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Abstract. Entropy and the second principle of thermodynamics are regularly used as an analysis tool in applied mathematics

for physics-based numerical models. In essence, this approach states that the second principle (i.e. the non-destruction of

entropy) is closely related to stability. Consequently, numerical models complying with the second principle are expected to

be more robust than models that do not. A notable advantage of this method is its straight-forward generalization to nonlinear

physics and to systems of coupled equations. The goal of this work is to thus investigate the added-value of such an entropy-5

based analysis to the case of snowpack modelling. For that, we study the conditions under which the physics describing

snowpacks respects the second principle and the numerical schemes that preserve this compliance after temporal and spatial

discretization. Specifically, we consider three cases of increasing complexity: (i) a dry snowpack governed by heat conduction

only (meant to be an example of the method for unfamiliar readers), (ii) a system composed of a canopy and a snowpack

exchanging heat, and (iii) a dry snowpack with heat conduction, vapor diffusion, and ice-vapor phase changes. Overall, the10

analysis shows that to comply with the second principle, numerical snowpack models should follow three main rules. First,

physical variables should be co-localized. In other words, the temperature at a given point (and other intensive variables) should

depend on the energy (and other extensive variables) only at that point. This property is naturally met with the finite volume

method, but requires adaptation for the finite element method. Second, advected quantities, such as the enthalpy advected with

vapor diffusion, should be numerically upstreamed. Finally, thermodynamical fluxes (for instance heat conduction or phase15

change rate) should be consistent with the end-of-timestep value of the thermodynamical gradients/differences that drive them

(for instance temperature gradients or chemical potential differences). This can be achieved by employing a Backward Euler

temporal integration and resolving the physical processes in a tightly-coupled manner. While proper compliance to the second

principle is a good practice to build robust numerical models, it can however be cumbersome to achieve in practice. Therefore,

we suggest to rather see this kind of entropy-based analysis as a tool, helping to diagnostic potential instability issues, rather20

than a rule to strictly follow.

1 Introduction

Snowpacks are a major component of the Earth system, impacting the energy and mass fluxes on continental surfaces (Estilow

et al., 2015; Royer et al., 2021; Vavrus, 2007), on sea ice (Sturm and Massom, 2017; Webster et al., 2018), or on glaciarized
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areas (Lenaerts et al., 2019). They are notably at the core of important climatic feedbacks (Thackeray et al., 2019). Numerical25

snowpack models are essential tools to quantitatively study the interaction between snow and the rest of its environment, from

regional (Marty et al., 2017) to the global spatial scales (Decharme et al., 2016) and from the seasonal (Mott et al., 2023) to

the millennial (Hoang et al., 2025) time scales. As such, on top of their ability to fairly represent the physics at play, numer-

ical snowpack models are expected to run with relatively large timestep, from 15 min (Vionnet et al., 2012) to the day (Born

et al., 2019). In particular, numerical instabilities and/or oscillations, which usually occur with large timesteps and small grid30

refinements (Butcher, 2008), but not only (Ciarlet and Raviart, 1973; Rank et al., 1983), can be a major drawback of models.

It can indeed lead to physical inconsistencies or even abrupt crashes, jeopardizing the integrity of the whole simulation chain

in which the snowpack models are integrated. This problem is exacerbated in some snowpack models, which aim to explicitly

track layers of snow and thus have little control on their spatial grid in the case of very thin layers (such as an ice layer following

a freezing rain event) present in the stratigraphy (e.g. the layering scheme described in Vionnet et al., 2012). For instance, the35

Crocus numerical model (Vionnet et al., 2012) can sometimes suffer from such instabilities (M. Lafaysse; personal communi-

cation, June 2025). An ad-hoc fix for this situation, is usually to decrease the timestep and to restart the simulation. While this

approach is applicable in the case of seasonal and punctual simulations, it can rapidly become cumbersome for simulations

over large areas and long periods of time. Thus, it is necessary to develop methodologies and techniques to favor the numerical

robustness of numerical snowpack models.40

Linear stability analysis can provide a first -yet still very informative- picture on the requirements for the development of

robust numerical models, able to handle large timesteps (Butcher, 2008). Notably, this can be used to define L-stable methods,

which are known to perform well in the case of stiff problems with large timesteps (Fazio, 2001). However, linear stability

analysis naturally presents limitations when applied to non-linear system of equations. This is usually the case of snowpack45

models, that must represent various, potentially non-linear, mechanisms interacting together (Bartelt and Lehning, 2002; Vion-

net et al., 2012). Another approach to study the stability (and further properties) of dissipative systems governed by partial

differential equations (PDEs) is the so-called "entropy methods" (Jüngel, 2016). Roughly speaking, these methods build on the

notion that the second law of thermodynamics (i.e. the non-destruction of entropy) is closely related to the notion of physical

stability of material systems (Chapter V of Dafermos, 2010). The compliance to the second principle by a system of PDEs50

can be used to show that it is Lyapunov or asymptotically stable (Lyapunov, 1992). This methodology can then be extended

to the discrete setting to study numerical approximations of such non-linear systems of PDEs (Chainais-Hillairet, 2014; Can-

cès and Guichard, 2016; Cancès and Guichard, 2017; Cancès and Gaudeul, 2020). In the past, several studies have discussed

the consequences of the second principle in snow with a focus on metamorphism (Bartelt and Buser, 2004), avalanche flow

(Bartelt et al., 2005, 2006), or energy and mass transfers at the snowpack scale (Bartelt et al., 2004). However, the application55

of the second principle to design numerical snowpack models has not been explored hitherto and is thus an interesting prospect.

The goal of this work is thus to explore the potential added value of applying entropy methods to the case of numerical

snowpack models. A particular focus will be put on stability, even though entropy methods have further applications, for
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instance to demonstrate the existence and uniqueness of solutions (Jüngel, 2015) or to investigate the long-time behavior of60

dissipative systems (Carrillo et al., 2001; Bessemoulin-Chatard and Chainais-Hillairet, 2017; Chainais-Hillairet and Herda,

2020). A slightly different point of view is to see conditions under which numerical snowpack models are consistent with

thermodynamics and the discrete version of the second principle. This is by itself a desired property, as the second principle

imposes constraints on what is physically possible or not.

To this purpose, the article is organized as follows. First, we briefly explain the rationale behind entropy methods (Sect. 2) and65

present a concrete application based on the heat equation (Sect. 3). While these two sections do not present original research,

they are meant as a familiarization with entropy methods. Then, we study two cases relevant to snowpack modeling, namely

the use of a snowpack model in a coupled snow-canopy situation (Sect. 4) and the modeling of a snowpack with internal

vapor transport (Sect. 5). Finally, we discuss the added value of respecting the second principle and provide some general

considerations for the development of robust numerical snowpack models.70

2 Entropy methods: thermodynamics as a criterion for numerical robustness

2.1 Classical Irreversible Thermodynamics and the second principle

The framework in which entropy methods are deployed is usually that of Classical Irreversible Thermodynamics (CIT, some-

times also referred to as local equilibrium thermodynamics; Lebon et al., 2008). In this vision, macroscopically out-of-

equilibrium systems are assumed to still follow standard equilibrium thermodynamics at the local scale (i.e. at a scale large75

enough to be a thermodynamical system, but small enough to locally equilibrate much faster than the whole system under

consideration). For instance, a system could be characterized (among others) by an internal energy density field u (expressed

in J m−3) that is related to its temperature field T by the same function u= u(T ) that hold in the case of overall equilibrium.

Note that this is the same framework under which snowpack models are naturally built. Thus, current versions of snowpack

models are directly suited to be analyzed with entropy methods.80

In the CIT framework, the entropy density s (expressed in J K−1 m−3) is governed by a balance equation at the snowpack scale

that reads

∂ts+∇ ·Fs = ψs +ψext (1)

where ∂t and ∇· respectively stand for the partial derivative with respect to time and the spatial divergence, Fs is the entropy

flux, ψs stands for the entropy production rate (also referred to as the internal entropy source in what follows), and ψext85

denotes an external entropy source. The second principle of thermodynamics simply states the internal entropy source must be

non-negative, i.e. ψs ≥ 0, everywhere and every time (Lebon et al., 2008). Note that the external entropy source ψext has been

introduced to account for the distributed absorption of external energy directly within the snowpack (i.e. shortwave absorption),

which is an entropy flux from the exterior but cannot be treated as a boundary value for Fs.
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2.2 Lyapunov functionals and stability90

As stated in the introduction, one of the applications of entropy methods is to use the second principle to demonstrate the

stability of time-evolving systems. This is done in the context of Lyapunov stability and using Lyapunov functionals (Lyapunov,

1992).

Let’s consider a dynamical (i.e. time-evolving) system characterized by the set of prognostic variables {X} (in the context of a

snowpack this would for instance include the internal energy field u). A Lyapunov functional is a real-valued function V ({X})95

such that




V ({Xeq}) = 0,

V ({X})> 0 for {X} ̸= {Xeq},
dV
dt ≤ 0.

(2)

where {Xeq} is a point in the phase space of {X} that corresponds to an equilibrium state. The existence of such a Lyapunov

functional directly confers stability to the dynamical system. Indeed, V can be seen as a pseudo-distance in the phase space to

the equilibrium point {Xeq}. Since V cannot increase over time, the dynamical system cannot diverge away from the equilib-100

rium. Moreover, in the case where dV
dt < 0, the system is drawn towards the equilibrium point over time.

Thermodynamical potentials, like e.g. negentropy or Helmoltz free energy (Kardar, 2007) naturally play the role of such

Lyapunov functionals (Lebon et al., 2008). For instance, let us consider an isolated system, that is with no energy nor matter

exchange with the exterior. In this case, the total negentropy−S of the system is the building block of the Lyapunov functional.105

Indeed, it’s time derivative is given by

d(−S)
dt

=
∫

Ω

−∂tsdV (3)

with Ω the spatial domain of the system. Using Eq. (1) together with the divergence theorem and the no-flux boundary condi-

tion, directly yields that

d(−S)
dt

=
∫

Ω

−ψs dV ≤ 0, (4)110

the last inequality following from the second principle. Thus, S({Xeq})−S is Lyapunov functional whose decay follows from

the second principle and the non-destruction of entropy. Similarly, in the case of a system with constant temperature T enforced

on the boundary for instance, one can build a Lyapunov functional based on the Helmoltz free energy A= U −TS (with U

and S the total internal energy and entropy of the system), as A−A({Xeq}). Again, the decreasing nature of the Lyapunov

functional is related to the non-destruction of entropy.115
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2.3 Approach followed in the article

As briefly hinted above, the relevant thermodynamic potential -negentropy, Helmoltz free energy, etc- depends on the boundary

conditions at play. However, in the case of more complex boundary conditions (for instance an inhomogeneous temperature

field), the expression of a general thermodynamics potential remains an open question (Glansdorff and Prigogine, 1970; Keizer

and Fox, 1974; Di Vita, 2013; Bodineau et al., 2014; Maes and Netočný, 2015). We stress that this does not necessarily mean120

that systems with inhomogeneous boundary conditions are not Lyapunov stable, as the ignorance of such thermodynamical

potential in inhomogeneous boundary conditions does not mean that no Lyapunov functional exists. Therefore, for the rest

of the article we do not attempt to build the proper thermodynamical potentials, consistent with a particular set of external

forcings. Rather, we assume that the respect of the second principle -ψs ≥ 0, everywhere, every time- is a sufficient condition

to avoid thermodynamical instabilities (or at least that it is a condition that strongly favors stability; this last point will notably125

be discussed in Sect. 6.2).

