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Abstract. We developed an Adapted Analytic CO₂ Flux Inversion Model (AACO₂FIM) by adapting the Integrated Methane 7 

Inversion system for CO₂ applications. We applied AACO₂FIM to examine how closely the regulated solution aligns with 8 

predefined emission variability patterns described by target scaling factors (SFs) used to generate pseudo-observations, thereby 9 

isolating uncertainty arising solely from cost-function minimization under the quasi-linear assumption. To concurrently assess 10 

spatiotemporal coverage impacts, we revised the inversion package to incorporate two different coverage configurations: 11 

Orbiting Carbon Observatory-2 (OCO-2) tracks (oco2Trks) and an hourly global grid (FullC). 12 

Inversion performance was quantified by the convergence of inverted SFs toward target SFs under varying prior-target 13 

mismatches and observational coverages over an 8-day window following a one-month spinup. The ensemble-mean posterior 14 

SFs reproduced the target patterns, with convergence controlled by forward-model sensitivity and observational coverage. 15 

Baseline cases showed near-exact convergence, whereas larger prior-target differences led to poorer convergence. The 16 

oco2Trks inversions produced a shrunk but highly correlated valid inversion domain relative to FullC, and both configurations 17 

showed the largest posterior variability coinciding with the highest forward-model sensitivity. Under oco2Trks (<10% 18 

coverage of FullC), the observation-related cost function term required a weight two orders of magnitude larger than that of 19 

FullC to achieve the best fit quality. When OCO-2 observations were used as a constraint, the inverted SF variability generally 20 

matched the bias patterns between forward-modeled concentrations and OCO-2 measurements. 21 

1. Introduction 22 

Over the past several decades, top-down flux inversion has been the focus of intense study, particularly as reducing carbon 23 

emissions to mitigate climate change and improve air quality has become a global priority. Ground-based and satellite 24 

measurements, along with land-ocean-atmosphere model outputs, are systematically integrated to achieve more accurate flux 25 

inversion. Significant efforts have been made to improve the accuracy of bottom-up emission inventories, develop versatile 26 

inversion algorithms, and establish a multi-satellite observational network for conducting these inversions. Reducing 27 

uncertainties in all components of the modeling and observational system is essential for accurate carbon-flux estimates. 28 
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Despite major progress over the years (e.g., Ciais et al., 2010; Kondo et al., 2015, 2020; Hu et al., 2024), significant 29 

uncertainties persist due to the highly complex nature of the carbon cycle, a lack of observations, and modeling limitations. 30 

Additionally, local demand for high-resolution regional inverted fields for specific time frames cannot be fully met through 31 

general advances in the modeling community. Regional models need coarser-grid global inversions for the same time frames 32 

to be readily available, highlighting the need for long-term maintenance of both global and regional models chosen by the local 33 

community. A comprehensive uncertainty analysis—tailored to the specific models and observations in use—must be 34 

conducted; otherwise, the inversion results may have limited applicability. 35 

Atmospheric minor-constituent flux inversion refers to an algorithm that minimizes a Bayesian cost function to obtain an 36 

optimal posterior emission scaling factor (SF) given a transport model and observed concentration fields over a specified time 37 

frame. The cost function J is the sum of two terms: 38 

emission-related term-1: (𝐱 − 𝐱a)T𝐒a
−1(𝐱 − 𝐱a) (1) 39 

and the concentration-related term-2: 𝛾(𝐲 − 𝐊𝐱)T𝐒o
−1(𝐲 − 𝐊𝐱) (2) 40 

Here, K = ∂y/∂x is the Jacobian matrix;  𝐒a is the prior error covariance matrix; 𝐒o is the observational error covariance matrix; 41 

and coefficient γ adjusts the relative weight of the two terms. The variables x and y denote SFs and concentrations, with x 42 

spanning the state-vector space (individual or aggregated spatial pixels) and y spanning the spatiotemporal observation space.  43 

In term-1, the SF covariance matrix is scaled by the prior error (expressed as a percentage). In term-2, the covariance matrix 44 

of the concentration differences is scaled by the observational error. The Jacobian matrix (K) describes the transport-model-45 

constrained relationship between the emission SF and the concentration fields, indicating the sensitivity of concentration 46 

changes to given changes in the SF. 47 

Minimizing the Bayesian cost function can be done either iteratively (variational methods) (e.g., Liu et al., 2014) or analytically 48 

under a quasi-linearity assumption, as in IMI (Varon et al., 2022). The analytical solution is obtained by setting dJ/dx = 0, 49 

yielding posterior SFs in the state-vector space: 50 

 𝐱̂ = 𝐱a + (𝛾𝐊T𝐒o
−1𝐊 + 𝐒a

−1   )−1𝛾𝐊T𝐒o
−1(𝐲 − 𝐊𝐱a) (3)  51 

which shows explicitly how the prior 𝐱𝐚 and the observations y are combined to yield the posterior 𝐱̂, with γ controlling the 52 

relative weight of the observations. Physical constraints (for example, enforcing non-negativity of 𝐱̂, not shown here) can be 53 

imposed by reformulating the cost function (e.g., applying a logarithmic transform to 𝐱̂ and 𝐱𝐚); however, such adjustments 54 

can alter the problem’s stochastic structure and thus affect posterior uncertainty estimates (Miller et al., 2014; Maasakkers et 55 

al., 2019). 56 
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In this study, we replaced methane (CH₄) with carbon dioxide (CO₂) to perform inversions using the Integrated Methane 57 

