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6  Abstract

7 In the present manuscript the investigation of Rossby-Khantadze equation in a

8  dissipative ionospheric plasma is carried out. By using the tangent hyperbolic (tanh) approach,

9 a damping solitary type solution is found for the ZK-Burger equation. Additionally, the
10 dependency of obtained solitary structures on different ionospheric parameters namely,
11  temporal scales and dissipation is investigated.
12
13 1. Introduction
14 A common phenomenon in planetary atmospheres and laboratory plasmas is that of
15  zonal flows (Gills, 1982; Petviashvili, 1992). In planetary atmospheres, the presence of zonal
16  flows is verified by terrestrial and satellite observations. The velocities of these flows are
17  varying vertically (along the meridians), linked by planetary-scale perturbations of ultra-low-
18  frequency (Gershman, 1973). The nonlinear interactions occur as a result of interaction of zonal
19  flows with planetary Rossby waves. Such sheared flow can affect on the properties of waves
20  and can formed many nonlinear structures solitary waves, vortices and zonal flows etc.
21 Rossby waves have a special importance due to their significant role in atmospheric
22 circulation with the inclusion of sheared zonal flow. In the ionosphere, Rossby waves may
23 couple to the Khantadze waves (Khantadze, 2008) and the dynamics of such coupling of a
24 neutral fluid and the magnetized ionized component are investigated in the work of Kaladze et
25 al. 2004; Kaladze & Horton, 2006. In a recent work of Futatani et al. 2013, it is demonstrated
26  that in the Hall conductive Earth ionospheric E-region, the self-organization of Rossby-
27  Khantadze electromagnetic (EM) waves leads to localized dipole structures of solitary type
28  waves, which propagate longitudinally and are driven by background mean flows. In Kaladze
29 et al. (2014), the analytic solutions for the vortex streets are obtained; for partially ionized
30 plasmas. In the work of Fagundes et al. (2005), the dependency of such waves on charged
31  particles’s number density in F-region was established.
32 The equatorial sheared Rossby wave have soliton solutions which have been confirmed
33 by observations obtained from the Freja and Viking satellites, (Qiang et al. 2001; Bostrom,
34 1992; Dovner et al. 1994; Lindqvist, 1994). A non-linear modified Korteweg—de Vries (mKdV)
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35 by sheared Rossby waves propagating in stratified neutral fluids was found by Jian et al. 4],
36 In the following papers Kaladze, 2012; Kahlon & Kaladze (2015), the generation of intense
37  magnetic field (~103 nT) accompanied by zonal flow generation by Rossby—Khantadze EM
38 was made in the ionospheric E-region plasma. Kaladze et al. (2019) examined the nonlinear
39 interaction of magnetized Rossby waves with sheared zonal flows in the Earth’s ionospheric E
40 region and derived a modified Korteweg—de Vries (mKdV) equation incorporating cubic non-
41 linearity to describe the propagation of solitons. Kahlon et al. (2024) investigated a modified
42  KdV (MKdV) for the Rossby-Khantadze (RK) waves in ionospheric E region describing
43  solitary solitons. Forbes (1996) discussed the presence of planetary Rossby waves in the
44  ionospheric dynamo E region and provided theoretical interpretations for associated
45  experiments. Additionally, Vukcevic and Popovic (2020) gave the idea of formation of
46  multiple solitons in diverse ionospheric layers with different latitudes using direct ground-
47  based and satellites observations.

48 Since the ionosphere is partially ionized, therefore dissipation effects are important. We
49  formulate the Zakharov-Kadomtsev-Burger (ZKB) equation for the Rossby-Khantadze (RK)
50 waves in a dissipative ionospheric plasma. The nonlinear analysis of the dissipative Rossby-
51  Khantadze (DRK) equation is carried out both analytically and numerically. We not that such
52  aninvestigation has not been carried out thus far. In Sec. 2, the basic mathematical formulation
53  of the problem is presented and linear dispersion is found. In the Sec. 3, by using reductive
54  perturbation approach, the Zakharov-Kuznetsov-Burger (ZKB) equation for Rossby-
55 Khantadze is derived which in the absence of inhomogenity in magnetic field gives the
56  Zakharov-Kuznetsov-Burger (ZKB) equation for Rossby Waves (Yin et al. 2019). In the Sec.
57 4, its analytical solutions are obtained. Sec. 5 contains results and in Sec. 6 discussion and

58  concluding remarks are made.

