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9 Abstract

10 Lumped-parameter models infer groundwater transit-time distributions by combining environmental-tracer
11 input histories with parameterized age distributions. Their practical use requires flexible tracer
12 representation, reliable repeated numerical integration, and explicit treatment of uncertainty when different
13 parameter combinations fit observations similarly. We present PyAges v1.0, an open-source Python toolkit
14 that separates tracer definitions, lumped-parameter models, convolution, and calibration; supports Bayesian
15  inference of parameter uncertainty; and uses an integration scheme based on the cumulative distribution
16 function and partial first moment for repeated evaluation of narrow, shifted, mixed, and shape-free transit-
17  time distributions. Independent reference calculations across 270 cases characterize numerical
18  discrepancies of the PyAges convolution operator across four classical model families. A cross-software
19  benchmark against TracerLPM shows that both tools estimate the prescribed parameters with broadly
20  comparable accuracy. Mean transit time is estimated more robustly under added noise than the model-
21  specific parameter controlling either exponential—piston mixing or dispersion. Two field sites, Holten and
22 Ploemeur, illustrate the framework with real observations. At Holten, PyAges posterior medians reproduce
23 all 28 published four-bin age fractions within 0.02. At Ploemeur, calibrations using the full record or only

24 20142015 observations show how repeated measurements can resolve age ambiguity or reveal
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25  incompatibility among the assumptions used to interpret the tracers. PyAges therefore provides a
26  reproducible framework for testing tracer and transit-time hypotheses, determining what observations

27  constrain, and integrating tracer inference into broader hydrogeological workflows.

28 Keywords

29  Environmental tracers, groundwater dating, lumped-parameter models, transit-time distributions, Bayesian

30  inference, uncertainty quantification

31 1. Introduction

32 Environmental and geogenic tracers constrain groundwater-system structure, recharge, surface-water
33 interactions, and transit times (Cook and Herczeg, 2000; Popp et al., 2021). Because they integrate signals
34 along flow paths from recharge to sampling locations, tracers complement hydraulic observations such as
35  piezometric heads (Bethke and Johnson, 2002; Ginn et al., 2009). Their use nevertheless requires rigorous
36  sampling, specialized analytical facilities, and careful separation of transport effects from biogeochemical
37  reactions and water—rock interaction (Appelo and Postma, 1993). Translating tracer observations into
38  quantities relevant to groundwater management therefore depends on an appropriate modeling framework
39  (Clark, 2015; Kazemi et al., 2006; Leibundgut et al., 2009). A central challenge is that tracer records and
40  model structure often admit multiple transit-time distributions that fit the observations. Even with several
41  tracers, correlated input histories and limited age coverage can leave parameters weakly constrained.
42 Interpretation tools should therefore quantify uncertainty, posterior correlations, and trade-offs rather than

43 return only a single optimum (Massoudieh et al., 2012, 2014b; Thiros et al., 2023).

44  Lumped-parameter models (LPMs) represent groundwater flow and mixing with transit-time distributions
45  defined by a small set of parameters (Matoszewski and Zuber, 1982, 1985). Classical formulations range
46  from piston and exponential mixing to dispersion and shifted models; multi-component and shape-free

47  representations provide additional flexibility (Eberts et al., 2012; Engdahl et al., 2013; Engdahl and
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48 Maxwell, 2014; Massoudieh et al., 2014b; McCallum et al., 2014). PyAges considers conservative tracers
49  and tracers whose simple production or loss kinetics are specified independently. The same formalism can
50  in principle accommodate non-conventional geochemical proxies, such as dissolved silica, when their
51  evolution during transport can be represented by the simple prescribed production or loss laws supported
52 here (Margais et al., 2018). The theoretical basis of LPMs is well established, and analytical convolution
53  solutions exist for selected combinations of distributions and input functions (Jodar et al., 2014).
54  Historically, many widely used practical implementations have been delivered as spreadsheets or desktop
55 codes, including TracerLPM, Tracermodell, TRACER, GTI, Lumpy, and LUMPED (Aeschbach et al.,
56  2006; Bayari, 2002; Bohlke, 2006; Davila et al., 2013; IAEA, 2006; Jurgens et al., 2012; Ozyurt and Bayari,
57  2003; Suckow, 2012). These tools remain useful for groundwater-age interpretation but are less readily

58  integrated into automated testing, scripted uncertainty analysis, and reproducible Python workflows.

59  Recent Python developments broaden this software ecosystem. mesas.py provides a flexible
60  implementation of StorAge Selection functions for solute-transport and transit-time calculations (Harman
61  and Xu Fei, 2024), and RoGeR couples process-based hydrology with travel-time calculations in a Python
62  toolbox (Schwemmle et al., 2024). Related TTD concepts are also implemented in other tracer domains,
63  for example TRACE-Python for transient ocean tracers (Sandborn et al., 2026). PyTracerLab is a recent
64  preprint describing an open-source Python framework for LPM analysis that combines programmatic
65  workflows, a standalone graphical interface, deterministic optimization, and DREAM-based Bayesian
66  sampling (Rudolph et al., 2026). PyAges complements these developments through the combination of four
67  features: scriptable separation of tracer, LPM, convolution, and calibration components; independent
68  numerical characterization of the forward operator; posterior analysis of parameter identifiability; and case-
69  level reproducibility of the analyses reported in the manuscript. PyAges’ contribution lies not in a new
70  Bayesian algorithm or LPM family, but in their integration within a tested and reproducible framework.

71  The following sections describe the scientific and software architecture, qualify the forward and inverse
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72 calculations independently, and illustrate the uncertainty-aware workflow with synthetic and field

73  applications.

74 2. Models and methods

75  This section presents the conceptual and computational foundations of PyAges. We first introduce the
76  lumped-parameter formulation of tracer transport and the Bayesian framework used for parameter inference
77  and uncertainty quantification, before describing how these elements are implemented in the modular

78  software architecture, including tracer handling, LPMs, convolution, and calibration.

79  2.1. Theoretical foundations of LPMs and Bayesian calibration
80  2.1.1. Lumped-parameter transit-time modeling and tracer representation

81  For a sample collected at location x and time t, the LPM framework expresses the tracer concentration
82  c(x,t) as the convolution of the recharge input history with the transit-time density p(x, T), where T denotes

83  the elapsed time between recharge and arrival at the sampling location:

[oe]
c(x, t) = f cr(t—1,7)p(x,1)dr Q)
0
84  PyAges represents tracer transformations during transit with an effective constant zeroth-order production

85  rate a and a first-order loss rate f5:

at + c2(t — 1), £ =0,

cr(t—1,1) = %(1_9‘&) +ept—neFr, p>o.

@

86 InEq. (2), cr(t — 7, 1) is the concentration contributed by water recharged at t — t after a transit time T,
87  c%(t — 1) is the recharge input function, « is the zeroth-order production rate, and g is the first-order loss
88  rate. Conservative tracers correspond to @ = § = 0; radioactive decay is represented by f = In(2)/t; 5,
89  where t;/, denotes the tracer half-life; and f = 0 yields linear accumulation at rate a. For § > 0, the
90  production-loss contribution approaches the asymptotic value a/f. The framework assumes a stationary

91  transit-time distribution and tracer transformations that depend only on transit time, with recharge input
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92  histories and tracer-specific kinetic parameters specified externally. Within this framework, different

93  groundwater flow and mixing organizations can be represented through alternative transit-time distributions

94  (Amin and Campana, 1996; Leray et al., 2016). PyAges implements classical and extended parametric

95 formulations, including shifted, mixed, and Weibull models, together with a shape-free representation;

96 selected built-in models are listed in Table 1.

97  Table 1. Selected lumped-parameter transit-time distributions implemented in PyAges.

LPM Parameters Expression
Dirac (piston flow) n Pu (t)=6(— w
T
Exponential (perfect _ 1 =7
mixing) 2 Pu (= u et
Inverse Gaussian #3 ()2 2
(dispersion) k.0 pu’g(‘[) = 27mo 273 e~H(T=1)7/@o7D)
0 for t<t,
Shifted exponential _ —t
(exponential-piston flow) Lo Put, (1) = l e & . otherwise
Uniform (linear piston _)— or tomin < T<tyn + At
fEOW) P Tmin, At P tpin At (T) - {Af f min min
0 otherwise
k-1 T]
T exXxp|—a
Gamma k, 0 p(z) = & >0
r(k)ex ' —
Double Dirac (binai
SR P(@) =6t — ) + (L =18~y — ), 0 <7< 1
pu,a,to (T)
0 for 1<t
Shifted inverse Gaussian u, o, to

u3 t(t—ty—p)? herwi
TnoZ(ti—t)? CETSE exp| — Sol(i—t) T —to) otnerwise

Dirac + shifted

p(t) =ré(T — ) + (1 —1)h(7)
h(t)=0,t<u +t,

tial U1, pa, To, 1 T—m—t
exponentia h(z) = —exp [— #] , T2 U+t
Uz Ha
k T\k1 T\ K
Weibull k, & =7 2
eibul p(T) A (A) eXp[ (A) ]’T =0
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LPM Parameters Expression
__f -
p() = 4 <T<tiy,i=0,.,n—1
tivi— &
Shape-free model to.-- ot P(T) :_(1); TE [to. tn)
for-fn-1

i=0

98  The parameterizations in Table 1 are those implemented in PyAges and used consistently throughout the

99  manuscript. For the shifted exponential distribution, y denotes the exponential timescale and the mean
100  transit time is p + to. For the inverse Gaussian, u and ¢ denote the mean and standard deviation,
101 respectively; for the shifted inverse Gaussian, the total mean transit time is u + ty. In the double-Dirac
102 formulation, y, denotes the additional delay between the first and second Dirac components, so that the
103 second Dirac component occurs at iy + U,. The mixed Dirac-shifted-exponential model contains a discrete
104  mass r at y; and a normalized continuous component of mass 1 — r beginning at y; + t,. In the mixed
105  Dirac-shifted-exponential model, y, is the exponential scale and mean measured from the lower support p,

106 =+ ty; the mean age of the continuous component is therefore pq + to + 5.