Inversion (IMI) framework. Besides model development, the paper aims to assess uncertainty in the inverted emission scaling 58 

factor (SF) under both full global coverage (5° longitude × 4° latitude) and the Orbiting Carbon Observatory-2 (OCO-2) 59 

coverage. This assessment uses a series of prior-disturbance and pseudo-observation designs. Section 2 describes the 60 

modifications made to the model components to carry out the CO₂ inversion, the model setup, and experimental design. Section 61 

3 details the datasets used as model inputs. Model spin-up analysis is presented in Section 4. Section 5 presents the inversion 62 

results for all cases and examines the γ-dependency last. Section 6 provides discussion and conclusions. 63 

2. Models and setup 64 

2.1. IMI review 65 

Varon et al. (2022) provide a step-by-step overview of the IMI model package. IMI is an open-access, cloud-based facility that 66 

enables users to estimate methane emissions for selected regions of interest by performing high-resolution (0.25° latitude × 67 

0.3125° longitude) analytical inversions of TROPOspheric Monitoring Instrument (TROPOMI) satellite data archived in the 68 

cloud, with error characterization included in the inversion results. The forward transport model in IMI is GEOS-Chem, an 69 

open-access community model that simulates a large list of the atmospheric trace gases, and is driven by meteorological fields 70 

from NASA's Goddard Earth Observing System (GEOS). Using a similar high-resolution configuration, Shen et al. (2022) 71 

applied IMI to CH4 flux inversions across major emission domains on all continents to compare inverted corrections with 72 

inventory emissions.  73 

Both analytic and variational inversions use the constraint dJ/dx = 0. Variational methods are commonly used in numerical 74 

weather prediction to optimize meteorological fields; here they are applied to optimize a 2D emission field and a 3D 75 

concentration field (Meirink et al., 2008). The variational approach uses an adjoint model to compute the cost-function gradient, 76 

and updates each state-vector element iteratively along the steepest-descent direction. Many iterations (e.g., ~70 in Liu et al., 77 

2013; ~50 in Niwa et al., 2022; Polavarapu, 2004) can be costly because each iteration requires both forward and adjoint model 78 

runs. Analytical solutions exploit the quasi-linearity between emission changes and concentration responses but require explicit 79 

construction of the Jacobian matrix K for all state-vector elements, which can also be time-consuming. However, 80 

computational cost drops substantially for shorter time windows and coarser resolution. If the sensitivity is poor for a given 81 

element, the inversion for that element becomes ineffective. 82 

2.2. Components changed in IMI for the CO2 inversion 83 

In the GEOS-Core for CO2, we incorporated a state vector 𝐱̂ to store the inverted SF field. For the experiments here, 𝐱̂ has 84 

3,358 elements (73 longitudes × 46 latitudes). An IMI preview using OCO-2 orbital tracks showed degrees of freedom (DOFs) 85 

≈ 60—far fewer than the 3,358 state elements. The estimated DOF for a pixel depends on the number of measurements in that 86 

pixel: it approaches 1.0 with many measurements and is zero with none. Nonetheless, we chose not to apply the aggregation 87 
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routine to reduce the number of state vector elements for several reasons. First, aggregation can introduce errors (Jacob et al., 88 

2016) and may obscure pixel-level variability we wish to resolve. Second, using full spatiotemporal coverage allows DOFs 89 

reach their maximum capacity of 3,358.   90 

As needed, we integrated emission-perturbation and emission-scaling-factor capabilities into the GEOS-Core to develop a 91 

code package for the CO2 inversion. Observation and transport-related concentration errors were set at 4.0 ppm and 1.0 ppm, 92 

respectively, and the prior uncertainty of 𝐱𝐚 was set to 50%, mirroring the cloud-based IMI settings. These error choices are 93 

simplified because our main goal is to test how well the inversion reproduces the target SFs corresponding to the pseudo-94 

observations, rather than to produce correction SFs for real emissions. We run a 1-month spin-up in January 2019, followed 95 

by an inversion period from 1 February to 8 February. 96 

2.3. Experiment design 97 

2.3.1. Prior emission SFs for ensemble runs 98 

We used perturbed prior emission scaling factors (SFs) in ensemble runs to remove the nonlinearity in the inverted field 99 

especially near coasts, to avoid singularities issue in the analytic inversion, and to explore different emission-forcing regimes. 100 

