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Abstract

10 A time series of global surface air temperature anomalies (GSAT) and effective radiative forcing (ERF)

11 obtained from IPCC Sixth Assessment Report (AR6) for 1977 to 2025 provides evidence that GSAT is a
12 non-linear, power-law function of ERF when ERF is rapidly increasing. With ERF >0 W m (n = 48), the
13 GSAT-EREF relationship is described by a power-law, GSAT = 0.41 + 0.11 x ERF** (R*> = 0.896; likely
14 range = ERF'"7#22%). A linear relationship was rejected (F(1,45) = 15.41, p < 0.0003). GSAT, ERF'*°, and
15 the Niflo 3.4 sea surface temperature anomaly index (ONI) were used in an autoregressive distributed lag
16  model [ARDL(1,0,0)] yielding GSAT = 0.32 + 0.23 GSAT, + 0.08 ERF!*+ 0.11 ONI. This model is

17 equivalent to a two-layer energy-balance model with the deep-ocean temperature held constant. The ARDL
18 model explains 96 % of GSAT variability from 1977 to 2025 (R?= 0.959). Residual diagnostics indicate no
19 evidence of residual autocorrelation or heteroskedasticity and bounds testing (' = 40.51) supports

20 cointegration. The model was validated by expanding-window recursive out-of-sample prediction from

21 1994 to 2025 (Theil’s U = 0.53). Earth’s climate system has entered a new regime in which the radiative
22 response to the energy imbalance at the top of the atmosphere is progressively decreasing. ARDL

23 projections for GSAT in 2041-2060 with ONI = 0 exceed the AR6 best estimate by 0.6 °C. If ERF

24 continues to rise 0.7 W m2 decade™!, GSAT by mid-century will likely be 2.8 + 0.3 °C.

25 1. Introduction

26 Since the late 19™ century (1850-1900), Earth has retained over 500 ZJ of energy and the global surface air
27  temperature (GSAT) has increased about 1.5 °C (Rohde and Hausfather, 2020; von Schuckmann et al.,

28 2023). Using combined satellite radiation and ocean heat content measurements, Loeb et al. showed that
29 Earth's energy imbalance doubled from 0.5 £ 0.2 W m™2 over 2000-2010 to 1.0 + 0.2 W m™2 over 2013—
30 2022 (Loeb et al., 2021). Earth is currently retaining more than 20 ZJ (~1.3 W m™2) of energy per year (von
31 Schuckmann et al., 2023; Cheng et al., 2022; Forster et al., 2026). Understanding how this rapidly

32 increasing EEI will change the climate system in the next 2-3 decades is essential for strategic planning and

33 policy development.

34 According to climate system theory, any energy imbalance at the top of the atmosphere (TOA) can be

35 decomposed into 1) radiative forcing due to factors external to the climate system, together with the
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36 adjustments they induce that are independent of surface temperature, 2) adaptive climate feedback, and 3)
37 radiative variability unrelated to forcing or climate feedback. In the standard global mean energy-balance

38 framework, the relationship between these factors is expressed as a linear equation:
39 AN = AF — AT + V,

40 where AN is a change in EEI, AF is a change in effective radiative forcing (ERF), A is the climate feedback
41 parameter, AT is a change in GSAT, and V is radiative variability unrelated to forcing or climate feedback
42 (Gregory et al., 2004). / is not constant: the strength of the individual feedbacks depends both on the

43 background climate state and on the spatial pattern of surface warming. Following the convention of

44 Gregory et al. (2004), A is positive, although A can also be defined as a negative parameter in which case
45 AN =AF + 24T + V.

46 Paleoclimate analyses over the past ~784,000 years show that climate sensitivity (A7/AF) is strongly state
47 dependent, with significantly larger values attained during warm phases than during glacial periods (von
48 der Heydt et al., 2014; Caballero and Huber, 2013). Recently, Meyssignac et al. (2023) found empirical

49 evidence that A varied within the range —1.0 to —3.2 W m~2K~! (using the alternative sign convention for A)
50 from 1970-2005 due to sea-surface temperature pattern changes associated with the Pacific Decadal

51 Oscillation and concluded that climate models underestimate the pattern effect at decadal time scales.

52 A central feature of energy-balance climate models is the assumption that the relationship between AT and
53 ERF is approximately linear, ERF = (1 + x) AT (Forster et al., 2021). This assumption rests on the near-
54 linearity of AN with AT. Gregory et al. (2004) show that in a coupled atmosphere—ocean general circulation
55 model (AOGCM) ordinary least-squares regression of N on 47 yields an estimate of 1 and equilibrium

56 climate sensitivity (ECS). Over multi-decadal time scales, this method assumes ocean heat uptake is

57  proportional to AT. Two-layer energy-balance models embed the same linear GSAT—forcing structure in a
58 linear dynamical system (Held et al., 2010; Geoffroy et al., 2013a, b). In this formulation the global climate
59 response is governed by a small set of constant parameters, and the dependence of GSAT on N is linear,
60  with ocean heat uptake and feedbacks introducing time dependence but not fundamental nonlinearity in the

61  EEI-GSAT relationship.

62 Over much of the last 150 years, a first-order Taylor series expansion of net radiative flux from the Stefan-
63 Boltzmann law is well motivated. Empirical observation and simulations of twentieth-century climate

64 change indicate a linear relationship, ERF = (A + K)AT (Gregory and Andrews, 2016). Across sixteen

65  coupled atmosphere—ocean general circulation models forced with CO: increasing at 1 % per year, the

66  correlation between decadal-mean F and decadal-mean AT exceeded 0.98 in almost every case, indicating
67 that linearity is a very good assumption (Gregory and Forster, 2008). Hébert et al. (2021) construct an

68 observationally constrained projection of global temperature to 2100 and note that their model assumes a
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69 linear stationary relationship between forcing and temperature and thereby neglects nonlinear interactions
70 that could arise as the system continues to warm. The linear assumption has been verified for a doubling of
71 CO, corresponding to a 3.93 + 0.47 W m™2 increase in ERF, and the observed twentieth-century change of
72 about 2 W m™ lies well within that range (Forster et al., 2021). When a CO: quadrupling has been

73 evaluated, corresponding to an increase of approximately 6.9 W m2, nonlinearity emerges.

74 Recent observations suggest the climate system may have entered a new regime. Forster et al. (2026)
75 showed that anthropogenic ERF, EEI, and the rate of human-induced warming have all increased

76 sharply in the last decade, with warming rates that are unprecedented in the instrumental record.

77 Hansen et al. (2023, 2025) showed that global warming has accelerated since about 2010, with the
78 post-2010 trend (~ 0.3 — 0.4 °C/decade) more than 50 % higher than the 1970-2010 rate of 0.18 °C
79  decade™. Foster and Rahmstorf (2026) found that the increase in GSAT since 2015 (~ 0.35 °C

80 decade™) substantially exceeds the 1970 to 2015 rate (~ 0.2 °C decade™") even after removing ENSO,
81 volcanic, and solar variability. Miniére et al. (2023) reported warming of the Earth’s oceans has

82 accelerated by 0.15 + 0.05 W m™ per decade since 1960 while warming of the land, cryosphere, and
83  atmosphere has accelerated by 0.013 + 0.003 W m~2 per decade. Pan et al. (2026) found that

84 upper-2000 m ocean heat content increased by about 23 + 8 ZJ in 2025 relative to 2024 and that the 0
85  —2000 m warming rate rose from 0.14 £ 0.03 W m2 decade™! over 1960-2025 to 0.32 + 0.14 W m 2
86 decade™! over 2005-2025 (Pan et al., 2026). Van Loon et al. (2025) found a 0.5 to 0.9 W m 2 increase
87 in observation-based effective radiative forcing since 2001, with 2023—-2024 warmth consistent with
88 the increase in radiative forcing detected directly in the satellite radiation record over the same period
89  (Kramer et al., 2021). These converging lines of evidence suggest the climate system may have

90 entered a regime in which linear approximations of the global warming response to rapidly increasing

91  radiative forcing should be re-evaluated.

