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Abstract. Land data assimilation (DA) improves estimates of land states by integrating observations with land surface model
(LSM) simulations. Ensemble Kalman filters (EnKFs) are widely used but assume Gaussian forecast-error distributions, lim-
iting their ability to represent non-Gaussian errors under nonlinear dynamics. Score-based filters (SFs) relax this assumption
by using diffusion models to estimate the score function of non-Gaussian forecast distribution and assimilating observations
through an approximate likelihood score that guide reverse diffusion process to generate analysis samples, providing a flexible
non-Gaussian DA framework that has shown promise in idealized experiments. However, their application to land DA with
complex LSMs remains limited by forecast-score estimation errors at computationally affordable ensemble sizes and empiri-
cally calibrated likelihood-score approximations that can be sensitive to noisy satellite retrievals. To address these limitations,
we develop LandSF which uses stochastic differential equation editing for reverse-diffusion initialization with reduced sen-
sitivity to forecast-score errors, and moment-matching posterior sampling to explicitly approximate likelihood-score without
empirical calibration. We evaluate LandSF against the ensemble transform Kalman filter (ETKF) and a representative SF using
a Kolmogorov-flow experiment and a realistic land DA experiment that assimilates SMAP soil moisture retrievals into the
Common Land Model (CoLM). In the Kolmogorov-flow experiment, both SFs maintain low analysis errors as the forecast-
error distribution evolves from Gaussian to non-Gaussian, whereas ETKF deteriorates rapidly. Compared with the benchmark
SF, LandSF reduces the average RMSE by about 58% and substantially suppresses spatial error artifacts. These advantages
carry over to realistic land DA, where LandSF reduces ubRMSE relative to the benchmark SF at 64% of the independent vali-
dation stations, with a mean reduction of about 2.28%. LandSF also consistently improves both ubRMSE and R over open-loop
simulation across all three station networks, while the benchmark SF is less robust across networks. Diagnostic experiments
further attribute these improvements to the two methodological advances, which better preserve forecast-distribution statis-
tics and reduce sensitivity to observational noise. These results demonstrate that LandSF provides a practical framework for
realistic land DA applications with complex process-based LSMs.
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1 Introduction

Land data assimilation (DA) integrates land surface model (LSM) forecasts with imperfect observations to refine estimates of
land states and quantify their uncertainty, thereby improving simulations of land—atmosphere interactions (Houser et al., 1998;
Rodell et al., 2004; Reichle et al., 2008b). Over the past decades, the Ensemble Kalman Filter (EnKF) and its variants (e.g.,
Ensemble Transform Kalman Filter, ETKF) have been widely used in global and regional land reanalysis systems (Reichle
et al., 2008b, 2017; Kumar et al., 2022). A major advantage of the EnKF is that it uses a Monte Carlo ensemble of model
forecasts to estimate and propagate flow-dependent forecast-error covariance (Reichle et al., 2002; Crow and Van Den Berg,
2010). However, non-Gaussian forecast error in complex LSMs violate the Gaussian assumptions underlying the linear analysis
update of the EnKF, leading to suboptimal assimilation performance (Aksoy et al., 2009; Noh et al., 2011; Yan and Moradkhani,
2016). The particle Filters (PFs) relaxes the Gaussian assumption and uses sequential importance sampling to approximate non-
Gaussian distributions with weighted particles (Abbaszadeh et al., 2020; Dasgupta et al., 2021; Dong et al., 2015). In high-
dimensional systems, however, standard PFs struggle with the curse of dimensionality because avoiding weight degeneracy
requires the number of particles to grow exponentially with the problem dimension (Farchi and Bocquet, 2018; Berg et al.,
2019).

Score-based diffusion models offer an alternative way to learn and sample non-Gaussian distributions without relying on
importance-weighted particles (Ho et al., 2020; Song et al., 2021). Diffusion models gradually perturb data with Gaussian noise
through a forward diffusion process, generating noise-perturbed states whose distributions evolve over different noise levels.
They learn the corresponding score functions—the gradients of the log probability densities—which then guide the reverse
diffusion process to generate samples from the target distribution. This capability has led to a growing family of diffusion-
based methods for non-Gaussian DA, with growing applications in atmospheric (Yang et al., 2025; Huang et al., 2024; Qu
et al., 2024; Sun et al., 2025a, b; Andry et al., 2025; Manshausen et al., 2025), oceanic (Martin et al., 2025), and hydrologic
systems (Foroumandi and Moradkhani, 2025).

A prominent class of these methods is score-based filters (SFs), which follows the recursive forecast—analysis cycle of
conventional filters (Bao et al., 2024a, b; Ding et al., 2025). In each assimilation cycle, the previous analysis ensemble is
propagated forward through the dynamical model, producing a forecast ensemble from which the forecast score is estimated.
In the analysis step, the likelihood score is estimated from the observations and combined with the forecast score to form the
analysis score. The analysis score then guides the reverse diffusion process, which transforms Gaussian noise into analysis
samples. Numerical experiments have demonstrated the advantages of SFs over EnKFs and PFs in several idealized nonlinear
systems, including a double-well system, a bearing-tracking problem, and the Lorenz-96 model (Bao et al., 2024a; Ding
et al., 2025). Subsequent studies have advanced SFs through training-free score estimation (Bao et al., 2024b), latent-space
representations (Si and Chen, 2024), iterative analysis score correction (Zhang et al., 2025) and sequential Langevin sampling
(Ding et al., 2025). SFs have since been evaluated in intermediate-complexity systems, including Kolmogorov flow (Ding
et al., 2025), shallow-water dynamics (Si and Chen, 2024), surface quasigeostrophic dynamics (Bao et al., 2024b; Xiong et al.,
2026), and two-phase flow in porous media (Hu et al., 2025).

Despite these advances, applying existing SFs to complex process-based LSMs faces two major challenges. First, the
computational cost of LSM integrations restricts the ensemble size available for forecast-score estimation, whereas idealized
systems generally permit much larger ensembles (McLaughlin et al., 2006; Chen et al., 2023; Li et al., 2024). Existing SFs
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generate analysis samples from Gaussian noise through reverse diffusion guided by the analysis score, which incorporates
the estimated forecast score. Errors in the forecast-score estimate can therefore bias the analysis ensemble, degrading its
representation of flow-dependent uncertainty (Finn et al., 2024) and compromising its physical consistency (Wang et al.,
2025). Second, assimilating observations into SFs requires the likelihood score corresponding to the noise-perturbed state
at each step of reverse diffusion, which is generally unavailable in closed form (Rozet et al., 2024; Chung et al., 2023).
Existing SFs address this intractability by approximating this likelihood score with a prescribed damping function (Bao et al.,
2024a, b). Such a heuristic approximation controls the contribution of observational information to the analysis samples, but
its optimal form remains unknown (Bao et al., 2024a). This limitation is particularly important for practical land DA, which
often assimilates satellite retrievals with imperfectly characterized errors (Gruber et al., 2020; Kumar et al., 2022), whereas
idealized experiments typically generate synthetic observations using prescribed observation-error distributions (Bao et al.,
2024a). The prescribed weighting does not explicitly represent the joint effects of observation errors and uncertainty associated
with the noise-perturbed state, and can therefore lead the analysis to overfit noisy observations, reducing robustness in land DA

applications.