Moreover, we believe that the use of ψs > 0 as our guiding criterion, also offers a slightly richer picture than the use of a

Lyapunov functional. Indeed, ψs ≥ 0 is a local criterion, and is thus sensitive to local violations of the second principle, while

a Lyapunov functional is a global criterion which can in principle let local violations of the second principle occur (entropy can130

be locally destroyed as long as there are sufficient production elsewhere to overall decrease the Lyapunov functional). Notably,

strict adherence to the local form of the second principle tends to hinder the occurrence of spontaneous local divergence,

and oscillations, and overshoots as illustrated in Fig. 1. This is a desirable property for numerical models, in which artificial

divergence, overshoots, and oscillations are to be avoided.

Figure 1. Example of spontaneous temporal evolutions over a time interval ∆t of a simple temperature field that are inconsistent with the

second principle of thermodynamics, and where entropy has been locally destroyed. Systems respecting the second principle should not

present such features.
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3 Revisiting the heat equation135

We start by analyzing the heat equation (i.e. internal energy conservation without matter fluxes), as it is at the core of most

snowpack models (e.g. Bartelt and Lehning, 2002; Vionnet et al., 2012; Essery, 2015; Sauter et al., 2020). While the entropy-

based analysis of the heat equation has already been carried out in the literature (e.g. Vidal et al., 1994; Lebon et al., 2008), we

believe that its brief presentation in the article offers an easy but concrete example of how the entropy analysis can be carried

out, on which the rest of the article is built.140

3.1 The continuous model

Based on classical results from the field of CIT, we start by analyzing the conditions under which the continuous (i.e. not

discretized) heat equation complies with the second principle of thermodynamics. As stated above, the goal here is to briefly

present the major steps in an entropy-based analysis. Note that a similar demonstration is for instance available in Lebon et al.

(2008).145

3.1.1 Gibbs’ equation

The first step of the entropy method is to define the link between the entropy and the rest of the thermodynamical variables

describing the snow material. This is done through Gibbs’ equation, also sometimes referred to as the fundamental equation

of thermodynamics (Kardar, 2007), which relates the differential of entropy to the differential of other extensive quantities. If

one neglects mass transfers, the Gibbs’ equation in snow viewed as a homogeneous medium simply writes150

ds=
du
T
, (5)

where s is the volumetric density of entropy (J K−1 per m3 of snow), u the volumetric density of internal energy (J m−3), and

T the temperature (K). Two observations can be made from Gibbs’ equation. First, in this framework, s can be expressed as a

function of the internal energy (i.e. s= s(u)). Stability arguments require this function to be concave (Kardar, 2007). Second,

the temperature T is directly given by this entropy function as 1
T = ds

du , and thus we also have T = T (u). As will be done in155

Sect. 3.1.2 below, specifying how s (and therefore T ) depends on u, amounts to defining the material properties of snow. From

Eq. (5), it follows that

∂ts=
∂tu

T
. (6)

3.1.2 Defining the material law

To close the thermodynamical description of the snow material, one as to define the relation between s and u, and by the same160

operation define the relation between T and u. Here, we assume that

dT =
du
cp

(7)
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with cp the thermal capacity (expressed in J K−1 m−3). We note that cp does not need to be a constant. The condition that

s(u) is a concave function simply requires the positivity of cp, which makes physical sense: for thermodynamics stability, the

temperature must increase with internal energy.165

3.1.3 Prognostic equation: energy conservation

In the framework developed so far, snow is described by a single prognostic variable, namely the internal energy u. The

description of a macroscopically out-of-equilibrium snowpack thus involves a prognostic equation for the internal energy, this

equation simply being the balance of internal energy

∂tu+∇ · (Fu) =Q (8)170

where Fu is the heat flux (expressed in W m−2) and Q is a volumetric energy source/sink provided by the exterior of the

snowpack (e.g. penetrating shortwave radiations). It is this prognostic equation (complemented with material laws to compute

Fu) that is concretely solved in snowpack models to simulate the evolution of a snowpack. Also, boundary conditions need to

be prescribed for Eq. (8), but they do not need to be further discussed here as they do not impact the internal entropy source of

the snowpack.175

3.1.4 Expressing the internal entropy source

Multiplying Eq. (8) by 1/T , using Eq. (6), and realizing that 1
T∇· (Fu) =∇·

(
Fu

T

)
−Fu ·∇

(
1
T

)
provides the entropy balance

equation

∂ts+∇ ·
(
Fu

T

)
= Fu · ∇

(
1
T

)
+
Q

T
, (9)

which allows us to identify the entropy flux Fs =∇ ·
(

Fu

T

)
, the external entropy source ψext = Q

T , and the internal entropy180

production ψs = Fu ·∇
(

1
T

)
. We note that this entropy balance equation directly follows from the heat equation, and therefore

does not constitute a second prognostic governing the evolution of the snowpack. Rather, it is a diagnostic equation, that pro-

vide information about the heat equation, but does not modify its behavior.

The second principle of thermodynamics requires the internal entropy source ψs to be positive under all potential circum-185

stances. This simply suggests that Fu ∝∇
(

1
T

)
, which is readily the case if the heat flux obeys Fourier’s law, i.e. Fu =−λ∇T ,

with λ≥ 0 the thermal conductivity of snow. Note that we do not need here to assume that λ is constant in space or that is

independent of temperature. The second principle, which encodes the dissipative nature of snow, is fulfilled as long as heat

flows down the temperature gradients, might it be in a linear or non-linear fashion.

3.2 Time and space discretization190

While in the continuous domain, the heat equation (complemented by Fourier’s law) naturally fulfills the second principle,

this does not necessarily translate when it is spatially and temporally discretized as it is the case in numerical models. The
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goal of this section is thus to determine the discretization conditions under which the entropy structure of the heat equation is

preserved, or in other words under which numerical schemes does the discretized entropy source remain positive.

195

We consider the finite volume method (FVM, Eymard et al., 2000) for the spatial discretization, as it is the numerical dis-

cretization used in the most snowpack models for solving the heat equation (e.g. Vionnet et al., 2012; Essery, 2015; Sauter

et al., 2020). For the sake of simplicity, we develop our purpose in the simple one-dimensional in space setting, which is natural

and of practical interest in the numerical modeling of snowpacks. The extension to several space dimension is straightforward

as long as one restricts to so-called two-point flux approximations (Droniou, 2014; Cancès, 2018).200

In the one-dimensional FVM framework, the snowpack is divided into N cells (sometimes referred to as layers in snowpack

models, even though they should not be confused with the physical strata building the snowpack) and an energy balance

integrated over each cell. We thus obtain an equation for each cell reading

∆zk
un+1

k −un
k

∆t
+Fn→n+1

k+ 1
2

−Fn→n+1
k− 1

2
= ∆zkQ

n→n+1
k , (10)205

where ∆t= tn+1− tn the duration of the nth time step, ∆zk is the thickness of the kth cell, uk its internal energy (the super-

scripts n and n+ 1 indicates that the variables is taken at the start or end of the timestep, respectively), Qn→n+1
k the external

volumetric energy source applied to cell k during the timestep, and Fn→n+1
k− 1

2
and Fn→n+1

k+ 1
2

are the heat fluxes between the cells

k− 1 and k and cells k and k+ 1 (or the heat fluxes from or towards the exterior of the snowpack if the cell k ∈ {1,N} is

at a boundary) during the timestep. Together with an expression for the fluxes Fn→n+1
k+ 1

2
to be specified, this is the prognostic210

system of equations that is actually solved in the snowpack model and governs its evolution over time. We used a general time

superscript for the fluxes in Eq. (10), letting free the choice of the time integration scheme so far.

As in the continuous case, an FVM entropy source can be derived from Eq. (10). For that, we first note that in the FVM

framework the entropy is defined per cell and time step, and is simply expressed as sn
k = s(un

k ), with s(u) the same function215

as in the continuous domain. To obtain the discrete entropy source, we consider the variation of the total entropy of the system

Sn =
∑N

k=1 ∆zks
n
k . To this end, we multiply Eq. (10) by 1/Tn+1

k and sum over the all cells. Rearranging and using the fact

that the heat flux between cells k and k+ 1 appears both in the energy balance of cell k and k+ 1, we obtain that

1
∆t
(
Sn+1−Sn

)
= Ψn+1 + Ψn+1

ext +Fn+1, (11)

with220

Ψn+1
ext =

∑

cells

∆zk
Qn→n+1

k

Tn+1
k

,

the entropy source due to external shortwave radiation,

Fn+1 =
Fn→n+1

bot

Text,bot
+
Fn→n+1

top

Text,top
,
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the total entropy flux at the boundary of the domain - with Fn→n+1
bot and Fn→n+1

top the bottom and top heat fluxes orientated

towards the snowpack and Tbot and Ttop the temperature of the external physical bodies responsible for the boundary heat225

fluxes -, and

Ψn+1 =
1

∆t

∑

cells

∆zk

(
sn+1

k − sn
k −

un+1
k −un

k

Tn+1
k

)

︸ ︷︷ ︸
An+1

+
∑

internal edges

Fn→n+1
k+ 1

2

(
1

Tn+1
k+1

− 1
Tn+1

k

)

︸ ︷︷ ︸
Bn+1

+Fn→n+1
bot

(
1

Tn+1
1

− 1
Text,bot

)
+Fn→n+1

top

(
1

Tn+1
N

− 1
Text,top

)

︸ ︷︷ ︸
Cn+1

(12)

the discrete entropy production term. It is this production term that should be non-negative everywhere to respect the second

principle. As seen in the equation above, it can be naturally split into three different contributions.

230

The An+1 term corresponds to entropy created directly in each cell by the time integration scheme. It has a pure numerical

nature and no continuous counterpart. It is positive due to the concavity of the entropy function s(u), as for all u, there holds

s(u)≤ s(un+1
k ) +

ds
du

(un+1
k )

(
u−un+1

k

)
.

Noting that ds
du (un+1

k ) = 1/Tn+1
k+1 and taking u= un

k , it directly follows that An+1 ≥ 0. We note that for the demonstration

to hold, it is important for the variables u and s to be co-localized, i.e. that the entropy attached to a cell is a function of the235

energy of that cell only. While this property is natural in the FVM framework, it is not necessarily the case with the finite ele-

ments method (FEM), where the entropy at a given point depends on the energy at neighboring points. This potential entropy

destruction through the term An+1 is related to the potential violation of the discrete principle maximum of the FEM, and can

be resolved through mass lumping techniques (Chatzipantelidis et al., 2015).

240

The Bn+1 term is defined on every internal edge (i.e. the interfaces between layers) and directly corresponds to a discretized

version of the entropy source Fu · ∇
(

1
T

)
in the continuous domain. It is composed of the product of the energy flux crossing

each internal interface and of the difference in inverse temperature across the interface. It is positive as long as the numerical

heat flux between two cells (i.e. Fn→n+1
k+ 1

2
) is orientated consistently with the temperature gradient at the end of the timestep.