92 GSAT, ERF, and the Nifio 3.4 sea surface temperature anomaly index (ONI) are continuous variables

93 ordered in a time series. Time series often have statistical properties, including autocorrelation, non-

94 stationarity, and endogeneity, that require use of specialized analytical methods. Other properties such as

95 multicollinearity and cointegration must also be considered in order to obtain consistent, unbiased effect

96 estimates. Econometric models can be used to emulate two-layer energy balance models (Pretis, 2020). The

97 strength of econometric modeling lies in its empirical, observation-based approach that can detect

98 relationships between dependent and independent variables without requiring extensive knowledge of

99 underlying physical mechanisms. Pretis (2020) demonstrated the mathematical equivalence between a
100 two-component energy-balance model of global mean temperature, ocean heat content, and radiative
101 forcing and a restricted cointegrated vector autoregression (VAR)/autoregressive distributed lag (ARDL)
102 system. He showed that climate physics can be represented in a discrete-time econometric framework with
103 only a handful of physically interpretable parameters. Using observations of surface temperature, ocean

104 heat content, and forcing, Pretis modeled this simple system and found cointegrating relationships
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105 consistent with the underlying energy-balance equation. These results show that parsimonious econometric
106 climate models, when grounded in energy-balance theory and estimated with appropriate time-series

107 methods, can legitimately capture key aspects of the global climate response and provide robust scientific
108 insight. ARDL models excel at capturing short-term and long-term relationships within a single framework,
109 incorporating lagged effects and autoregressive components that reflect climate system inertia (Pesaran et
110 al,2001). ARDL models are particularly valuable for small sample sizes, provide unbiased coefficient

111 estimates, and can accommodate structural breaks (Hamilton, 1989). Statistical models of this kind have
112 been used to generate probabilistic global temperature projections directly from the observational record.
113 Bennedsen et al. (2023) developed an energy-balance model on multiple historical data sources and

114 produced projections comparable to those of process-based, mechanistic climate models.

115 The current study was designed to determine if the observed GSAT-ERF relationship is nonlinear over the
116  last five decades, and if a simple econometric model could be constructed from observational data that
117 would accurately and reliably reproduce observed global warming on a decadal time scale. The

118 methodological approach combined non-linear modeling of GSAT as a function of ERF, and use of an
119  ARDL model for time series analysis to predict GSAT from measurements of thermal inertia (GSAT.),
120 ERF and ONLI. The results show that GSAT is a non-linear function of ERF when ERF is rapidly

121  increasing, and an ARDL model of GSAT using ERFY, GSAT;, and ONI as independent predictor

122 variables can accurately reproduce observed GSAT over the last 48 years. The model makes specific

123 falsifiable predictions about future changes in GSAT through 2050, conditioned on future ERF and ONI
124 estimates. The model could prove to be useful for government policy development and strategic business

125  planning.
126 2. Two-compartment Energy-Balance Model

127 A two-compartment energy-balance model describes a mixed upper layer of low heat capacity, consisting
128 of Earth’s surface and upper ocean layer, exchanging heat with a deep-ocean layer of high heat capacity:
dTp,

129 Cn—g = AT = k(T = T) +ERF+V,  Ca—2 =y Ty —Ta)

130 where T, and T, are the mixed-layer and deep-ocean temperature anomalies, C,,, and C, the corresponding
131 effective heat capacities, A the climate feedback parameter, y the interlayer heat-transfer coefficient, and «
132 = gy its efficacy(e)-weighted counterpart, 4, ¥ and k all in W m K', ERF is effective radiative forcing and
133V is internal climate variability (Held et al., 2010; Geoffroy et al., 2013a, b). Effective radiative forcing
134 (ERF) is the top-of-atmosphere energy balance change following a perturbation, inclusive of adjustments in
135 the stratosphere, the troposphere, and in surface albedo but excluding any radiative response to a change in
136 global surface temperature (Forster et al., 2021). ERF is not measured directly. For the well-mixed

137 greenhouse gases, it is constructed as observed concentration X radiative efficiency from radiative transfer

138 models x (1 + a GCM-derived adjustment factor). The aerosol, volcanic, solar and land-use terms are
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139 constructed from emissions inventories, stratospheric aerosol optical depth, total solar irradiance and

140 satellite albedo retrievals respectively, each scaled by model-derived efficiencies (Forster et al., 2021).

141 Pretis (2020) showed that this system is mathematically equivalent to a cointegrated system in T, T4 and
142 ERF, mappable to a cointegrated vector autoregression and estimable in discrete time. The equivalence

143 yields two cointegrating relations,
144 ERF—AT,,  Tp—T,

145 the first the top-of-atmosphere radiative imbalance and the second the interlayer heat transfer. Pretis enters
146 forcing linearly, so his cointegrating relation is linear in ERF. The specification estimated here is the

147 discrete-time counterpart of the first relation, obtained under the following assumptions with 7,, = GSAT:
148  Al. The deep-ocean temperature is constant over the estimation window, Ty, ~ Tp,
149 A2.ERF is weakly exogenous (Engle et al., 1983),

150  A3. Internal variability, ¥ in W m, is independent of forcing, and enters the surface equation additively,

151  orthogonal to the ERF regressor,

v
152 Ad. Forcing acts on the surface through the normalized forcing (@) , with v the forcing exponent
ref
153 imposed from the power law non-linear regression. The constant Frer =1 W m2 is a dimensional

154 normalization, not a physical parameter. It renders the regressor dimensionless so that the exponent can be

ERFt)V
Fref ’

155  applied. The ERF term in the ARDL GSAT equation becomes F, re‘(

156 AS5. The surface response is linear in the normalized non-linear forcing of A4, so all departure from a
157 linear ERF—GSAT relation is carried by the exponent v rather than by variation in the coefficient acting on

158  that forcing.

159 A backward-Euler step of At = 1 yr applied to the surface equation, collecting terms in Ty = T, ,, yields an
160  ARDL equation of order (1,0,0):

ERF
161 GSATt=a+pGSATt_1+B(F t

ref

v
) +5ONI, + e,

162 where ONI, represents internal climate variability, and €, is the regression error. The energy-balance

163 parameters map onto the estimated coefficients as

164 B ="—Frer a=C—KTD

165 Where p is the estimated GSAT lag coefficient and At is the discretization interval of the backward-Euler

166  step, equal to one year at the annual resolution of the data.
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167 The ARDL model can be re-parameterized by subtracting GSAT\.; from both sides of the equation to
168 compute the long-run change in GSAT; that follows from changes in the joint effect of GSAT.; and ERF".

169  This re-parameterization defines p= a (jp) and 6 = (f = where (1- p) is the rate of GSAT; adjustment per

170 year, 4 is the intercept and @ is the long run multiplier.
ERF,

ref

v
171 GSAT, — GSAT,; = AGSAT, = —(1 — p) [GSATt_l —u—0 ( ) ] +S8ONI, + ¢,
172 AGSAT, is the long-run change in GSAT that occurs due to the joint effect of GSAT..; and ERF". The long-

173 run multiplier and the intercept can be further specified:

F, KT,
1 4 — ref — D
7 9= *7 7

175 where Q is the internal scale coefficient, in W m™2 K held constant by A5. Both C,,, and At cancel in 6, so

176 the long-run coefficient is a property of the climate system rather than of the sampling interval.

177  GSAT(ERF,) is the long-run level of GSAT supported by a forcing held permanently at ERF,, with ONI at
178  zero. If AGSAT, = 0 with forcing held at ERF;:

179 0=-(1-p) [GSAT(ERFt)—y - H(EfFf) ]
ref

180  Since 1 —p#0:

ERFt)"

181 GSAT(ERF,) = u + 9( =
ref

182 GSAT(ERF,) is the level toward which the error-correction term drives GSAT at rate 1 —p. It is

183 determined by the forcing level alone. The difference between GSAT,.; and GSAT(ERF,) is the

184 adjustment not yet realized at that forcing level (i.e., the error correction term). Because A1 holds the
185 deep-ocean temperature at Tp, GSAT(ERF)) is a long-run level of the surface compartment

186 conditional on the deep-ocean state, not a long-run state of the coupled system, and it therefore does

187  not correspond to the equilibrium warming that defines ECS.