107  The generic tracer representations used or discussed in this study and supported by PyAges are summarized
108  in Table 2. PyAges requires tracer input histories and observations to be expressed in mutually consistent
109  units. For atmospheric gas tracers such as CFCs and SFs, the input histories used here are atmospheric-
110 equivalent mixing ratios (pptv), which are used directly in the convolution. Any conversion required to
111 place observations and tracer input histories on a consistent scale is not performed by PyAges and must be
112 handled externally as a preprocessing step. Foundational applications and tracer behavior are described for
113 CFCs and SFs by Busenberg and Plummer (1992, 2000), for tritium by Solomon and Cook (2000), and in
114 the review of Chambers et al. (2019). The modern portions of the CFC and SFs histories used in this work
115  are based on NOAA Global Monitoring Laboratory datasets (Dutton et al., 2023, 2025a, b, c); the generic
116  tritium history is derived from the IAEA/WMO GNIP/WISER database (IAEA and WMO, 2026), and the

117  **Ar implementation uses a constant normalized modern atmospheric abundance. *Kr and tritiogenic *He
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118  are used with site-specific definitions in the Holten benchmark (Sect. 4.1) and are therefore not included

119  among the generic tracer representations in Table 2.

120  Table 2. Generic tracer representations used or discussed in the present study and supported by PyAges.

Tracer Origin Input function Reactivity / transformation
CEC-11, CFC- Anthropogenic atmospheric S:n:ji_jglr;?lgﬁgsrfa?i;c_ Conservative by default; optional
12, CFC-113 pog P q . g user-specified first-order loss
history
Anthropogenic atmospheric; possible Semi-annual atmospheric- Conservative by default; optional
SFs lithogenic contributions in some equivalent mixing-ratio user-specified zeroth-order
settings history production
R . Natural and bomb-produced Semi-annual precipitation Radioactive first-order decay (1 /2
H (tritium) .
atmospheric record =1232yr)
1AL Cosmogenic atmospheric Constant normalized modern | Radioactive first-order decay (t1 /2
abundance =267 yr)

121 2.1.2. Bayesian formulation and MCMC solution for LPM calibration from tracer data

122 Calibration of lumped-parameter models (LPMs) from tracer observations is formulated within a Bayesian
123 framework following Tarantola (2005) and Gelman et al. (2013). Bayesian inference is widely used in
124 groundwater hydrology for hydraulic and flow-related inverse problems (Carrera and Neuman, 1986; de
125  Marsily et al., 2000; Kitanidis, 1986; Rojas et al., 2008) and was introduced for groundwater age-
126  distribution modeling using environmental tracers by Massoudieh et al. (2012). Let @ = (64, ..., 6,,) denote

obs _ (Cfbs, .. cobs

127  the vector of LPM parameters and ¢ O ) the vector of tracer observations. The posterior

128  probability distribution p(G | CObS) is given by Bayes’ theorem:

_p(c**®18)p(8)
p(CObS)

129  where p(cObS [ 0) is the likelihood function, p(@) is the prior distribution of the model parameters, and

p(0 | c°b) ©)

130 p(c"bs) is the evidence, which acts as a normalization constant. Assuming independent Gaussian
131 observation errors with specified standard deviations oj, treated as fixed within the adopted observation-

132 error model, the likelihood is:



https://doi.org/10.5194/egusphere-2026-5201
Preprint. Discussion started: 12 October 2026 EG U
sphere

(© Author(s) 2026. CC BY 4.0 License.

1 1
p(c"bs | 9) =——m——exp [— E](G)] @)
@2mz 1L, 05

133 where c;(8) denotes the modeled tracer value corresponding to observation j. Equation (5) defines /(8),

134 the uncertainty-weighted data-misfit function.
m 2
c;(0) — cPPs
- 9
j=1
135 For comparison across datasets containing different numbers of observations, the normalized root-mean-

136  square data misfit is reported as

137 RMS,0rm (8) = ](76).

138 Prior information on LPM parameters is introduced independently through p(@). Depending on the
139  application, priors may be weakly informative, for example uniform distributions over physically
140  admissible parameter ranges, or informative distributions reflecting independent hydrogeological
141  knowledge. The posterior therefore combines the information provided by tracer observations through the
142 likelihood with the information supplied independently through the prior. For uniform priors within
143 prescribed parameter bounds, as used in the synthetic benchmarks presented in Sect. 3, the prior term is
144 constant within the admissible domain and zero probability is assigned outside it. Consequently, within

145  these bounds, variations in the posterior are controlled directly by the data likelihood.

146  The posterior is explored using a Metropolis—Hastings Markov chain Monte Carlo (MCMC) algorithm
147  (Hastings, 1970; Metropolis et al., 1953), with Gaussian proposals and an acceptance probability based on
148  posterior probability ratios. MCMC sampling characterizes the posterior distribution rather than only its
149  optimum, allowing uncertainty, correlations, and parameter trade-offs to be quantified. Proposal covariance
150  may be diagonal or correlated, and burn-in is discarded before posterior summaries are computed (Roberts

151 et al., 1997; Robert and Casella, 2009).
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152 Convergence and sampling efficiency are assessed from multiple chains using split-R-hat and effective
153  sample size (ESS) diagnostics. Split-R-hat measures the agreement among chains, with values close to 1
154  indicating that they sample the same posterior distribution. ESS estimates the amount of effectively
155  independent information contained in the correlated MCMC samples, with larger values indicating more
156  efficient sampling. The exact ESS implementation is campaign-specific, so diagnostic values are interpreted
157  within each campaign rather than compared across campaigns. In all analyses, split-R-hat < 1.01 and ESS
158 > 300 are used as practical convergence and sampling-efficiency thresholds. The general use and

159  interpretation of these diagnostics follow Vehtari et al. (2021).

160 2.2. Extensible software architecture for tracer-based modeling
161 2.2.1. Repository structure and modular design

162  The repository separates the installable package from distributed tracer and LPM data, workflows,
163 reproducible examples, tests, documentation, and environment specifications, while the package itself is
164  organized around four components that mirror the scientific workflow (Fig. 1). The Tracer module supplies
165  the tracer-specific input and transformation term cy(t — 7,7) in Eq. (1), the LPM module supplies p(7),
166  the Convolution module combines both to compute modeled tracer values, and the Calibration module
167  compares these values with observations through the Bayesian formulation in Egs. (3)—(5). These
168  components communicate through common interfaces, keeping scientific code, configuration, validation,
169  and user-facing material distinct. This modular design makes extension straightforward: a new tracer can
170  be introduced through a self-contained tracer definition and input history, while a new transit-time
171  distribution can be implemented as an LPM with its own parameters and probability law. Once a tracer
172 definition is placed in the expected data structure, or an LPM is registered through the shared interface, it
173 becomes available to the same convolution and calibration workflows without requiring changes to the

174 other components.
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175  User-facing workflow configuration files are YAML mappings validated before execution with strict
176  Pydantic models. Unknown fields are rejected, expected types and admissible ranges are checked, and path
177  and name constraints are validated so malformed configurations fail early with explicit errors. This schema
178  validation applies to workflow configuration; tracer histories and observation files retain their documented

179  tabular formats and are checked separately when loaded.

LPMs Tracers
Dirac, Exponential CFCs, SF6, 3H

~

Convolution

Modeled tracer values Tracer observations

~

Calibration (Metropolis-
Hastings)

Posterior parameter
distributions

180
181  Figure 1. Core organization of PyAges. Tracer definitions and LPMs provide the tracer-response and
182 transit-time-distribution components used by the convolution module to calculate modeled tracer values.
183 Calibration compares these modeled values with tracer observations and samples parameter combinations,
184 here illustrated with the Metropolis—Hastings workflow, to obtain posterior parameter distributions. The

185  tracer and LPM names shown are examples rather than an exhaustive list.

10
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186  2.2.2. Tracer framework and extensibility

187  The configurable Tracer class represents the tracer-specific term c(t — t,7) in Eq. (1). Each tracer
188  definition combines (i) an input history specified either as a constant or as a time series, (ii) optional zeroth-
189  order production, (iii) optional first-order loss specified through a half-life or mean lifetime and converted
190  internally to a decay rate, and (iv) the temporal domain and unit metadata. Time-series inputs are linearly
191  interpolated over their available domain and set to zero outside it. For a given sampling date and transit
192 time, the tracer object evaluates the corresponding concentration after transport according to Eq. (2). This

193  interface isolates tracer-specific assumptions from the LPM, convolution, and calibration modules.

194  File-configured tracers distributed with PyAges are each stored in their own directory under
195  data_core/data_tracer/. No central registry is required: PyAges identifies a tracer from the directory name
196  and loads the corresponding configuration file <name>/<name>.yaml. If the configuration specifies recharge:
197  true, the associated recharge.csv file is loaded from the same directory. New tracer directories can be
198  created automatically with pyages new tracer <name> or manually following the same structure. The
199  packaged tracers can be listed with pyages list tracers. Site- or region-specific definitions can be used
200 by setting tracers.data_directory in the workflow configuration, or the corresponding API parameter,
201  and then become available to the standard convolution and calibration workflows without changes to the
202  core code. For synthetic or programmatic studies, PyAges also provides SyntheticTracer, a concrete
203  implementation of TracerProtocol whose response is supplied by a Python function and which is accepted
204 by the same Convolution interface. PyAges does not perform physical-unit conversion or dimensional
205  analysis. It does, however, validate explicit unit labels, require one exact observation unit per tracer, and
206  check exact equality between observation and modeled-tracer units before calibration. Input histories and

207  observations must therefore still be prepared on mutually consistent scales.