This consistency is naturally obtained with Fourier’s law and a backward Euler temporal scheme, in which Fn→n+1
k+ 1

2
is based245

on the temperatures Tn+1
k and Tn+1

k+1 . In particular, the Forward Euler or Crank-Nicholson temporal schemes cannot ensure the

full consistency between the numerical heat fluxes and the temperature gradients at the end of the timestep, potentially resulting

in local entropy destruction. We note that one might be tempted to prove the positivity of Bn+1 by dividing Eq. (10) by 1/Tn
k

(rather than 1/Tn+1
k ) in the derivation of Eq. (11). However, in this case, the An+1 term would become nonpositive, leading

to some entropy destruction. More advanced strategies to go to higher order in time while maintaining the compatibility with250

the second principle of thermodynamics exist (see for instance Cancès et al., 2024), but will not be further discussed in this

paper, as they are seldom used in snow modelling.
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Finally, the Cn+1 term corresponds to the entropy production due to the exchange of energy between the discrete snowpack

and its surrounding. It is of the similar nature as Bn+1, and is positive as long as the energy flux at a boundary is physically255

consistent (i.e. energy flows from the warmer to the colder region) with the temperature difference between the snowpack

and the exterior at the end of the timestep. As with Bn+1, this condition is naturally fulfilled in the case of a backward Euler

temporal scheme, provided that the expression of the boundary heat flux is consistent with the physical notion that energy must

flow from the warm to the cold regions.

260

In summary, there are two main criteria for the second principle to unconditionally hold when numerically solving the heat

equation: (i) variables must be co-localized, which is directly the case with a standard FVM spatial discretization, and (ii) heat

fluxes and temperature gradients/differences at the end of the timestep must be consistent, which is directly the case with a

backward Euler temporal discretization. Note that to derive these results, we did not have to assume the system of equations to

be linear.265

4 Coupling of snowpack models with other components

In the analysis carried out so far, the system we studied consisted of a single snowpack, forced by independent external con-

ditions (under the form of boundary conditions and shortwave absorption). However, snowpack models are regularly coupled

with other numerical models, in order to represent more complex systems, of which the snowpack only represents a subcom-

ponent. This is for instance the case when modelling the energy budget of the soil-snowpack-canopy continuum (Boone et al.,270

2017; Essery et al., 2025), which is essentially achieved by coupling a soil, a snowpack, and a canopy model.

The goal of the present section is to show that the entropy-based analysis can easily be extended to such coupled systems, and

can similarly provide conditions to favor their numerical stability. For that, we consider the concrete example of a snowpack

and a big leaf canopy, exchanging energy through longwave radiations and through the canopy air between them. This system275

is directly inspired from the ISBA-MEB (Boone et al., 2017) and FSM (Essery et al., 2025) models, from which the soil

component has been omitted for simplicity.

4.1 Continuous domain

A schematic of the considered system is displayed in Fig. 2. Following Boone et al. (2017), the canopy is considered as

having a single temperature, while the snowpack has a uni-dimensional spatially varying temperature. Finally, the canopy air is280

considered as having a zero thermal capacity. Thus, the system is notably described by the two energy conservation equations

in the snowpack and in the canopy. For the snowpack, we have

∂tusp +∇ · (Fsp) =Qsp in Ωsp (13)
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with usp the internal energy density of the snowpack, Fsp the internal heat flux in the snowpack, Qsp the external energy

source (i.e. shortwave absorption), and Ωsp the spatial domain of the snowpack. This energy budget is complemented with285

boundary fluxes: Fsc the net energy flux between the snow surface and the canopy , Fsa the net energy flux between the snow

surface and the canopy air, and Fbot the energy flux at the bottom of the snowpack (all in W m−2). Similarly, for the thermally

homogeneous canopy we have

∂tUc = Fsc−Fca +Qc (14)

where Uc is the internal energy of the canopy (directly expressed in J m−2), Fca the net energy flux between the canopy290

and the canopy air, and Qc an external energy source (i.e. shortwave absorption). Note that because we consider a thermally

homogeneous canopy, its energy conservation equation is already integrated over the vertical canopy space, and thus Uc is not

an internal energy density. Finally, the zero thermal capacity of the canopy air implies that the sum of the energy fluxes towards

of the canopy air vanishes, i.e.

Fsa +Fca +Fatm = 0 (15)295

where Fatm is the energy flux coming from the external atmosphere orientated towards the canopy air.

By multiplying Eqs 13 and 14 by 1
Ts

and 1
Tc

respectively and using Gibbs’ equations for snow and canopy (which are directly

similar to Eq. (5)), we can recover equations for the snowpack entropy density ssp and canopy entropy Sc (following the same

procedure as in Sect. 3). The budget equation of the total entropy S of the system is thus300

∂tS = ∂tSc +
∫

Ωsp

∂tssp dΩsp

=
∫

Ωsp

Fsp · ∇
(

1
Tsp

)
dΩsp

+Fsc

(
1
Tc
− 1
T surf

sp

)
+Fsa

(
1
Ta
− 1
T surf

sp

)
+Fca

(
1
Ta
− 1
Tc

)

+Fatm

(
1
Ta
− 1
Tatm

)
+Fbot

(
1

T bot
sp

− 1
Tground

)

+
∫

Ωsp

Qsp

Tsp
dΩsp +

Qc

Tc

+
Fatm

Tatm
+

Fbot

Tground
, (16)

with T surf
sp and T bot

sp the surface and bottom temperatures of the snowpack, Tatm and Tground the temperatures of the ground

below the snowpack and of the atmosphere, and where we have implicitly used Eq. (15). The temporal variation of the total

entropy has thus five different origins: (i) an entropy production due to the heat fluxes within the snowpack, (ii) an entropy

production due to the heat flux between the sub-parts of the system (e.g. Fsc

(
1
Tc
− 1

T surf
sp

)
between the snowpack surface305
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and the canopy), (iii) an entropy production at the boundaries of the system due to energy exchange with the exterior (e.g.

Fatm

(
1
Ta
− 1

Tatm

)
between the atmosphere and the canopy air), (iv) an external entropy source due to shortwave absorption,

and (v) boundary entropy fluxes due to energy exchange at the boundaries of the system (e.g. Fatm
Tatm

the entropy flux at the

atmosphere boundary).

310

The second principle of thermodynamics requires the three entropy production terms to be non-negative. This is readily the

case when (i) the snowpack follows Fourier’s law (in a linear or non-linear fashion; as in Sect. 3.1.4), and (ii) the energy fluxes

between the different subcomponents of the system and the heat fluxes at the boundaries are consistent with the temperatures at

play, i.e. that the energy fluxes are orientated from the warmer part towards the colder. These two points are of similar nature,

and simply state that energy fluxes must be consistent with the temperature gradients/differences in the system that drive them.315

Figure 2. Schematic of the configuration of the considered Snow-Canopy coupled model. The simulated system of interest is encapsulated

in the dashed rectangle, and is composed a spatially in-homogenous snowpack (blue), a homogeneous canopy (green), exchanging energy

through longwave radiation (red arrows) and through a canopy air space (orange dot) connected to the outside atmosphere. The outside

external conditions (i.e. the temperatures of the atmosphere and below the snowpack) are assumed to be given.
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4.2 Numerical discretization

A similar analysis can be carried out in the discrete framework. Starting from the discrete energy conservation equations of

the snowpack and the canopy (not shown for brevity since similar to Eq.(10)), one can recover a discrete equation for the total

entropy variation by multiplying each cell equation by the inverse temperature at the end of the timestep 1
T n+1 , summing over320

all cells, and re-arranging

Sn+1−Sn

∆t
= An+1 +Bn+1 +Cn+1 +Dn+1 + Ψn+1

ext +Fn+1, (17)

where we have set

An+1 =
1

∆t

∑

snow cells k

∆zk

(
sn+1

k − sn
k −

un+1
k −un

k

Tn+1
k

)
+

1
∆t

(
Sn+1

c −Sn
c −

Un+1
c −Un

c

Tn+1
c

)
, (18)

325

Bn+1 =
∑

internal snow edges

Fn→n+1
k+ 1

2

(
1

Tn+1
k+1

− 1
Tn+1

k

)
, (19)

Cn+1 = Fn→n+1
sc

(
1

Tn+1
c

− 1
Tn+1

surf

)
+Fn→n+1

sa

(
1

Tn+1
a

− 1
Tn+1

surf

)
+Fn→n+1

ca

(
1

Tn+1
a

− 1
Tn+1

c

)
, (20)

Dn+1 = Fn→n+1
atm

(
1

Tn+1
a

− 1
Tatm

)
+Fn→n+1

bot

(
1

Tn+1
bot

− 1
Tground

)
, (21)330

Ψn+1
ext =

∑

snow cells k

∆zkQ
n→n+1
k

Tn+1
k

+
Qn→n+1

c

Tn+1
c

, (22)

and

Fn+1 =
Fn→n+1

bot

Tground
+
Fn→n+1

atm

Tatm
. (23)

As in the previous section, zk, uk, sk, Tk, and Qn→n+1
k stand for the thickness, internal energy density, entropy density, tem-335

perature, and absorbed energy of the kth cell of the snowpack, and Fn→n+1
k+ 1

2
for the internal heat flux between cells k and k+1

in the snowpack.

The terms Ψn+1
ext and Fn+1 correspond to the external entropy sources and boundary entropy fluxes, respectively. For the

discrete entropy production, we see that it can be decomposed into four different contributions, denoted An+1, Bn+1, Cn+1,340

Dn+1 in Eq (17). As in Sect. 3.2, the term An+1 is a purely discrete term, without any equivalent in the continuous domain.
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It can be shown to be positive thanks to the concavity of both the snow and canopy entropy functions. Then, as in the single

snowpack case, the term Bn+1 corresponds to the discretized version of the internal snowpack entropy source, and is positive if

the snowpack internal heat flux directions are consistent with the snowpack temperatures at the end of the time-step. The terms

Cn+1 and Dn+1 are of similar nature, and correspond to the entropy production due to energy fluxes between the different345

subcomponents of the system and between the system and the exterior. Again, they are positive if the heat fluxes between the

subcomponents and the exterior are consistent with the temperature driving them.

4.3 The problem with a sequential treatment

In order to take advantages from modularity, the numerical simulation of a multi-components system is usually achieved by

coupling pre-existing models developed for each subcomponent. In the simplest case, this coupling can be done with a fully350

sequential treatment. Such treatment for the snowpack-canopy system could for instance be: (i) the canopy temperature is first

solved assuming fixed snowpack and canopy air temperatures from the end of the previous timestep. Note that for this stage,

one needs to compute the energy flux between the canopy and the rest of the system (i.e. Fn→n+1
sc and Fn→n+1

ca ). Then, (ii)

the snowpack temperature is solved using a snowpack model and a fixed canopy air temperature. To ensure energy conser-

vation, the previously computed snowpack-canopy energy flux Fn→n+1
sc is used as such and directly injected as a Neumann355

boundary condition at the top of the snowpack. For this step, the flux Fn→n+1
sa needs to be computed. Finally, (iii) the canopy

air temperature is solved, using the previously computed energy fluxes (Fn→n+1
sa and Fn→n+1

ca ), to ensure energy conservation.

However, this simple numerical strategy is known to be prone to numerical instabilities (personal communications with M.