188 Climate sensitivity is the change in surface temperature in response to a change in the atmospheric CO-

189  concentration or other radiative forcing.

dGSAT v (ERF\"' ™! v ERF\" ™

190 = ( > = 7’6,( > ,  inKper Wm™
dERF Fref Fref (1 _p)Fref Fref

191  Because A+ k= adGEleFT , the reciprocal of climate sensitivity defines the aggregate rate of heat

192 dissipation per unit of surface warming with the deep-ocean temperature held constant. The

193 reciprocal is a transient quantity and does not describe equilibrium conditions.
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194 3. Methods

195 A dataset consisting of GSAT (annual_averages.csv) and effective radiative forcing (ERF_best.csv) from
196  1871-2025 was obtained from the Indicators of Global Climate Change update to the IPCC AR6 Working
197 Group I assessment (Forster et al., 2026; Smith et al., 2026). The GSAT series is a blend of the principal
198  observational surface temperature analyses, including GISTEMP (Lenssen et al., 2019; GISTEMP Team,
199  2025) and the Berkeley Earth analysis (Rohde and Hausfather, 2020). Total ERF for each year was

200 calculated by summing the AR6 forcing estimates for solar, volcanic, aerosols, contrails, land use, black
201 carbon on snow, atmospheric greenhouse gas concentrations, ozone, and stratospheric water vapor for that
202 year. The greenhouse-gas component derives from the measured concentration record maintained by

203  NOAA (Butler and Montzka, 2025). GSAT and ERF uncertainty estimates were obtained from the same
204 data source. Monthly Niflo 3.4 sea surface temperature anomalies were obtained from the NOAA Physical

205  Sciences Laboratory (NOAA PSL, 2026).

206 For the period from 1974-2025, the relationship between GSAT and ERF was investigated using either a

207  linear or power law specification:

208 1) Linear: GSAT = o + B x ERF
209 2) Power Law: GSAT = a. + § x ERF¥

210 where o represents the baseline temperature, 3 the scaling coefficient, and v is an ERF exponent. Years
211 with ERF <0 (n=1) were excluded from the analysis because negative ERF values with a fractional

212 exponent produce complex numbers, invalidating standard nonlinear regression methods. Linear

213 parameters were estimated using ordinary least squares. Power law parameters were estimated using

214 nonlinear least squares with multiple starting values to ensure global convergence. Model selection

215 employed F-statistics for overall fit comparing linear versus power law specifications complemented by
216 Bayesian information criteria and bootstrap confidence intervals (n = 1000). Statistical significance was
217 assessed using t-tests, and model goodness-of-fit was evaluated using R?, root mean square error (RMSE),

218 and F-statistics.

219 The Akaike information criterion (AIC) and Bayesian information criterion (BIC) of seven power-law
220 models with start years from 1974 to 1980 were compared to determine which starting year for the power-
221 law analysis provided the lowest AIC and BIC. Other functional forms of the GSAT—ERF relationship
222 were also evaluated. The power law was compared to linear, linear-log, and quadratic models fit to the
223 19772025 GSAT-ERF sample (n = 48) by least squares. Model comparison used the BIC. Following the
224 Kass and Raftery (1995) convention, ABIC < 2 indicates no meaningful preference between models, 2 <
225  ABIC < 6 positive evidence against, 6 < ABIC < 10 strong evidence, and ABIC > 10 decisive evidence.

226 Because ERF is derived rather than directly observed, the first-stage exponent is subject to attenuation bias

227 from measurement error in the regressor. A simulation—extrapolation (SIMEX) correction was therefore
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228 applied (Cook and Stefanski 1994; Carroll et al., 2006). Measurement error was modelled as additive and
229 Gaussian with year-specific standard deviation implied by the AR6 5-95 % range (treated as the 95 %
230 interval) for total ERF, averaging 0.435 W m™2 over 1977-2025, or 23 % of mean total forcing. The power
231 law was re-estimated by nonlinear least squares at each point of a variance-inflation grid A € {0, 0.25, ...,
232 2.00} with 1000 replicates per point, and the grid means extrapolated to A = —1. The linear extrapolant is
233 reported. Standard errors use the SIMEX variance estimator of Carroll et al (2006). Because a fractional
234 power is undefined at non-positive values, replicates containing a perturbed forcing value at or below 0.02
235 W m were rejected and redrawn. The full 1000 replicates were obtained for A < 1.25, falling to 494 at A =
236 2.00.

237 To examine both short-term adjustments and long-term equilibrium relationships between GSAT and ERF
238 while accommodating non-stationary time series, an ARDL model was used. The ARDL model

239  specification was:
240 GSAT,= 0.+ Zi1? b GSAT, + Srod ERF ¥+ § ONL + &

241  where p and q represent optimal lag orders determined using information criteria with maximum lag
242 length set to 4 years. The ONI, term controls for natural climate variability associated with ENSO
243 cycles. Lag-order selection over p, q € {0,...,4} led to a preferred ARDL(1,0,0) specification for the
244 main analysis. 1992 is excluded because total ERF is negative in that year following the Mt. Pinatubo
245 eruption, rendering the power transformation undefined. The exponent v is estimated once, in the
246 power-law regression of GSAT on ERF, and is thereafter held fixed. It is not re-estimated within the
247 ARDL. The uncorrected first-stage v estimate is carried forward into the ARDL, so the results are
248 conditional on that value, and the ARDL standard errors reported below do not propagate first-stage
249  uncertainty in v. The SIMEX-corrected exponent is used to bound the sensitivity of the second stage

250  to first-stage attenuation.

251 Candidate lag orders were further restricted to those consistent with the energy-balance interpretation
252 of the specification. Eliminating the interior temperatures of a linear energy-balance model with n
253 reservoirs yields an n order difference equation carrying forcing terms to order n — 1, so that an n-
254 reservoir model corresponds to an ARDL with n lags of GSAT and n — 1 lags of transformed forcing.
255 Specifications of this form were estimated for n =1, 2 and 3 and compared by AIC and BIC. Lag
256  structures outside this family were also fitted, and the implied characteristic roots of the GSAT lag
257  polynomial were examined to determine whether they were consistent with a system of coupled heat

258  reservoirs, for which all relaxation modes are real.

259  Although the bounds procedure accommodates a mixture of I(0) and I(1) regressors, it is invalid if
260 any series is integrated of order two. Integration orders were therefore established before estimation.

261  Augmented Dickey-Fuller (ADF) tests with lag length selected by AIC and Kwiatkowski-Phillips-
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262  Schmidt-Shin (KPSS) tests of the null of level stationarity were applied to GSAT, ERF, the

263 transformed regressor ERFY and ONI, in levels and in first differences. Because 1992 is excluded, the
264 transformed regressor could be tested only over the contiguous 1993-2025 span, and that test

265 therefore carries lower power than the others.

266 The ARDL specification was tested for a level relationship between GSAT and ERF, with ONI treated as

267 an exogenous stationary regressor, using the Pesaran—Shin—Smith bounds test.?’

The test was applied in the
268 unrestricted-intercept, no-trend specification (Case III) with a single long-run forcing regressor (k = 1).
269 Both the F-statistic on the joint exclusion of the lagged levels and the t-statistic on the lagged level of

270 GSAT were evaluated against the reported asymptotic bounds. Where a level relationship was supported,
271 the corresponding error-correction representation was estimated to separate short-run dynamics from long-
272 run adjustment. For cointegrated cases, the corresponding error-correction representation was estimated to

273 separate short-term dynamics from long-term adjustment.

274 Model validation included comprehensive diagnostic testing: residual autocorrelation (Breusch—Godfrey
275 Lagrange Multiplier test at one and two lags), heteroskedasticity (Breusch-Pagan and White tests), and
276 normality (Jarque-Bera test). Recursive coefficient estimates were examined to identify any time-varying
277 relationships within each regime period. Optimal lag structures were determined through systematic testing
278 of lag combinations from (0,0) to (4,4), with final selection based on information criteria consensus and
279 residual diagnostic performance. Coefficient standard errors are reported both conventionally and in

280  heteroskedasticity- and autocorrelation-consistent form with three lags. The standard error of the long-run
281 coefficient, formed as the ratio of the forcing coefficient to one minus the sum of the autoregressive

282 coefficients, was obtained by the delta method. Weak exogeneity of forcing with respect to the long-run
283 parameter was assessed by estimating the marginal equation for the transformed forcing regressor including
284 the lagged error-correction term, in the specification corresponding to Model C of Pretis, in which forcing
285 is permitted to adjust to the cointegrating relation. This was supplemented by an augmented-regression test
286 for contemporaneous endogeneity and by a Granger causality test from GSAT to forcing. As an estimator-
287 robustness check on the long-run coefficient, dynamic OLS estimates including one and two leads and lags

288  of the differenced regressor were also computed.