To facilitate the practical application of score-based filtering to complex process-based LSMs, we develop LandSF, a
score-based filtering framework for land DA that addressing these limitations. LandSF retains the forecast-analysis cycle of
existing SFs but improves two components of the analysis step (Section 2.2). First, it employs stochastic differential equation
editing (SDEdit; Meng et al., 2022), using partially noise-perturbed forecast members instead of Gaussian noise to initialize
reverse diffusion process, thereby reducing sensitivity to forecast-score estimation errors while preserving flow-dependent
information. Second, it uses moment-matching posterior sampling (MMPS; Rozet et al., 2024) to approximate the diffusion-
time likelihood score at each reverse diffusion step while explicitly accounting for observation errors and noise-perturbed state
uncertainty, without requiring an empirical calibrated approximation. We evaluate LandSF against ETKF, a widely used EnKF
variant in land DA, and a representative SF proposed by Bao et al. (2024a; hereafter B24). We first establish the theoretical
connection between LandSF and the EnKF by showing that LandSF recovers the Kalman analysis under linear—Gaussian
assumptions (Section 2.2). We then use a Kolmogorov-flow experiment to evaluate its performance relative to ETKF and B24
under non-Gaussian conditions (Section 4.1). Finally, we couple LandSF with the Common Land Model (CoLM) and conduct
a realistic land DA experiment assimilating SMAP surface soil moisture retrievals into CoLM (Sections 4.2). Across both
experiments, we separately assess the two methodological advances and show that LandSF is less sensitive than B24 to finite-
ensemble forecast-score estimation errors and observation noise and is therefore better suited for DA in complex dynamical
systems. To our knowledge, this is the first study to develop and explore the benefits of SFs for practical land DA with a
complex process-based LSM.

2 Method
2.1 General formulation of score-based filters (SFs)

Bayesian filtering recursively combines model forecasts with sequential observations to estimate the evolving system state. At
each assimilation time k, the analysis distribution follows Bayes’ rule:

p(x"|y) o p(a® |y p(y" ), (D
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where ¥ denotes the model state, y* is the observation at time k, and y¥! denotes all observations available up to time k. The
terms p(x®|yF=1) p(y*|x*), p(x*|y*!) denote the forecast distribution, observation likelihood, and analysis distribution,
respectively. This Bayesian update is implemented recursively through forecast and analysis steps. In the forecast step, the pre-
vious analysis distribution (p(x* |y[k -1 )) is propagated through the dynamical model according to the Chapman—Kolmogorov

equation:
ety = [ ottty p(at et ot @

where the transition density p(z*|z*~1) is determined by the dynamical model (f_1) and its representation of model uncer-
tainty (eF)):

zF = fkfl(il:k_l,sf;l). 3)

In the analysis step, the forecast distribution is updated using the current observation according to Bayes’ rule (Equation (1)).
The likelihood p(y*|x*) is defined by the observation operator () and an additive observation-error model:

y* =M (xh) + ek 4)

where €* denotes the observation error and follows a prescribed distribution, typically a Gaussian distribution.

In practice, the forecast and analysis distributions generally cannot be evaluated analytically and are therefore approxi-

mated using finite Monte Carlo ensembles. In the forecast step, /N-member analysis ensemble at previous time {:1:’2717(1') N

is used to represent the analysis distribution and each analysis member is propagated through the dynamical model to generate
the forecast ensemble {w];’(i) N . The resulting ensemble provides a Monte Carlo approximation of the forecast distribution
in Equation (2). In the analysis step, the observation is incorporated through a method-specific approximation of the Bayesian
update in Equation (1), producing the analysis ensemble {ar:];’(i) N | that represents the analysis distribution and initializes the

next assimilation cycle.

Most ensemble filtering methods (e.g., EnKF) approximate the forecast distribution (p(2*|y*~11)) as Gaussian and es-
timate its mean and covariance from forecast ensemble. In contrast, SFs represent this distribution through its score function,
which can be estimated from ensemble samples without imposing a Gaussian or other prescribed parametric form. Taking the
logarithm of Equation (1) and differentiating with respect to «* yields its score-based form:

vmk Ing(xkly[k]) = mG Ing(mkky[k_l]) + vmk Ing(yk|xk)a ()

where the three terms are the analysis, forecast and likelihood scores, respectively. SFs use diffusion models to estimate these
scores and generate analysis samples. Diffusion models introduce a pseudo diffusion time (¢ € {0,---,T}), distinct from the
physical assimilation time k, which parameterizes a continuous perturbation process that transform the target distribution (at

t = 0) toward a standard Gaussian distribution (at t = T"). Accordingly, Equation (5) is extended across diffusion time as:
Vi logpt(a:ﬂy[k]) = Vg Ingt(mﬂy[h”) + Vi logp (y"|a7), (6)

where ! is the noise-perturbed model state at diffusion time ¢, and p; denotes its probability density.

During the forecast stage, the forecast ensemble is progressively perturbed with Gaussian noise through the forward
diffusion process, and denoising score matching is then used to estimate the forecast score across different noise levels
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(a) Forecast step: training score network to estimate forecast score

e Diffusion Forecast
5 model score

Eqgs.10-14

(b) Analysis step: estimate likelihood score and generate analysis samples

1 1

1 3 2 1

% g MMPS Likelihood ] @ [ Forecast J :
3 ! score score !
) 3 1

SDEdit Sampling

Eqgs.26-28

Figure 1. Schematic of the LandSF forecast—analysis cycle. (a) In the forecast step, the previous analysis ensemble is propagated through
the dynamical model to generate the forecast ensemble, which is used to train the diffusion model and estimate the forecast score. (b) In
the analysis step, SDEdit initializes reverse diffusion from partially perturbed forecast members, while MMPS approximates the likelihood
score from the observations. The likelihood and forecast scores are combined to guide reverse diffusion and generate the analysis ensemble.
Superscripts k£ and ¢ denote the assimilation time and ensemble member, respectively.

(Vi logpy (xF|yl*—1)) (Section 2.2.1). In the analysis step, observations are incorporated at each reverse diffusion step
through the likelihood score corresponding to the current noise-perturbed state. We therefore require the likelihood p; (y*|z¥),
hereafter refereed to the noise-perturbed likelihood, which can be written by marginalizing over the possible unperturbed states:

pe(ytat) = / p(y* | p(at k) da ™

Importantly, the noise-perturbed likelihood differs from the observation likelihood p(y*|z*) in Equations (4), which is defined
for the unperturbed state. Evaluating the noise-perturbed likelihood requires the conditional distribution p(z”|x¥), which
describes the possible unperturbed states corresponding to a given noise-perturbed state. Because this conditional distribution
is generally intractable, the corresponding noise-perturbed likelihood score must be approximated (Section 2.2.2). The forecast
and likelihood score are then combined according to Equation (6) to form the analysis score, which guides the reverse diffusion
process to generate the analysis ensemble (Section 2.2.2).
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2.2 The proposed framework for land data assimilation

We developed a score-based filter, namely LandSF, for land DA in process-based LSMs that follows the recursive forecast-
analysis cycle (Figure 1). The forecast step uses a diffusion model to estimate the forecast score from the model-propagated
ensemble (Figure 1a), while the analysis step introduces two methodological modifications to improve robustness under the
finite ensembles and noisy observations encountered in practical land DA (Figure 1b and S1b). First, we use SDEdit to ini-
tialize reverse diffusion from partially noise-perturbed forecast members rather than Gaussian noise. This forecast-informed
initialization retains member-specific information from the model-propagated ensemble and reduces the dependence of reverse
diffusion sampling on an imperfectly estimated forecast score. Second, we use MMPS to approximate the diffusion-time like-
lihood score by explicitly accounts for both the observation-error covariance, and the uncertainty of the noise-perturbed state,
avoiding the prescribed damping function used in existing SFs.