Lafaysse and G. Mazzotti, June 2025). This limitation can be easily analyzed from an entropy point of view. While the use of360

an entropy consistent snowpack model ensures that the Bn+1 term in Eq. (17) is positive, entropy destruction can still occur

through the Cn+1 term. Indeed, as the energy fluxes between components are computed (and fixed) without taking into account

the variations of all temperatures in the system, one cannot ensure the consistency between the energy flux directions and the

temperatures at the end of the timestep. This can lead to entropy destruction at the interface between the different components.

This problem notably arises in the case of small layers in the snowpack discretization (for instance related to freezing rain365

events), which are prone to large temperature fluctuations due to their smaller thermal capacity. In other words, the coupling of

internally entropy-consistent sub-models does not imply that the resulting model is itself entropy-consistent. There are entropy

sources related to exchange of the energy between the sub-models, which are directly controlled by none of them, but rather

by the method of coupling itself.

370

On the other hand, the use of a tightly-coupled (with backward Euler temporal integration) scheme, where all temperatures

are solved at once, ensures the unconditional consistency between all internal fluxes and the temperature field. In such a case,

the discrete entropy source is positive everywhere and all the time, yielding a more robust model which can be run without

instabilities. This is notably close to the strategy adopted in the numerical resolution of ISBA-MEB (Boone et al., 2017), where

14

https://doi.org/10.5194/egusphere-2026-510
Preprint. Discussion started: 12 February 2026
c© Author(s) 2026. CC BY 4.0 License.



the variation of the snowpack surface temperature is taken into account when solving the canopy energy budget, thanks to a375

technique related to Schur-complement decomposition (Zhang, 2006).

4.4 A numerical example

To illustrate the analysis carried out for the simulation of the snowpack-canopy continuum, we have implemented two simple

march in time strategies: one using a sequential treatment and one solving the system of equations at once (i.e. monolithic or

tightly-coupled). The thermal capacity of the canopy is fixed to 104J K−1. The snowpack is 50 cm thick with a refined grid at380

the top (1 cm thickness for the uppermost cell), with a density ranging from 300 to 100 kg m−3, a constant thermal conductivity

of 0.2 W m−1 K−1, and without heat fluxes at its bottom. The energy fluxes Fca, Fsa, and Fatm are assumed to be controlled by

constant linear thermal conductances of 1 W m−2 K−1, the flux Fsc is taken as σ
(
T surf

sp
4−T 4

c

)
(with σ the Stefan-Boltzmann

constant), and shortwave absorption is neglected. Finally, the external atmosphere temperature is fixed to 270.15 K, which thus

corresponds to the equilibrium temperature towards which the system converge over time. The source code of these toy models385

are available in Fourteau et al. (2025).

Simulation results with a timestep of 3600 s are displayed in Fig. 3. For simplicity, we focus here on the snowpack surface

and the canopy air only, without considering the canopy temperature, as it would not change the discussion of the results.

As seen in the lower panels of the figure, the tighly-coupled scheme exhibits a stable and physically consistent behavior,390

slowly converging towards a steady state. This slow convergence towards equilibrium is due to the long relaxation time of the

snowpack, where heat must slowly diffuse over the whole height of the snowpack. A similar stable behavior has been observed

for all investigated timesteps and does not break in the case of a vanishingly small spatial discretization at the surface of the

snowpack. As displayed in the figure, this stable behavior is associated with a strictly positive entropy source, consistent with

the net direction of the energy flux between the snowpack and the canopy air: the colder snowpack surface receives energy from395

the warmer canopy air. On the other hand, as seen in the upper panels of Fig. 3, the sequential scheme displays instabilities that

blow off over time. These instabilities are associated with a negative entropy source (i.e. entropy destruction), resulting from

the inconsistency between the orientation of the net snowpack-canopy air energy flux and the temperatures. It is interesting to

note that we have observed such instabilities even for a vanishingly small timestep of 1 ns. Our understanding is that since, the

canopy air has no thermal inertia, its characteristic time is essentially null. Therefore, its temperature can swing instantaneously400

and remains prone to instabilities even for very small timesteps. On the other hand, a form of stability (in the sense that the

simulation does not blow off over time, despite the presence of spurious oscillations) is recovered in the case of very long

timesteps, in our case longer than 25 days. This illustrates that the intuitive notion that smaller timesteps lead to increased

stability is not always correct. Also, this shows that the possibility of a sequential resolution to be instable does not imply that

such instabilities are necessarily present. It is possible for a given sequential model to have a minimal timestep for stability that405

is below the timestep of operation. However, special care should be given to ensure that this stability limit is not crossed.

15

https://doi.org/10.5194/egusphere-2026-510
Preprint. Discussion started: 12 February 2026
c© Author(s) 2026. CC BY 4.0 License.



Figure 3. Simulation results of a snowpack-canopy system using a sequential (upper panels) or tightly-coupled (lower panels) scheme

for a timestep of 3600 s. In both cases, the snowpack surface and canopy air temperatures are shown in blue and orange, respectively. The

associated blue arrows indicate whether, during a given timestep, the snowpack surface receives (if orientated upward) or looses (if orientated

downward) energy to the canopy air. Orange arrows hold the same meaning from the point of view of the canopy air. The entropy source

related to the snowpack-canopy air energy flux is displayed below in green, with the zero level indicated by a dotted horizontal line.

5 A thermodynamically consistent model of dry snow with water vapor

In this third part, we propose to expand on the simple heat equation studied in Sect. 3, by considering a thermodynamically

consistent numerical model of dry snow including macroscopic transport of water vapor. The goal of this analysis is to support

the implementation of water vapor transport in models (Jafari et al., 2020; Schürholt et al., 2022; Brondex et al., 2023). As410

in the heat equation case, we start by analyzing the model in the continuous domain, starting from CIT frameworks. We then

investigate which numerical schemes preserve the entropy structure.
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5.1 The continuous model

The derivation of a thermodynamically consistent model follows the overall steps presented in the case of the heat equation.

Namely, we first need to define the entropy of snow and its relations to the prognostic extensive variables. In other words,415

we need to derive the Gibbs’ equation applying to the ice and water vapor mixture. This Gibbs’ equation can then be used in

combination with the prognostic equations of energy and mass conservation to derive the entropy budget equation, and hence

the entropy source. From it, conditions for its positivity can be analyzed.

The main difficulty, compared to the previous section, is that we are now concerned with a multiphase system described by

more than one prognostic variable. The derivation from scratch of a concave entropy function for snow that encompasses the420

expected thermal and chemical material laws and respects Schwarz’s theorem (i.e. Maxwell relations) can be quite challenging.

This was notably illustrated by several failed attempts on our side to directly derive such a function relating the entropy of

snow to other extensive variables. Rather, we have found that an easier, and more powerful path, is to first thermodynamically

describe each homogeneous phase (in our case the solid ice and the gas phase) and then to build the entropy of the multiphasic

medium using the additivity of entropy.425

5.1.1 Thermodynamical description of the ice phase

Let us consider a finite volume Vi of ice embedded in a volume V of snow. Thermodynamically, the ice phase is characterized

by its internal energy density ui (J m−3 of snow), its volume fraction ϕi (m3 m−3), its density of matter ni (mol m−3), and its

entropy density si (J K−1 m−3). Moreover, for this homogenous phase, Gibbs’ equation writes

dsi =
1
Ti

dui +
pi

Ti
dϕi−

µi

Ti
dni (24)430

with Ti, pi, and µi the temperature (K), pressure (Pa), and chemical potential of the ice (J mol−1), respectively (Kardar, 2007).

Gibbs’ equation directly implies that si = si(ui,vi,ni). Using the extensivity of si we also have that

si = nisi(
ui

ni
,
ϕi

ni
,
ni

ni
) = nis̃i(ũi, ṽi) (25)

with s̃i the molar entropy of pure ice, ũi its molar internal energy, and ṽi its molar volume. Moreover, s̃i follows a Gibbs’

equation with435

ds̃i =
1
Ti

dũi +
pi

Ti
dṽi. (26)

We note that Eq. (25) implies that the concavity of si(ui,vi,ni) = nis̃i(ũi, ṽi) directly follows that of the entropy density s̃i

(a demonstration is available in Appendix A). Moreover, the extensivity of ui yields the Gibbs-Duhem relationship

s̃idTi− ṽidpi + dµi = 0 (27)

suggesting that in the ice phase, the intensive quantities Ti, pi, and µi are directly related.440
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The specific expression of the function s̃i(ũi, ṽi) defines the material (in this case thermal, mechanical, and chemical) prop-

erties of the ice phase. Any choice could be made here, as long as the function s̃(ũi, ṽi) is concave. For the rest of the article,

we assume that the ice is an incompressible solid of molar volume ṽ0
i and with a constant molar thermal capacity ci. Under

these assumptions, the molar entropy of the ice phase should be taken as445

s̃i(ũi, ṽi) = s̃0i + ciln
(

1 +
ũi− ũ0

i

ciT0

)
+χṽ0

i
(ṽi) (28)

where ũ0
i and s̃0i are integration constants, and χṽ0

i
the characteristic function of the set {ṽ0

i }, defined such that

χṽ0
i
(ṽi) =





0 if ṽi = ṽ0
i ,

−∞ otherwise.
(29)

The role of the characteristic function in Eq. (29) is to impose the incompressibility condition for ice and its constant molar

volume. It also plays a role in defining the pressure of an incompressible solid. Indeed, deriving the s̃i with respect to ũi and ṽi450

yields the expressions of the temperature Ti and pressure pi as

Ti =
(

ds̃i
dũi

)−1

= T0 +
ũi− ũ0

i

ci
(30)

and

pi

Ti
∈ ∂ṽi s̃i = ∂χṽ0

i
(ṽi) =





R if ṽi = ṽ0
i ,

∅ otherwise,
(31)

with ∂χṽ0
i

denoting the superdifferential of the concave and lower semi-continuous function χṽ0
i

(see for instance Clarke, 1990;455

Rockafellar and Wets, 1998). For interested readers who are not familiar with the notion of sub- or super-differential, as brief

introduction to this theoretical framework is provided in Appendix C. As the superdifferential of the characteristic function χṽ0
i

is multivalued, the pressure pi cannot be deduced from the mere Eq. (31). From a physical point of view, it encodes the fact the

pressure of an incompressible solid is not fully determined by its internal properties (i.e. energy density and molar volume),

but require extra information (typically an external pressure) to be fixed. Similarly, the chemical potential of the ice phase can460

be derived as

µi = ũi + piṽi−Tis̃i ∈ −Ti∂nisi, (32)

showing that there is a direct link between Ti, pi, and µi, in accordance with Gibbs-Duhem. Specifically, for incompressible

ice, it implies that the chemical potential or pressure cannot be determined without fixing one or the other.

5.1.2 Thermodynamical description of the gas phase465

The thermodynamical description of the gas phase shares many features with that of the solid ice phase. For simplicity, we

consider the gas phase to be composed of water vapor only, neglecting the presence of dry air. As for the ice phase, the internal
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energy density uv, volume fraction ϕv, matter density nv, and entropy density sv are related through Gibbs’ equation

dsv =
1
Tv

duv +
pv

Tv
dϕv−

µv

Tv
dnv, (33)

where we have introduced the temperature, pressure, and chemical potential of the water vapor. Using the extensivity of uv,470

the Gibbs-Duhem relationship reads

s̃vdTv− ṽvdpv + dµv = 0. (34)

Similarly, using the extensivity of sv we also have

sv = nvsv(
uv

nv
,
ϕv

nv
,
nv

nv
) = nvs̃v(ũv, ṽv), (35)

with s̃v, ũv, and ṽv being molar quantities, related through475

ds̃v =
1
Tv

dũv +
pv

Tv
dṽv. (36)

To specify the function s̃v, we assume water vapor to be an ideal gas with a constant molar isochoric thermal capacity cv.