289 To evaluate predictive skill and address the potential for overfitting in a model with four parameters

290 estimated from 48 yearly observations, an expanding-window recursive validation was performed. This
291 approach is a standard method for evaluating the forecasting performance of econometric time-series

292 models because it respects temporal ordering, avoids data leakage, and produces a distribution of out-of-
293 sample errors across multiple forecast origins rather than a single split-sample estimate. The initial training
294 window spanned 1977-1993, providing 16 observations, which is sufficient to estimate four parameters
295 while preserving the high-ERF years (post-2000) for out-of-sample testing. At each recursive step, the
296 ARDL(1,0,0) model was re-estimated on all available data through year t, and a one-step-ahead prediction
297 was generated for year t+1 using the observed GSAT,, observed ERF;.1, and the contemporaneous ONI;:
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298 GSAT,,; = & + P.GSAT, + B,,ERF},; + f5,ONI,,,

299 where @&;, ﬁm, ﬁz,ty and /§3_t are OLS estimates based only on GSAT data up to year t. The power-law
300 exponent v was held fixed at its value from the independent power-law regression. The procedure was
301 repeated for each year from 1994 through 2025, yielding 32 consecutive out-of-sample predictions.

302  Predictive accuracy was assessed using out-of-sample Root Mean Square Error (OOS RMSE), Mean
303 Absolute Error (MAE), and mean bias (mean signed residual). Prediction intervals for each forecast were

304  constructed as:

305 GSAT;41 £ Zpg75 * O - \/1 + xf (XEX) ™ xpgq

306  where 67 is the residual mean square from the training-sample fit, x,. is the predictor vector for the

307 forecast year, and X, is the training design matrix. This formulation accounts for both residual variance and
308  coefficient estimation uncertainty.

309

310 GSAT projections were generated by recursive simulation of the estimated ARDL(1,0,0), initialized at the
311 observed 2025 GSAT anomaly of 1.391 °C and run annually through 2050. Five ERF trajectories were
312 prescribed, each rising linearly from 3.4 W m in 2026 to a 2050 endpoint of 4.0, 4.5, 5.0, 5.15 or 5.5 W
313  m™2 the 5.15 W m path extends the observed 20152025 ERF trend of approximately +0.73 W m™2

314 decade ™. The Niflo 3.4 Index was set to zero throughout the projection period, so the projections describe
315 ENSO-neutral conditions. Because the exponent v is estimated in a first stage and then held fixed when the
316 ARDL is estimated, intervals conditional on v = 1.90 would understate projection uncertainty. Uncertainty
317 was therefore propagated by Monte Carlo simulation with 20,000 replicates (random seed 20260808). Each
318 replicate proceeds in four steps. First, v is drawn from N(1.8902, 0.26272), its first-stage sampling

319 distribution, truncated to the interval [0.5, 4.0]; the truncation is more than five standard deviations from
320 the mean in either direction and is non-binding in practice. Second, the transformed regressor ERF" is

321 reconstructed at the drawn exponent and the ARDL is re-estimated by ordinary least squares over 1977—
322 2025 (n = 48), so that the intercept, the autoregressive coefficient and the forcing and ONI coefficients each
323 adjust to that value of v rather than being held at their v = 1.90 estimates. Third, a coefficient vector is

324 drawn from a multivariate normal distribution with mean equal to the re-estimated coefficients and

325 covariance equal to their estimated covariance matrix. Fourth, the model is iterated forward from 2026 to
326 2050, adding in each year an independent innovation drawn from N(0, 6%), where & is the residual standard
327 error of the re-estimated model. Because the lagged dependent variable carries each innovation forward,
328 residual uncertainty accumulates over the horizon rather than entering as a fixed band. A single draw of v
329 and of the coefficient vector is applied to all five trajectories within a replicate, so that scenario ordering is
330 preserved draw by draw and differences between trajectories reflect forcing alone. The reported values are
331 empirical percentiles of the 20,000 simulated 2050 outcomes: the median, the 17th and 83rd percentiles for
332 the 66 % intervals shaded in Figure 6. The procedure therefore propagates first-stage exponent uncertainty,

333 second-stage coefficient uncertainty conditional on the exponent, and compounding residual uncertainty. It
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334 does not propagate uncertainty in the ERF trajectories themselves, which are prescribed rather than

335 forecast, and the intervals are conditional on the estimated functional form.

336 The Finite-Amplitude Impulse-Response (FalR 2.1) simple (reduced complexity) climate model was used
337 as a benchmark. FalR output was taken as published, using the 841-member reweighted constrained

338  posterior of fair-calibrate v1.4.1, run with FaIR 2.1.3 on historical and harmonized SSP2-4.5 emissions
339 (Smith et al., 2024). Annual values were read from the archived timebound temperatures, taking calendar
340  yearY as the timebound at Y + 1, with anomalies relative to 1850-1900 formed as in the calibration.

341 Correct extraction was confirmed against two published diagnostics. The observational series used here
342 agrees with the Indicators of Global Climate Change reference underlying the calibration (Forster et al.,
343 2026) to a correlation of 0.9995 and a mean difference of 0.009 °C. Emissions in the published run are
344 observation-based to 2022 and follow SSP2-4.5 thereafter, and forcing pathways differ negligibly by 2025.
345 The ARDL model was evaluated as a free-running simulation. From the observed 1976 value the model
346 was iterated forward using only the observed forcing and the Nifio 3.4 Index, with 1992 excluded.

347 Accuracy over the 48 years was compared using the root-mean-square error of each model’s median

348 trajectory, the distribution of member-wise errors across the 841 FalR members, and Diebold—Mariano
349 tests on the squared-error loss differential with heteroskedasticity- and autocorrelation-consistent standard

350  errors at three lags.

351 All analyses were performed using Python 3.9 with scipy, statsmodels, and pandas libraries.

352 Nonlinear optimization employed scipy.optimize.curve_fit with convergence tolerance of 1x1078. The
353 SIMEX simulation step used a fixed random seed (12345) with 1000 replicates per grid point, so that
354 reported values are exactly reproducible. ARDL estimation used statsmodels tsa.ardl with maximum
355 lag order determined by sample size constraints. Statistical significance was assessed at o = 0.05

356  unless otherwise noted.

357 4. Results

358 The relationship between GSAT and ERF from 1900-2025 is shown in Figure 1. There are 7 years with
359 negative ERF, 6 of them before 1977, of which all 6 fall within three years of a major volcanic eruption.
360  From 1977-2025 only one year has a negative ERF (1992) following the Mt. Pinatubo eruption in 1991.
361  Annual GSAT anomalies over 1977-2025 are estimated to within % 0.04-0.06 °C (95 % UI), while annual
362 ERF values carry substantially larger relative uncertainties (5-95 % Range half-width: + 0.72-0.95 W m),
363  dominated by aerosol forcing uncertainty. The 50-year warming trend, defined as the linear trend in annual
364  GSAT over 1976-2025, is 0.203 °C per decade (95% CI: 0.176, 2.31). Pearson correlation analysis

365  revealed a strong positive association between GSAT and ERF from 1977-2025, excluding 1992 (r = 0.93,
366 p <0.001). Augmented Dickey—Fuller tests confirm that both series are non-stationary in levels over 1977—
367 2025

11
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368  Figure 1: GSAT and ERF from 1900-2025. GSAT in °C is shown in blue with the 95 % Ul shaded. ERF in
369 W m?is shown in red with the 95 % UI shaded. Major volcanic eruptions (VEI > 5) are shown as black
370  triangles.

GSAT (°C)
ERF (W m~2)

-0.5 -2
1900 1920 1940 1960 1980 2000 2020
Year

371 VW Major eruptions (VEI =5) — ERF (W m~2) ERF 95% Ul —— GSAT (°C) GSAT 95% Ul

372

373 A sensitivity analysis was done to determine the starting year for a non-linear analysis. Years from 1974-
374 1980, representing the beginning of the modern instrumental record, were evaluated. Figure 2 shows the

375  starting year with the highest R?and the lowest AIC and BIC was 1977.

376 Figure 2: Comparison of starting years for the power law analysis from 1974 to 1980. The year with the
377  lowest AIC/BIC and the highest R? is 1977. Note the power-law exponent increases each year and reaches a
378 value of 1.99 (95 % UI: 1.44, 2.54) in 1980.
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380 A power law analysis was conducted for 1977-2025, excluding the year with ERF < 0 (1992), to examine
381 potential nonlinear dynamics in the GSAT-ERF relationship. The power law model is:

382 GSAT = o+ B x ERFY

383 The 1977-2025 period (n=48) encompasses an ERF range of 0.784 to 3.366 W m™2, representing a 4-fold
384 variation in forcing magnitude that provides sufficient statistical power for detecting nonlinear

385 relationships. The estimation sample begins in 1977 for two physical reasons. Global anthropogenic

386 Sulphur dioxide emissions peaked in the early-to-mid 1970s and declined thereafter (Smith, S. J. et al.,
387 2011), so from the mid-1970s onward the greenhouse and aerosol contributions to total ERF ceased to act
388 in opposition and the aggregate forcing behaves as a coherent trend. The 1976/77 North Pacific regime
389 shift, an abrupt transition of the Pacific Decadal Oscillation from its negative to its positive phase in mid-
390 1976 (Hartmann and Wendler, 2005; Miller et al., 1994), falls immediately before this start date, so the
391 sample lies wholly within a single decadal regime and the ENSO covariate describes a relationship of

392 consistent amplitude throughout.