Two disturbance types were applied to the prior emissions: random noise and a longitudinal wave-1 sinusoid with random 101 

phase. The wave-1 pattern was chosen to mimic larger or smaller emissions across broad regions (e.g., the Americas, Europe, 102 

or China). Prior emissions were derived from bottom-up inventories (see Section 3.1). 103 

104 

For each state-vector element, we aim for the ensemble sum of prior emission disturbances to approach zero. Figure 1 shows 105 

 
Figure 1: Demonstration of how the ensemble mean of 2D perturbation fields approaches zero systematically as a function of ensemble 
size (Num of ENS). For the black curves, Num of ENS random noise fields were generated, each uniformly distributed in the range [-0.25, 
0.25] across 3,358 state vector elements (pixels). For the red curves, Num of ENS wave-1 fields were generated, each with a random phase 
uniformly distributed between [0°, 360°]. For both the black and red curves, the largest deviation from zero (MAX_ABS) is extracted from 
the ensemble mean field (across 3,358 pixels). Twenty independent repetitions were performed to obtain the maximum, mean, and 
minimum values of MAX_ABS. 
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that the summed SF disturbances decrease continuously for both random and wave-1 disturbances (amplitude 0.25) as 106 

ensemble size grows. To reduce computational cost, we used only 2–3 ensembles and enforced a zero mean per pixel. We call 107 

the SF field that generates the pseudo-observation concentrations the target emission SF field. Using a small set of prior SFs 108 

together with the known target enables us to clearly see how the ensemble mean differs from each prior, demonstrating how 109 

inverted SFs behave across cases. However, a small ensemble can fail to remove features arising from local nonlinear 110 

responses—for example, if one prior member closely matches the target while others do not, the nonlinearity can be highlighted. 111 

To create disturbed prior SF fields, we first generated a random-noise field and its exact opposite (anti-phase) to form a pair 112 

for the two-member ensemble. We then created two additional anti-phase noise fields with amplitudes 1.0 and 1.5, producing 113 

a three-member ensemble. A longitudinal cross section of the disturbed noise fields is shown in Figure 2a. The same procedure 114 

was applied to sinusoidal disturbances, producing a sinusoidal-pair and a sinusoidal-three, shown in Figure 2b. 115 

2.3.2. Target emission SFs 116 

We created four pseudo-observation spatiotemporal fields with GEOS-Chem. Target zero (T0) used the original total emissions, 117 

so its SF is uniformly 1.0. Target one (T1) used a longitudinal wave-1 SF (amplitude 0.25) peaking at 0° longitude. Targets 118 

two (T2) and three (T3) used wave-1 SFs with amplitude 0.2, peaking at 90° and -90° longitude, respectively (Figure 2c). We 119 

 
Figure 2: (a) Longitudinal cross-section of random noise as the chosen prior SF perturbation, for demonstration; this includes all 
components of the disturbed-pair and disturbed-three detailed in the text. In the legend, “0p25” denotes an amplitude of 0.25, while 
“flipped” refers to the anti-phase counterparts of the black curves. (b) Wave-1 prior SF patterns, including all components of the sinusoidal-
pair and sinusoidal-three configurations. Black paired with red constitutes the sinusoidal/disturbed pair, and black, blue, and green 
constitute the sinusoidal/disturbed three. (c) Wave-1 SF curves (target SFs) used to generate the target concentration fields. Black is T1, 
red is T2, and blue is T3. 
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also included OCO-2 satellite measurements (labeled T_oco2), which have no associated SF. For T0–T3 we used two 120 

spatiotemporal coverages: hourly full coverage on a grid of 4° latitude × 5° longitude (FullC) and OCO-2 orbital track coverage 121 

(oco2Trks).  122 

We clarify that the regularized solution 𝐱̂ is not expected to match the targets (T1, T2, or T3) exactly. However, understanding 123 

exactly where it lies relative to the prior and a given target makes the flux inversion process more transparent and less of a 124 

"black box." We used the coarsest GEOS-Chem resolution to enable many experiments, as high-resolution global forward runs 125 

and inversions are computationally prohibitive. Although the relationship between high- and low-resolution runs are more 126 

complex than simple spatial smoothing and may introduce biases (Liu et al., 2024), we expect our conclusions to hold true 127 

qualitatively across different resolutions. Further testing can be conducted as needed to verify this. 128 