Under these conditions we have

s̃v (ũv, ṽv) = s̃0v + cvln
(

1 +
ũv− ũ0

v

cvT0

)
+Rln

(
ṽv
ṽ0
v

)
(37)

where s̃0v, ũ0
v, ṽ0

v are constants of integrations to be adjusted in what follows. By deriving s̃v with respect to ũv and ṽv we480

indeed recover that

Tv = T0 +
ũv− ũ0

v

cv
(38)

and

pvṽv =RTv. (39)

The chemical potential of water vapor is then given by485

µv = Tv
∂sv
∂nv

= ũv + pvṽv−Tvs̃v. (40)

5.1.3 Defining phase equilibrium

The formulations for the ice and water vapor entropy proposed above involve integration constants. The setting of these in-

tegration constants defines the internal energy, enthalpy, and entropy differences between the two phases. In the process, this

specifies the conditions of equilibrium between the two phases.490

For this, we first set the reference temperature to T0 = 273.15 K, without loss of the generality. We then assume (still without

loss of generality) that the molar internal energy and entropy of ice vanishes at T0, yielding that ũ0
i = 0 and s̃0i = 0 in Eq. (29).
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This fully constrains the integration constants in the material description of the ice phase.

For the gas phase, we note p0 = 611 Pa the saturation pressure of water vapor over ice at T0 (Lide, 2005). We set the ref-495

erence molar volume in Eq. (37) to the molar volume of the saturated water vapor at T0, i.e. ṽ0 = RT0
p0

. In these conditions,

the integration constants ũ0
v and ũ0

v in Eq. (37) correspond to the internal energy of sublimation and entropy of sublima-

tion at T0 and p0, respectively. These are directly related to the molar enthalpy of sublimation ∆h̃i→v at T0 and p0, with

ũ0
v = ∆h̃i→v− p0

(
ṽ0
v− ṽ0

i

)
and s̃0v = ∆h̃i→v

T0
. This naturally enforces the equality of the chemical potentials, and hence phase

equilibrium, in the reference conditions.500

We note that the dependence of the saturation pressure of water vapor on temperature directly follows the definitions of the

entropy proposed above, and does not require being further assumed. Indeed, following the classical derivation of Clausius

equation (Kardar, 2007), the application of Gibbs-Duhem in both phases reads s̃idTi− ṽidpi + dµi = 0 and s̃vdTv− ṽvdpv +

dµv = 0. At equilibrium, both phases have the same temperature T , pressure psat
v , and chemical potential, yielding505

s̃idT − ṽidpsat
v = s̃vdT − ṽvdpsat

v . (41)

This readily yields Clausius equation, i.e.

dpsat
v

dT
=

∆s̃i→v

∆ṽi→v
=

∆h̃i→v

T∆ṽi→v
. (42)

Note that strictly speaking ∆h̃i→v is not a constant (it varies with temperature and pressure) and therefore, Clausius equation

cannot be easily integrated to yield an analytical expression of psat
v (T ).510

5.1.4 Thermodynamical description of snow

Once the ice and gas phases and their chemical equilibrium have been described, we can determine an expression for the

entropy of the ice and water vapor mixture. Based on the additivity of entropy, the general expression for the expression of the

ice + water vapor entropy s is515

s(ui,ni,ϕi,uv,nv,ϕv) = si(ui,ni,ϕi) + sv(uv,nv,ϕv). (43)

To simplify this expression, we assume that (i) the volume of snow is fully filled, i.e. that ϕi +ϕv = 1 and that (ii) the ice

and gas phase are in thermal equilibrium. Following standard statistical physics, the condition of thermal equilibrium is sought

as the maximization of the entropy under constant total internal energy u= ui +uv (Kardar, 2007). Hence, we have

s(u,ni,nv) = sup
u=ui+uv
ϕi+ϕv=1

[si(ui,ni,ϕi) + sv(uv,nv,ϕv)] , (44)520

with the supremum taken with respect to ui, ϕi, uv, and ϕv. Note that we do not have to enforce the molar volume of ice as a

constraint in this maximization, as it is already included through χṽ0
i

in si The above maximization problem is associated with
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the Lagrangian

L = si(ui,ni,ϕi) + sv(uv,nv,ϕv) + τ (u−ui−uv) +π (1−ϕi−ϕv) (45)

where τ and π are two Lagrange multipliers. The mixture entropy for snow defined by Eq. (44) is then, by construction, a525

jointly concave function of (u,ni,nv), cf. Appendix B1. The maximization of L with respect to ui and uv leads to Ti = Tv =

1/τ = T , i.e. thermal equilibrium as expected. Furthermore, the maximization of L with respect to ϕi and ϕv yields that

pi = pv = p= Tπ, i.e. mechanical equilibrium. Moreover, we have that

∂us= τ = 1/T

∂nis= ∂nisi =−µi

T

∂nvs= ∂nvsv =−µv

T
(46)

yielding the Gibbs equation for the snow material530

ds=
1
T

du− µi

T
dni−

µv

T
dnv. (47)

Thanks to the material laws chosen for the ice and gas phases, namely Eqs. (29) and (37), it is possible to express the

analytical formula for the snow entropy, that is

s(u,ni,nv) = (nici +nvcv) ln
(

1 +
u−nv∆ũ0

v

T0 (nici +nvcv)

)
+nv

(
∆s̃0 +Rln

(
1−niṽ

0
i

nvṽ0
v

))
. (48)

Such an entropy s is concave in the broad sense, but is nowhere strictly concave owing to Appendix B2, leading to difficulties535

further discussed in Sect. 6.2.

Expression (48) could be derivated with respect to u, ni, nv to obtain the temperature and chemical potentials. There is

however a less cumbersome way to derive the expression for T , µi, and µv. Using the additivity of internal energy we have

u= ui +uv = nici (T −T0) +nv

(
cv (T −T0) +∆ũ0

v

)
, which directly gives that

T = T0 +
u−nv∆ũ0

v

nici +nvcv
(49)540

showing that the snow + water vapor system as an effective volumetric thermal capacity of nici +nvcv, and that the reference

temperature T0 is reached for u= nv∆ũ0
v. The chemical potentials can be obtained through µ= ũ+ pṽ−T s̃, which applies

for both the ice and the water vapor. In the gaseous phase, this yields

µv = cv (T −T0) +∆ũ0
v +RT −T (cv +R) ln

(
T

T0

)
−T∆s̃0v +RT ln

(
p

p0

)
(50)

and545

µi = ci (T −T0) + pṽ0
i −Tciln

(
T

T0

)
, (51)
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where we used the fact the pi = pv = p in accordance with mechanical equilibrium. Finally, by searching the conditions under

which µv = µi, we note that the saturation pressure of water vapor psat
v obeys the implicit equation

RT ln
(
psat
v

p0

)
− psat

v ṽ0
i = (ci− cv)(T −T0) + (cv +R− ci)T ln

(
T

T0

)
−RT +T∆s̃0v−∆ũ0

v (52)

which can be solved with the use of Lambert’s W function. Indeed, following Eq. (52) we have550

ln
(
psat
v ṽ0

i T0

p0ṽ0
vT

)
− psat

v ṽ0
i T0

p0ṽ0
vT

=
A

RT
+ ln

(
ṽ0
i T0

ṽ0
vT

)
(53)

with A= (ci− cv)(T −T0)+ (cv +R− ci)T ln
(

T
T0

)
−RT +T∆s̃0v−∆ũ0

v. Following Lambert’s W function definition, we

have

psat
v =−p0

ṽ0
vT

ṽ0
i T0

W
(
−exp

(
A
RT

+ ln
(

ṽ0
i T0

ṽ0
vT

)))
. (54)

This expression is in general different from the Clausius-Clapeyron equation, i.e. psat
v = p0exp

(
∆h̃0

v
R

(
1
T0
− 1

T

))
. The latter555

can however be recovered under the assumptions that ṽ0
i ≪ ṽv and of constant molar enthalpy of sublimation, i.e. h̃v− h̃i =

∆h̃0
v, which requires ci = cv +R.

5.1.5 Prognostic equations

Under our assumptions (i.e. thermal equilibrium and ice incompressibility), snow can thus be characterized by three variables:

its total internal energy u, its ice molar density ni, and its vapor molar density nv. The description of temporal evolution of such560

a snowpack thus requires the prognostic equations governing the evolution of these three variables. These equations simply

corresponds to the internal energy, water vapor, and ice budgets. Following Vidal et al. (1994), they write




∂tu+∇ ·
(
Fu + h̃vFv

)
=Q

∂tnv +∇ ·Fv =Qi→v

∂tni =−Qi→v

(55)

where Fu and Fv are the conduction heat flux and vapor flux in the snow, Q energy absorbed from the exterior (for instance

the shortwave absorption), and Qi→v the rate of internal vapor sublimation. Note that this system of equations is consistent565

with the works considering macroscopic vapor transport in snow (Calonne et al., 2014; Bouvet et al., 2024). The fast-kinetics

(i.e. diffusion limited as in Moyne et al., 1988; Hansen and Foslien, 2015) case can be recovered by defining the phase change

term Qi→v such as the time scale of relaxation towards chemical equilibrium is much faster than the other time scales involved

in the problem.

5.1.6 The internal entropy production570

Using the Eq. (47) and multiplying the system of Eqs. (55) by 1/T , −µi/T , and −µv/T , we can proceed similarly as in

Sect. 3.1.4 to derive the governing budget equation for entropy as

∂ts+∇ · (Fs) = ψs +
Q

T
(56)
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where the entropy flux is given by

Fs =
Fu

T
+
h̃v−µv

T
Fv =

Fu

T
+ s̃vFv (57)575

and the internal entropy source by

ψs = Fu · ∇
(

1
T

)
+Fv ·

(
h̃v∇

1
T
−∇

(µv

T

))
+Qi→v (µi−µv) . (58)

The entropy source term related to the vapor flux Fv can be further simplified (Vidal et al., 1994; Lebon et al., 2008). Indeed,

the Gibbs-Helmotz equation yields that

∇
(µv

T

)
=− h̃v

T 2
∇T +

[∇µv]T
T

= h̃v∇
(

1
T

)
+

[∇µv]T
T

(59)580

where [∇µv]T =∇µv− (∂Tµv)∇T is the gradient of vapor chemical potential at constant temperature. Application of Gibbs-

Duhem formula for the gas phase at constant temperature yields [∇µv]T = ṽv∇pv. Hence, the entropy production rewrites

ψs = Ju · ∇
(

1
T

)
+
ṽv
T
Jv · ∇pv +Qi→v (µi−µv) . (60)

The second principle states that this entropy production term should be non-negative, and thus imposes constrains on how585

the heat flux, vapor flux, and sublimation rate reacts to imbalances in temperature, vapor pressure and chemical potential.