2.2.1 Forecast step: estimate forecast score using diffusion model

At assimilation time k, the N-member forecast ensemble, {:c f (i )}Z 1> provides a Monte Carlo approximation of the forecast
distribution p(x* |y ~1)). To estimate its score across different noise levels, a forward diffusion process maps the unperturbed
state =¥ to a noise-perturbed state =f through the transition kernel q;(f|x*). The corresponding noise-perturbed forecast
distribution is:

pe(ably1) = / go @ )p(at [y k. ®)

Using the forecast samples, this integral is approximated by:

pi(zf| th @), ©)
We adopt a variance-preserving forward diffusion process (Song et al., 2020), whose transition kernel is Gaussian:

gi(@f|2f ) = (mt,\ﬁw“ at)]I). (10)

Accordingly, a noise-perturbed forecast member can be generated directly as:

km:@m?(iumgi), €D ~ N(0,1). (11)

ky(2) at diffusion time ¢, A/ denotes a Gaussian distribution and I is the identity

Here, x; () denotes the perturbed version of x
matrix. The prescribed noise schedule 5, € (0, 1) controls the noise introduced at each diffusion step, with oy =1—3;, @ =
H;Zl ;. The diffusion step t € {0,..., T}, where T is the total number of diffusion steps. At t =0, & = 1, and the noise
schedule is selected such that & approaches zero. Consequently, :c’% approximately follows a standard Gaussian distribution

(i.e., pT(m%y[k*l]) ~ N (z%;0,1)).

Our objective is to estimate the score of the noise-perturbed forecast distribution (V ,x log p(z¥|y*=11)). Although this
marginal score is unavailable analytically, the denoising score matching identity expresses it as the conditional expectation of
the score of the known forward transition kernel (Vincent, 2011; Song et al., 2021):

Vi logpi(afly" 1) = B[V logai(af|a®) | af, 1] (12)
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For the Gaussian forward transition kernel used in Equation (10), the conditional score is available analytically
k,(7)
k() —val)z;
1- (t)

We therefore parameterize the forecast score (Vx log pi(z¥|y*~11)) using a neural network sy, (z, k. (0) ,t). At each training
()

Vi log g (x k|a: (13)

iteration, we construct the noise-perturbed state ;" according to Equation (11), and the neural network is then optimized by

minimizing the denoising score matching loss:

k() /o k,(4)
k(z) 7 a_: 7

Sek(mt ’t)+ 1 _ ( )

Tosm(0k) =E; 1 ¢ (14)

2

Training across diffusion steps yields the following neural approximation of the noise-perturbed forecast score sg, (zF,t) ~
Vi logpy (af [yF—1).

2.2.2 Analysis step: estimate likelihood score and analysis sampling

Given the forecast scores estimated in Section 2.2.1, constructing the analysis scores additionally requires the likelihood scores
Vi log pi(y¥|xk) at each reverse diffusion step, which depends on the generally intractable conditional density p(x*|zF)
(Equation (7)). Existing SFs address this difficulty by scaling the likelihood score defined for the unperturbed state using a
prescribed damping function (Bao et al., 2024b, a; Zhang et al., 2025):

Vap 10g i (y"*|21) = AV o logp(y* "), (15)

where \; controls the contribution of observational information at diffusion step ¢. Although this approximation incorporates
the prescribed observation-error covariance through V. log py (y*|xF), it does not explicitly capture the uncertainty associated
with recovering the unperturbed state * from the noise-perturbed state x*.

LandSF instead employs moment-matching posterior sampling (MMPS; Rozet et al., 2024), which approximates the

conditional distribution by a Gaussian distribution that matches its first two moments:

p(x¥|zf) ~ N (=% py, CF) (16)

Under the Gaussian forward process, the two conditional moments are obtained from the forecast score and its derivative using
the generalized Tweedie formulas (Efron, 2011):

af 4+ (1 - )V 5 logpi (zf [yl 1)

pi =E[z" | zf] = N , (17)
1—a
CF=V[zF|zf] = — [I-l- (1 - @)V logpi( Flyt )} ; (18)

We assume the additive Gaussian observation error model defined in Equation (4) substituting the moment matched Gaussian
approximation in Equation (16) conditional moments into Equation (7) gives:

pe(y¥|xy) %/N(y’“;ﬂk(ka),Rk)N(wk;uff,Cf)dw’i (19)



200

205

210

215

220

https://doi.org/10.5194/egusphere-2026-5358
Preprint. Discussion started: 10 September 2026 G
© Author(s) 2026. CC BY 4.0 License. E U Sp here

For a nonlinear observation operator, we apply a first-order linearization around the conditional mean:
Hi(x®) = Ha(pi) + Hi (2 — ), (20)

where H f =V Hi ’m ket is the local Jacobian of H ;. Under this linearization, Equation (19) has the Gaussian approxima-
-t
tion:

pe(y*|x)) =~ N (yF Hi(uh), SF) Q1)

with SF ~ R, + HFCF(H})T. Thus, the corresponding log-likelihood is:

1 T N . 1
logqi(y*|2) = = [¥" = Hi(ut)] (S [y" = Hilt)] — S log|SE| + const, (22)

where both ¥ and SF depend on the perturbed state . To obtain a tractable approximation, we treat S¥ as locally constant
with respect to . Applying the chain rule gives:

:
Vaplogar(y*af) = (Vopnk ) (HET(SH) ™ [u* = Hauh)] (23)

Rather than explicitly inverting S¥, we solve the associated symmetric positive-definite linear system using the generalized
minimal residual (GMRES) method (Saad and Schultz, 1986):

Sfuf =y* —Hp (), (24)

The likelihood score is subsequently evaluated as:
T
Vs logpu(y"|af) = (Vopnt ) (HP)Tuf, (25)

The vector-Jacobian products in Equation (25) are evaluated using automatic differentiation. Finally, the likelihood score is
combined with the forecast score to obtain the analysis score at each diffusion step (Equation (6)). Pseudocode of MMPS
method is shown in Table S1.

Once the analysis scores obtained across diffusion steps, the analysis ensemble can be generated by reverse diffusion
process. The variance-preserving forward diffusion process (Equation (10)) can be expressed in continuous time as a stochastic
differential equation (SDE):

dxl = —%,B(t)a:fdt+ V/ B(t)dwy, (26)

where (3(t) is the continuous interpolation of the discrete noise schedule 3;, and wy is a standard Wiener process. The corre-
sponding reverse-time SDE based on forecast score is (Anderson, 1982):

day = [;B(t)wf = B(t)Va logpt(mi“ly““”)} dt+ \/B(t)dw,, @7

where w; is a Wiener process in reverse time. After assimilating the observation, the forecast score is updated to the analysis
score and gives observation-conditioned reverse-time SDE:

day = [;ﬁ(t)wf — B(t)V logpt(w,’fly““])] dt +/B(t)dw,, (28)
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Therefore, we could generate an analysis member by numerically integrating this SDE to ¢ = 0.