59
60 2. Mathematical Formulation
61 We consider the propagation of Rossby-Khantadze waves in a weakly ionized

62  ionospheric E region plasma. The terrestrial ionosphere consists of electrons, ions, and neutrals
63  and coupling among them can be described by single fluid model made in Song et al. (2001)
64  and related studies (Song et al. 2009; 2005; Luo et al. 2023). The nonlinear Rossby-Khantadze
65  waves are supposed to propagate in the xy plane i.e. as K=k, x + k,, ¥ . The equilibrium
66  magnetic field has components in y and z directions By = (0, By,, , By,;) and the perturbed field

67 is assumed to be polarized only in the z direction, B;, = h z.
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68 Following Song et.al (2001) we obtain the governing one fluid equation for a weakly

69 ionized single fluid plasma,
70 ny,my, —* = —VP +jXB—-2QXV+g —uyV3, (1)
71  where D% is the total derivative D% = % + (v.V), with v denotes the fluid velocity of the neutral

72 gas. The neutral fluid mass density is p,, = n,m,. P is the gas pressure, Q is the Earth’angular

73  velocity, g is the permeability and the symbol g represents the gravitational acceleration.

74 The curl of Eq. (1) allows one to express the equation as

ag ) Bg 0h _
75 gt Bt — o = —HoS (2
76

77  where P(x,y,t) denotes the stream function. For 2D incompressible motion we assume i.e.

0By

_ =W, % _pe =
78  v=(u,v,0) where u = U Fy) =V, B oy

7 , 0<uy <1 is the dissipative

dadb 0adb . . . . . .
—— — —— is the vector nonlinearity (Jacobian), which is known

79  coefficient, and J(a, b) = %3y 3y

80  as the vector nonlinearity.

81 The generalized Ohm’s law is
=L —Pr
82 E+VXB_enOXB)_enFA 3)
83 whereF, =2jxB=—VxBXB.
P PHo

84  The Maxwell’s equations are

85 VxE=-25 TUxB=p(j+&3). o)
86  From Egs. (1)-(4) we obtain

87 Z—f—Vx(va)+ﬁVx[(VxB)xB]=0. )
88 By consiering the z-component of magnetic field induction and further simplification
89  gives

90 Z4Jh) +fp 2+ g =0, (6)
91  where / is the z-component of the magnetic field perturbation, ¢z = eiﬁ is the speed at which
92  fast Khantadze waves propagate, and the shear in the magnetic field is expressed fg = a;a;z'
93 The equations (2) and (6) describe the complete set of the system of nonlinear equations

94  for sheared Rossby-Khantadze waves in the dissipative partially ionized ionospheric plasma.

95 We use rigid wall boundary conditions, which are described as
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96 Y(0)=y(1)=0 (M
97  This explains the northern and southern edges of the zonal flow, which can be considered
98 latitude boundaries.

99 3. ZKB equation

100 To derive the nonlinear ZKB equation, we employ the reductive perturbation approach
101  (Khomenko, 2020; Infeld & Rowlands, 2000). We consider a steady parallel shear flow U(y)
102  in a Cartesian coordinate (x,y) system where x and y are along the east and the north,

103  respectively. The total stream function W(y) is taken as

104
Y=Y+ Xy,
105 (8)
h = £?h'.
106

107  where i represents the sum of the background and disturbed stream functions, W(y) =
108  [[U(y) — ¢oldy , " . Additionally, the basic flow is U(y), and the phase speed of the Rossby
109  waves is denoted by ¢y, which is constant, and the small parameter € < 1 indicates the strength

110  of perturbation.

111 Using Eqgs. (8)-into above system of equations (2) and (6), we get
112
ot _ e oY BeOM | agcut 1) = —e3)0
o TG —col T +p0) 50— oo+ e @', 0) = —°A7,
113 ©)
on' 2 P on' oy’ an' _
o TETWL ) +UY) —cl -+ B+ g5 =0
114  Where I’ = V3¢,
115
116 We now apply the reductive perturbation technique and define stretched variables as
X = &x,
117 Y =¢y; (10)
T = &3t

118  Taking the perturbation expansion as

Y=o + ey + 2Py + -
119 and (11)
h, = ho + ghl + Ezhz + -

120
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121 Using (10) and (11) into (9) and collecting the lowest order £°:

122
— 9 9%%o _ %o _ Be 0ho _ .
U=cdyzse t B-UDS wpax =0 )
123 12
w O)aho'l'BB a¢°+63 oho _
ax
124

125  which gives

aw 0 oy
126 (U—co)a” 2 () ma_xuo. (13)

2
127  where § — U"” = p(y), and ﬁip = a(y).
0

128  Here U" is second order derivative with respect to y.

129 To obtain a solution for Eq.13 we employ a separation of variables as following
130 Yo = AKX, Y, T () (14)
131 Using Eq. (14) into (13) gives
" p(¥) a(y) _
132 Po" F umey 0 T e w—corem P0 =0 (15)
133 with
134 $(0)=¢(1) =0
135 Eq.(15) constitutes an eigenvalue problem governing the meridional structure of the

136  Rossby-Khantadze waves. By substituting the plane wave solution y~e(x*Tkyy=0t) e

137  obtain the corresponding dispersion relation for the Rossby-Khantadze waves
138 [Go—UODKE +pO)IG-—UO) — ] —a(y) =0 (16)
139 where ki = k% + k3 .

140  Eq. (16) gives the linear dispersion relation for Rossby-Khantadze waves, due to the inclusion

2
141  of zonal flow U . Here the coupling factor a = ﬂﬁ‘;
0

142 modes i.e. the Rossby wave and Khantadze wave.

143 To obtain the evolution equation for the wave amplitude, we collect next order e* terms
144  from Eq. (9)

145  First order £':

W) 2l (g -y - Fo 0l _ _p(y — ) 2200

ax dy? Uop 0X ax ayay ’
146 (17)
dhy — Bs Yy
X (U co+cp) 0X
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147
148  On solving further

3 2%y W1 _ o _ 0% al) oy

149 (U-cdyy ax ay? +(B-U )E =—2(U-¢ 90X 9ydY  (U—co+cp) 0X (18)
150 Now employing a separation of variables of the form,
151 lpl = E(X'Y'T)d)l(}})
152 The analysis gives
153 ¢ =Ay(X, Y, T)$1(¥) (19)
154 Using this in Eq.(15), we get

124 ! _U,’ ( )
155 " =2, ~ L) - D g ()

(U=co) (U=co)(U=co+cp)

156  where the boundary conditions ¢, (0) = ¢, (1) = 0 must be satisfied.

157 In next &2 order, we obtain the set of equations from Eq. (9) follows as
9 9%y _ 2 %Yy _ o? 1!’2 Y,
aT 9y? +U C) {V ¢0+Za ay}+(U CO)ax dy? +p() ax
B_Baﬂ_ 0%y | 0o 8 0% _ 0o 0 9o _
158 Uop 80X ay? X 9y dy? dy 90X dy? ’ (18)
Bho  Bodhg _ odhe 1 NOha  p Oy My _
aT ' ax dy  dy ax+(U CO) +BB +Bax_0
159
160 Using equations 14, 16 and 18b into Eq. (18a), we get
161 2.2%%z, pO) 0¥z a®) 9 _ _F _ _pO) ¢ 94
ax 9y2 | (U-cg) dx  (U—co)(U—cotcp) 80X  (U—co)  (U—co)? 70 aT
ey 04, 0%A 2o no_
162 (U=co)2(U—co+cp) bo aT Pooxs ax3 —[¢0 +2¢4 ]axayz (U—co)(U- c0+cB)2 aT s AAdo
1 0A " g
163 (U—CO)AB_X[¢O¢0 — $o Do ] (19)
164

( ) alllz a(y) awz

165  Further we let F = (U — co) (U coren) 9%
0 B

ox 6y2 and multiply Eq. (19) with

166 ¢, and integrate with respect to y, the left hand side of Eq. (19) by using orthogonality of the
167  eigen function becomes

1 F
168 [, ¢o = dy = 0. (20)

169  Therefore Eq. (19) takes the form
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p(y) a(y) a(y) nro_
170 f [(u €o)? (U—CO)Z(U—CO+CB) + (U—co)(U—co+cB)2] pody Yaor ~ 0 (u co) [¢0¢0
I 1 l 934 p(y)
171 o'y |dyA e — [} 9dy S5 — [, 1o + 201 1hedy 5prs — A fy [2225 +
a(y) 2 _
172 G (u_co+c3)] P2dyA = 0. Q1)
173
174 Further rearranging gives
176  where
p(y) a(y) a(y) 2
1= [(u ? VT WerpW—corem T (U—Co)(U—Co+CB)2] $ody,
1,1 " I "
1="7) w-c )[¢0¢0 — o o ]dy,
177 =-111p2d (23)
V2= =7, oYy,
1,1 ’
V3 = _7f0 [P0 + 21 1pody,
p(») a(y) 2
f [w c0)? (U—cO)Z(u—cO+cs)] Pody .
178
179 Equation (22) is a (2 + 1)-dimensional ZKB equation with both dispersive and