11
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208  2.2.3. LPM framework and extensibility

209  Lumped-parameter models share a common interface for parameter management and distribution functions,
210  including probability density functions, cumulative distribution functions (CDFs), inverse CDFs, and

211 moments. For the default continuous-convolution pathway, PyAges also uses the partial first moment

t
212 M(t;0) = f 7 p(7;0) dr = Eo[T Lireqy].
0

213 The built-in continuous LPM families provide analytical or vectorized expressions for both the CDF and
214 the partial first moment. If an external model provides a CDF but no partial first moment, PyAges can use
215  a numerical fallback, although this is less efficient for long repeated calibrations. Model-specific

216  configuration files store parameter bounds, prior definitions, initial values, and proposal settings.

217  Adding a new transit-time distribution therefore requires defining its parameterization and distribution
218 functions and registering the model through the shared LPM interface; no changes to the tracer, convolution,
219  or calibration layers are needed. For efficient repeated use, a vectorized CDF and preferably an analytical
220  or vectorized partial first moment are recommended, and dedicated tests should verify normalization,
221  moments, CDF/quantile consistency, and convolution behavior. Detailed implementation guidance is
222 provided with the project documentation. Versioned user and API documentation for PyAges v1.0 is

223 available at https://pyage-gw.readthedocs.io/en/stable/.

224 2.2.4. CDF-partial-first-moment product integration

225  PyAges evaluates the convolution in Eq. (1) using a piecewise-linear product-integration approach (Sloan
226  and Smith, 1982). The key idea is to avoid resolving the potentially narrow or strongly peaked LPM density
227  directly. Instead, the tracer response is approximated on an age grid, while the LPM is integrated

228  analytically over each age interval through its cumulative distribution function and partial first moment.

12
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229  For a fixed sampling time t, let K(t) = cr(t — 7, T) denote the tracer response associated with transit time
230 . PyAges represents K(7) as piecewise linear over the age grid and integrates this approximation with
231  respect to the LPM distribution.

w; = F(b;) — F(ay), AM; = M(b;) — M(ay). ()
232 For each interval [a;, b;], w; is the exact probability mass of the LPM within the interval, while AM; is its
233 corresponding first-moment increment, with F the CDF and M the partial first moment defined above. The

234 tracer response is approximated linearly within the interval as

K(b;) — K(aq;
K@@ =K(a) +si(t—a), s = Kb ~ Kla) @
bi —a;
235 The resulting interval contribution is
Ci = K(ai)wi + Si[AML' - aiWL'], C =~ Z CL'. 8)
i

236  Equation (8) is exact whenever K (7) is linear within the interval. Consequently, a narrow or shifted LPM
237  does not require the probability density itself to be resolved by a fine age grid: within each interval, its
238  contribution is determined from the exact interval probability mass and partial first-moment increment. The
239  formulation above applies to continuous transit-time distributions. Discrete components are simpler: a Dirac
240  mass at transit time 7, is evaluated directly from the tracer response K (7), without numerical integration.
241  Mixed discrete—continuous models combine this direct contribution with the CDF—partial-first-moment

242 integration of the continuous component.

243 For continuous LPMs, the tracer-response age grid is constructed from the input-history nodes for each
244  sampling date and is independent of the LPM parameters. For conservative time-series tracers, K(7) is
245  affine between successive input nodes, so Eq. (8) is exact on those intervals. When tracer transformations
246  introduce additional nonlinearity, PyAges refines the grid locally; retained intervals use Eq. (8) when the
247  midpoint confirms near-linearity and otherwise use a midpoint contribution. The grid is constructed once
248  for each tracer—sampling-date pair and reused throughout calibration. The adaptive refinement criterion,

249  default tolerances, and fallback are detailed in Appendix Al.

13
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250 2.2.5. Calibration

251  The calibration layer provides a common interface to the forward model and objective functions. The
252 default stochastic method is the Metropolis—Hastings sampler described in Sect. 2.1.2, which returns
253 posterior parameter samples and convergence diagnostics. For Metropolis—Hastings calibration, PyAges
254  can estimate a correlated Gaussian proposal from a preliminary pilot chain. After burn-in, the empirical
255  covariance matrix of the sampled parameter vectors is regularized by a small diagonal term and then fixed
256  as the covariance structure of the Gaussian random-walk proposal used in the sampling chains. Multiple
257  independent sampling chains can be run from distinct initial states and combined for posterior summaries
258  after convergence has been assessed using the diagnostics described in Sect. 2.1.2. Deterministic
259  optimization and systematic parameter sampling are also available for complementary tasks and use the
260  same tracer, LPM, and convolution components. This separation allows the inverse strategy to be changed

261  without modifying the forward model.

262 3. Numerical verification and synthetic calibration benchmarks

263  The numerical assessment of PyAges is organized in complementary stages. In the terminology used here,
264  verification tests whether the selected equations are solved correctly, whereas evaluation assesses how the
265  complete framework compares with another implementation or with field-based interpretations. The
266  PyAges forward operator is compared with independent reference calculations in 270 cases spanning the
267  piston flow model (PFM), exponential mixing model (EMM), exponential piston-flow model (EPM), and
268  dispersion model (DM). Across these families, the observed absolute RMSE ranges from 2.70 x 107" to
269  9.90 x 10~* and the maximum absolute discrepancy from 5.12 x 1073 to 6.12 x 1073. These absolute metrics
270  are reported in the arbitrary concentration units used for the synthetic inputs. Symmetric relative
271  discrepancies can be substantially larger when reference concentrations approach zero, so absolute and
272 relative diagnostics are reported together. The inverse workflow is additionally cross-checked against

273 TracerLPM using independently generated four-tracer synthetic datasets, while a separate Bayesian

14
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274  benchmark examines posterior uncertainty and parameter identifiability. Detailed qualification criteria are

275  given in Appendix A2.
276  3.1. Cross-software inverse benchmark with TracerLPM

277  To qualify the inverse workflow against an established implementation, PyAges and TracerLPM (Jurgens
278  etal., 2012) are applied to synthetic datasets composed of CFC-11, CFC-12, CFC-113, and SFs, expressed
279  as atmospheric-equivalent mixing ratios in pptv. Synthetic reference values are generated independently of
280  both software packages from analytical LPM definitions and a separate Gauss—Legendre quadrature over
281  the tracer input histories. Controls with 0 % added noise cover EMM, EPM, and DM. The 480 paired noisy
282  inversions cover EPM and DM, mean transit times of 5, 20, and 50 years, several values of the second
283 model parameter, and added relative-noise levels of 1, 5, 10, and 20 %. For each tracer i, the independently

284  generated reference value is perturbed multiplicatively as
285 yPbs = yfrue(q 4 ¢)), g~ N(0,62)), 0rel € {0,0.01,0.05,0.10,0.20}.

286  The same predefined random seeds are used for corresponding PyAges and TracerLPM runs, so that both
287  implementations are fitted to exactly the same noisy four-tracer realization. The two implementations retain
288  their native inversion frameworks: PyAges uses the uncertainty-weighted quadratic misfit of Eq. (5),
289  whereas TracerLPM minimizes a sum of absolute relative residuals (L1) through Excel Solver. The exercise
290  is therefore a cross-software qualification rather than a ranking of optimizers. Parameter recovery across

291  the full range of added noise is summarized in Table 3.
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292 Table 3. Recovery of prescribed LPM parameters in the PyAges—TracerLPM benchmark as a function of
293 added relative noise. Errors are absolute relative errors for individual configurations and median absolute
294 relative errors where repeated realizations are available; n is the number of cases per implementation. The
295 second parameter is n for EPM and DP for DM; their definitions and the parameter mappings used for

296  TracerLPM are given in Appendix B.

Model | Noise (% MTT error Second-parameter error
odel |Noise n
) PyAges TracerLPM PyAges TracerLPM
EMM 0 1 numerical 0.4 % — —
precision
numerical o numerical o
EPM 0 ! precision 13% precision 12%
DM 0 1 numerical 1.6 % numerical 4.0 %
precision e precision =
EPM 1 40 0.9 % 0.8 % 3.5% 1.7 %
DM 1 40 1.0% 1.4 % 82% 6.9 %
EPM 5 40 4.4 % 42 % 10.0 % 13.7%
DM 5 40 4.7 % 42 % 34.0% 362 %
EPM 10 80 93 % 8.8 % 18.2 % 10.8 %
DM 10 80 12.7% 83% 58.1% 54.0 %
EPM 20 80 19.2 % 19.7% 326 % 28.5%
DM 20 80 28.2 % 242 % 89.7 % 78.6 %

297  Across the benchmark, PyAges and TracerLPM lead to the same overall interpretation of parameter
298  recoverability. In the controls with 0 % added noise, PyAges reproduces the generating values to numerical
299  precision, whereas small deviations remain in the native TracerLPM workflow. With added noise, the two
300 implementations yield broadly comparable point estimates, and neither is uniformly superior when
301  parameter recovery and common residual metrics are considered together. Mean transit time remains
302  substantially more robust to increasing added noise than the second model parameter, whose recovery
303  deteriorates rapidly between 1 and 5 % noise and becomes increasingly poorly recovered at higher noise
304 levels. Because the native objective functions differ, a smaller residual for a particular noisy realization

305  should not be interpreted as intrinsically better recovery of the generating parameters.
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306  The common residual metrics and the parameter mappings used for the cross-software comparison are given
307  in Appendix B; complete case-level results, parameter bounds, random seeds, software versions, and native
308  objective values are retained in the reproducibility archive. The cross-software benchmark therefore
309  supports broad consistency at the level of point estimates. Section 3.2 then uses PyAges’ posterior output

310  to quantify uncertainty and parameter dependence that cannot be inferred from a single optimum.
311 3.2. Bayesian calibration, uncertainty, and identifiability

312 Unlike Sect. 3.1, which evaluates parameter recovery after adding random noise to independently generated
313  synthetic tracer values, the present experiment does not perturb the generating values. Instead, exact
314  synthetic values are assigned an 8 % relative observational standard deviation in the Bayesian likelihood.
315  The generating parameter pair therefore remains a maximume-likelihood solution by construction. The
316  objective is not to measure recovery error for a particular noise realization, but to quantify posterior

317  uncertainty and parameter identifiability.