393 Power law specification yielded an exponent of v =1.890 £ 0.263. To check that this estimate is robust to
394 systematic error in the forcing series, ERF uncertainty was propagated using a Monte Carlo simulation
395  (MC). Over 2000 draws the MC returned v = 1.90 % 0.34 (95% CI [1.28, 2.55]), excluding a linear

396  response. The power law model is:
397 GSAT =0.41 +0.11 x ERF'%

398  R>=0.896 and provided a highly significant improvement over the linear alternative R? = 0.861 (F(1,45) =
399  15.41,p <0.0003). (Figure 3) The 95 % confidence interval of the estimated exponent is [1.23, 2.57],
400 which is above the critical threshold of v = 1.0 (t(45) = 3.389, p < 0.0006).

401 Figure 3: Comparison of linear and power law models for 1977-2025 (ERF > 0). Black circles represent
402 observed data points (n=48), the dashed blue line shows the linear model fit (R2 = 0.861), and the solid red
403  line shows the power law model fit (R2 = 0.896).
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405 Inference for v was assessed using two complementary procedures. A residual bootstrap (N = 5000)

406  treating ERF as fixed yielded a 95 % CI of v € [1.42, 2.42] and rejected v < 1 at p < 0.0002. Correcting for
407 measurement error in ERF via linear SIMEX increases the estimated power-law exponent from 1.89 (95 %
408 UL 1.38-2.40) to 2.09 (95 % UI: 1.76-2.43), indicating that the ERF-GSAT non-linear response is

409  stronger than fits treating ERF as error-free.

410 To assess the stability of the power-law relationship, sensitivity analyses were conducted, including

411 systematic data exclusions and leave-one-out jackknife resampling. Excluding the record-warm years 2023
412 and 2024 reduced the exponent by 8.6 % to 1.73 £ 0.29, but it remained significantly greater than unity (95
413 %CI[1.17,2.29]; t(43) = 2.54, one-sided p = 0.007). This is a demanding test, since those two years

414 supply two of the three highest-forcing observations in the sample. Jackknife analysis revealed distributed
415 leverage: only 4.2 % of years (2 of 48) exerted individual influence exceeding 5 % on the exponent

416 estimate and mean absolute year-by-year influence was 1.6 %, indicating that no single observation

417 dominates the fitted curvature. The most influential observations were 1983 and 2025, which act in

418  opposite directions (—7.9 % and +5.7 %). 1983 is the minimum-forcing year in the sample, with ERF

419  depressed to 0.305 W m™2 by the El Chichén eruption while the 1982-83 El Nifio elevated GSAT, making
420 it a high-leverage point at the left end of the forcing range. Residuals showed no systematic pattern with

421 forcing level, with the largest deviations occurring at low-to-middle forcing (1991, 2000, 1998, 1978)
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422 rather than at the high-forcing endpoints, where 2023, 2024 and 2025 all deviate by less than 0.10 °C. The

423 power-law form is therefore not an artifact of recent extreme observations.

424 The power law model is compared with other admissible functional forms in Table 1. A functional form
425 was admissible if it was defined over the sampled forcing range, entered GSAT only up to an additive

426  constant, and admitted an interpretation within a two-layer energy-balance framework. Among eligible
427 forms, the linear and linear-log specifications are decisively rejected (ABIC = +10.3 and +47.1). The linear
428  term of the quadratic form is indistinguishable from zero (b = +0.0192, SE 0.0857, t = 0.22), reducing the
429  quadratic fit to T = a + c'ERF2, a power law with v=2.

430  Table 1: Alternative admissible functional forms for the GSAT-ERF relationship. The power law was fit
431 by nonlinear least squares; the remaining forms were fit by ordinary least squares. ABIC is relative to the

432 power law.

Model Number of R? RMSE BIC ABIC
parameters
Power Law 3 0.896 0.096 -73.02 -
Quadratic 3 0.896 0.096 —72.88 0.14
Linear 2 0.861 0.112 —62.75 10.27
Linear-log 2 0.700 0.164 -25.90 47.12

433

434 For the period from 1977-2025, four ARDL specifications were tested using the empirically derived

435  ERF!'*functional form: ARDL(0,0,0), ARDL(0,1,0), ARDL(1,0,0), and ARDL(1,1,0). The lag term for
436 GSAT in 1977 was provided by 1976 GSAT. The analysis incorporated ONI as a control variable to

437 account for natural climate variability. Selection was based on the lowest BIC value. The selected model is

438  ARDL(1,0,0):

439

440 GSAT:= 0.+ p x GSAT. + B x ERF"°+ § x ONI;

441

442 where a represents the intercept, p captures temperature persistence, B governs the power law relationship
443 with ERF, and & quantifies the ONI effect. The estimated coefficients with 95 % confidence intervals are: o
444  =0.319 (SE=0.036, p <0.0001), p = 0.235 (SE = 0.086, p = 0.009), B = 0.082 (SE = 0.010, p < 0.0001),
445  and 5 =0.108 (SE=0.014, p < 0.0001). The final model is:

446

15



https://doi.org/10.5194/egusphere-2026-5141
Preprint. Discussion started: 31 August 2026 EG U
sphere

(© Author(s) 2026. CC BY 4.0 License.

447 GSAT:=0.32 + 0.235 GSAT.; + 0.082 ERF!*°+ 0.108 ONI,
448

449 The ARDL(1,0,0) model R? = 0.959 (adjusted R? = 0.957) with RMSE = 0.063 °C, AIC = —125.32,
450  BIC =-117.83. The Observed vs predicted GSAT from the ARDL model is shown in Figure 4.

451  Figure 4: Observed vs predicted GSAT from the ARDL model. The observed GSAT is the solid black line
452  and the GSAT predicted by the ARDL model is the dashed red line with the UI shaded.
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453

454  pand pare strongly collinear (r = —0.94, VIF = 8.27) and are not separately identified with useful

455 precision. No interpretation is placed on either coefficient in isolation. #is more precisely determined than
456  either por B; 6 = 0.1071 K per unit normalized ERF, with a standard error of 0.0045 (95 % UT: 0.0982 to
457 0.1161). The long-run intercept is 4 = 0.4164 + 0.0210 K. The coefficient of variation for 8 is 4.2 %,
458  against 11.9 % for B and 36.6 % for p. It is O rather than f8 or p individually on which the ARDL AGSAT
459  projections depend. The ENSO coefficient (§ = 0.108) indicates that a one-unit change in the ONI index
460 corresponds to a 0.11 K change in GSAT within the same year, consistent with established ENSO-

461  temperature relationships (Johnson and Kosaka, 2016).

462 Ois the fixed point of the model’s adjustment path rather than a value attained at a stated horizon. For a
463 sustained unit change in normalized forcing (ERF/F¢)?, the cumulative response after 7 years is 8 (1 —

464 p ™), so the share of 0 realised is 1 — p “*1. At p = 0.2345 this gives 76.6 % in the year of the change,

16



https://doi.org/10.5194/egusphere-2026-5141
Preprint. Discussion started: 31 August 2026 G
© Author(s) 2026. CC BY 4.0 License. E U Sp here

465 94.5 % after one year, 98.7 % after two and 99.7 % after three; the mean lag, p/(1 — p), is 0.31 years.
466 GSAT adjustment is therefore effectively complete within about three years. This is the response of the
467 mixed layer alone: under A1 the deep-ocean temperature is held fixed, so the centennial adjustment
468 associated with deep-ocean heat uptake lies outside the estimated specification by construction. The

469  parameter 9 carries no equilibrium interpretation.