3. Data downloaded 129 

3.1. Inventories ingested and the HEMCO diagnostics 130 

The Harmonized Emissions Component (HEMCO) is one of two GEOS-Chem components; the other, GEOS-Core, handles 131 

chemistry and transport. HEMCO reads and processes emission inventories and interfaces with GEOS-Core to apply emission 132 

forcing. In our simulations the activated emission inventories (with their native resolutions and original configuration symbols) 133 

are: FOSSIL_ODIAC (1° × 1°), AEIC2019_MONMEAN with AEIC_SCALE_1990_2019 (0.625° × 0.5°), CEDS_SHIP (0.5° 134 

× 0.5°), CO2CORR (2.5° × 2°), OCEAN_EXCH_SCALED (5° × 4°), BBIO_SIB3 (1.25° × 1°), and NET_TERR_EXCH (1° 135 

× 1°). 136 

Figures 3–4 show the individual contributions and total emissions from the HEMCO diagnostics, labeled with the inversion 137 

start date (1 February 2019). When an inventory directly provides global CO2 fluxes, the HEMCO output closely matches that 138 

inventory. In contrast, notable changes can arise when regional inventories are incorporated (not shown). Additionally, low 139 

spikes may appear along coastlines (not shown) that are not present in the original inventories, even though we did not observe 140 

a significant impact from these spikes on the inversion results. 141 

The Open-source Data Inventory for Anthropogenic CO2 (ODIAC) covers 2000–2018 on a monthly basis (Oda et al., 2011; 142 

Oda et al., 2018). It was generated from point-source emissions and nighttime-light satellite data to map land-based emissions 143 

only, excluding gas flaring, shipping, and aviation. Figure 3a shows that fossil-fuel emissions dominate the other contributions, 144 

especially over land in the Northern Hemisphere. Eastern China has the highest emissions, corresponding to the peak total 145 

emissions in Figure 4a. 146 

The Aviation Emissions Inventory Code (AEIC) quantifies and standardizes aircraft emissions during landing and take-off 147 

(LTO) and non-LTO phases (climb, cruise, descent) using code developed at MIT (Kim et al., 2007; Stettler et al., 2011; Simone 148 

et al., 2013; Teoh et al., 2024). The AEIC2019 monthly-mean outputs for January and February are on a 0.625° longitude × 149 
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0.5° latitude grid and include 36 vertical layers from the surface to 17.5 km at ~0.5 km intervals, which approximately match 150 

GEOS-Chem’s lowest 36 layers. The inventory’s FUELBURN variable was used as HEMCO input with a scaling factor of 151 

1.0. Figure 3b shows that aviation emissions are about 1% of total emissions, with peaks over land in the Northern 152 

Hemisphere—notably the United States, Europe, and eastern China.  153 

Ship emissions are sourced from the Community Emissions Data System (CEDS) (Hoesly et al., 2018; Feng et al., 2020). 154 

Historical anthropogenic emissions (1750–2019) were mapped to a 0.5° global grid for the Coupled Model Intercomparison 155 

Project Phase 6 (CMIP6). Country- and sector-level emissions in CEDS were aggregated into nine final sectors: agriculture, 156 

energy, industry, transportation, residential–commercial–other, solvents, waste, international shipping, and aircraft. Figure 3c 157 

shows that ship emissions—approximately half of aviation emissions—are particularly significant in the Northwest Pacific, 158 

near Europe, the Northeast Atlantic, and globally along coastlines. 159 

 

Figure 3: HEMCO CO2 emissions on 1 February 2019 by individual sector. 
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Surface correction adjusts emissions to remove CO2 produced by oxidation of other emitted species (e.g., CH4, isoprene, 160 

monoterpenes). CH4 sources include 2004 monthly-mean wetland emissions and annual averages for livestock, landfills, rice, 161 

and other natural sources (e.g., termites). Isoprene (C5H8) and monoterpenes (C10H16) are tree-emitted biogenic volatile 162 

organic compound (BVOCs) (Hantson et al., 2017) that can oxidize to CO2. These emissions and CO2 production rates from 163 

CO are taken from GEOS5_47L output; note that CO2 production from CO is handled via CHEMISTRY_INPUT and is not 164 

included in the surface correction. Figure 3d shows these corrections peak in several continental regions—particularly eastern 165 

China—where they can reach about 3% of total emissions. 166 

The oceans and land biosphere are major CO2 sinks that substantially reduce the atmospheric CO2 growth rate from 167 

anthropogenic emissions (Crisp et al., 2022). Furthermore, climate change may introduce decadal variability in ocean CO2 168 

uptake—both open and coastal—through factors such as changes in biological carbon fixation (Mathis et al., 2024). 169 

OCEAN_EXCH_SCALED refers to a dataset providing monthly values from 2000–2013 (168 time-frames), using year 2000 170 

as the reference (Takahashi et al., 2009). The net sea–air CO2 flux is calculated as ΔpCO2 (surface water pCO2 minus 171 

atmospheric pCO2 for 2000) multiplied by the gas transfer coefficient, with the air–sea transfer rate parameterized as a function 172 

of wind speed squared. Figure 3e shows a slightly positive flux near the equator but is predominantly negative overall, 173 

indicating net ocean CO2 uptake; the strongest uptake reaches about 10% of total emissions. 174 

Net ecosystem exchange (NEE) has two components. The first is balanced biosphere fluxes, which include natural 175 

non-respiratory carbon losses from the biosphere (e.g., wildfires and soil carbon release). BBIO_SIB3 refers to a CO2 emission 176 

dataset at 3-hourly intervals (2006–2010) derived from the Simple Biosphere Model version 3 (Parazoo et al., 2014). Figure 177 