Numerically solving the reverse diffusion process requires an initial state and a sampling scheme (Song et al., 2021).
For efficient sampling, we employ the denoising diffusion implicit model (DDIM) (Song et al., 2022), which defines a non-
Markovian process the same marginal distributions as the forward process. DDIM enables reverse sampling over a reduced
sequence of diffusion steps, T'=1t; >t;_1 > --- >ty = 0. The DDIM update is controlled by a stochasticity parameter 1 €
[0,1], where n =0 yields deterministic sampling and 7 = 1 recovers the variance of the corresponding diffusion process.
The complete update and pseudocode are provided in Table S2. Existing SFs generally initialize the reverse process from
random Gaussian noise at 7', i.e. ack ® = ’;J(i) ~ N (0,I). The analysis member (mg’(i)) is then generated through the DDIM

sequence:
( ) = a:tj( — mfj(ll —_— e — mg () w’;’(i). (29)

However, the initial Gaussian samples are independent of the model-propagated forecast members, the forecast distribution
must be recovered entirely through the estimated forecast score during reverse sampling. This strong dependence makes the
generated analysis ensemble sensitive to forecast-score errors arising from a finite ensemble. LandSF reduces this sensitivity
using an SDEdit-based initialization (Meng et al., 2022). We select an intermediate starting step t,, from the DDIM sampling
sequence, with 1 < m < J, and perturb each forecast member (acl;’(i)) according to the forward diffusion process:

ey = a, a1 a, e, €D~ N(©O,), (30)

The resulting partially noise-perturbed forecast member serves as the initial state for reverse sampling. The analysis member
is then generated by applying the DDIM updates from ¢,,, to O using the analysis score:

k, (4) k (1) k(i ) k(@) _

— )Y sy g = k() (31)

k, (@)
) —

This forecast-informed initialization preserves member-specific information from the model-propagated ensemble and reduces
the dependence of analysis sampling on the estimated forecast score, thereby limiting the influence of forecast-score errors on

the analysis ensemble.
2.2.3 Implementation details

We use a U-Net-based score network (Ronneberger et al., 2015; Ling et al., 2024) consisting of residual blocks, self-attention
modules, and skip connections for multiscale feature extraction. The encoder progressively reduces the spatial resolution, and
the decoder then integrates features from the corresponding encoder levels to reconstruct the score field at the original resolution
(Figure S2). At each assimilation time, the network is fine-tuned on the forecast ensemble by minimizing the denoising score-
matching loss in Equation (14). We use the AdamW optimizer (Loshchilov and Hutter, 2019), a batch size of 5, epoch size of
100 and a learning rate of 10~ for training and 5 x 10~ for fine-tuning. Before training, the forecast ensemble is standardized
using its ensemble mean and standard deviation, and score estimation and analysis sampling are conducted in this standardized
space, after which the generated analysis ensemble is transformed back to physical units. The forward diffusion process uses
T = 1,000 steps and a linear noise schedule with 3; ranging from 10~ to 2 x 1072, We use 100 DDIM sampling steps with
1 = 1 to introduce stochasticity during reverse sampling. The GMRES solution of Equation (24) is limited to 5 iterations, and

SDEdit initializes reverse sampling at diffusion step 500.
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2.2.4 Relationship between LandSF and ensemble Kalman filtering

We show that LandSF recovers the ensemble Kalman analysis under a Gaussian forecast distribution and a linear—Gaussian
observation model (Appendix A). The forward diffusion process preserves the Gaussian distribution, yielding closed-form
expressions for the diffused forecast distribution and its score in Equations (A2)—-(A3). Given its noise-perturbed counterpart,
the unperturbed state is also conditionally Gaussian (Equation (A6)), yielding the analytical likelihood score in Equation (AS).
Combining the forecast and likelihood scores and applying the Woodbury identity (Equation (A 1)) yields the Gaussian analysis
score in Equation (A7). The analysis mean, covariance, and Kalman gain in Equation (A8) coincide with those of the Kalman
analysis. Finally, the closed-form solution of the reverse probability-flow ordinary differential equation (ODE) in Equation (A4)
generates an ensemble member from the resulting Gaussian analysis distribution, as shown in Equations (A12)-(A13). This
connection establishes LandSF as a non-Gaussian extension of ensemble Kalman filtering.

2.3 Benchmarking data assimilation methods

We compare LandSF with two representative filtering methods: ETKF, a Gaussian ensemble filtering method widely used in
land DA systems (Bishop et al., 2001; Reichle et al., 2008a; Li et al., 2024), and B24 (Bao et al., 2024a), a widely adopted SF

that serves as the primary benchmark for the formulation introduced in Section 2.1.

ETKEF is a deterministic square-root EnKF that approximates the forecast distribution as Gaussian, with its mean and co-
variance estimated from the forecast ensemble. It applies the Kalman update to the ensemble mean and transforms the forecast
anomalies to reproduce the corresponding analysis covariance. To mitigate covariance underestimation, we use the adaptive
multiplicative inflation of Wang and Bishop (2003), which estimates a scalar inflation factor from observation innovations at

each assimilation time.

B24 is selected as the representative SF benchmark because it provides the recursive forecast—analysis formulation on
which LandSF is based (Figure S1). For a controlled comparison, B24 and LandSF use the same forecast-score estimation
procedure, score-network architecture, training configuration, diffusion schedule, and sampling scheme. They differ only in
the two analysis components described in Section 2.2. First, B24 initializes reverse diffusion from pure Gaussian noise (Equa-
tion (29)) rather than partially noise-perturbed forecast members (Equation (31)). Second, B24 approximates the likelihood
score at each reverse diffusion step using the prescribed damping coefficient (Equation (15)). Notably, because this approxi-
mation can introduce systematic bias into the likelihood-score estimate, practical implementations combine the forecast score
with the damped likelihood score and rescale the resulting analysis score when its root-mean-square magnitude exceeds a
prescribed threshold v (Bao et al., 2024a). This threshold is tuned separately for different experimental settings.

sk —gf-min<1, HQZH> (32)
tll2

where gF denotes the combined analysis score. We adopt \; as (T'—t)/T following previous studies (Bao et al., 2024a, b)
and optimize 7y separately for each experimental setting. In contrast, LandSF does not require any tunable parameter, and the
limitations associated with this case-dependent parameter are discussed in Section 5.

10



295

300

305

310

315

320

https://doi.org/10.5194/egusphere-2026-5358
Preprint. Discussion started: 10 September 2026 G
© Author(s) 2026. CC BY 4.0 License. E U Sp here

3 Experimental design and materials

We evaluate LandSF using two complementary experiments designed to examine its performance under controlled and realistic
conditions. First, a Kolmogorov-flow experiment with known true states enables controlled comparisons of LandSF, ETKF and
B24 under non-Gaussian forecast errors (Section 3.1). Second, a representative land DA experiment assimilates SMAP Level-2
surface soil moisture retrievals into the Common Land Model (CoLM) to evaluate LandSF and B24 in a complex process-based
LSM (Section 3.2).