470 A comprehensive battery of diagnostic tests was conducted to verify the validity of the ARDL(1,0,0)

471 model's statistical inference. Residual autocorrelation was assessed using both the Ljung-Box Q statistic
472 (lags 1-8, all p > 0.33) and the Breusch-Godfrey LM test at lag 4 (LM = 4.43, p = 0.35); neither test

473 rejected the null of no serial correlation. The Breusch-Pagan test found no evidence of heteroskedasticity
474 (LM = 0.86, p = 0.834). The Jarque-Bera test found no significant departure from residual normality (JB =
475 1.065, p = 0.587). Multicollinearity diagnostics showed elevated but acceptable variance inflation factors
476  (VIF) of 8.27 for both GSAT(t—1) and ERF!*°. Augmented Dickey—Fuller tests over 1977-2025 fail to
477 reject a unit root in either GSAT or ERF in levels at every lag order from 0 to 8, while both reject

478 decisively in first differences (—=5.63 and —6.62, p < 0.001), confirming that neither series is I(2) and that
479 the bounds-testing framework is applicable. ONI is stationary in levels over the same period (ADF = —6.83,
480 p < 0.001). We therefore tested for a long-run equilibrium relationship between GSAT and ERF!*° using
481 the Pesaran, Shin and Smith (Pesaran et al., 2001) bounds procedure, estimated over 1977-2025 excluding
482 1992 (n = 48). The bounds F-statistic (F =40.51, p < 0.0001) and the accompanying t-statistic on the

483  lagged level (t =—8.98, p < 0.0001) both exceed the 1 % upper bounds under the Pesaran et al. (2001)

484 asymptotic critical values (k = 1, Case III; upper bound at 1 % = 7.84) and under the Narayan (2005) small-
485 sample critical values. A parametric-in-residuals bootstrap of the bounds test under the imposed null of no
486  cointegration (2000 replicates) gave a finite-sample p-value of 0.0005 (bootstrap 99 % critical value =

487 6.40). As corroborating evidence, an Engle—Granger residual-based test of the bivariate regression also
488  rejected the null of no cointegration (ADF = —6.79, 1 % critical value = —4.15, p < 0.0001). Taken together,
489  these tests provide strong and consistent evidence that GSAT and ERF'*° share a genuine long-run

490 equilibrium relationship.

491 To assess whether the ARDL(1,0,0) model generalizes beyond its estimation sample and to directly address
492 the concern that a 4-parameter model fitted to 48 annual observations may overfit the data, a formal

493 expanding-window recursive validation was conducted. The validation procedure began with an initial

494 training window spanning 1977 to 1993, excluding 1992 (n = 16). The model was fitted on this period and
495 used to generate a single out-of-sample prediction for 1994. The training window was then extended by one
496 year to include 1994, the model was re-estimated on this expanded sample, and a prediction was generated
497 for 1995. This procedure was repeated sequentially through 2025, yielding 32 consecutive out-of-sample
498 predictions covering the period 1994 to 2025. At each step, the model was re-estimated using only data

499 available at that time, with no knowledge of future observations. The power law exponent v = 1.90 was
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500 held fixed, consistent with its derivation from the independent power law analysis. All four coefficients (a,

501  p, B, 8) were re-estimated at each expansion step.

502  The results of the recursive validation are shown in Figure 5. The out-of-sample RMSE (0.064 °C for
503 32 recursive forecasts spanning 1994-2025) is nearly identical to the in-sample RMSE (0.063 °C)
504 and represents a 47 % reduction relative to a naive persistence benchmark (Theil's U = 0.53). The
505 near-equivalence of in-sample and expanding-window out-of-sample RMSE indicates that the

506 ARDL(1,0,0) specification is not overfit and that its parameters are stable as the training window is
507  progressively extended. The mean absolute error was 0.052 °C and the mean bias was —0.016 °C,
508 indicating no systematic directional error across three decades of prediction. All but one out-of-

509 sample prediction fell within the 95 % prediction interval, the exception being the record-warm year
510 2023. Retrospective comparison of projections against subsequent observations is the established test

511  of projection skill (Hausfather et al., 2020).

512 Figure 5. Expanding-window recursive validation of the ARDL(1,0,0) model. Observed GSAT (solid
513 black), one-step-ahead out-of-sample prediction (dashed red), and 95 % prediction interval (shaded).
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516 The ARDL(1,0,0) model can be used to project GSAT anomalies through 2050. These projections are

517 conditional on four linear ERF trajectories rising from 3.4 W m in 2026 to 4.0, 4.5, 5.0 and 5.5 W m™2 at
518 2050, plus a fifth trajectory reaching 5.15 W m obtained by extending the observed 2015-2025 ERF trend
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519 of approximately 0.7 W m2 decade™. The 25-year projection horizon relative to the 49-year calendar span
520  of the estimation window (1977-2025) yields a horizon-to-window ratio of 0.51, within the conventional
521 envelope for semi-empirical climate projections (Rahmstorf 2007). Figure 6 shows the annual projections
522 with 66 % uncertainty intervals through 2050, assuming ONI = 0, for each of the five ERF trajectories.
523

524 Figure 6: GSAT projections to 2050. Black: observed GSAT, 1977 to 2025 (1850 to 1900 baseline).

525 Colored lines: median ARDL(1,0,0) projections under five linear ERF trajectories rising from 3.4 W m2 in
526 2026 to the 2050 endpoints labelled at right, the dashed path (5.15 W m) extending the observed 2015 to
527 2025 ERF trend. Shading: 66 % uncertainty intervals. ONI = 0 throughout. The vertical dashed line

528  separates observed from projected.
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531 The Finite Amplitude Impulse Response model (FalR) and the Model for the Assessment of Greenhouse
532 Gas Induced Climate Change (MAGICC) are standard SCMs. In the IPCC Sixth Assessment Report both
533 were calibrated to the assessed physical indicators and were found to reproduce the assessment to within +
534 5 % for central estimates and + 10 % for ranges across more than 80 % of evaluated metrics. Neither model
535 was identified as superior. The FalR and ARDL simulations of annual GSAT from 1977 to 2025 are

536 compared in Figure 7. Root-mean-square error of the median path over the 48 estimation years is 0.062 °C
537  for the ARDL model and 0.094 °C for FaIR. Across the 841 individual members, the ARDL simulation is
538 more accurate than every member. A two-sided Diebold—Mariano test on the squared-error loss differential
539 gives t =—3.15 and p = 0.003 against the median trajectory, and t = —3.25 and p = 0.002 against the single
540  best-fitting member. The difference between the two models lies in year-to-year tracking. With the Nifio
541 3.4 Index set to zero, the ARDL error rises to 0.092 °C, which is indistinguishable from FalR at p = 0.68.

542 Figure 7: Observed annual GSAT (black points) and free-running annual GSAT simulations from the
543 ARDL(1,0,0) (red) and FaIR (blue) for 1977 to 2025. Lines are medians; shaded regions are 66 %

544 uncertainty intervals (17th-83rd percentiles). The ARDL simulation is initialized at the observed 1976
545 value and uses no observed temperatures thereafter, and its range is across 20,000 replicates drawing the
546 exponent, coefficients and error terms from their estimated distributions, conditional on the observed

547 forcing. The FalR range is across the 841 published members of the fair-calibrate v1.4.1 constrained

548  posterior, which include forcing uncertainty. No alignment to the observed record was applied. The UI
549 widths are therefore not comparable. The ARDL simulation is undefined in 1992 because ERF is negative.

550 Root-mean-square errors for the two models over the 48 years are shown in gray.

551
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554 The IPCC ARG assessment of global warming over 2041 to 2060 is conditioned on five Shared

555 Socioeconomic Pathways, each generating a trajectory of effective radiative forcing from projected

556 greenhouse gas and aerosol emissions. Figure 8 compares the ARDL projection of mean GSAT over 2041
557  to0 2060 with the assessed estimates for three of these pathways, each placed at its mean forcing over the
558 same window. The two agree closely at SSP2-4.5, where mean forcing is 4.20 W m™2. They separate as
559  forcing rises, to 2.40 against 2.1 °C at SSP3-7.0 and 3.01 against 2.4 °C at SSP5-8.5. For ERF of 5.5 W m~
560  in 2050, the ARG best estimate is 2.40 °C [1.90, 3.00 °C] and the ARDL model best estimate is 3.1 °C

561 [2.44,3.96 °C].