180 dissipation effect along with a generalized beta effect, for Rossby-Khantadze wave equation.
181  Wave damping is represented by the dissipation coefficient y,, wave spreading is controlled
182 by the dispersion coefficients (y, and y3), and the steepening effect is measured by the

183  nonlinear coefficient y;- There are three components to the ZKB equation: Burgers dissipation

184  (y4A), Zakharov-Kuznetsov (ZK) dispersion ( +

. .. (04
X3 axayz) and KdV-type nonlinearity (ﬁ)

185  Itdescribes solitary Rossby-Khantadze waves in a magnetized fluid with dissipation. It reduced
186  to the ZK equation, which supports solitary waves, if n = 0. Shock-like structures, or decaying
187  solutions, are the result of dissipation if n # 0. The stability and speed of waves are modified
188 by magnetic fields (85). When y, equals zero, the equation becomes the KdV-Burger equation,

189  which supports localized solitary-wave solutions

1/2
— 2 ( na
190 A= asech? (2= 2yz) g, (24)
191 Here a is constant wave amplitude. Solution is representing that the speed of solitary

192 waves is dependent of amplitude. y, is the dissipation term. Otherwise, the wave will lose its
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193  solitary like identification. The solution stays valid if the amplitude is variable in temporal time

194 1 scale (Demiray, 2002).

195
196 4. Analytic Solution
197 To investigate the analytical aspects of the problem, we employ the well-known

198  Demiray (2002) approach, which, to the best of our knowledge, has not previously been applied
199  to the study of solution of dissipative nonlinear Rossby—Khantadze wave propagation.

200 By using separation of variables techniques and comoving frame of reference

201 A(n,t) =a(t) V() with n = a(t) (kex + kyy — (1)) (25)
202  Here a(t), a(t) and ¢ (1) denote functions of slow time variable T while V(#) denotes another

203  function of travelling wave 1 . Using above expression into Eq. (22), we get

a'® a'® , B ’ 2
204 (@ + n) VD + 5 Vi) + [ a@ V' Me() +yikealV V' + (ki +
205 y;k2)at(m V"] =0, (26)
206 Here V' indicates the differentiation with respect to &. Here the newly introduced

207  function A(7,t) will be described by two unknown functions a(t) and V(7). Here we use

208 last bracket of Eq. (26) equals to zero (Demiray, 2002). Therefore,

a!® a' (™ , -0 )
209 (@ + n) Vi + o on Vi =0, 27
210 —@'(D V' +yika()V V' + (v2ki +y3 k3ka?(O V" =0. (28)
211 Integrating the above equation (28) with respect to &
2
212 —¢'(OV + yikea(t) > + (r2k2 +vs kDka? (@ V' = C(v), (29)

213 Here C(7) is an unknown function. By using boundary conditions for V and its derivatives,

214  which vanish as { — +oo. In this case C(t) =0 so Eq. (29) will take the form

215 —@'(DV + y1kya(n) V; + (V2ki +y3 k2ka?(D V" =0. (30)
216 The hyperbolic tangent method (Demiray, 2000) is used to get the solution of (30)

217 V=1-2% (31)
218 Thus equation (31) is expressed as

219 d% =(1-z5 (32)
220 Substituting the above it in to Eq. (30) and putting the like powers of z equals to zero,

221  we obtain

1

©® x
222 a(r) = [#jysk@] , (1) = Y13 a(t)+D. (33)
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223  where D is a constant.