3f shows widespread positive emissions—up to about 40% of the maximum total emissions—except in South America and 178 

southern Africa, where tropical humid forests act as carbon sinks. 179 

The second component, the residual annual terrestrial exchange (NET_TERR_EXCH), represents the net annual sum of 180 

biospheric CO2 uptake and emissions. This dataset provides a single time slice for 1 January 2000 and was constructed as the 181 

TransCom-3 climatology (1991–2000) minus the GFEDv2 climatology (1997–2007) (Baker et al., 2006; van der Werf et al., 182 

2006). In the TransCom framework, the residual annual biospheric flux includes gross primary productivity (GPP), respiration, 183 

and biomass burning; because biomass burning is accounted for separately in GEOS-Chem, the GFEDv2 climatology was 184 

subtracted from the TransCom climatology to estimate this component (Nassar et al., 2010). Figure 3g shows widespread 185 

terrestrial CO2 uptake that is roughly 50% larger than the oceanic uptake.  186 

In Figure 4a, total positive emissions in the Northern Hemisphere are driven mainly by fossil-fuel and aviation sources. Ship 187 

emissions are minor overall because they are largely offset by ocean uptake. Positive emissions in northern South America, 188 

northern Africa, and Australia are primarily from ecosystem sources. Total negative emissions are generally small but 189 
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widespread over mid- to high-latitude oceans; the largest negative emissions occur in southern South America and southern 190 

Africa, where terrestrial uptake is strongest.  191 

3.2. Other data sets 192 

We used GEOS-FP (forward processing) meteorological analyses from the Global Modeling and Assimilation Office (GMAO) 193 

(GMAO Office Note No. 4), regridded for GEOS-Chem input at 5° longitude × 4° latitude. Hourly averages of temperature, 194 

wind, surface fluxes, moisture, cloud parameters, and precipitation were obtained for January and 1–8 February 2019. GMAO 195 

produces GEOS-FP using the Goddard Earth Observing System 5 (GEOS-5) model (USA symposium report, 2008), providing 196 

data in near-real time and via reanalysis. GEOS-FP’s native horizontal resolution (0.3125° × 0.25°) is finer than that of the 197 

Modern-Era Retrospective Analysis for Research and Applications (MERRA) (0.66° × 0.5°). 198 

This study also uses Level-2, geolocated, orbit-by-orbit XCO2 (column-averaged CO2 in ppm) from NASA’s Orbiting Carbon 199 

Observatory-2 (OCO-2). Launched on 2 July 2014, OCO-2 is in a sun-synchronous orbit with a 13:30 equator crossing and 200 

provides near-global daily coverage. The accuracy and precision of OCO-2 XCO2 have improved over time facilitated by 201 

advances in the Atmospheric Carbon Observations from Space (ACOS) retrieval algorithm (Wunch et al., 2017; O'Dell et al., 202 

2018; Jacobs et al., 2024). For our analysis we used the 11.2r "lite" Level-2 product, which provides calibrated, bias-corrected 203 

orbit-by-orbit XCO2. Aggregated to a 0.625°longitude×0.5° latitude grid, the data show absolute average biases ≤ 0.2 ppm and 204 

a global precision of ~1.0 ppm across all OCO-2 observation modes, with no statistically significant time dependence in the 205 

biases (Das et al., 2025). Findings in Crowell et al. (2019) suggest that: inverted fluxes from OCO-2 retrievals and from in-situ 206 

measurements show strong agreement in seasonal variability over Northern Hemisphere land regions for 2015–2016. Large 207 

uncertainties remain in the tropics—particularly Africa—where OCO-2–based inversions indicate possible outgassing. Ocean 208 

fluxes stay close to prior estimates but with substantial uncertainty. Agreement is strongest where both satellite and in-situ 209 

observations are sufficiently dense to constrain the inversion. 210 

4. Model spin-up time  211 

 

Figure 4: Total HEMCO CO2 emissions on 1 February 2019 shown as positive in (a) and negative in (b). 
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For carbon-flux inversions focusing on variability over days to months, long-lived gases like CO2 can be treated as passive 212 

tracers. Oxidation products from CO, CH4, isoprene, and monoterpenes are handled as CO2 emission sources by including 213 

them in HEMCO with appropriate scaling factors. The downloaded restart file provides a reasonable background state. We 214 

then run the forward model with the current total emission field until it reaches steady state before performing the flux inversion. 215 

To verify that a one-month spin-up is sufficient, we used two restart files to examine how long it took for the results to converge. 216 