3.1 Kolmogorov flow

Kolmogorov flow is a forced-dissipative fluid system governed by the two-dimensional incompressible Navier-Stokes equa-

tions:
8—u+( V)u=-V +LV2 +f V-u=0 (33)
ot v w= p Re v ’ ="

where u = (u,v) is the velocity field, p is the pressure, and Re is the Reynolds number. The flow is driven by a sinusoidal body
forcing and dissipated by viscosity and linear drag:

f(z,y) = fosin(kry)e, — au, (34)

where fo and k are the forcing amplitude and wavenumber, respectively, « is the linear-damping coefficient, and e, is the unit
vector in the = direction. Following established Kolmogorov-flow DA experiments (Rozet and Louppe, 2023a), the equations
are integrated using JAX-CFD (Kochkov et al., 2021) on a doubly periodic domain [0,27] x [0,27], with Re = 103, fy =1,
ky =4, and a = 0.1. The velocity field is discretized on a 64 x 64 grid, resulting in a state dimension of 64 x 64 x 2,
and the model trajectory is sampled at a temporal resolution of At = 0.2. The reference trajectory is first spun up for 64
timesteps and then integrated for an additional 600 timesteps, with DA performed every 30 timesteps. The full velocity field is
observed using an identity operator, with independent Gaussian observation errors of standard deviation oobs = 0.1 (Rozet and
Louppe, 2023a). The 100 initial ensemble members are generated by perturbing the true state with Gaussian noise of standard
deviation o5y = 0.2. This initialization produces an approximately Gaussian forecast-error distribution at the beginning of the
experiment. Subsequent nonlinear model propagation progressively introduces non-Gaussian structures, providing a controlled
setting in which to compare ETKF, B24, and LandSF.

3.2 Land data assimilation with a complex land surface model

The Common Land Model (CoLM) (Dai et al., 2003) is a process-based LSM that integrates the strengths of the NCAR
LSM (Bonan, 2005), the 1994 version of the Institute of Atmospheric Physics LSM (Yongjiu and Qingcun, 1997), and the
Biosphere-Atmosphere Transfer Scheme (Dickinson et al., 1986). Previous studies have demonstrated its ability to simulate
surface energy and water budgets, as well as carbon and water fluxes (Lievens et al., 2017; Li et al., 2024). We use the latest
version of CoLM (CoLM202X) (Wei, 2025), driven by hourly ERAS5 atmospheric forcing (Hersbach et al., 2020). The ancillary
datasets used for the CoLM simulations include land cover type data (Friedl et al., 2010), soil hydraulic and thermal parameter
data (Dai et al., 2019; Shangguan et al., 2014), and leaf area index data (Yuan et al., 2011).

11



325

330

335

340

345

350

355

360

https://doi.org/10.5194/egusphere-2026-5358
Preprint. Discussion started: 10 September 2026 EG U
sphere

(© Author(s) 2026. CC BY 4.0 License.

Surface soil moisture retrievals are obtained from version 9 of the SMAP Level-2 passive soil moisture product (ONeill
et al., 2023). The product retrieves volumetric soil moisture over approximately the upper 5 cm of the soil from SMAP L-band
brightness temperatures and provides half-orbit swaths on the 36-km EASE-Grid 2.0 (ONeill et al., 2023). We use retrievals
from both ascending and descending orbits and exclude those flagged for frozen soil, snow cover, excessive surface water, or
dense vegetation (O’Neill et al., 2023).

CoLM is configured over 130.0°-75.0°W and 10.0°-65.0°N at a spatial resolution of 0.5° x 0.5°, resulting in 110 x
110 model grid, and is integrated at an hourly timestep (Seo et al., 2021). The complete rectangular domain is retained for
score-network training, whereas the assimilation results are evaluated over the contiguous United States (CONUS). The model
is spun up from 1 January 2014 to 31 March 2015, followed by the assimilation experiment from 1 April to 30 September 2015.
This period is selected to focus primarily on unfrozen conditions and reduce data gaps associated with frozen-soil and snow-
cover flags in the SMAP retrievals (Seo et al., 2021). To represent forecast errors, we generate a 100-member ensemble by
perturbing both atmospheric forcing and soil hydraulic parameters following Ewerdwalbesloh et al. (2026). Atmospheric forc-
ing uncertainty is represented by multiplicative perturbations to precipitation and downward shortwave radiation and additive
perturbations to air temperature and downward longwave radiation. The perturbation ranges, spatial and temporal correlation
scales, and cross-variable correlations follow previous studies (Reichle et al., 2019), as summarized in Table S3. Following
the configuration of Ewerdwalbesloh et al. (2026), soil matric potential, porosity, the pore-size distribution parameter, and
saturated hydraulic conductivity are also perturbed using texture-dependent standard deviations derived from the sand and
clay fractions (Table S4). Soil moisture state uncertainty is additionally represented by additive perturbations to the liquid-
water content of each soil layer, with layer-dependent standard deviations as given in Table S5 (Nearing et al., 2018). The
observation operator calculate surface volumetric soil moisture by depth-weighting the corresponding CoLM soil layers and
bilinearly interpolating the modeled soil moisture to the SMAP grid. To reduce systematic climatological differences between
modeled and retrieved soil moisture, assimilation is performed using anomalies relative to their respective daily climatology
(Rains et al., 2017; De Lannoy and Reichle, 2016). Because the SMAP record begins in 2015, the observation and model
climatology are estimated from their respective available records. The SMAP climatology is derived from retrievals collected
during April 2015-March 2018, whereas the model climatology is calculated from an independent CoLM simulation during
April 2011-March 2015. Daily climatological values are averaged over a sliding window spanning 15 days on either side of
each target day, using all years of the respective record. Both periods span complete annual cycles, allowing anomalies to be
defined relative to the dataset-specific mean seasonal cycle. Observation errors are taken as Gaussian and spatially independent,
characterized by a standard deviation of 0.04 m3, m~3 (ONeill et al., 2023).

LandSF and B24 are integrated with CoLM through an online coupling framework (Figure S3). CoLM propagates the
ensemble in parallel using message passing interface (MPI) on CPUs, while score estimation and analysis sampling are per-
formed using PyTorch on GPUs. Forecast and analysis ensembles are exchanged through transmission control protocol (TCP)
sockets without intermediate files. Further details are provided in Text S1.

LandSF and B24 are independently evaluated using in situ soil moisture measurements from the International Soil Mois-
ture Network (ISMN; Dorigo et al., 2013), including the Soil Climate Analysis Network (SCAN; Schaefer et al., 2007),
Atmospheric Radiation Measurement network (ARM), Snowpack Telemetry network (SNOTEL), and U.S. Climate Reference
Network (USCRN; Bell et al., 2013; Diamond et al., 2013). Quality control excludes missing or flagged observations, physi-

cally implausible values, measurements under frozen-soil conditions, spikes, temporal discontinuities, and prolonged constant
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Figure 2. True vorticity fields (1* row) and spatial analysis errors for ETKF (2" row), B24 (3" row), and LandSF (4" row) at four assimila-
tion times in the Kolmogorov-flow experiment. The analysis error is defined as the difference between the vorticity of the analysis ensemble
mean and the true vorticity. Columns correspond to time steps 60, 210, 360, and 510. Values above the error panels indicate the corresponding
spatial RMSE. All panels show the vorticity field w =V X u.

values (Dorigo et al., 2013; Seo et al., 2021). Following Seo et al. (2021), stations are retained when valid measurements cover
more than 50% of the evaluation period and are excluded when SMAP retrievals correlate substantially less well with the in-
situ measurements than the open-loop simulation, defined as Rgnap — Ror, < —0.1. The remaining hourly observations were
aggregated to daily means, resulting in 110 stations from ARM (3), SCAN (34), SNOTEL (48), and USCRN (25). Modeled soil
moisture is bilinearly interpolated from the 0.5° grid to each station, and performance is evaluated using the Pearson correlation
coefficient (R) (Seo et al., 2021) and unbiased root-mean-square error (ubRMSE). Following Seo et al. (2021), approximate
95% confidence intervals for R were calculated at each station using the Fisher z transform and aggregated by averaging the
lower and upper error widths separately and dividing by the square root of the number of stations. For ubRMSE, station-level
chi-square confidence intervals were aggregated in the same way. These estimates assume independent temporal samples and
stations.
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Figure 3. Evolution of the spatial averaged ensemble moments at the 30-step forecast interval, including (a) mean, (b) variance, (c) skewness,

and (d) kurtosis. The model-propagated forecast ensemble is compared with the prior ensembles generated by B24 and LandSF without
assimilating observations.