We note that a sufficient condition for the second principle to be fulfilled is to have Fu =−λ∇T (i.e. Fourier’s law), Fv =

−Dρv∇ln(p/p0) (i.e. Darcy’s law, which is equivalent to Fick’s law in the isothermal case), and for Qi→v to be a function of

the chemical affinity A = µi−µv such that Qi→v(A = 0) = 0, Qi→v(A ≥ 0)≥ 0, and Qi→v(A ≤ 0)≤ 0. These conditions

simply state that heat flows from the warm to cold regions, vapor diffuses from regions of high pressure to regions of low590

pressures, and that sublimation (respectively deposition) occurs when the chemical potential of ice is larger (respectively

smaller) than that of vapor.

We note that the heat and vapor fluxes could also include cross-terms (i.e. the Soret and Dufour effects; Mortimer and Eyring,

1980; Vidal et al., 1994). The second principle then would impose for these cross-fluxes to be relatively small compared to the

principal Fourier and Darcean/Fickian fluxes. Concretely, it would impose upper bounds for the magnitudes of the Soret and595

Dufour coefficients (Vidal et al., 1994). Finally, we note that cross-terms cannot exist between the sublimation rate Qi→v and

the gradients of temperature or vapor pressure, as they do not share compatible symmetries (Vidal et al., 1994).

5.2 Thermodynamically consistent space-time discretization

Starting from thermodynamics first principles, we were able to derive a consistent model for snow viewed as an ensemble of

ice and vapor in thermal, mechanical, but not chemical equilibrium, whose evolution in time do not destroy entropy. As with600

the heat equation, it remains to investigate which numerical schemes preserve this entropy structure, and thus the stability that

comes with it.
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Bearing in mind the studies carried out in Sects. 3 and 4, we will only consider a FVM spatial discretization with a Backward

Euler temporal integration. The discretized internal energy, water vapor, and ice budgets write for each cell k and time step605

n→ n+ 1




∆zk
un+1

k −un
k

∆t +Fu,k+ 1
2
−Fu,k− 1

2
+ h̃v,k+ 1

2
Fv,k+ 1

2
− h̃v,k− 1

2
Fv,k− 1

2
= ∆zkQk,

∆zk
nn+1

v,k −nn
v,k

∆t +Fv,k+ 1
2
−Fv,k− 1

2
= ∆zkQk,i→v,

∆zk
nn+1

i,k −nn
i,k

∆t =−∆zkQk,i→v,

(61)

with Fu,k+ 1
2

and Fv,k+ 1
2

being the heat and vapor fluxes between cell k and k+1 (or potentially boundary heat and vapor fluxes

if the cell is on the boundary), h̃v,k+ 1
2

the molar enthalpy crossing the interface between cell k and k+ 1 (or potentially the

molar enthalpy crossing the boundary of the domain), andQk,i→v the sublimation rate in the kth cell. The temporal superscripts610

are not shown to lighten the notation, but as the scheme is implicit in time, all these quantities are understood to be based on

time tn+1. The discrete entropy balance can be derived by multiplying the rows of the system of Eqs. (61) by 1/Tk,−µv,k/Tk,

and −µi,k/Tk (again, the temporal superscripts are not shown to lighten the notation) and adding them. After summing over

all the cells, we obtain the entropy balance for the whole snowpack

Sn+1−Sn

∆t
= An+1 +Bn+1 +Cn+1 +Dn+1 +En+1 + Ψn+1

ext +Fn+1 (62)615

with

An+1 =
1

∆t

∑

cells

zk

(
sn+1

k − sn
k −

1
Tk

(
un+1

k −un
k

)
+
µv,k

Tk

(
nn+1

v,k −nn
v,k

)
+
µi,k

Tk

(
nn+1

i,k −nn
i,k

))
, (63)

Bn+1 =
∑

cells

zkQk,i→v
µi,k −µv,k

Tk
, (64)

620

Cn+1 =
∑

internal edges

Fu,k+ 1
2

(
1

Tk+1
− 1
Tk

)
, (65)

Dn+1 =
∑

internal edges

Fv,k+ 1
2

(
h̃v,k+ 1

2
−µv,k+1

Tk+1
−
h̃v,k+ 1

2
−µv,k

Tk

)
= Dn+1

Darcy +Dn+1
Num, (66)

with

Dn+1
Darcy =

∑

internal edges

Fv,k+ 1
2

ṽv,k+ 1
2

Tv,k+ 1
2

(pv,k − pv,k+1) , (67)625

and

Dn+1
Num =

∑

internal edges

Fv,k+ 1
2

(
s̃k+1− s̃k +

1
Tk+1

(
h̃v,k+ 1

2
− h̃v,k+1

)
− 1
Tk

(
h̃v,k+ 1

2
− h̃v,k

)
−
ṽv,k+ 1

2

Tv,k+ 1
2

(pv,k − pv,k+1)

)
,
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(68)

En+1 =
∑

boundaries

(
Fu,ext

(
1
Tk
− 1
Text

)
+Fv,ext

(
h̃v,bc−µv,k

Tk
− h̃v,bc−µv,ext

Text

))
= En+1

Fourier +En+1
Darcy +En+1

Num, (69)

with630

En+1
Fourier =

∑

boundaries

Fu,ext

(
1
Tk
− 1
Text

)
, (70)

En+1
Darcy =

∑

boundaries

Fv,ext
ṽv,bc

Tv,bc
(pv,ext− pv,k) , (71)

En+1
Num =

∑

boundaries

Fv,ext

(
s̃k − s̃ext +

1
Tk

(
h̃v,bc− h̃v,k

)
− 1
Text

(
h̃v,bc− h̃v,ext

)
− ṽv,bc

Tv,bc
(pv,ext− pv,k)

)
, (72)635

Ψn+1 =
∑

cells

∆zk
Qk

Tk
, (73)

and

Fn+1 =
∑

boundaries

(
Fu,ext

Text
+Fv,ext

h̃v−µv,ext

Text

)
, (74)

where ṽv,k+ 1
2

and Tv,k+ 1
2

are the molar volume and temperature of the advected vapor, Fu,ext and Fv,ext are the heat and vapor640

fluxes at a boundary (orientated toward the snowpack), and h̃v,bc, ṽv,bc, and Tv,bc are the molar enthalpy, molar volume, and

temperature of the water vapor crossing the boundary. In Eq. (62), the terms An+1, Bn+1, Cn+1, Dn+1, En+1 correspond to

entropy production terms -and should thus be non-negative- while Ψn+1
ext and Fn+1 correspond to entropy exchange with the

exterior, due to shortwave absorption and boundary fluxes respectively.

645

As in Sects. 3 and 4, An+1 is a purely numerical entropy source, whose non-negativity follows from the concavity of the

snow entropy. Indeed, the concavity of s(u,ni,nv) yields

∀(u,ni,nv) : s(u,ni,nv)≤ s(un+1
k ,nn+1

v,k ,nn+1
i,k )

+
∂s

∂u
(un+1

k ,nn+1
v,k ,nn+1

i,k )
(
u−un+1

k

)

+
∂s

∂ni
(un+1

k ,nn+1
v,k ,nn+1

i,k )
(
ni−nn+1

i,k

)

+
∂s

∂nv
(un+1

k ,nn+1
v,k ,nn+1

i,k )
(
nv−nn+1

v,k

)

≤ s(un+1
k ,nn+1

v,k ,nn+1
i,k ) +

1
Tk

(
u−un+1

k

)
− µi,k

Tk

(
ni−nn+1

i,k

)
− µv,k

Tk

(
nv−nn+1

v,k

)
(75)
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which directly implies An+1 ≥ 0 when evaluated in
(
un

k ,n
n
i,k,n

n
v,k

)
. The terms Bn+1 and Cn+1 corresponds to the entropy

production due to phase changes and internal heat fluxes terms, respectively. Their non-negativity follows from the choice of650

a Backward Euler temporal integration, which ensure that the sublimation rates Qk,i→v and heat fluxes Fu,k+ 1
2

are consistent

with the cell chemical affinities µi,k −µv,k and with the temperature difference between cells
(

1
Tk+1

− 1
Tk

)
.

A specificity of the term Dn+1 is the presence of advected enthalpy with the vapor flux, which requires defining the value

of the enthalpy transported across the internal edges. As seen above, Dn+1 can be split into two distinct entropy production655

terms Dn+1
Darcy and Dn+1

Num. Dn+1
Darcy corresponds to the discrete version of the entropy production due to the Darcean vapor flux.

Its positivity follows the choice of a Backward Euler scheme, that ensures the consistence between the vapor flux and the

pressure gradient that drives it. Notably, its sign is independent of the choice of the advected enthalpy h̃v,k+ 1
2

, as
ṽv,k+ 1

2
Tv,k+ 1

2

≥ 0.

On the other hand, Dn+1
Num is a purely numerical term, whose sign depends on the definition of the advected enthalpy h̃v,k+ 1

2
. In

order for Dn+1
Num to be non-negative, the advected enthalpy should be upstreamed, i.e. taken from the cell giving the net flux of660

vapor. Indeed, let’s assume, without loss of generality, that pv,k > pv,k+1 and thus that Fv,k+ 1
2
> 0. The upstream rule yields

h̃v,k+ 1
2

= h̃v,k and we can rewrite Dn+1
Num as

Dn+1
Num =

∑

internal edges

Fv,k+ 1
2

(
s̃v,k+1− s̃v,k −

1
Tk+1

(
h̃v,k+1− h̃v,k

)
+
ṽk+1

Tk+1
(pv,k+1− pv,k)

)
. (76)

The concavity of s̃v and the identity ds̃v = dh̃v
T − ṽv

T dp yields that

∀
(
h̃v,pv

)
: s̃v(h̃v,pv)≤ s̃v(h̃v,k,pv,k) +

∂s̃v

∂h̃v

(h̃v,k,pv,k)
(
h̃v− h̃v,k

)
+
∂s̃v
∂p

(h̃v,k,pv,k)(pv− pv,k)

≤ s̃v(h̃v,k,pv,k) +
1
Tk

(
h̃v− h̃v,k

)
− ṽv,k

Tk
(pv− pv,k) , (77)665

which evaluated at
(
h̃v,k+1,pv,k+1

)
proves the non-negativity of Dn+1

Num.

Finally, the En+1 term corresponds to the entropy produced at the boundary of the snowpack due to the exchanges with

the exterior. It is composed of a heat flux term En+1
Fourier, a term En+1

Darcy corresponding to Darcean vapor fluxes, and a purely

numerical term En+1
Num. For En+1 to be non-negative, two conditions must be met. First, the boundary heat and vapor fluxes670

must be consistent with the temperature and pressure differences between the boundary of the snowpack and the exterior to

ensure the non-negativity of En+1
Fourier and En+1

Darcy. This is the case with a Backward Euler scheme, provided that the expressions

for the boundary condition make physical sense. Second, the molar enthalpy h̃v,bc crossing the boundary must be upstreamed,

i.e. taken from the exterior when the net vapor flux is orientated toward the snowpack and taken from the snowpack when

the net vapor flux is orientated outward. Then, the non-negativity of the purely numerical contribution of En+1
Num can be shown675

following the same demonstration as for Dn+1
Num.
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Overall, we thus have that there are three criteria for this numerical model to be entropy-producing: (i) variables must be

co-localized, (ii) fluxes/phase changes must be consistent with the gradient/differences that drive them, and (iii) advected vapor

enthalpy must be upstreamed.680

5.3 A numerical example

To illustrate the numerical behavior of a dry snow model with vapor diffusion, we have implemented a simple toy model re-

specting the criteria derived in the previous section, ensuring the respect of the second principle. Notably, all processes are

solved at once using a Backward Euler temporal integration. This model is used to model the evolution of a shallow 40 cm

snowpack with a dense crust in the center, subjected to a constant thermal gradient of 100 K m−1 by imposing constant tem-685

peratures at the top and bottom (directly inspired by Schürholt et al., 2022). Corresponding vapor fluxes are imposed at the top

and bottom to respect vapor flux continuity at the boundary of the snowpack. The vapor diffusivity and thermal conductivity

of vapor explicitly depends on the ice volume fraction, following Calonne et al. (2011) and Calonne et al. (2014), respectively.