318  The benchmark uses CFC-11, CFC-12, CFC-113, and sulfur hexafluoride (SFs) (Chambers et al., 2019),
319  treated as conservative during transport, for a sampling date of 1 January 2010. Nineteen shifted-
320  exponential configurations cover the parameter domain p <40yr,ty < 40yr, MTT=pu+t, <
321  50yr. Uniform priors are used over u € [0.1,70]yr,t, € [0,70] yr. The 8 % relative uncertainty is
322 intentionally larger than the few-percent analytical intercomparison uncertainty reported for CFCs and SFs
323  (Labasque et al., 2014) and is intended to represent combined analytical and sampling uncertainty in a

324 conservative benchmark.

325  Following the calibration procedure described in Sect. 2.2.5, each case uses a 4,000-iteration pilot chain to
326  estimate a fixed correlated proposal covariance, followed by five independent 10,000-iteration sampling
327  chains with 20 % burn-in. All 19 cases satisfy the campaign split-R-hat < 1.01 convergence criterion. For
328  this workflow, the reported ESS is the sum of autocorrelation-based single-chain ESS values; the minimum

329  ESS across L, tg, and MTT ranges from 756 to 4,784. Table 4 summarizes the posterior distribution of
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MTT. For each retained posterior draw s, MTT®) = p() 4 tés), so the MTT quantiles preserve the posterior

dependence between p and t,. Full marginal summaries of p and ty, 2.5-97.5 % MTT intervals, and multi-

chain diagnostics are provided in Appendix C.

Table 4. Mean-transit-time posterior summaries and minimum ESS across u, , and MTT for the 19 shifted-

exponential synthetic configurations. MTT = u+ is calculated sample by sample from the joint posterior.

Full marginal summaries of u and and 2.5-97.5 % MTT intervals are provided in Appendix C. Posterior

MTT values are rounded to 0.1 yr.

Case | Target (u, to) (yr) Targ&trl)““ Posterior MTT median [10-90 %] (yr) | Min ESS
1 1,1 2 3.5[1.6-5.8] 2,357
2 (1, 10) 1 11.0 [9.0-13.0] 4,421
3 (1, 20) 21 21.1 [20.2-22.0] 3,978
4 (1, 30) 31 31.4 [30.7-32.6] 3,807
5 (1, 40) 41 44.0 [41.1-50.1] 1,571
6 (10, 1) 1 11.2 [8.9-13.4] 3,692
7 (10, 10) 20 202 [18.7-21.7] 4,733
8 (10, 20) 30 30.5 [28.1-33.8] 3321
9 (10, 30) 40 40.3 [37.9-43.7] 2,513
10 (10, 40) 50 55.1 [47.3-73.3] 756
1 0, 1) 21 21.0[19.0-23.2] 3,258
12 (20, 10) 30 303 [28.0-33.4] 4,531
13 (20, 20) 40 41.1 [37.0-46.8] 4284
14 (20, 30) 50 50.4 [44.4-57.7] 1116
15 (30, 1) 31 30.4 [28.1-33.2] 4305
16 (30, 10) 40 40.6 [36.6-45.4] 4,775
17 (30, 20) 50 51.7 [45.6-60.3] 4,439
18 (40, 1) 41 40.0 [36.7-43.6] 3,799
19 (40, 10) 50 50.7 [45.1-57.5] 4,784

The 8 % observational uncertainty is amplified substantially in the individual shifted-exponential

parameters. Across the 19 configurations, the median posterior standard deviations relative to their target

values are 32.1 % for u, 26.6 % for ty, and 8.6 % for MTT. This contrast reflects the strong negative

posterior dependence between y and t,, whose median posterior correlation across the 19 configurations is
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341  —0.95. Their individual contributions can therefore compensate while their sum remains much better
342  constrained. Fig. 2 illustrates this trade-off for the target =10 yr and t, = 30 yr, corresponding to an MTT
343 of 40 yr. The posterior follows a negatively correlated ridge; the resulting MTT posterior has a median of

344 40.3 yr and a central 10-90 % interval of 37.9-43.7 yr.

345  Within the present 19-case design, identifiability varies across the tested domain, with relatively better joint
346  constraints mainly for p between about 20 and 40 years and t, around 10-20 years, whereas very small
347  parameter values and some high-shift configurations are less well resolved. All configurations nevertheless
348  retain near-zero best-fit normalized residuals relative to the assumed observational uncertainties. The

349  differences therefore primarily reflect parameter identifiability rather than fit quality.

30 . 120
Posterior samples
Y% Generating target <
40 100 (S
o
=
u
- 80 €
5 30 o
< 60 g
£ g
< 9 o
wn 0 -
40 %
©
10 :
20 2
0
0 10 20 30 40
350 Exponential timescale, u (yr)

351  Figure 2. Bayesian posterior geometry for the shified-exponential benchmark with target u=10 years and
352 ty=30years. The background shows the normalized root-mean-square data misfit, \(J/4), calculated from
353 CFC-11, CFC-12, CFC-113, and SFs with an assumed 8 % relative observational standard deviation, the
354 star marks the generating parameter pair. Points show samples retained after burn-in from the five

355  converged sampling chains. The x axis is the exponential timescale u, and the y axis is the shift t.
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356  More generally, this experiment distinguishes fit from identifiability: near-zero best-fit normalized
357  residuals relative to the assumed observational uncertainties can coexist with substantial uncertainty in

358  individual LPM parameters, while a derived quantity such as MTT remains considerably better constrained.

359 4. Field benchmark and demonstration

360 The field applications illustrate two complementary uses of PyAges. Holten provides an external
361  benchmark against a published multi-tracer interpretation. Ploemeur provides a long-term CFC
362  demonstration in which the analysis is deliberately restricted to the shifted-exponential LPM. The purpose
363  is not to revisit the full hydrogeological study or compare alternative LPM parameterizations, but to show
364  how a single PyAges workflow can contrast the information contained in a full tracer record with that

365  available from a restricted sampling window.
366 4.1. Holten multi-tracer benchmark

367  We first consider the well-documented Holten well field in the Netherlands (Visser et al., 2013). Production
368  wells with long screens mix groundwater over a broad range of transit times (Henri et al., 2026), making
369  the site a useful external benchmark for groundwater age-distribution modeling. Visser et al. (2013)
370  interpreted seven production wells sampled in April 2010 using four tracer observables — *H, corrected
371  tritiogenic *He, ¥Kr, and **Ar — and reported groundwater fractions in four age classes. These published
372  fractions provide an external reference for the complete PyAges data-preparation, forward-model, and

373  Bayesian-calibration workflow.

374  The final PyAges Holten benchmark uses the same four observables and the input conventions appropriate
375  to the original study: site-specific time-dependent inputs for *H and **Kr, whereas *Ar is represented by its
376  standard modern atmospheric abundance and radioactive decay. Tritogenic *He is derived from *H decay
377  rather than prescribed as an independent input. For the *H—He pair, a two-year unsaturated-zone transit is
378  imposed before groundwater enters the saturated aquifer. For a parcel of water with saturated-zone age a,

379  the tritium input is therefore taken two years before saturated recharge and is allowed to decay during this
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380  delay. The remaining *H then decays during saturated transport, while the resulting tritiogenic *He is
381  assumed to accumulate in the closed saturated system. The published *He values are already corrected for
382  noble-gas, degassing, and radiogenic contributions, so these corrections are not applied again. Tritiogenic
383  S3He is expressed in tritium-equivalent units (TU), following Visser et al. (2013), who report it as the
384  equivalent tritium concentration. A tritiogenic *He uncertainty of 0.5 TU is used for the six wells with
385  reported uncertainties; because the source uncertainty is absent for well 59-05, the same 0.5 TU value (the
386  median of the six reported values) is assigned and treated explicitly as an imputed uncertainty. Visser et al.
387  (2013) also noted possible excess tritiogenic *He at well 59-05; the imputed 0.5 TU uncertainty is therefore

388  abenchmark convention rather than a new estimate of measurement uncertainty.

389  The pumped-water age distribution is represented as a four-component mixture, with fractions assigned to
390  the age intervals 0-20, 20—40, 40—60, and >60 years. For each of the first three classes, the tracer response
391  is averaged over 120 uniformly spaced ages within the interval, so each fitted fraction represents the
392 contribution of an age class rather than a single representative age. The >60-year class is treated differently
393  because it has no finite upper bound. Rather than imposing an arbitrary discretization beyond 60 years, it is
394  represented by the fixed old-water end member used in the published benchmark: *H and tritiogenic *He
395 are evaluated at 310 years, *Kr is set to zero, and **Ar to 0.45 fraction modern. The fitted >60-year fraction
396  therefore quantifies mixing with this prescribed old-water tracer signature and should not be interpreted as
397  a fraction of water having exactly 310 years of age. The four fractions are sampled through three stick-
398  breaking variables, which automatically ensures non-negative fractions summing to one and avoids
399  proposing physically invalid age distributions. This parameterization is also well suited to mixtures in which
400  one or more age classes may contribute very little: the bounds z € [-8, 8] apply to these variables rather
401  than to the fractions themselves, allowing fractions to approach zero or one while keeping the sampled
402  parameters finite and numerically stable. For each well, five independent sampling chains were used and
403  extended when required by the convergence diagnostics. For two wells exhibiting slow mixing near zero-

404  valued fractions, an additional symmetric proposal was used to improve exploration without changing the
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405  target posterior; implementation details are retained in the reproducibility archive. All seven final
406  calibrations satisfy the campaign split-R-hat < 1.01 criterion, with minimum summed autocorrelation-based
407  ESS values between 313 and 1,373. Fig. 3 compares the resulting PyAges posterior fractions with the values

408  reported by Visser et al. (2013).
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410  Figure 3. Comparison of the four-bin groundwater age fractions reported by Visser et al. (2013) with the
411  PyAges posterior distributions for the seven Holten production wells. Panels correspond to the age classes
412 (a) 0-20, (b) 20—40, (c) 40-60, and (d) >60 years, wells are shown on the shared y axis. Blue circles and
413 horizontal bars show PyAges posterior medians and central 10-90 % credible intervals, respectively;

414  orange diamonds show the published fractions. The calibration uses *H, corrected tritiogenic *He, *Kr,

415 and *Ar.