The alternative restart file was created by combining OCO-2 data from 1 January and 1 July 2019 to capture both Northern 217 

and Southern polar coverages. The differences between this alternative restart file and the downloaded restart file were 218 

resampled along the OCO-2 orbital tracks, and the results were interpolated onto the GEOS-Chem grid to produce the bias 219 

field (GC minus OCO-2), shown in Figure 5c. 220 

Creating the alternative restart file also enabled a serendipitous assessment of bias patterns between the GC results and OCO-2 221 

measurements. The bias patterns indicate that the high-value latitudinal bands in the GC restart file are shifted northward 222 

relative to OCO-2. Consequently, OCO-2 shows lower values in the northern polar region, compressing the high-concentration 223 

band toward the equator.  224 

Next, we ran GEOS-Chem for one month using both restart files and compared the results. The daily differences between the 225 

two fields, in terms of global maximum (and minimum), decreased rapidly during the first week and then the rate of decrease 226 

slowed. Throughout January the magnitudes decrease from about 7 ppm (and -3.5 ppm) to roughly 1.2 ppm (and -1.5 ppm) 227 

(Figure 6a). The magnitudes on 31 January are comparable to OCO-2 XCO2 uncertainty. By the end of the month the two 228 

XCO2 fields had very similar spatial distributions, and their correlation coefficient became much higher (from 0.63 to 0.98 as 229 

 
Figure 5: Bias correction of the GC restart file using OCO-2 data. (a) Initial GC restart XCO2 field on 1 January 2019 (Rst1), sampled 
along OCO-2 tracks on 1 January and 1 July 2019 combined to cover both polar regions. (b) Co-located OCO-2 measurements. (c) 
Continuous bias field obtained by interpolating the differences between GC and OCO-2. (d) Final assimilated XCO2 field (Rst2) 
along OCO-2 tracks after bias correction. 
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shown in Figure 6b). These results indicate that after one month the simulated XCO2 driven by the total emission field has 230 

largely lost memory of its initial restart state. We then proceed to carry out the inversion over 1–8 February 2019. 231 

5. Inversion results  232 

5.1. Under FullC condition 233 

5.1.1. Convergence to T0 with different prior SF disturbance sets 234 

Our first objective is to test how well the inversion works when pseudo-observations are generated from the original total 235 

emissions under FullC (see Figure 4). In this baseline case, the prior emission scaling factors (SFs) are perturbed around 1.0 236 

(the default 𝐱𝐚 ) and categorized as disturbed-pair, disturbed-three, sinusoidal-pair, and sinusoidal-three, spanning the 237 

state-vector space as described above. The sum of each set of prior SF perturbations is zero at each pixel. Figure 7 shows the 238 

ensemble mean of the inverted posterior SFs (𝐱̂) for each set of prior SFs. Regions where the inversion result was trivial 239 

(|𝐱̂ − 1.0| < 0.0015) have been removed. All four panels in Figure 7 show posterior SF values consistently approaching 1.0 240 

(mean deviation < 0.05), indicating near-perfect inversion when ensembles are used. In particular, random noise perturbations 241 

produce better convergence (i.e., closer to 1.0) than sinusoidal perturbations with variable phase. The sinusoidal case shows 242 

substantial continent-scale variability, suggesting slightly stronger nonlinear responses. In both the disturbed-pair/three and 243 

sinusoidal-pair/three cases, the three-ensemble means are closer to 1.0 than the two-ensemble means, implying that using more 244 

  

Figure 6: Comparison of GC-modeled XCO2 over 1–31 January 2019 using initial conditions Rst1 and Rst2 (described in Figure 5). (a) Daily 
maximum (black) and minimum (red) differences between XCO2Rst1 and XCO2Rst2. (b) Correlation coefficients between the two daily-
averaged XCO2 fields over January 2019. 
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ensemble members better mitigates nonlinear effects. This baseline case verifies that the analytic inversion converges nearly 245 

perfectly to the true solution for an 8-day inversion. 246 

5.1.2. How T1, T2, and T3 are approached 247 

For T1–T3, the ensemble-mean 𝐱̂ is not expected to converge exactly to the target SF; rather, the constrained solution lies 248 

between the prior and target SF fields. Figure 8b shows the inverted SF’s maximum line near 25° longitude instead of 0°, 249 

where T1 peaks. Figures 8c and 8d are out of phase, as is the case for T2 versus T3. Overall, the maps in Figure 8 indicate that 250 

the inverted SFs capture the longitudinal variability of target SFs, but are strongly modulated by the model’s sensitivity to 251 

emission changes; in low-sensitivity regions, corrections to the prior SF are virtually zero. We also note that the maxima and 252 

minima of 𝐱̂ can exceed 1.25 or drop below 0.75, indicating a substantial deviation from the target SFs. 253 

While Figure 8 demonstrates that the mean 𝐱̂ across all prior sets converges well—though to varying degrees—for targets T1–254 

T3, we next investigate how this performance differs by prior set; recalling that for T0, the level of convergence does change 255 

slightly by the type of prior. Figure 9 illustrates the pixelwise variability of 𝐱̂  among different prior sets for each target 256 

individually, expressed as 𝐱̂𝐌𝐚𝐱 − 𝐱̂𝐌𝐢𝐧.. The results are remarkably consistent across targets in both magnitude and spatial 257 

distribution, highlighting the land regions where emissions are the largest. Two key points are summarized: (1) for a given 258 

target there is always a small difference (in terms of  𝐱̂𝐌𝐚𝐱 − 𝐱̂𝐌𝐢𝐧) between prior-disturbance sets, and (2) the consistency of 259 