The vapor diffusivities and thermal conductivities of internal interfaces are taken as the weighted harmonic average of the two

cells around it (Kadioglu et al., 2008). Finally, the dynamics of the ice-vapor equilibrium was set asQi→v =Kdepo (ρv− ρsat
v ),690

with ρv the vapor molar density in the pore space, ρsat
v the saturated vapor molar density in the pore space, and Kdepo a con-

stant set to 1 s−1. In this configuration, the phase change dynamics is faster than the other processes (heat conduction and vapor

diffusivity) in the snowpack, and thus rather corresponds to the diffusion-limited case for the vapor (similar to Moyne et al.,

1988; Hansen and Foslien, 2015). The source code of this toy model is available in Fourteau et al. (2025).

695

Results with a fine 0.8 mm mean cell thickness (corresponding to 500 cells overs 40 cm) and with a large timestep of 6 days

are displayed in Fig. 4 and for a total simulation durations of 600 days. The large time scales used in this simulation (near

weekly timestep over 1.5 years of simulation) have been chosen to correspond to the time scale over which density evolves

in response to vapor diffusion and phase changes (which is the motivation from the introduction of water vapor in snowpack

models; Krinner et al., 2018; Domine et al., 2019). In agreement with Schürholt et al. (2022) and Brondex et al. (2023), Fig. 4700

shows that the presence of a thermal gradient results in a downward movement of the density crust, with density oscillations

forming above it. We stress that these oscillations are not numerical artifacts, but an actual physical pattern that develops due

to the dependence of the vapor diffusivity and thermal conductivity to the ice volume fraction. Overall, this simulation high-

lights that the use of a second principle-complying model allows us to perform simulations with very large time steps, tailored

to focus on the slow processes of interest, without numerical instabilities arising from the faster processes. In other words,705

the compliance to the second principle makes such a model robust against the numerical stiffness due to the large time scale

differences between the various phenomena at play (Fazio, 2001). This possibility of performing simulations with large time

steps is notably valuable for applications involving ice sheet snow and firn, which require simulations lasting for decades to

millennia (Hoang et al., 2025).

710
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However, despite its overall robustness, we observed clear numerical artifacts that developed in the case of a coarse and

non-uniform spatial resolution (while numerical instabilities are usually expected to occur with fine meshes). The top left panel

of Figure 5 shows the results of the same simulation as described above, but in the case of a coarser mesh (30 cells). As seen in

the figure, an instability develops, which is likely related to the oscillations in the wake of the moving crust that tend to blow

up with a coarse mesh. It can result in unphysical behavior, specifically here the apparition of negative ice volume fractions.715

We stress that these oscillations are in principle compatible with the second principle, as there are not associated with entropy

destruction (all entropy sources being positive by construction of the model). As with the (physical) oscillations developing in

the vicinity of the crust, these numerical artifacts only occur in the case of a dependence of the vapor diffusivity and thermal

conductivity on the ice volume fraction. Also, the numerical artifacts cannot be resolved by simply choosing a shorter timestep.

Therefore, they appear to be linked to the spatial discretization rather than the temporal one. After investigation, we observed720

that a strategy to avoid the occurrence of these artifacts is to use the downstream values for the interfaces’ vapor diffusivity

and/or thermal conductivity. As seen in the other panels of Fig. 5, this modification is sufficient to contain the oscillations

developing in the vicinity of the density crust and to avoid unphysical ice volume fraction values. The strongest reduction of

oscillations is obtained with the combination of both downstreaming the vapor diffusivity and thermal conductivity, where they

almost entirely disappear. However, at the moment, this strategy is a simple heuristic, and the reasons why downstreaming725

the vapor diffusivity and/or thermal conductivity enhances stability remain unclear. This is all the more puzzling as the vapor

diffusivity and thermal conductivity have opposite dependencies to the ice volume fraction.

6 Discussion

6.1 Extension to other cases

In this article, we considered three different cases involving snowpack modelling with different degrees of complexity. We thus730

limited this work to the study of snowpacks governed by heat fluxes and potentially vapor fluxes with additional phase changes.

This is, however, only a fraction of the potential physical mechanisms at play in snow, and which could be accounted for in

numerical models. Among the missing mechanisms/processes, we can mention the presence of liquid water, thus with phase

changes and liquid water percolation under gravity and capillary effects, the mechanical compaction of the snowpack under its

own weight, and the presence of water isotopologues. One can thus wonder about the extensibility of the approach and results735

presented in this work.

We believe that the methodology used in this work is quite general and should be directly transferable in the case of added

mechanisms. We recall that it follows these general steps:

1- Physically describe each phase α of the snow material with an entropy function sα = ({xα}), where {xα} is the set of the740

densities of extensive quantities characterizing the state of the phase. Typically, these are the internal energy density, volume

fraction, and matter densities.

2- Derive the general entropy function of snow by adding the entropy contribution of each phase. Note that while this was not
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Figure 4. Simulation results showing the density evolution of a 40 cm snowpack subjected to a constant temperature gradient of 100 K m−1

over 600 days. Dashed black line: initial density condition, with a density crust at mid-height. Solid color line: density profile over time, with

a downward motion of the density crust and the apparition of density oscillations above.

considered in this article, the introduction of capillary effects appears to be achievable at this stage by introducing an entropy

of interaction between the phases (equivalent to defining an entropy of the interface between phases; Coussy, 2004).745

3- Constraints, such as total volume filling or thermal equilibrium, can then be added by maximizing the entropy of snow under

those constraints. This will reduce the number of independent prognostic variables (for instance down to total interval energy,

ice content, and vapor content in the case studied in Sect. 5). This step will also define the Gibbs’ equation of snow.

4- Define the equations of the prognostic variables (for instance total energy, ice content, and vapor content budgets).

5- Derive the (potentially discrete) entropy budget and its source, by combing Gibbs’ equation and the (potentially discrete)750

prognostic equations.

6- Infer the conditions for the positive of the entropy source.

These are consistent with the general framework of CIT, which has been used to derive the entropy production of various

physical systems (Vidal et al., 1994; Lebon et al., 2008). To the best of our knowledge, snow should be no exception to this,755

even if the intricacy of physical mechanisms (porous medium with heat fluxes, phase changes, vapor and liquid water fluxes,

capillary effects, viscous compaction, etc) may render its description more complicated.

Moreover, the few criteria that we derived (co-localization, flux/potential consistency, and upstreaming of advected quantities)
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Figure 5. Illustration of potential numerical artifacts occurring in the case of a coarse and non-uniform spatial resolution for a 600 days long

simulation. In each panel, the dashed gray line represents a reference solution, obtained with a fine resolution (500 cells of a mean 0.8 mm

thickness) and the blue line a solution obtained with a coarser grid (30 cells of a mean 13 mm thickness). Columns: solutions obtained with a

harmonic average (left) or downstream (right) scheme for the interface vapor diffusivities. Rows: solutions obtained with a harmonic average

(top) or downstream (bottom) scheme for the interface thermal conductivities.

are fully consistent with the standard linear stability and discrete maximum principle analyses (Butcher, 2008), as well as with

heuristics developed for modelling (essentially that tigher coupling provides more robust models Keyes et al., 2013; Fourteau760

et al., 2024). Therefore, the adherence to co-localization, flux/potential consistency, and upstreaming of advected quantities

appear to be general enough to ensure the respect of the second principle in most (if not all) numerical models.

6.2 Thermodynamical consistency is not sufficient for numerical stability

As discussed in Sect. 2.2, the compliance to the second principle can be used to formally demonstrate Lyapunov stability for

some specific boundary conditions, but its generalization to arbitrary boundary conditions remains an open question. Yet, the765

local entropy production is commonly accepted to be satisfactory condition for ensuring the stability of numerical schemes, es-

pecially for hyperbolic problems (see for instance the seminal contribution by Godunov (1959) or the monograph by Godlewski

and Raviart (1996)).
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In the numerical example involving a snowpack with vapor diffusion and phase changes, the lack of strict concavity for the

entropy highlighted in Appendix B2 revealed that numerical instabilities/artifacts might still exist despite the strict adherence770

to the second principle. Similar difficulties arise for instance in Faccanoni et al. (2025). In our setting, some specific down-

streaming of the permeabilities and of the thermal conductivities is required to avoid spurious oscillations, cf. Fig. 5. We do

not have so far a clear understanding on the reasons why such downwind choices provide enhanced stability. Relating this

enhanced stability to additional entropy criteria as suggested by Bruining et al. (2003) and Eymard and Tillier (2007) should

be addressed in future works.775

6.3 Should models respect the second principle?

The theory and results presented in this work naturally begs the question of whether models should be expected to respect the

second principle, in the way they are expected to follow the first principle, i.e. energy conservation. On one hand, the second

principle clearly favors numerical stability, and its compliance in models can only increase their overall robustness. On the other

hand, it appears that respecting the second principle is not directly equivalent with numerical stability. It is neither sufficient780

(models respecting it can still suffer from numerical artifacts if the entropy function is not strictly concave) nor necessary (small

entropy inconsistencies do not always translate into clear numerical artifacts that can unequivocally be identified as unphysi-

cal). This is to be considered alongside the fact that implementing strictly entropy-consistent models might be cumbersome,

as it requires specific material laws (as exemplified by the expression for the saturation pressure in Eq. 52) and tight-coupling

between processes and subcomponents. As a consequence, we think that the compliance of models to the second principle of785

thermodynamics should rather be viewed as an overall guide and a tool, rather than a strict rule to adhere to. Specifically, in

cases where numerical models are known to be unstable, it might be fruitful to study whether this instability can be linked to a

thermodynamical inconsistency and which design practice can be followed to resolve it. Also, thermodynamics considerations

can be used to design efficient coupling strategies, that are less complex than direct tight-coupling, but still ensure entropy

non-destruction (e.g. Liu et al., 2021). This might be harnessed in the future to design simple but robust coupling strategies790

between pre-existing models.

7 Conclusions

This article proposes to apply the so-called entropy methods to the case of snowpack modelling. Essentially, entropy methods

state that the compliance of a physical system, or physical model, to the second principle of thermodynamics (i.e. the non-795

destruction of entropy), favors stability. Thus, the goal of this article is to see under which conditions numerical snowpack

models and simulation chains in which snowpack models intervene respect the second principle of thermodynamics. For this,

we considered three different cases of increasing complexity, namely a simple dry snowpack controlled by the heat equation

only, a coupled snowpack-canopy system, and a dry snowpack with macroscopic vapor fluxes and internal phase changes. In

each case, we started by ensuring that the physical equations (before any spatial or numerical discretization) used to describe800
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the system were consistent with the second principle. This step was achieved following the framework of Classical Irreversible

Thermodynamics. Then, we studied under which numerical schemes the corresponding numerical models still respected a

discrete version of the second principle.