416  The final multi-chain PyAges reconstruction closely reproduces the published four-bin distributions. Across
417  the seven wells and four age classes, the mean absolute difference between the PyAges posterior median
418  and the Visser et al. (2013) fraction is 0.0055, the median absolute difference is 0.0038, the RMSE is
419 0.0070, and the maximum absolute difference is 0.018. All 28 reconstructed fractions differ from the

420  published values by less than 0.02. The largest standardized residual among the four fitted tracer
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421  observables is 1.80. Holten therefore provides an external benchmark in which the Bayesian workflow
422  reproduces a published multi-tracer age-distribution interpretation within the same four-bin representation
423 and tracer-input conventions, while also returning posterior uncertainty and explicit convergence
424 diagnostics. Because a uniform prior on the three stick-breaking variables z does not give the same prior
425  distribution to the four age fractions, sensitivity was assessed with a symmetric Dirichlet(1,1,1,1) prior.
426  Although the two prior distributions differ markedly before the observations are used, the largest absolute
427  change in any posterior median age fraction is 0.021 (2.1 % of the total age distribution), and the total
428  fraction redistributed between age classes is at most 0.021 (2.1 %). The global RMS standardized residual

429  changes only from 0.77 to 0.79 (Appendix D).
430 4.2. Ploemeur long-term CFC demonstration

431  The Ploemeur fractured aquifer in Brittany, France, has been extensively characterized hydrogeologically
432  (Le Borgne et al., 2004; Ruelleu et al., 2010) and provides a long-term record of CFC-11, CFC-12, and
433  CFC-113 in groundwater. The CFC observations used here are available in the Ploemeur dataset of the H+
434  national network of hydrogeological observatories (INSU CNRS, 2005); the multisite database architecture
435  underlying H+ is described by de Dreuzy et al. (2006). Here, the purpose is not to revisit the hydrogeological
436  interpretation of the site, but to demonstrate that the same PyAges workflow can be applied consistently
437  either to observations from a restricted sampling window or jointly to a longer tracer record. Two
438  contrasting wells are considered: F09, characterized by relatively young groundwater, and F11,
439  characterized by older and more strongly mixed groundwater. A 20 % relative uncertainty is assigned to all
440  CFC observations as a benchmark choice. This value was selected in consultation with the researchers
441  responsible for the dataset to represent sampling-related variability together with measurement uncertainty,

442 rather than analytical uncertainty alone.

443  For each well, two inference problems are compared using exactly the same shifted-exponential LPM,
444 tracer definitions, likelihood, and uncertainty model: one calibration uses all available observations in the

445  monitoring record, whereas the other uses only the observations from the 2014-2015 sampling window.
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446  The final calculations use the CDF—partial-first-moment forward operator described in Sect. 2.2.4. Each
447  calibration is sampled with five independent Metropolis—Hastings sampling chains using a pilot-estimated
448  fixed correlated proposal. For the Ploemeur demonstration, the inferred transit-time distribution is

449  illustrated by its median,tg, = F~1(0.5) = to + pIn(2).

450  This quantity is evaluated for every posterior sample. All four calibrations satisfy the convergence criteria,
451  with a maximum split-R-hat of 1.004 and a minimum multi-chain ESS of 1,741 across L, ty, and ts,. Fig.
452 4 shows the observed CFC time series and the posterior trajectories obtained from the two calibration

453 windows.

¢ Observations =20 % —— Full-record calibration
Observations used for 2014-2015-only calibration —— 2014-2015-only calibration
(a) F11 - CFC-11 (b) F11 - CFC-12 (c) F11 - CFC-113
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455  Figure 4. Ploemeur CFC time series for F11 (top row) and F09 (bottom row) interpreted with the shifted-
456  exponential LPM. Black points and error bars show atmospheric-equivalent mixing-ratio observations with
457  the adopted +20 % benchmark uncertainty; orange circles identify the observations used in the 2014-2015-
458  only calibration. Blue lines and shaded envelopes show the median modeled response and central 10—90
459 % posterior interval for calibration to the full record, whereas red lines and envelopes show the

460  corresponding results for the 2014-2015-only calibration. Modeled trajectories are displayed over 1990—
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461 2025 to facilitate comparison of their temporal behavior. The envelopes propagate posterior parameter

462  uncertainty only and do not include an additional realization of the observation-error model.

463 At F09, the 2014-2015-only observations admit substantially older solutions, with a posterior median tsg
464  of 13.3 years and a 10-90 % interval of 6.2-20.3 years. When all sampling dates are used jointly, the
465  declining temporal evolution of the CFC record provides an additional constraint and shifts the posterior
466  toward younger groundwater, with a median t5, of 4.2 years [1.5-8.1 years]. The example therefore shows
467  directly how repeated observations can resolve an age ambiguity that remains when only a limited sampling

468 window is available.

469  F11 illustrates a different behavior. The 2014-2015-only calibration yields a median t5o of 57.4 years
470  [52.6-61.5 years], whereas calibration to the full record shifts the posterior to 85.4 years [84.7—86.0 years].
471  The longer record also reveals a clear tracer-specific contrast: the temporal evolution of CFC-11 is
472  consistent with the full-record interpretation, whereas CFC-12 and CFC-113 are not reproduced
473 consistently within the adopted stationary tracer-LPM—error framework. Thus, the additional sampling
474  dates do not simply narrow the posterior; they also reveal which tracers support a consistent transit-time
475  interpretation and which exhibit persistent discrepancies. Together, the two wells demonstrate that PyAges
476  responds coherently to the amount and consistency of temporal information provided to the inversion:
477  repeated observations resolve an ambiguity at FO9, while at F11 the longer record distinguishes a temporally
478  consistent CFC-11 signal from persistent discrepancies in CFC-12 and CFC-113. The persistent
479  discrepancies at F11 show that a single stationary shifted-exponential TTD, together with the adopted tracer
480  inputs and error model, cannot reproduce all three CFC time series simultaneously. They therefore reveal
481  alimitation of at least one assumption in the present interpretation. The data alone do not determine whether
482  the mismatch results from temporal variation in the TTD, tracer-specific processes affecting individual
483  CFCs, inaccuracies in the reconstructed input histories, or unrepresented sampling or measurement errors.

484 A more detailed hydrogeological interpretation of the Ploemeur CFC time series, including the temporal

25



https://doi.org/10.5194/egusphere-2026-5201
Preprint. Discussion started: 12 October 2026 EG U h
© Author(s) 2026. CC BY 4.0 License. spnere

485 behavior of the individual tracers, the comparison of alternative transit-time distributions, and the inferred

486  groundwater-age dynamics, is presented in de Dreuzy et al. (in review).

487 5. Discussion

488  Environmental-tracer inference is most useful when the analysis can be used to test how scientific
489  conclusions respond to alternative assumptions, to determine what the observations actually constrain, and
490  to reuse the resulting components in broader workflows. The discussion therefore focuses on controlled

491  hypothesis testing, uncertainty and identifiability, and workflow integration.
492 5.1. Exploring tracer information through controlled hypothesis testing

493  Environmental-tracer interpretation is rarely resolved by a single inversion. It progresses by testing whether
494  conclusions persist when assumptions about tracer representations, observation sets, transit-time
495  distributions, priors, or error models are changed. Because PyAges separates these components, one
496  hypothesis can be modified while the rest of the workflow is held fixed. Differences between analyses can

497  therefore be related more directly to the assumption being tested rather than to changes in implementation.

498  The Ploemeur application illustrates this experimental use of the framework. Long-term, high-resolution
499  multi-tracer records are increasingly used to characterize groundwater recharge and flow regimes in
500  complex aquifers (Kang et al., 2026). The same tracer definitions, shifted-exponential LPM, likelihood, and
501  calibration settings are applied to a restricted sampling window and to the full record, thereby isolating the
502  information added by repeated observations. More generally, information content depends not only on the
503  number of tracers or observations, but also on the independent temporal sensitivities they contribute and on
504  the quantity of interest. Tracers with similar input histories may be partly redundant, and detailed TTD
505  shape may remain non-unique even when moments, age fractions, or predictive quantities are constrained
506 (Green et al., 2014; McCallum et al., 2014; Margais et al., 2015). Multiple dates can likewise expose

507  structural limitations hidden by a satisfactory single-date fit (Massoudiceh et al., 2014a).
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508  PyAges does not remove these intrinsic ambiguities; it provides a practical way to investigate them
509  systematically by comparing alternative hypotheses within the same workflow. In the present Ploemeur
510  analysis, multiple dates constrain one stationary TTD. When sufficiently informative time series are
511  available, more flexible transient formulations, including StorAge Selection (SAS) functions, can instead
512 describe how the age composition of discharge changes through time rather than imposing a stationary TTD
513 (Botter et al., 2011; Rinaldo et al., 2015; Harman and Xu Fei, 2024; Tiirk et al., 2026). Such formulations
514  address a different inference problem and require observations rich enough to constrain the added temporal