562

563 Figure 8. GSAT change averaged over 2041 to 2060, under three SSP scenarios. Red boxes show the

564 ARDL projection: the horizontal line is the median, the box spans the interquartile range and the whiskers
565 span the 5th to 95th percentiles of 20,000 Monte Carlo replicates with ONI set to zero. Blue symbols show
566 the best estimate and very likely range from AR6 WG1 Chapter 4, Table 4.5. Each scenario is positioned at
567 its mean effective radiative forcing over 2041 to 2060, computed from the anchors published in AR6 WG1
568  Annex III, Table AIILS5 (Lee et al., 2021; Dentener et al., 2021).

569
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571 5. Discussion

572 The current study has three main findings. First, since 1977 the GSAT response to increasing ERF is non-
573 linear. The long-run relationship is most likely of the form GSAT = p + 6-ERFY, with v likely in the range
574 of 1.74 — 2.24. GSAT increases more per unit ERF as ERF increases, consistent with weakening negative
575  climate feedbacks in a warming climate (Andrews et al. 2015; Armour 2017; Friedrich et al. 2016). Second,
576  an ARDL model of GSAT that combines thermal inertia (GSAT;-1), ERF' and ONI reproduces annual

577  GSAT from 1977 to 2025 with high fidelity (R*> = 0.96, RMSE = 0.063 °C). This model corresponds to a
578 two-layer energy-balance model with the deep-ocean temperature held constant. Lastly, if ERF continues to
579 rise at 0.7 W m2 per decade and exceeds 5 W m2 by 2050, GSAT in 2050 will likely be about 0.5 °C

580  higher than IPCC ARG projections and reach 2.8°C. The last time GSAT exceeded 2.5°C was during the

581  mid-Pliocene Warm Period 3.3 million years ago.

582  The GSAT-ERF analysis uses information obtained from authoritative, curated data sources. Prior to 1979
583 there is considerable uncertainty in both the GSAT and ERF estimates. Starting in 1980, the accuracy and
584 reliability of GSAT and ERF data improved due to the availability of direct observation from satellites,
585 ocean buoys, and measurement of atmospheric greenhouse gas concentrations. The uncertainty in ERF

586 estimates represents measurement error that is independent of GSAT measurement error, since the two
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587 metrics are derived from different observational and computational systems. Forster et al. (2026) reported
588  that 2025 mean Total Anthropogenic ERF was 3.10 W m~ with a range of 2.35 t0 3.83 W m™.

589  Atmospheric aerosols dominate the uncertainty in ERF, accounting for roughly three-quarters of the total
590 assessed variance, while CO: and tropospheric ozone each contribute about 9%. The current measurement
591 error in ERF leads to estimating ERF regression exponents that are biased toward one. Detecting

592 associations in the presence of large random uncertainty strengthens the evidence for underlying physical

593 relationships, rather than weakening them (Fuller, 1987; Carroll et al., 2006).

594 The finding that the GSAT—-ERF relationship is non-linear over the 1977 to 2025 forcing range was

595 subjected to a series of residual diagnostic tests, none of which suggested the finding is a statistical artifact.
596 The result is robust to influential observations, with no single year materially altering the estimate. The
597  point estimates from most adjustments lie between 1.88 and 2.09, with a midpoint of 1.99. A linear

598 relationship was rejected (F(1,45) = 15.41, p < 0.0003). Taking the clustered estimates as the primary

599 evidence and allowing for their sampling uncertainty, a likely range for v is 1.74 to 2.24 (Figure 9). The
600  power-law fit returns v = 1.89. A Monte Carlo simulation over the assessed ERF uncertainty adjusts the
601 ERF estimate for the fixed component of the associated uncertainty and returns v = 1.90, the value adopted
602 for the ARDL analysis (Figure 9). Simulation-extrapolation was used to adjust for ERF uncertainty bias in
603 the estimate of v. A linear extrapolant yielded v = 2.09, indicating that ERF uncertainty biases the

604  unadjusted estimate of v low. The SIMEX correction was not used for the ARDL analysis because it

605 assumes ERF uncertainty is independent across years, whereas the assessed ERF uncertainty is dominated

606 by aerosol forcing and is persistent.

607 Figure 9: Estimates of the power-law exponent v in GSAT = p + 0 - ERFY over 1977 to 2025 (n = 48),
608 shown as central estimates with 95 % uncertainty intervals: four uncorrected estimates differing in how
609 sampling uncertainty is obtained (1.88—1.90), and two linear SIMEX estimates corrected for measurement
610 error in ERF (2.09). Dashed lines mark the linear response v = 1 and the value adopted for the ARDL
611 model v =1.90. The solid blue line is the consensus estimate (v = 1.99) and the shaded band is the 66%
612  consensus range, 1.74-2.24.
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614 Alternative functional forms were also evaluated. Linear and Linear-log forms can be confidently excluded,

615  with ABIC of 10.27 and 47.12 relative to the power-law form. Over the 1977 to 2025 observation period,

616 the power-law and quadratic forms cannot be distinguished. The quadratic form is simply the second-order

617 Taylor series expansion of the top-of-atmosphere energy budget. Bloch-Johnson et al. (2021) used a

618 quadratic Taylor expansion of the TOA energy budget across fourteen coupled general circulation models

619 and showed that equilibrium climate sensitivity increases with CO2 concentration in thirteen of the

620 fourteen, with positive feedback temperature dependence explaining 69 % of the average increase. The

621 present study provides the first empirical support for this prediction. The power-law exponent, with a

622 consensus range of 1.74-2.24, is the observational signature of the feedback temperature dependence that

623 Bloch-Johnson et al. (2021) identified in GCMs. The consistency between the empirical power law

624 structure and the theoretical quadratic prediction suggests the nonlinearity identified in this study reflects a

625 genuine physical property of the climate system rather than a statistical artifact. The non-linear results also

626 align with paleoclimate evidence suggesting that past climate state transitions involved a non-linear,

627 accelerating GSAT response to changes in radiative forcing (Caballero and Huber, 2013; von der Heydt et

628  al,2014).

629 Knutti and Rugenstein (2015) showed that the assumption of constant radiative feedback, the foundational

630  premise of the classical AT=— F A~ framework, breaks down under conditions of large forcing changes,

631 evolving sea surface temperature (SST) patterns, and state-dependent feedback interactions. They showed

632 that the climate sensitivity parameter varies systematically with forcing magnitude and climate state, and

633 that climate sensitivity estimates based on the observed warming that assume a constant A would be biased

634 low. The present study provides time-series-based confirmation of these theoretical predictions using the

635 instrumental GSAT-ERF record. The power law exponent is the corollary of the accelerating feedback

636 temperature dependence that Knutti and Rugenstein (2015) identified as a source of the climate state and

637  forcing dependence of A.
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638 An ARDL model was used to evaluate GSAT, as a function of ERF£°°, GSAT,_;, and ONI,. GSAT,_,

639  captures thermal inertia in the climate system. The resulting model:
640 GSAT, = 0.32 + 0.23 GSAT,_, + 0.082 ERF-° + 0.11 ONI,

641  explained 96 % of the variability in GSAT from 1977 to 2025 (n = 48). The Pesaran—Shin-Smith bounds
642 test and Engle—Granger residual test both reject the null hypothesis of no cointegration at p < 0.001,

643 establishing a genuine long-run relationship between GSAT, and ERF1°°. Expanding-window recursive
644  validation (EWR) over 1994 to 2025 produced 32 out-of-sample forecasts whose RMSE (0.064 °C)

645 matches the in-sample fit and reduces error by 47 % relative to a persistence benchmark (Theil’s U = 0.53).
646  The EWR validation provides confirmation that the ARDL(1,0,0) model with a nonlinear ERF*%° forcing
647 term is robust and representative of post-1977 GSAT dynamics. Despite its parsimony, the model

648 accurately reproduces observed GSAT, suggesting that low-dimensional, observation-driven approaches
649 are a viable and informative part of the climate model hierarchy. The ARDL model is parsimonious,

650  accurate, and robust.

651 The ARDL specification is the discrete-time counterpart of the surface equation of a two-layer energy-
652 balance model, obtained under A1 to AS. Its two forcing-related regressors, GSAT; and the normalized
653 ERF, are strongly collinear (r = 0.94, VIF = 8.27), as expected, and jointly capture the net effect of

654 feedbacks in the climate system, including cloud effects, albedo changes and pattern effects (Andrews et
655  al., 2018; Ceppi and Gregory, 2017), together with heat uptake by the deep ocean. Combined with the ERF
656 exponent v, the specification separates two physically distinct aspects of the forcing—temperature response:
657 the state dependence of the response, carried by v, and the magnitude of the net feedback at a given forcing

658  level, carried jointly by B and p through the long-run multiplier 0 = B (1 — p)~..