 
Figure 7: Convergence levels for the baseline case (using target zero, T0), as quantified by the deviation of the ensemble-mean 𝐱̂ 

from 1.0 for each of the four prior sets indicated in the panel titles. Values of 𝐱̂ near 1.0 (i.e., |𝐱̂− 1.0| < 0.0015) are filtered out. A 

smaller threshold of 0.0015 (instead of 0.01) is used here to highlight the variability features, since convergence is near-perfect. 
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these differences across targets implies that a given target cannot be approached more closely by choosing a different 260 

prior-disturbance set, confirming that the inversion results are generally robust for a given target (or pseudo-observation set). 261 

5.1.3. Posterior error matrix analysis 262 

 
Figure 8: 𝐱̂ averaged over all four prior sets for the individual targets T0 (a), T1 (b), T2 (c), and T3 (d), respectively. The red and blue 

long-dashed lines indicate the longitudes of the peaks and troughs of the target SFs shown in Figure 2. 

Values of 𝐱̂ near 1.0 (i.e., |𝐱̂− 1.0| < 0.01) are filtered out.  

 

 

 
Figure 9: Max–Min values of 𝐱̂ across the four prior sets for each target: T0 (a), T1 (b), T2 (c), and T3 (d). The red and blue long-

dashed lines are the same as those shown in Figure 8. 
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The trace of the posterior error covariance matrix,  263 

𝐒̂ = (𝛾𝐊T𝐒o
−𝟏𝐊 + 𝐒a

−1)−1 (4),  264 

serves as an estimate of the uncertainty reduction in 𝐱̂ given the observational error matrix So, the prior error matrix Sa, and 265 

the forward-model Jacobians. We set the prior emission uncertainty to 50%, the observational uncertainty to 4.0 ppmv, and the 266 

transport-induced uncertainty to 1.0 ppmv (the latter is incorporated into So). The observational uncertainty can be reduced 267 

when multiple observations fall within a single grid cell and when those observations are correlated (Chen et al., 2023). Two 268 

critical factors affect the spatial pattern of 𝐱̂ uncertainty: the Jacobians (forward-model sensitivity), and the spatiotemporal 269 

coverage (effective sample size). These factors highlight the roles of observations and forward model in reducing prior 270 

emission uncertainty. 271 

Figures 10a and 10b show the global distribution of mean uncertainty reduction and its variability across individual ensemble 272 

runs, using the sinusoidal-pair prior combined with target T0. Figure 10a indicates uncertainty reductions of roughly 10–20% 273 

from the initial 50% prior error. Figure 10b shows that higher emissions correspond to larger reductions, with a global 274 

maximum difference of about 8% between the pair. Regions with the strongest uncertainty reduction in Figure 10a coincide 275 

 

Figure 10: Posterior error related result from the inversion model standard output. (a) Mean posterior error field for runs using the 
sinusoidal-pair prior set with T0 as the target. (b) Error-difference field between the two runs associated with the sinusoidal-pair. 

 

 

Figure 11. A-matrix trace values shown as 2D maps for γ=1 (a) and γ=10 (b), averaged over runs using all combinations of prior sets 
and targets. 
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with areas of large variability in 𝐱̂. In addition, the uncertainty reduction values depend on γ: a large uncertainty reduction 276 

could easily arise from insufficient weighting of the prior during flux estimation (Basu et al., 2016). Viewed from another 277 

perspective, Figure 11 shows the trace of the A-matrix (𝜕𝐱̂/𝜕𝐱𝐚) for γ = 1 and γ = 10. For γ = 10 (Figure 11b), much larger 278 

regions exhibit values near 1.0, reflecting an increased influence of the transport model, although very large γ eventually 279 

produces unrealistic fluctuations in 𝐱̂ (Hansen, 2000). 280 

Finally, we propose a possible explanation for why error reduction remains consistently small over oceans compared with land. 281 

Although ocean emission variability is substantial (see Figure 3e), both magnitudes and their sensitivities are roughly an order 282 

of magnitude smaller than over land. This disparity limits the inversion algorithm’s ability to adjust the emission SF and to 283 

reduce uncertainty in oceanic regions. 284 

5.1.4. Individual runs  285 

To evaluate how effectively individual ensemble members converge to the target SF, we next present maps of individual 286 

ensemble runs, comparing the initial difference and the posterior difference from the target.  Figure 12 shows the maps for 287 

𝐱𝐚 − 𝐱𝐓. Figures 12a and 12b combine the sinusoidal-pair prior with T2 to test an in-phase and out-of-phase mismatch, since 288 