515  degrees of freedom (Massoudieh, 2013; Jurgens and Levy, 2026).
516 5.2. What uncertainty analysis adds to tracer interpretation

517  Uncertainty analysis changes the question from ‘“Which parameter set fits best?” to “Which conclusions
518  remain supported when all parameter combinations compatible with the observations are considered?” A
519  joint posterior shows which parameters or parameter combinations are constrained by the data and which
520  remain difficult to distinguish because they produce nearly the same modeled tracer values. In the shifted-
521  exponential benchmark, p and t, can compensate strongly, whereas their sum is much better constrained.
522 The Bayesian formulation used here is one practical way of revealing such trade-offs; the objective is to
523 determine what the observations actually constrain and what remains ambiguous (Massoudieh et al., 2012;

524  McCallum et al., 2014).

525  Inference quality should be assessed separately from fit quality and posterior concentration. A low residual
526  can coexist with weak identifiability, while a narrow posterior only indicates precision within the
527  assumptions of the selected model. Previous studies similarly show that excellent tracer fits need not
528  recover the relevant characteristics of a TTD or provide the best prediction of the quantity of interest (Green
529  etal, 2014; Margais et al., 2015; Massoudieh et al., 2014a). Information-rich observations can also reduce
530  estimated uncertainty without eliminating predictive bias when the model cannot represent the processes

531  they contain (Knowling et al., 2020).
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532  Bayesian analysis is useful in this context because assumptions about priors and observational errors are
533 explicit and can be tested. At Holten, substantially different priors produce only minor changes in the
534  inferred age fractions, supporting the robustness of the reconstruction for the tested assumptions. This does
535  not remove uncertainty about the model structure itself. A posterior describes uncertainty assuming that the
536 chosen TTD family, tracer representation, and error model are appropriate; a different TTD or tracer-
537  process model may lead to a different interpretation. Such structural uncertainty can be assessed by
538  explicitly fitting and comparing plausible alternatives (Rojas et al., 2008). Where independent
539  hydrogeological information is available, it can reduce parameter equifinality through physically justified
540  parameter bounds or informative prior distributions on relevant LPM parameters (e.g., i and ty). Such
541  constraints leave the tracer input histories, transport transformations, and convolution operator unchanged,
542  but their influence on the posterior should be reported explicitly and assessed independently of the tracer
543 likelihood (Corcho Alvarado et al., 2007; Leray et al., 2012; Thiros et al., 2023). The contribution is
544  therefore not Bayesian inference in itself, but the ability to expose parameter trade-offs, test assumptions,

545  and distinguish robust conclusions from those that remain model dependent.
546  5.3. Integration into broader tracer-analysis workflows

547  PyAges is designed so that tracer preparation, transit-time distributions, forward simulation, and inference
548  canbe reused as components of larger scientific workflows. Their explicit inputs and outputs allow analyses
549  to be applied in batch across sites or sampling dates, connected to upstream data-processing steps, or
550  followed by other modeling and prediction tasks. Retaining observations in tracer space is important in this
551  respect: conversion to apparent groundwater ages is itself model dependent and may discard information
552 contained in tracer-specific input histories and uncertainties (Suckow, 2014; Turnadge and Smerdon, 2014;
553  McCallum et al., 2015). Direct use of tracer observations can also provide stronger constraints when

554 incorporated into groundwater-model calibration (Thiros et al., 2021).
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555  Tracer-based LPM inference and distributed groundwater modeling are therefore complementary rather
556  than competing approaches. Environmental tracers can constrain or test process-based models (Sanford,
557  2011), while physically based flow models can provide information on plausible transit-time structures and
558  parameter ranges (Leray et al., 2019; Gauvain et al., 2021). Once inferred, a TTD can also be reused as a
559  temporal transfer function with other recharge or solute-input histories, provided that the corresponding
560  transport and reaction assumptions are specified. Tracer-constrained LPMs have, for example, been used
561  to assess well vulnerability and to reproduce or project nitrate trends (Eberts et al., 2012; Jurgens et al.,
562 2016; Alikhani et al., 2016). These applications reinforce the broader point that the usefulness of an inferred

563  TTD ultimately depends on the prediction or interpretation for which it is used.

564  The same framework can also support questions about what should be measured next. Candidate tracers,
565  additional sampling dates, or improved measurement precision can in principle be compared according to
566  how much they reduce uncertainty in a selected parameter or prediction (Green et al., 2014; Zell et al.,
567  2018). Formal data-worth or experimental-design tools are not part of PyAges v1.0, but the forward and
568 inference components provide the basis for such extensions. Reuse in broader workflows also requires
569  reproducibility: versioned code, configurations, tracer inputs, random seeds, and post-processing steps

570  connect the scientific interpretation to an identifiable computational experiment (Hutton et al., 2016).

571 6. Conclusions and perspectives

572 PyAges v1.0 provides an open, scriptable framework for inferring groundwater transit-time distributions
573  directly from environmental-tracer observations. Its contribution is the integration of modular tracer and
574 LPM definitions, a numerically characterized convolution operator, interchangeable calibration
575  components, and reproducible case-level workflows. The CDF—partial-first-moment formulation resolves
576  variation in the tracer response rather than requiring the potentially narrow LPM density itself to be densely

577  sampled, while discrete components are treated directly.
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578  The benchmarks characterize discrepancies relative to independent reference calculations, reproduce a
579  published multi-tracer interpretation, and consistently exploit differences in the temporal information
580  supplied by field observations. Additional information may either reduce ambiguity or reveal
581  inconsistencies that are not apparent from a restricted dataset. More generally, fit quality alone does not
582  determine inference quality: different parameter combinations can reproduce the observations similarly,
583  while some derived quantities remain much better constrained than the individual parameters. PyAges
584  makes these distinctions accessible through joint uncertainty analysis and tracer-level diagnostics, without

585  making Bayesian inference itself the scientific objective.

586  Because each scientific component can be exchanged independently, PyAges can support controlled tests
587  of alternative tracer assumptions, transit-time distributions, priors, sampling designs, and inverse methods,
588  and can serve as a building block in broader hydrogeological calibration or water-quality workflows. The
589  present release is limited to stationary LPMs and the tracer transformations explicitly implemented or
590  supplied by the user; transient and more complex reactive formulations remain extensions rather than
591  implicit capabilities. The public v1.0 tag, validated reproducibility archive, machine-readable results, and
592  case-level check, post-processing, and rerun commands make both the software and the analyses reported

593  here directly inspectable and reusable.
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504 Code and data availability

595  PyAges is openly developed at https://github.com/dreuzy/PyAges and distributed under the CeCILL 2.1
596  license. The public annotated tag 1.0 (https://github.com/dreuzy/PyAges/tree/1.0), which points to commit
597  be97d05f6081983b08df6d870cca72caa088d5¢e2, identifies the exact source-code version used for this
598  study. The CI workflow associated with this tag completed successfully, including tests on Python 3.12,
599 3.13, and 3.14, dependency checks, documentation and packaging checks, and TracerLPM validation. A
600  validated reproducibility archive has been assembled for the manuscript and includes the redistributable
601  benchmark input data and tracer histories, configuration files, run manifests and random seeds, scripts used
602  to generate the reported figures and tables, machine-readable results, and environment and provenance
603  metadata. The tagged source and reproducibility package are archived together on Zenodo at
604  https://doi.org/10.5281/zen0do.22150863 (de Dreuzy, 2026). The exact Ploemeur observations used in this
605  study are available through the H+ data record (INSU CNRS, 2005), and their use and redistribution for
606  this study are authorized by the data providers. GitHub remains the development repository, while the
607  Zenodo record provides the immutable software-and-data archive corresponding to this study. The mapping
608  between manuscript results and the common case-level reproduction interface is summarized in Appendix

609 E.
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610 Appendix A. Numerical implementation and verification of the forward
611 operator

612  Al. Adaptive tracer-response discretization and interval integration

613  This section provides the numerical details of the continuous convolution scheme introduced in Sect. 2.2.4.
614  After the tracer response has been defined for a given sampling date, the main numerical question is how

615  finely it must be discretized over water age before the interval contributions are evaluated.

616  For the continuous pathway, the remaining numerical choice is the age discretization of the tracer response
617  K(t). The age grid is determined by the tracer and the sampling date, independently of the LPM parameters.
618  For a tracer defined by a time series, all input-history dates within the convolution window are converted
619  to water ages and used as initial grid nodes, together with zero age and the oldest age represented by the

620  available input record.

621  For conservative tracers, the time-series input is linearly interpolated between successive chronicle nodes
622  (Sect. 2.2.2), so K(7) is affine within each interval and Eq. (8) is exact there. No additional subdivision
623  below the temporal resolution of the input chronicle is therefore required. For example, the CFC and SFs
624  histories used in Sect. 3.2 are tabulated every 0.5 years; for the 2010 sampling date, their chronicle nodes

625  directly define 140 age intervals between 0 and 70 years.

626  When the complete tracer response K () is not sufficiently resolved by these initial nodes—for example,
627  because radioactive decay makes the response nonlinear between chronicle dates—PyAges refines the grid
628  only where the tracer response changes too much. For each interval [a, b], K is evaluated at the left endpoint,

629  the midpoint m, and the right endpoint. The variation of K within the interval is defined as

630 AK = max[K(a), K(m),K(b)] — min[K (a), K(m), K(b)]

631  Thus, 4K is simply the range of tracer-response values within the interval. It is compared with a tolerance

632 T,

633 T=f, maX(Kglobal' 8) + fr Kiocal
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634  This tolerance defines the maximum variation in K that is accepted within an interval before the grid is
635  considered too coarse. The first term provides a small global tolerance based on the overall amplitude of
636  the tracer response and prevents excessive refinement where K is close to zero. The second term scales the
637  tolerance with the response amplitude in the current interval. Here, Kgjopa is the largest absolute response
638  over the whole grid, K),¢,; is the largest absolute response in the current interval, and ¢ is a small positive
639  numerical floor that prevents the tolerance from becoming zero. The interval is divided into two equal parts

640 when

641 AK >T

642  Otherwise, it is retained. With the default values f; = 5 x 10™* and f, = 2 X 1072, an interval is therefore
643  retained only if the sampled tracer response varies by no more than 0.05 % of the global response scale plus
644 2 % of the local response scale. If this limit is exceeded, the interval is subdivided and the same test is

645  applied again.