4 Results
4.1 Kolmogorov-flow experiments

Figure 2 compares the spatial analysis errors of ETKF, B24, and LandSF as the forecast-error distribution evolves during
the Kolmogorov-flow experiment. The initial ensemble is generated by adding Gaussian perturbations to the true state (Sec-
tion 3.1), resulting in an approximately Gaussian forecast-error distribution consistent with the assumption underlying the
ETKF analysis. Accordingly, ETKF closely reproduces the true state and achieves the lowest RMSE (2" row). As nonlinear
model propagation progressively introduces non-Gaussianity, however, ETKF deteriorates rapidly and develops large, spatially
coherent errors (Yang et al., 2012; Nerger, 2022). In contrast, both SFs maintain substantially smaller errors at later assimilation
times, demonstrating their ability to perform DA under non-Gaussian forecast errors (Rozet and Louppe, 2023a; Bao et al.,
2024b). B24 limits the overall growth of analysis errors but produces persistent small-scale, spatial artifacts across the domain
(3" row). LandSF further reduces the error magnitude and largely suppresses these artifacts, achieving the lowest time-mean
RMSE over the assimilation period (4" row).

To explain the improved performance of LandSF relative to B24, we evaluate its two methodological advances separately.
The forecast ensemble represents the forecast distribution and provides the training samples used to estimate its score. Because
the forecast ensemble represents the target forecast distribution, an ideal reverse-sampling procedure should reproduce its
statistical properties (Song et al., 2021). To evaluate the effect of the initialization strategy of reverse diffusion sampling, we
use B24 and LandSF to generate ensembles without assimilating observations. Both methods use the same diffusion model
to estimate the forecast score but differ only in their initialization of reverse diffusion. Figure 3 compares the moments of the
generated ensembles with those of the model-propagated forecast ensemble. B24 produces substantial discrepancies, whereas
LandSF consistently reproduces the forecast statistics more closely. The result indicate that SDEdit initialization reduces the

influence of finite-ensemble forecast-score errors and better preserves the statistical structure of the forecast ensemble.
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Figure 4. Spatial analysis errors of B24 and LandSF relative to the observations and true states at four assimilation times in the Kolmogorov-
flow experiment. From top to bottom, the rows show B24 minus observations, B24 minus truth, LandSF minus observations, and LandSF
minus truth. Columns correspond to time steps 60, 210, 360, and 510. The analysis error is measured by comparing the analysis ensemble

mean with the corresponding reference field, and the values above each panel report the spatial RMSE.

We next introduce observations into the reverse diffusion process to evaluate the likelihood-score approximations of B24
and LandSF. Figure 4 shows their spatial analysis errors against the observations (1% and 3 rows) and the true states (2"
and 4™ rows). B24 fits the observations more closely but deviates substantially further from the truth, indicating overfitting
to observational noise. LandSF shows the opposite pattern, remaining closer to the true states despite larger residuals against
the noisy observations. Consistently, B24 deteriorates markedly as the observation noise increases, whereas LandSF remains
comparatively stable (Figure S4). B24 applies a prescribed damping function to the likelihood associated with the unperturbed
state but does not account for uncertainty at intermediate diffusion steps. Its guidance parameter only constrains the overall
score magnitude without resolving this imbalance. LandSF instead explicitly combines the observation-error covariance with
diffusion-dependent state uncertainty, thereby reducing sensitivity to noisy observations.

4.2 Land data assimilation experiments

Figure 5 evaluates the surface soil moisture against ISMN observations. The open-loop (OL) CoLM simulation shows rea-
sonable skill, with a mean ubRMSE of 0.06 m® m~3 (Figure 5a). Both SFs generally improve upon the OL simulation. B24
improves 60% of the stations but produces substantial degradation at others, resulting in a mean ubRMSE reduction of only
1.78% relative to OL (Figure 5b). LandSF reduces the mean ubRMSE by a further 2.28% relative to B24 and improves 64%
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Figure 5. Station-level surface volumetric soil moisture ubRMSE evaluated against independent ISMN observations. (a) ubRMSE of the
open-loop CoLM simulation (OL); (b) relative change in ubRMSE from OL to B24; and (c) relative change from B24 to LandSF. Negative
changes indicate reduced ubRMSE. Marker shapes distinguish the ARM, SCAN, SNOTEL, and USCRN station networks. The annotations
report the mean ubRMSE or relative change and the percentages of stations with decreased and increased ubRMSE.
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Figure 6. Surface volumetric soil moisture performance of OL, B24, and LandSF evaluated against independent ISMN observations for the
SCAN, SNOTEL, and USCRN networks and all stations. Panels show (a) the mean ubRMSE and (b) the mean R. Parenthetical values denote

station counts within each group. Error bars represent 95% confidence intervals.

of the stations (Figure 5c). Figure 6 compares the three experiments across station networks, with error bars indicating 95%
confidence intervals. Across all stations, LandSF achieves the lowest mean ubRMSE and the highest mean R, with confidence
intervals separated from those of OL and B24, indicating a statistically significant reduction. At the network level, B24 per-
forms well for SCAN and USCRN, where it yields slightly higher R than LandSF, but deteriorates markedly for SNOTEL and
even falls below OL. LandSF provides more consistent improvements across all three networks, resulting in the lowest mean
ubRMSE and highest mean R across all stations. These results demonstrate the greater robustness of LandSF across heteroge-
neous land-surface conditions. We next evaluate the two methodological advances separately, following the diagnostic design
of the Kolmogorov-flow experiment (Section 4.1). We first isolate the effect of initialization by generating ensembles from the
estimated forecast score without assimilating observations. Figure 7 shows the model forecast ensemble mean and the bias of
the B24- and LandSF-generated ensemble means from this forecast. B24 produces substantial spatial biases that increase over
time, with positive biases over the Southwest region and widespread negative biases across the northern and eastern regions.
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Figure 7. Spatial distributions of surface volumetric soil moisture in the model-propagated forecast ensemble mean (1* row) and the deviation
of the prior ensemble means generated by B24 (2™ row) and LandSF (3™ row). The prior ensembles are generated without assimilating
observations. Columns correspond to 00:00 and 12:00 UTC on 2 and 3 April 2015.

Notably, the error reaches nearly 0.10 m® m~2 in Southwest CONUS, leading to relative biases exceeding 100% in the driest
areas. LandSF produces much smaller errors across the domain, with no systematic amplification during model integration,
consistent with the Kolmogorov-flow results in Figure 3.