224 To complete the solution, we use

ar(t) _ ar(t)

225 Te=goo (34)
226 Further by substituting Eq. (34) into Eq. (29) we get

a'(v) ar(t) ’_
227 (a(r) + 7/4) Vi + a1V =0 (35)
228 By multiplying Eq. (35) with V and integrate over £ our expression becomes

a' (1) 2 ar(t) 2\ _
223 (a(T) + n) VI + eV =0, (36)
230  where
231 (V?)=[" v2d¢ (37)
232 Since we are discussing the travelling waves. (V2) is bounded. So, equation (36) will

233  take the form

234 a'(v) + §y4 a(t)=0 (38)
235 The solution of the above gives
236  a(t) =a,exp (—§y4‘t) , (39)
237  Here a, is the constant. By using the condition ¢(0) = 0,we get
_ Vikxao _ _ 4
238 (1) = e (1 exp( 3y4r)) , (40)
239 Now the final solution is given as
2 v1a() 12
240 A(T],T) = a(r) sech (m) ni, (41)
241 with
Kxao 4
242 n=a(r) [kxx +kyy— %(1 — exp (— 5)/41))] . (42)
243 where y4, V., y3 are defined previously.
244 The solution is exponentially decaying with time parameter.
245 5. Results
246 In this section, we investigate the two-dimensional Rossby-Khantadze wave by using the

247  plasma parameters for the E-layer of the ionosphere, the corresponding magnetic field is
248  By~0.5 x 107*T, corresponding density of charged particles is p = 1077 — 10~ 8kgm3,
249  corresponding temperature range is 8002600 K , and 8 = 10~ 1m~1s~1(Alexandrov, 1984;
250 Kaladze et al. 2012). The investigation of our analytical solution (41) by varying different

251  parameters for considered waves is made.
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252 By using the ionospheric region parameters, we have plotted the A versus x.

253  The amplitude is decreasing with increasing temporal effects.

A
0.5;

— 1=10

— 1=20

254
255

256 Fig. 1 Dependence of A on temporal parameter T is shown
257
258  While it is observed that amplitude of structures is also decreasing by increasing dissipation

259  effect.

— y4=0.02
— y4=0.08
— y4=0.14

260 =10 -5 5 10

261 Fig. 2 Dependence of A on dissipation parameter y, is shown

262

263 6. Discussion and Conclusion

10
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264 Here we have examined the propagation of Rossby-Khantadze waves in a dissipative
265  ionospheric plasma and apply our results into E region of ionosphere. The combined influence
266  of both inhomogeneities namely, angular velocity and magnetic field are taken. The basic
267  system of equations governing the dynamics of nonlinear Rossby-Khantadze is obtained. In
268  previous work, the authors consider only Rossby waves analysis whereas in the given work we
269 investigate the coupled Rossby - Khantadze waves.

270 To examine the coupled nonlinear RKWs we employ the multiple scale analysis and
271  asymptotic expansion to lead a new nonlinear ZKB equation for Rossby-Khantadze waves with
272  spatial dependent coefficients. The smallest order, O(¢) leads to an eigen-value boundary
273  problem, which for the plane wave solution yields meridional Rossby-Khantadze waves
274  dispersion. It didn’t give any idea about the amplitude of considered solitary Rossby-
275 Khantadze waves. Therefore, we proceed to the next order O(e'), but we do not get any
276  information about amplitude of solitary Rossby-Khantadze waves. To do so, from the next
277  subsequent order O(£2), we obtain the nonlinear ZKB equation for dissipative RK waves. This
278  resulting equation describes a longitudinal dispersion, that competes with a weakly nonlinear
279  and dissipation effect. To make ensure the effective solution then the secular term must be
280 eliminated (Eq. (20)), otherwise the amplitude of solitary structure will be grown indefinitely.
281  From the obtained equation, the coefficients are related to inhomogeneities in rotation and the
282  magnetic field. The effects of dissipations and the inhomogeneities are reflected in the
283  coefficients of the obtained ZKB equation. Furthermore, the analytic and numerical
284  dependence of the amplitude of obtained solitary structures is shown.

285 To study the analytic part of obtained nonlinear dissipative Rossby-Khantadze waves,
286  we use the well-known Demiray’ approach. Furthermore, by employing the hyperbolic tangent
287 method we get damped solitary RKWs solutions, which are subsequently explored
288  numerically.

289 Overall, our study contributes to our understanding of nonlinear wave propagation in
290  the ionosphere and its applications to other plasma environments, such as interstellar medium,
291 the solar wind plasmas as well as laboratory plasmas systems. The results show that
292  nonlinearity, dispersion, inhomogeneity, and dissipation play important roles in wave
293  dynamics. These findings provide useful insights for future research in plasma physics.

294

295  Data availability. No data sets were used in this article.
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