646  Once an interval has been retained, PyAges determines how its contribution to the convolution should be
647  calculated. The previous refinement criterion limits the total variation of K within the interval, but it does
648  not ensure that K varies linearly between the two endpoints. This distinction matters because Eq. (8) is
649  exact when K is linear within the interval. PyAges therefore compares the actual midpoint response with

650  the value expected from a straight line between the two endpoints. The deviation from linearity is

K(a) +K(b
651 D = |K(m) — %
652  The response is considered sufficiently linear when
653 D<01T

654  In that case, Eq. (8) is used. If this condition is not satisfied, the straight-line approximation is no longer
655  considered reliable. Rather than extrapolating a linear variation that is contradicted by the evaluated

656  midpoint, PyAges uses the midpoint response as a representative value for the interval. The contribution is
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657  then approximated as K(m) X w;, where w; is the exact LPM probability mass within the interval. This
658  provides a more robust fallback for locally curved tracer responses, while the preceding grid-refinement
659  criterion ensures that the total variation of K within the interval remains small. The tracer grid is constructed
660  once for each tracer—sampling-date pair and then reused for all subsequent LPM evaluations during

661 calibration.

662  A2.Independent verification and numerical qualification

663 The resulting forward operator was then verified against an independently implemented reference calculation in a 270-
664 case campaign, without any tracer-parameter inference. The campaign contains 45 piston flow model (PFM), 45
665 exponential mixing model (EMM), 90 exponential-piston flow model (EPM), and 90 dispersion model (DM) cases.
666 Reference concentrations are generated without calling PyAges LPM classes: PFM is evaluated directly, whereas the
667 continuous models use analytical LPM density functions and composite eight-point Gauss—Legendre quadrature, with
668  the integration split at every monthly interpolation knot of the synthetic input histories. The complete reference matrix
669 and per-case results are retained with provenance metadata in the reproducibility package.

670  Numerical agreement is assessed with two complementary measures: the absolute concentration difference
671  and the symmetric relative difference in Eq. (A1). The symmetric form treats PyAges and the independent

672  reference calculation equally, without selecting either result as the denominator.

2|CPyAges - Crefl
max(|CPyAges| + [Cretl, 10_12)'

daps = |CPyAges - Cref|' dsym =

(AD)

673 Relative differences become unstable near zero. We therefore define, for each tracer, the reference scale

674  Cycale as the maximum concentration in its input history:
Cscale = mtaX|Cinput(t)|- (A2)
675  When at least one calculated concentration reaches 0.1 % of Cgcae, agreement is assessed with the
676  symmetric relative criterion:
max(|Cpyages|: |Crefl) = 1073Cscates  dsym < 5% 107* (0.05 %). (A3)
677  Otherwise, the near-zero case is assessed with the absolute criterion:

dabs <2x 1O_SCS(:ale- (A4)
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678  Thus, relative errors are used for appreciable concentrations and absolute errors near zero. Because the
679  synthetic input histories are non-negative and the tested tracer response is conservative, both calculated
680  concentrations must also be finite and lie between 0 and Cgq)e, allowing only a 1072 Cgq1e tolerance for

681  floating-point round-off. All 270 cases must satisfy these conditions individually.

682  Table Al. Observed forward discrepancies by LPM family in the 270-case campaign. Absolute RMSE and
683  maximum discrepancies are reported in the arbitrary concentration units used for the synthetic inputs,

684  symmetric relative discrepancies are dimensionless.

LPM Cases RMSE (a.u.) Max. abs. discrepancy (a.u.)
PFM 45 2.70 x 1071 5.12x 107"
EMM 45 7.25 x 10 292 %1073
EPM 90 9.90 x 10 6.12 x 1073
DM 90 9.71 x 10 6.11 x 107

685 Of'the 270 verification cases, 237 are evaluated with the relative criterion and 33 with the near-zero absolute
686  criterion. The largest symmetric relative difference among the 237 relative-criterion cases is 2.15 x 107,
687  below the 5 x 10 limit; among the 33 near-zero cases, the largest absolute difference normalized by Cg¢q)e
688  is 1.09 x 107, below the 2 x 10~ limit. All 270 cases therefore pass the qualification contract. Table Al
689  additionally reports family-level RMSE and maximum absolute discrepancy: RMSE ranges from 2.70 x

690  107'2t0 9.90 x 107, and the maximum absolute discrepancy from 5.12 x 1073 to0 6.12 x 107.

691  Appendix B. Common metrics and parameter mappings for the PyAges—

692 TracerLPM benchmark

693  Because PyAges and TracerLPM use different native objective functions, the modeled concentrations from

694  both codes were reevaluated with the same two residual measures before the final solutions were compared:
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m

Lliel — z

i=1

Cmod,i - Cobs,i

(B1)
Cobs,i

m

2
Cinod.i — Cobs.i
erel=z mod,i obs,i ) (B2)
Cobs,i

i=1
695  These are sums over the four tracer observations; L; ¢ is not square-rooted. TracerLPM parameters were
696  also converted to the parameterization used throughout this manuscript before parameter-recovery errors
697  were calculated. For EPM, TracerLPM uses the piston-to-exponential ratio r, whereas the manuscript uses

698  n =1 +r and the shifted-exponential timescale p and shift t:

T 1
=14r, u=-, to=71|1—-). (B3)
1 n 0 n

699  For DM, the corresponding inverse-Gaussian parameters are obtained from:

U=, o =T1V2DP. (B4)

700  The common search bounds used for the benchmark are given below. Table B1 reports parameter recovery
701  for the 0 % added-noise controls, and Table B2 summarizes the 480 noisy paired inversions using the

702  common residual measures and parameter-recovery criteria.
T € [0.1,200] yr, n € [1.01,11] (r € [0.01,10]). (B5)

7 €[0.1,200] yr, DP € [0.001,3]. (B6)

703 Table Bl. Parameter-recovery errors for the 0 % added-noise controls. “Numerical precision” denotes

704 discrepancies negligible at the reported precision.

Model Parameter Target PyAges relative error TracerLPM relative error
EMM MTT 20 Numerical precision 0.4 %
EPM MTT 20 Numerical precision 1.3%
EPM n 3 Numerical precision 1.2%
DM MTT 20 Numerical precision 1.6 %
DM DP 0.2 Numerical precision 4.0 %

36



https://doi.org/10.5194/egusphere-2026-5201
Preprint. Discussion started: 12 October 2026 EG U h
© Author(s) 2026. CC BY 4.0 License. spnere

705  Table B2. Aggregate comparison of the 480 noisy paired inversions using common residual measures and

706  parameter-recovery criteria.

Comparison PyAges TracerLPM
Median Ly pe] 0.179 0.181
Median L re] 0.0135 0.0164
Lower Ly re] 461/480 19/480
Lower Ly re] 111/480 369 /480
Closer to generating MTT 208 /480 272 /480
Closer to generating second parameter 204 /480 233 /480 (43 ties)

707  The contrasting rankings under Ly rj, Ly rel, and parameter-recovery criteria show that neither software can
708  be ranked independently of the chosen metric. A closer fit to a particular noisy realization does not
709  necessarily imply parameters closer to the values used to generate the observations. All 480 paired
710  inversions completed successfully. Complete case-level results, native objective values, parameter bounds,

711  software-version metadata, random seeds, and input files are provided in the reproducibility archive.

712 Appendix C. Detailed posterior results for the shifted-exponential benchmark

713 This appendix provides the complete posterior summaries supporting the shifted-exponential benchmark
714  presented in Sect. 3.2. The main results and interpretation are reported in the main text and Table 4; the
715  tables below provide the corresponding parameter-level posterior summaries and multi-chain diagnostics

716  for all 19 synthetic configurations.

717  The benchmark uses exact synthetic tracer values with an 8 % relative observational standard deviation in
718  the likelihood. Five converged sampling chains are combined after burn-in. MTT is calculated for every
719  paired posterior sample before its summaries are computed, as defined in Sect. 3.2; its quantiles are
720  therefore not obtained by adding marginal quantiles. Relative posterior standard deviations and relative 10—
721 90 % half-widths summarize different aspects of posterior spread and are reported separately. Table C1
722 reports the marginal posterior summaries of p and ty, while Table C2 reports the corresponding MTT

723 summaries and multi-chain diagnostics.
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724 Table C1. Posterior summaries of the two shifted-exponential parameters. Values are median [10-90 %

725  credible interval], in years, rounded to 0.1 yr.

