) and analytical (dashed lines) concentration profiles for case (ii) at three stages of the simulation:
the initial condition, 50 % of the airborne mass remaining, and 1 % of the airborne mass remaining. Panels (a), (b), and (c) correspond to

Pe =0.3, Pe =1, and Pe = 4, respectively, using /N = 250 grid cells. (d) Relative L error at the final simulation stage (1 % airborne mass

remaining) as a function of grid resolution.
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