We then evaluate the likelihood-score approximations using surface soil moisture anomaly increments. Figure 8 compares
the analysis increments of B24 and LandSF with the observation innovations at three selected SCAN, SNOTEL, and USCRN
stations. B24 closely tracks individual innovations and produces abrupt fluctuations, particularly at the SNOTEL station, in-
dicating excessive sensitivity to observational noise. This behavior is consistent with Figure 4 and is further supported by the
spatial increments pattern in Figure S5. LandSF produces smoother and reasonable increments that retaining the broader tem-
poral variations of observation innovations. This moderated response reflects the explicit treatment of observation uncertainty
by MMPS and helps explain the more consistent performance of LandSF across station networks (Figures 5 and 6).

5 Discussions and conclusion

We developed LandSF, a score-based filtering framework for non-Gaussian data assimilation with complex process-based
land surface models. To make score-based filtering applicable to such models, LandSF addresses two limitations of existing
methods. Forecast-informed initialization reduces sensitivity to forecast-score estimation errors arising from computationally

limited ensembles, and moment-matching posterior sampling explicitly accounts for observation errors when approximating
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Figure 8. Time series of surface volumetric soil moisture anomaly increments produced by B24 and LandSF relative to the open-loop
simulation and the corresponding observation innovations at representative stations from (a) SCAN (Phillipsburg), (b) SNOTEL (Fort Valley),
and (c) USCRN (Palestine 6 WNW). Red circles denote observation innovations at assimilation times.

the intractable likelihood score at each reverse diffusion step. Its effectiveness and robustness are demonstrated through a
Kolmogorov-flow experiment and a representative land DA experiment using the Common Land Model.

The Kolmogorov-flow experiment highlights the limitation of Gaussian ensemble filtering under nonlinear dynamics.
ETKF performs well while the forecast-error distribution remains approximately Gaussian but deteriorates as nonlinear propa-
gation produces non-Gaussian structures (Figure 2). Covariance inflation can compensate for underestimated ensemble spread
but cannot represent distributional features beyond the first two moments. Score-based filters instead represent the forecast
distribution through its score without imposing a Gaussian approximation, maintaining stable performance, even without co-

variance inflation (Figure 2).

The comparison with B24 demonstrates that LandSF is better suited to realistic, complex DA applications than existing
score-based filters. One practical constraint is that the computational expense of process-based models restricts ensemble size,
making some error in the estimated forecast score inevitable. Because B24 begins sampling from Gaussian noise, the learned
score must reconstruct the forecast distribution throughout the entire generation process. Any estimation error can therefore
be directly expressed as biased ensemble statistics, as observed in Figures 3 and 7. By anchoring each reverse trajectory to a
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Figure 9. Evolution of the mean deviations from (a) the observations and (b) the true state during reverse diffusion at a single assimilation
cycle. B24 uses the prescribed likelihood-score approximation with guidance parameters 500, 1,000, 3,000, whereas LandSF uses the MMPS

likelihood-score approximation without an additional tunable guidance parameter. The denoising timestep decreases from left to right.

perturbed forecast member, LandSF retains information from the model forecast and reduces its dependence on an imperfect
score estimate. A second practical challenge is the incorporation of noisy observations into score-based filters. The observation
model defines the original likelihood only for unperturbed state. However, reverse diffusion process requires the likelihood for
noise-perturbed states. B24 bridges this difference by scaling the original likelihood score with a prescribed damping function
at each diffusion step. This treatment includes the observation-error covariance but does not account for uncertainty in the
physical state represented by a noise-perturbed state. The resulting likelihood score can therefore be overconfident, causing the
analysis to fit observational noise too closely. The tunable parameter « limits the magnitude of the combined score but does
not correct this missing uncertainty. Consistent with this interpretation, B24 becomes increasingly sensitive as the observation
noise increases (Figures 4, 8, and S5). Figure 9 further examines the likelihood-score approximations along a single reverse-
diffusion trajectory. B24 produces pronounced error oscillations during reverse diffusion and is highly sensitive to . Because
~ bounds the magnitude of the combined forecast and likelihood scores, increasing it permits larger updates that move samples
closer to the observations without reducing their error relative to the truth. Notably, tuning v based on observational agreement
may therefore encourage overfitting rather than improve analysis accuracy. Although  can be optimized using known true
states in idealized experiments, it cannot be objectively calibrated in real applications. LandSF avoids this case-dependent
tuning by accounting for both observation error and conditional state uncertainty, resulting in a smoother and more stable
balance between forecast and observational information.

Despite these improvements, LandSF remains dependent on the ability of the forecast ensemble to represent the underlying
forecast distribution. This representation is determined by the perturbations applied to forcing, parameters, initial conditions,
and model structure, together with their spatial and temporal dependencies (Ewerdwalbesloh et al., 2026). In high-dimensional
process-based models, a computationally affordable ensemble may not adequately sample the relevant non-Gaussian structures.
Pretrained generative priors offer a potential solution by learning a richer state distribution from long simulations or reanalysis
records and reusing this information across assimilation cycles (Yang et al., 2025; Andrae et al., 2026). Moreover, video
diffusion models provide another promising direction by learning the joint evolution of land states over time, thereby allowing
observations from multiple time steps to jointly constrain the state trajectory rather than updating each assimilation time

independently (Rozet and Louppe, 2023b). Future work should systematically compare different generative DA frameworks,
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including score-based data assimilation (Rozet and Louppe, 2023b; Manshausen et al., 2025; Andry et al., 2025; Foroumandi
and Moradkhani, 2025), score-based filters and their extensions (Bao et al., 2024b; Ding et al., 2025; Si and Chen, 2024;
Zhang et al., 2025; Xiong et al., 2026; Hu et al., 2025), and data assimilation with pretrained generative priors (Yang et al.,
2025; Andrae et al., 2026), to clarify their trade-offs in flow dependence, computational efficiency, and robustness to limited

ensembles and noisy observations for land DA with process-based LSMs.
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Appendix A: Deriving EnKF from the Score Perspective

Lemma A.1 (Woodbury Matrix Identity). For any invertible matrices A, C' and full-rank matrices U, V', we have

(A+Uucv)l=A't—-AlUC'+vAlU)'vAaA~L (A1)

The goal of this appendix is to derive the EnKF update formula from the score perspective under the assumptions of a
Gaussian prior and linear Gaussian observations. To this end, we first present the analytical properties of a Gaussian distribution
under the VP-SDE noising process.

Lemma A.2 (Properties of Gaussian Distributions under VP-SDE). Let the target distribution be a multivariate Gaussian

705 p(xo) = N (w, X). Under the VP-SDE forward diffusion process, the following properties hold:

(i) The marginal distribution is
p(ze) =N (Valt) p, a()E+ (1 —at)I):; (A2)
(ii) The score function is

Va, logp(my) = —(a(t)S+ (1—a()I) " (z; — /a(t) p); (A3)
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(iii) After temporal reparameterization, the reverse PF-ODE admits an analytic solution, yielding a deterministic mapping

from standard Gaussian noise to the target distribution:

21)=p+32Y2z,  z~N(0,I)| (A4)

Proof. From (10), the forward process is a linear transformation with additive independent noise:

zi=+at)zo++/1—a(t)e, e~N(0,I),

where xo ~ N (p,X) and € is independent of x. Since the Gaussian family is closed under linear transformation and additive
independent noise, the marginal distribution (A2) follows directly. The score function (A3) is obtained by taking the log-
gradient of (A2).