Our conclusion, based on the considered cases, is that they appear to be three general criteria to ensure that the second principle

holds in numerical models: (I) the variables must be co-localized, i.e. the temperature, pressure, and chemical potentials in a805

given layer must be a function of the energy and matter content in that cell only, (II) advected quantities, such as the enthalpy

advected with vapor fluxes, must be upstreamed, and (III) the generalized fluxes (i.e. energy fluxes, vapor fluxes, and chemical

reaction rates) must be consistent with their driving forces (i.e. temperature, vapor pressure, and chemical potential differences)

at the end of the timestep. Criterion (I) can easily be fulfilled by adopting the finite-volume method for the spatial discretization,

as already done in most snowpack models, or by mass lumping techniques in the case of the finite-elements method. Similarly,810

the relatively common choice of a backward Euler time discretization in snowpack models plays an important role in fulfilling

criterion (III). That being said, this might not be sufficient, and specific care must also be given to couplings, might they be

the couplings between physical processes within the snowpack or the couplings between the snowpack and the rest of the

simulation chain in the case of coupled models simulations. For instance, as shown in this article, the combination of two

entropy-consistent sub-models do not necessarily yield an entropy-consistent model, as entropy inconsistencies might appear815

at the interface of the two sub-models, compromising the numerical stability of the ensemble.

As achieving proper thermodynamical consistency might be cumbersome, it might be more interesting to use the second

principle as a designing tool when building numerical snow models, rather than a strict rule to adhere to in any circumstances.

In other words, thermodynamical consistency should likely be respected when easily doable, and its violations should ideally

be motivated by the knowledge that the corresponding entropy sink will remain small enough not to be able to compromise820

the stability of the numerical system. Similarly, the second principle can play the role of a diagnostic tool in the case of known

numerical instabilities in a model or in a modeling chain. Such analysis can indicate the origin of the numerical problem (for

instance the inconsistency between a flux and a potential field) and suggest an appropriate fix (for instance the tight coupling

of two processes or subcomponents).

Appendix A: Concavity of volumetric entropy density825

The purpose of the Appendix is to show that the concavity of the volumetric entropy sα of a phase α ∈ {i,v} (i.e. the entropy

carried by the phase α per volume of snow), which is a 1-homogeneous (or extensive) function of uα, nα and ϕα, is equivalent

to the concavity of the intrinsic molar entropy of the phase s̃α with respect to ũα = uα

nα
and ṽα = ϕα

nα
. Both are related by the

formula sα(uα,nα,ϕα) = nαs̃α(ũα, ṽα) thanks to the 1-homogeneity of sα.

It is clear that if sα is concave, so is s̃α as the latter can be thought of as the restriction of sα to the linear space nα = 1. To830

establish the reciprocal, let us assume that s̃α is concave and set f0 = (u0
α,n

0
α,ϕ

0
α) and f1 = (u1

α,n
1
α,ϕ

1
α) two configurations

for the energy, number of moles and volume fraction. Then for θ ∈ [0,1], we denote fθ = (uθ
α,n

θ
α,ϕ

θ
α) such that

fθ = θf1 + (1− θ)f0.
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Then the 1-homogeneity of sα gives

s(uθ
α,n

θ
α,ϕ

θ
α) = nθ

αs̃α

(
uθ

α

nθ
α

,
ϕθ

α

nθ
α

)
= nθ

αs̃α

(
θu1

α + (1− θ)u0
α

nθ
α

,
θϕ1

α + (1− θ)ϕ0
α

nθ
α

)
835

= nθ
αs̃α

(
θn1

α

nθ
α

ũ1
α +

(1− θ)n0
α

nθ
α

ũ0
α,
θn1

α

nθ
α

ϕ̃1
α +

(1− θ)n0
α

nθ
α

ϕ̃0
α

)
.

Noting that θn1
α

nθ
α
∈ [0,1] and that θn1

α

nθ
α

= 1− (1−θ)n0
α

nθ
α

, the concavity of s̃α yields that

s(uθ
α,n

θ
α,ϕ

θ
α)≥ θn1

αs̃α(ũ1
α, ṽ

1
α) + (1− θ)n0

αs̃α(ũ0
α, ṽ

0
α) = θsα(u1

α,n
1
α,ϕ

1
α) + (1− θ)sα(u0

α,n
0
α,ϕ

0
α),

completing the proof of the claim.

Appendix B: Degenerate concavity of the mixture entropy of snow840

B1 The mixture entropy of snow is concave in general. . .

The general mixture entropy of snow s(u,ni,nv), defined by Eq. (44), is by construction a jointly concave function of u,ni,

and nv as soon as the pure phase entropy functions si and sv are concave as well. To establish this property, let us reformulate

the problem as a saddle point problem:

s(u,ni,nv) = sup
ui,uv,ϕi,ϕv

inf
τ,π

L
(
(u,ui,uv,ni,nv,ϕi,ϕv); (τ,π)

)
,845

where the Lagrangian

L
(
(u,ui,uv,ni,nv,ϕi,ϕv); (τ,π)

)
= si(ui,ni,ϕi) + sv(uv,nv,ϕv) + τ(u−ui−uv) +π(1−πi−ϕv)

is jointly concave with respect to its 7 first arguments owing to the concavity of si and sv, and linear (thus convex) with respect

to τ and π. Then owing to Theorem 11.39 in Rockafellar and Wets (1998), strong duality holds, so that one can swap the inf

and the sup which turn out to be min and max, leading to850

s(u,ni,nv) = min
τ,π

max
ui,uv,ϕi,ϕv

L
(
(u,ui,uv,ni,nv,ϕi,ϕv); (τ,π)

)
. (B1)

Let (τ,π) be given, and let (u0,n0
i ,n

0
v) and (u1,n1

i ,n
1
v) be two different choices for the internal energy, the concentration

of ice and vapor in the snow. Then for ℓ ∈ {0,1}, we denote by (uℓ
i ,u

ℓ
v,ϕ

ℓ
i ,ϕ

ℓ
v) the optimizer in Eq. (B1), that is such that

Λ
(
(uℓ,nℓ

i ,n
ℓ
v),(τ,π)

)
= max

ui,uv,ϕi,ϕv
L
(
(uℓ,ui,uv,n

ℓ
i ,n

ℓ
v,ϕi,ϕv); (τ,π)

)
= L

(
(uℓ,uℓ

i ,u
ℓ
v,n

ℓ
i ,n

ℓ
v,ϕ

ℓ
i ,ϕ

ℓ
v); (τ,π)

)
(B2)

Let us show that the above function Λ is concave with respect to its first 3 arguments. To this end, we denote by855

fθ = θf1 + (1− θ)f0.
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for θ ∈ [0,1] and f ∈ {u,ui,uv,ni,nv,ϕi,ϕv}. Note that (uθ
i ,u

θ
v,ϕ

θ
i ,ϕ

θ
v) is not in general the optimizer in Eq. (B1) correspond-

ing to (uθ,nθ
i ,n

θ
v) if 0< θ < 1. Yet, the following inequality readily follows from Eq. (B2):

Λ
(
(uθ,nθ

i ,n
θ
v),(τ,π)

)
≥L

(
(uθ,uθ

i ,u
θ
v,n

θ
i ,n

θ
v,ϕ

θ
i ,ϕ

θ
v); (τ,π)

)
.

As the Lagrangian is concave with respect to its first variables, one deduces from the previous inequality and from (B2) that860

Λ
(
(uθ,nθ

i ,n
θ
v),(τ,π)

)
≥ θΛ

(
(u1,n1

i ,n
1
v),(τ,π)

)
+ (1− θ)Λ

(
(u0,n0

i ,n
0
v),(τ,π)

)
.

This shows that Λ is concave with respect to its first 3 arguments.

Rewriting s(u,ni,nv) = infτ,π Λ
(
(u,ni,nv); (τ,π)

)
, one directly gets that s is the infimum of concave functions, and is

thus concave (Rockafellar and Wets, 1998, Proposition 2.9(b)).

B2 . . . but is degenerate in our setting865

We know from Appendix B1 that the explicit entropy function s defined by Eq. (48) is concave. As a consequence, all the

eigenvalues of the Hessian matrix

D2s(u,ni,nv) =




∂u

(
1
T

)
∂ni

(
1
T

)
∂nv

(
1
T

)

∂u

(
−µi

T

)
∂ni

(
−µi

T

)
∂nv

(
−µi

T

)

∂u

(
−µv

T

)
∂ni

(
−µv

T

)
∂nv

(
−µv

T

)




are non-positive. Noticing that the three quantities 1
T , −µi

T , and −µv
T can be described thanks to the mere two quantities T and

ρv = nv
1−niṽ0

i
shows that the mapping870

(u,ni,nv) 7→
(

1
T
,−µi

T
,−µv

T

)

cannot be locally invertible in the neighborhood of any point (u,ni,nv). As a consequence,

detD2s(u,ni,nv) = 0 for all (u,ni,nv).

In particular, s is nowhere strictly concave.

Appendix C: The derivative of the characteristic function in the framework of superderivatives875

Superderivatives are a generalization of the notion of derivative to concave non-smooth functions (note that the literature

usually deals with the notion of subderivative of convex functions, but the translation to concave functions is straightforward;

Rockafellar and Wets, 1998, Chapter 8). In this framework, the superdifferential ∂f(x) of a concave function f : Rd → R∪
{−∞} at a given point x at which f(x) is finite corresponds to the set of tangent slopes that fit above the graph of the function,

i.e.880

∂f(x) =
{
p ∈ Rd s.t. f(y)≤ f(x) + p · (y−x) for all y ∈ Rd

}
.
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For points x where f is differentiable, the set ∂f(x) reduces to the singleton {∇f(x)}. The elements of ∂f(x) are referred to

as superderivatives of f at point x.

A simple example of superderivates is given for the function f(x) =−|x| in Fig. C1. At the corner point x= 0, every slope

in the interval [−1,1] fits above the curve, so that ∂f(0) = [−1,1]. Hence, for f(x) = |x| depicted in Fig. C1, one ends up with885

∂f(x) =





{1} if x < 0,

[−1,1] if x= 0,

{−1} if x < 0.

The same approach can be used to define the superdifferential of the characteristic function

χx0 : x 7→ χx0(x) =





0 if x= x0,

−∞ otherwise,

used in Sect. 5 to enforce the incompressibility constraint. As illustrated in Fig. C2 shows that χx0 is indeed a concave function

and that its superdifferential is given by890

∂χx0(x) =





R if x= x0,

∅ otherwise.

Figure C1. Example of superderivatives of the convex function y =−|x|. The function is non-smooth in the point x = 0, and every slope in

the interval [−1,1] fits below the curve. In x =−2, the function is smooth and the superderivate reduces to the singleton {1}, consistently

with the standard definition of the derivative.
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Figure C2. Visualization of the superderivative of the characteristic function χx0 in x0.
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