Case Target p Posterior p Target € Posterior t
1 1 1.6 [0.4-4.1] 1 1.40.2-3.6]
2 1 3.6 [0.8-7.5] 10 721[3.2-10.6]
3 1 3.5[0.8-7.3] 20 17.5 [14.0-20.2]
4 1 3.0[0.7-6.7] 30 28.3 [25.7-30.3]
5 1 9.2 [1.8-19.0] 40 34.8 [31.2-39.3]
6 10 8.1 [3.6-11.2] 1 2.9[0.6-7.0]
7 10 10.4 [6.4-14.6] 10 9.7[6.1-13.6]
8 10 11.1[5.2-17.6] 20 19.4 [16.0-23.0]
9 10 10.5 [5.2-16.3] 30 29.8 [27.4-32.7]
10 10 17.9 [4.9-41.0] 40 37.2[32.3-42.4]
11 20 18.6 [14.9-21.7] 1 2.3[0.4-5.5]
12 20 20.7[15.3-26.8] 10 9.6 [6.0-13.2]
13 20 21.7[15.1-30.2] 20 19.4[16.6-22.0]
14 20 20.6 [11.3-30.4] 30 29.8 [27.3-33.2]
15 30 28.1 [23.6-31.9] 1 2.3[0.4-5.4]
16 30 31.1[23.8-38.9] 10 9.6 [6.1-13.0]
17 30 32.2[23.7-43.6] 20 19.4[16.6-21.9]
18 40 37.7[32.1-42.4] 1 2.3[0.5-5.4]
19 40 41.2 [32.3-51.1] 10 9.7 [6.1-13.0]
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Table C2. Posterior summaries of MTT and multi-chain diagnostics. MTT intervals are calculated directly

from the joint posterior. MTT values are in years and are rounded to 0.1 yr; split-R-hat is reported to three

decimals.
Case Tl\?[rTgTet MTT median [10-90 %] MTT [2.5-97.5 %] | Max split-R | Min ESS
1 2 3.5[1.6-5.8] [0.9-7.3] 1.002 2,357
2 11 11.0 [9.0-13.0] [7.9-14.1] 1.002 4421
3 21 21.1 [20.2-22.0] [19.7-22.6] 1.001 3,978
4 31 31.4[30.7-32.6] [30.4-33.5] 1.003 3,807
5 41 44.0 [41.1-50.1] [40.8-53.9] 1.004 1,571
6 1 11.2 [8.9-13 4] [7.7-14.6] 1.001 3,692
7 20 202 [18.7-21.7] [18.0-22.6] 1.001 4,733
8 30 30.5 [28.1-33.8] [27.3-35.9] 1.000 3,321
9 40 403 [37.9-43.7] [37.1-46.1] 1.002 2,513
10 50 55.1 [47.3-73.3] [46.3-84.3] 1.010 756
11 21 21.0 [19.0-23.2] [18.0-24.5] 1.001 3,258
12 30 30.3 [28.0-33.4] [26.9-35.3] 1.001 4,531
13 40 41.1 [37.0-46.8] [35.4-50.3] 1.001 4284
14 50 50.4 [44.4-57.7] [41.7-62.2] 1.002 1,116
15 31 30.4 [28.1-33.2] [26.9-34.9] 1.001 4,305
16 40 40.6 [36.6-45.4] [34.7-48.2] 1.002 4,775
17 50 51.7 [45.6-60.3] [43.2-66.2] 1.000 4439
18 41 40.0 [36.7-43.6] [35.1-45.5] 1.002 3,799
19 50 50.7 [45.1-57.5] [42.5-61.6] 1.001 4,784

Across the 19 configurations, the median posterior standard deviation relative to the target is 32.1 % for p,

26.6 % for ty, and 8.6 % for MTT. The corresponding median relative half-widths of the central 10-90 %

intervals are 40.8 %, 34.2 %, and 11.0 %. Across the 19 configurations, the median pooled posterior

correlation between p and ¢t is —0.95. The shortest case, (i, ty) = (1, 1) years, is a clear exception in relative

resolution; the case (10, 40) years has the lowest ESS and the broadest MTT posterior among the remaining

configurations.
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735  Appendix D. Prior sensitivity of the Holten age-fraction benchmark
736 D1. Prior distributions

737  This appendix tests whether the Holten age-fraction results reported in Sect. 4.1 depend materially on the
738  prior implied by the stick-breaking parameterization. The baseline analysis assigns a uniform prior to each
739 ofthe three stick-breaking variables z € [—8, 8]. Because the four age fractions are constructed sequentially
740  from these variables, this choice does not give the same prior distribution to each age class. As an
741  alternative, we use a symmetric Dirichlet(1,1,1,1) prior defined directly on the four age fractions; under this
742  prior, the four fractions have the same prior distribution, are non-negative, and sum to one. The
743  implementation of the change of variables required for sampling was verified numerically. Because
744  sampling is restricted to z € [—8, 8], the Dirichlet comparison is restricted to this represented range; 99.76

745 % of independent Dirichlet draws fall within it. Table D1 compares the resulting prior-only distributions.

746  Table D1. Prior-only distributions of the four age fractions. The Dirichlet prior is restricted to the range

747  represented by z € [8, §].

. Uniform-z Uniform-z median [10-90 .. Dirichlet median [10-90
Fraction o Dirichlet mean o
mean %] %l
0-20 yr 0.50 0.50 [0.00—1.00] 0.25 0.21 [0.04-0.54]
20-40 yr 0.25 0.02 [0.00-0.94] 0.25 0.21 [0.04-0.54]
40-60 yr 0.12 0.00 [0.00-0.57] 0.25 0.21 [0.04-0.54]
>60 yr 0.12 0.00 [0.00-0.57] 0.25 0.21 [0.04-0.54]

748  D2. Effect of the prior on inferred age distributions

749  The alternative prior was used in seven independent five-chain calibrations with the same observations,
750  uncertainties, tracer transformations, four age-class end members, likelihood, and sampling-chain lengths
751  as the baseline analysis. All calculations met the convergence criterion used in the main benchmark; the
752 maximum split-R-hat was 1.0087 and the minimum ESS was 910. To assess the practical effect of changing
753 the prior, posterior median age fractions were compared well by well. For each well, Table D2 reports the
754  largest change in any one age class and the total fraction redistributed among the four age classes. The latter

755 is defined as half the sum of the absolute changes across the four fractions, and can therefore be read as the
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fraction of the inferred age distribution that would have to move between classes to transform one median

distribution into the other.

Table D2. Effect of replacing the baseline uniform-z prior with the Dirichlet(1,1,1,1) prior. Changes are

reported as percentages of the total age distribution; RMS residuals are standardized by the observational

standard deviations.
wen | Max “l’csl?;‘;;eea(%/‘:)f”““’“ Ageclass | 1ot “’(‘:}:)t“b“t“d RMS baseline | RMS Dirichlet
59-05 1.5 20-40 yr 1.5 0.78 0.92
67-19 1.1 0-20 yr 11 1.03 1.01
7222 17 2040 yr 17 039 0.59
73-29 13 20-40 yr 1.4 0.67 0.73
85-33 0.5 20-40 yr 0.5 021 0.03
85-34 21 2040 yr 2.1 1.00 0.93
85-35 14 2040 yr 14 0.92 0.88

The effect of the prior is small for all seven wells. The largest absolute change in any single age class is

0.021 (2.1 % of the total age distribution), for the 20—40 yr fraction in well 85-34. The total fraction

redistributed between age classes is also at most 0.021 (2.1 %) in well 85-34, with a median of 0.014 (1.4

%) across the seven wells. The global RMS standardized residual is 0.77 for the baseline prior and 0.79 for

the Dirichlet prior, indicating essentially unchanged fit quality. Fig. C1 compares the two posterior median

age distributions directly for each well. Thus, despite markedly different prior-only distributions, the

inferred Holten age distributions are only weakly affected by this change of prior.
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769  Figure DI. Sensitivity of the Holten posterior median age distributions to prior choice. For each well,
770  paired stacked bars compare the four age-class fractions obtained with the baseline uniform-z prior and
771 with the symmetric Dirichlet(1,1,1,1) prior. The close agreement between the two bars for each well

772 illustrates the small effect of the prior change.

773 Appendix E. Reproducibility of the manuscript analyses

774  The calculations reported in this manuscript are organized as six reproducibility cases, each corresponding
775  to a specific benchmark, field application, or sensitivity analysis. For each case, the archived material
776  identifies the input data and configuration, the scripts used for the calculations and post-processing, the
777  retained numerical outputs, and the associated provenance information. Table El1 provides the

778  correspondence between manuscript results and case identifiers.
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785
786

787
788

789

790
791
792

793

Table E1. Mapping between manuscript results and reproducibility cases.

Manuscript result Case identifier Main archived output
Sect. 3 / Appendix A s3_forward_verification Forward-verification results
Sect. 3.1 / Appendix B s3.1_tracerlpm Table 3 and paired PyAges—TracerLPM

benchmark results

Figure 2, Table 4, posterior samples and

Sect. 3.2 / Appendix C s3_2_shifted_exponential diagnostics
Sect. 4.1 s4.1_holten Figure 3, post.erlor age fractions and
diagnostics
Sect. 4.2 s4_2_ploemeur Figure 4, posterior time series and
diagnostics
Appendix D holten_prior_dirichlet1 Prior-sensitivity results, figure and tables

The Zenodo archive associated with this manuscript contains the frozen PyAges v1.0 source code, the input
data and configurations used for these cases, retained numerical outputs including the MCMC samples
required to reproduce posterior summaries, publication figures and tables, and machine-readable
provenance and integrity information. These retained outputs allow the reported results to be inspected and

post-processed without rerunning the computationally intensive calibration campaigns.

For users who wish to interact with the archived source, the common command-line interface is summarized in Table

E2.

Table E2. Common command-line interface for the archived reproducibility cases. All commands are
invoked as python -m scripts.article.run_case <command>. A complete rerun of s3_1_tracerlpm

additionally requires the external TracerLPM/Excel calculation.

Command Purpose

list Lists manuscript cases.

check <case id> Verifies archived files, checksums, and provenance; no calculation.
postprocess <case id> Regenerates summaries and figures from archived outputs.

run <case_id> Runs a new calculation in a separate directory; archived results are unchanged.

The archived calculations correspond to the public PyAges 1.0 tag, which identifies Git revision
bc97d05f608f983b08df6d870cca72caa088d5e2. The corresponding Zenodo record provides the immutable
software-and-data snapshot used for this manuscript, with file inventories and SHA-256 checksums

allowing its integrity to be verified: https://doi.org/10.5281/zenodo.22150863.
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