From Equation (27), the reverse-time SDE is

da, = [~ A1)~ B(1) Va, logp(ae) | i + /BT dab,

where w is the standard Brownian motion in reverse time. Analogous to the forward-process PF-ODE, the corresponding
PF-ODE is

dﬂ?t

Lt e

To eliminate the dependence on the specific noise schedule 3(¢), we introduce the temporal reparameterization 7 =1 —
a(t) € [0,1]. Under this transformation, % = B3(t)a(t), and we define 3(7) = =i+ = 12— The marginal distribution becomes

> dt a(t
p(x-) zN(\/ﬁu, (1-7)% +TI),
and the score function is
Ve, logp(x,)=—[(1-7)Z+71] - (zr —V1—TH).
The PF-ODE becomes

dz, .
21 =~ SB[ + Va, Togp(en)].

To generate samples, one evolves from pure noise at 7 = 1 backward to 7 =0. Let s =1 — 7 € [0, 1] and define &(s) =
x(1—s). Using 2 = —dz .-, ,and B(1—s)= 1, substituting the score yields the reverse ODE
de 1 {
ds  2s 5
This linear ODE admits an analytic solution. The general solution is

i—M—l(i—\/Eu)} M, =52+ (1-s)I.

&(s)=Vspu+ MMz, z~N(0,I).

At s =1 (corresponding to t = 0), M7 = 3, yielding (A4). [

Using Lemma A.2, the posterior score is the sum of the prior score and the likelihood score. The prior score follows
directly from Lemma A.2(ii); we now compute the likelihood score.
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Proposition A.1 (Likelihood Score under Linear Gaussian Observations). Let the prior distribution be q(xo) =N (ps, Py)
and the observation model be y = Hx+m, where 1 ~ N (0, R) is independent of xo. Under VP-SDE noising, the likelihood

score is

Vo, logq(y | @) = /a(t)C(t) 'PyHT (HSo, H + R) ™ (y — Hpop), (A5)

where C(t) = a(t) Py + (1 —a(t))1, and pop, Xoj¢ are given by (A6).

Proof. We first derive the reverse conditional distribution g(x | ;). Since (2o, ;) are jointly Gaussian, their covariance
structure is

Cov (o, z¢) = v/ a(t) Py, Var(z:) = C(t).

Using the Gaussian conditioning formula, we obtain

poj = Elxo | ] = py+/at) PrC(t) " (zp — Va(t) py), (A6)

ot = Vizo | 2] = P —a(t) PsC(t) ' Py.

Since y = Hx( + n is a linear function of x(, conditional on x;, y remains Gaussian:
Ely |z = Hpop, Viy| )= HEO\tHT + R,
q(y | ) =N (y; Hpop, HSo H' + R).
Taking the gradient of log g(y | x;) with respect to x; (noting that 49|, depends linearly on x; with gradient Vat)PC(t)™)
yields (AS).
Note: Equation (A5) can also be obtained directly from the MMPS Equation (23); the two are equivalent. O
Summing the prior score and the likelihood score yields the posterior score. Simplifying via the Woodbury identity allows
one to identify its Gaussian structure and the corresponding moment parameters.

Theorem A.1 (Score-Based Derivation of EnKF). Let the prior be q(xo) = N (s, Py) and the likelihood be q(y | xo) =
N(Hwz, R), where H is a linear observation operator. Under VP-SDE noising, the posterior score takes the following

Gaussian form:

Va, logq(@ | y) = (@) + (1 - a@)I) " (@~ Valb) ma), (A7)
where

ta=p;+K(y—Hps), E,=(I-KH)P;, K=PH (HP{H +R) " (A8)

That is, p, and X, are precisely the analysis mean and covariance of the EnKF.

Proof. By Lemma A.2(ii), substituting (s, 3) with (g7, Py) gives the prior score:
Ve, logg(zy) = —C(t) ' (x — Vat) py). (A9)
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By Proposition A.1, the likelihood score is given by (AS).

To simplify the posterior score, we introduce the following notation:

Co=a(t)E, +(1-a(t)I,

T=PiH',

B=HP;H' +R,

S=HX,,H +R.
From X, = P; — TB~'T7, we have
C,=C@t)—at)TB™'T", S=B-at)T"C{t)"'T.
By Lemma A.1,

cil=ct)t+am)cw)tTsTiTTOM) !

Notice that

hence C(t)~'TS~' =C;'TB~".

Substituting the expression for g, into (AS5) and using the above relation, we simplify the likelihood score:

Vi logq(y | ) = Valt)Ct) ' TS (y — Huy — /a( HPfC —Va(t)puy))
:—a(t)C() 'TSTITTC() T (@~ Valt) py)
+at)C*TB™ (y — Hpy).

Summing the prior score (A9) and (A11):

Va, logq(z: | y) = Ve, logg(z:) + Ve, logq(y | ®;)
=-[C() " +amCH) ' TSTITTC) (= — Valt) uy)
+Va(t)C,'TB ™ (y— Hpy)
=—C. ' (z—Vat)ps) +V/a(t)C, ' TB™ (y— Hpy)  (by (A10))
=-C, (zr—Vat)(ps+TB ' (y— Huy)))
= (@O + (1 =aENI) " (@ —/a(t) pa)-

The last step uses pt, = puy + K(y — Hpy) and K =TB .
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Theorem A.l shows that the posterior score has a Gaussian form. Applying the reverse PF-ODE solution from
Lemma A.2(iii) directly yields the posterior sampling formula, establishing an explicit correspondence between the score-based
method and the EnKF analysis ensemble update.

Corollary A.1 (Analysis Ensemble Update). From the score perspective, the posterior distribution is N (pq, 3, ), where piq
and 3, are given by (A8). Hence the posterior covariance of the score-based method is exactly the EnKF analysis covariance

3., and the analysis ensemble members are updated as

al) = p, +S2P V@) — ), i=1,2, N (A12)
Proof. By Theorem A.1, the posterior score (A7) coincides with the score function of N'(y/a(t)a,a(t)Eq + (1 —

a(t))I). By Lemma A.2(iii), the reverse PF-ODE solution of this Gaussian distribution at 7 = 0 (i.e., t = 0) is

xo=pa+ 3%z, z~N(0,I). (A13)

Since z ~ N(0, I), we immediately obtain xg ~ N (4,3, ), i.€., the posterior mean is p, and the posterior covariance is 3.

For the prior ensemble samples {m?)}f\gl, standardizing them as z(Y) = P, Y Q(m?) — py) and substituting into (A13)
yields (A12).

In practical ensemble Kalman filter implementations, one often uses the equivalent perturbation matrix transformation.

Given Xy = (ac;l) —Uf,... ,asche) — ps), the analysis ensemble mean and perturbations are updated separately as

2 = po 4+ Xa(:4), X,=XT,

where T1=0, TTT = (N, —1)P,, P, = [(N. — 1)I + YfTR’lYf]*l, and Yy = H X . The construction of X, ensures
ﬁX oX ;r = 3,. Both formulations produce an ensemble representation of the same posterior distribution A (4, X,), i.€.,
the analysis ensemble members follow the same posterior distribution. O
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