659 The forcing required to sustain a degree of warming falls as forcing accumulates, which is a statement that

660 the system becomes progressively less effective at dissipating additional forcing. Equivalently, and more

661  directly, the marginal response dd(j;?:

662  ERF and 0.890 K per W m2 at ERF = 5.15 W m2. The factor by which it rises between any two forcing

rises: 0.204 K per W m™2 at ERF = Frt, 0.607 K per W m2 at 2025

. (ERFp\V~1
663  levelsis (ERF ) and depends on the exponent alone, not on 6.
1

664 The two terms in the composite 1 + « are both sinks of mixed-layer energy but are individually distinct.
665 The radiative term A7}, captures energy lost to space and scales with the surface anomaly itself, whereas
666 x(T» — Tp) captures energy transferred downward into the deep ocean, which remains within the Earth

667  system, and scales with the vertical temperature gradient. Under A1 the deep-ocean temperature is held

668 fixed, so over the estimation period, 4 and x act jointly as restoring terms on the mixed layer and only their

669  sum is identified. The reciprocal of the marginal response is consequently a transient quantity

> dGSAT’

670 rather than an equilibrium one, and this is the reason 8 is not an equilibrium sensitivity. At equilibrium the
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dERF

estimates
dGSAT

671 interlayer flux vanishes as 7T approaches 7, leaving A alone to balance the forcing. The

672 capture the transient response over the observed period and carry no implication for equilibrium behavior.

dERF
dGSAT

673 The reciprocal is the empirical counterpart of the climate-feedback-plus-ocean-heat-uptake

674 parameter: 1.65 W m™2 K™ at 2025 ERF. Across sixteen CMIP5 models calibrated to the same two-layer
675 structure at € = 1, the climate feedback parameter has a multi-model mean of 1.13 W m™ K™' (standard
676 deviation 0.31) and the interlayer ocean heat-exchange coefficient a mean of 0.73 W m 2 K™' (standard
677  deviation 0.18, range 0.5 to 1.2). Their sum is 1.86 W m™2 K~ and spans 1.20 to 2.86 across models
678  (Geoffroy et al., 2013).

679  The model confirms that El Nifio-Southern Oscillation (ENSO) variability, represented by ONI, contributes
680  0.108 °C (95 % UI: 0.080, 0.136 °C) per unit increase to short-term global temperature fluctuations. This
681 effect size is consistent with previous observational estimates and demonstrates the importance of

682 controlling for natural climate variability when assessing forced warming trends (Johnson and Kosaka,
683 2016). Inclusion of upper-ocean heat content (OHC) over 0 — 2000 m as an additional predictor in the

684  ARDL model was explored, using the gridded objective analysis of Cheng et al. (2024). OHC and GSAT
685 were strongly collinear and highly correlated over 1978 to 2025 (R?= 0.878). In models with both

686 variables, OHC coefficients were unstable (VIF = 26.2) and did not improve in-sample fit once the added
687  parameter is accounted for (BIC = +2.93) or out-of-sample forecast skill relative to specifications using
688  GSAT,, alone. Given this redundancy and the risk of multicollinearity, GSAT . was retained as a

689 parsimonious proxy for thermal inertia and net feedback response. The ARDL coefficients are interpreted

690 as capturing the combined effects of ocean heat uptake and other state-dependent feedbacks on GSAT.

691 The ARDL model projections of GSAT at progressively increasing ERF levels are compared to the

692 projections from FalR and the AR6 assessed estimates. At ERF levels of 4.0 — 4.3 the three models agree
693  within < 0.1 °C. At the central 2050 target of 5.15 W m2 the ARDL median is 2.80 °C, against 2.43 °C for
694 the calibrated-constrained FalR ensemble and 2.32 °C for the AR6 assessed best estimate. Panel (b)

695 identifies the source. Marginal warming per unit of additional forcing is constant in both comparison

696 responses, 0.35 °C per W m2 for every FaIR member and 0.36 °C per W m™2 across the AR6 scenarios,
697 whereas in the ARDL specification it rises from 0.54 to 0.93 °C per W m2 across the same forcing range, a
698  71% increase. FalR lies 0.11 °C above the ARG line at every forcing level while remaining parallel to it, so
699  the two differ in level and not in structure. The disagreement is therefore not between the ARDL

700 specification and any one comparison, but between a response whose marginal sensitivity is fixed and one

701  in which the marginal sensitivity depends on the forcing level already reached.

702 Figure 10. Comparison of 2050 GSAT estimates for ERF ranging from 3.0-5.5 W m™. Panel (a) shows
703  GSAT in 2050 as a function of the prescribed 2050 ERF target for the ARDL(1,0,0) specification with v =
704 1.90 (median and 66 % band, 20,000 draws), the calibrated-constrained FalR ensemble (median and 66 %
705 band, 841 members), and the AR6 assessed best estimate with its 66 % range, fitted across the five SSP
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706 anchors. Panel (b) shows the corresponding marginal warming per unit of additional forcing. FalR lies 0.11

707  °C above the ARG line at every forcing level while remaining parallel to it.

a Projected 2050 warming against the 2050 forcing target
ARDL(1,0,0)

median, 66% band

central 2050 target, 5.15W m™2
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£
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708 ERF in 2050 (W m~2)

709 The findings of this study concern the transient response of GSAT to ERF during a period of rapidly rising
710  forcing. Prior use of a linear approximation of the GSAT ERF relationship in climate models was well
711 motivated and is fully supported by the 20" century observational record. The argument advanced here is
712 that forcing has rapidly increased over the last 48 years, and that this magnitude and rate of change has
713 fundamentally changed the GSAT—ERF relationship. No estimate of equilibrium climate sensitivity, the
714 transient climate response, or effective climate sensitivity is offered, and no result bears on the equilibrium
715 or multi-century response to any given forcing level. Those quantities are assessed from multiple

716 independent lines of evidence (Sherwood et al., 2020), and the historical record alone constrains them

717  weakly, because the effective sensitivity inferred from the historical period differs systematically from the
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718 equilibrium value (Gregory et al., 2020; Tokarska et al., 2020). The specification is estimated over forcing

719 from 0.31 to 3.37 W m™2, rising at 0.7 W m2 per decade for the past 20 years, and is applied over a horizon
720 of two to three decades. The ARDL specification is applicable at ERF > 0.3 Wm™ and predicted AGSAT is
721 expected to develop within three years. No physical mechanism for the observed change in the GSAT ERF

722 relationship can be inferred from this analysis.

723 Reducing uncertainty in aerosol effective radiative forcing would be the single most valuable improvement
724 to this class of climate models. Aerosols account for roughly three-quarters of the assessed variance in total
725  ERF, which both dominates the width of the 2050 projections and biases the estimated exponent

726  downward. In the current model, correcting for measurement error in ERF raises v from 1.89 to 2.09. A
727 narrower ERF record would also make it feasible to estimate the exponent jointly in the ARDL regression
728 rather than impose it, which the collinearity between lagged GSAT and ERF currently prevents. The most
729  important open question is whether climate state dependence survives when the deep-ocean temperature is
730 allowed to evolve. Testing this question requires estimating the full two-equation cointegrated system

731 rather than adding ocean heat content to a single equation. The mechanism for the non-linear relationship
732 between GSAT and ERF also remains open. Observational data separating cloud feedback, the sea surface
733 temperature pattern effect and sea-ice albedo would establish which of them carries the dependence on ERF
734 level. Finally, applying this specification to output from ESMs and from simple two-layer energy balance
735 models would show whether non-linearity emerges there as well, and fitting the same specification to land,

736 ocean and hemispheric series would show where the nonlinearity resides.
737  Code and data availability

738 All data and code required to reproduce the results, tables and figures in this paper are archived at

739 https://doi.org/10.5281/zenodo.22069204 (Smith, 2026). The archive contains the analysis input data, the
740 Python scripts for every estimation and figure, the cached Monte Carlo ensembles required to regenerate
741 Figures 7, 8 and 10, and the tabulated output. Code is released under the MIT License and data and figures
742 under CC-BY-4.0. Global surface air temperature and effective radiative forcing series are from the

743 Indicators of Global Climate Change 2025 dataset, version v2026.06.02

744 (https://doi.org/10.5281/zen0do.20499280). The FalR comparison uses the 841-member constrained

745 posterior of fair-calibrate v1.4.1 (https://doi.org/10.5194/gmd-17-8569-2024).
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