T2 is in phase with one member of the pair; this allows us to examine the inversion result when there is asymmetry between 289 

the two members with respect to the target. In Figure 12a, the prior and target SFs are in phase, with a difference of only 0.05 290 

in amplitude. By contrast, Figure 12b shows a large difference (0.45 in amplitude) because the two are out of phase. Figures 291 

12c and 12d show similar initial differences, but for the disturbed pair combined with T0. In this case, the fields are out of 292 

phase on small spatial scales, but their differences from the target SFs are balanced, preventing large-scale asymmetry. 293 

Figure 13 shows analogous difference fields (to Figure 12) using the posterior SFs by replacing 𝐱𝐚 with 𝐱̂. 𝐱a. In all four runs, 294 

the post-inversion differences are drawn substantially toward zero. A closer look shows a slight overshoot in Figure 13a (pale 295 

blue versus yellow); a slightly smaller γ might correct that overshoot. Figure 13b, which corrects Figure 12b, shows posterior 296 

differences (𝐱̂. 𝐱𝐚 − 𝐱𝐓) approaching zero in continental cores but deviating near coasts. Those coastal deviations correspond 297 

to decreases in 𝜕𝐱̂/𝜕𝐱𝐚 shown in Figure 11. 298 

By examining individual runs, we see the ensemble mean can be either closer to or farther from the target SF than its individual 299 

members. For example, averaging Figures 13a and 13b yields slightly better convergence than Figure 13b alone, but still worse 300 

than Figure 13a, where the prior SF was already near the target. In contrast, averaging Figures 13c and 13d outperforms either 301 

individual run, producing an ensemble SF field that approaches 1.0 almost precisely. Inspecting individual ensemble members 302 
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reveals which members are close to—or far from—the target SF; a strong convergence of a member can indicate that this 303 

particular disturbed prior SF field best corresponds to the observations. 304 

5.1.5. Histograms of prior and posterior differences from the target SF  305 

 
Figure 12: The individual ensemble members are shown by the difference between the prior SF and the target SF for two 
combinations of prior set and target: (a–b) the sinusoidal-pair run set combined with T2; (c–d) the disturbed-pair run set 
combined with T0. 

 

 

Figure 13: Similar to Figure 12, but with the prior SF replaced by the posterior SF to assess convergence toward the target. Good 
convergence is characterized by expanding regions where the values approach zero. 
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Figures 14-17 summarize all individual runs and ensembles with histograms showing how closely the inverted SF matches the 306 

target SF. Each histogram plots the distribution of absolute differences |𝐱𝐚 − 𝐱𝐓| (red) and |𝐱̂. 𝐱𝐚 − 𝐱𝐓| (blue) across all pixels 307 

on a 4° latitude × 5° longitude grid. Only non-trivial inversions (|𝐱̂ − 1| > 0.01) were included. The black value in the legend 308 

marks half the maximum variability in  |𝐱𝐚 − 𝐱𝐓|; the red and blue percentages give the fractions of  |𝐱𝐚 − 𝐱𝐓| and |𝐱̂. 𝐱𝐚 −309 

𝐱𝐓|  values below that threshold. The blue percentage is usually smaller than the red, and their difference quantifies the 310 

convergence level when 𝐱𝐚 and 𝐱𝐓 differ.  311 

When the target is T0, the histograms in Figure 14 indicate that ensemble means from all prior-SF sets converge to T0 nearly 312 

precisely, consistent with the findings in the 𝐱̂  ensemble maps (Figure 7). In the disturbed-pair and disturbed-three cases 313 

(Figures 14h–14j, 14l–14m), posterior differences transform from a roughly uniform distribution to a Gaussian-like distribution 314 

with minimal scatter. A similar transformation occurs for the sinusoidal-pair and sinusoidal-three cases (Figures 14a–14c, 14e–315 

14f), but individual runs show poorer convergence because their initial differences are systematically larger, exhibiting 316 

continental-scale biases as evidenced by red histogram peaks that are significantly displaced from zero. The blue histogram 317 

for the ensemble-mean field in Figure 14g has a slight tail toward larger differences, indicating the sinusoidal-pair case 318 

converges slightly less well than the sinusoidal-three case. 319 

 
Figure 14: Histograms of absolute differences between the inverted and target SF (T0 for this figure) for individual runs and the 
ensemble mean. Rows correspond to different prior sets. Within each row, ensemble members are labeled diff_0, diff_1, and diff_2. 
Red and blue histograms show prior and posterior differences, respectively. Black numbers in the legends denote half of the peak 
frequency of the prior histogram, indicating its distribution spread. Detailed annotations are provided in the legends of the 
rightmost column. 
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 320 

 
Figure 15: Same as Figure 14, except with T1 as the target. 

 

 

Figure 16: Same as Figure 14, except with T2 as the target. 
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Because T1 differs substantially from all prior sets—for instance, exhibiting a 90° phase shift relative to each of the sinusoidal-321 

pair priors—the posterior differences (|𝐱̂. 𝐱a − 𝐱T1| ) reflect systematically poorer convergence, characterized by greater 322 

variability and broader peaks around zero. On a separate note, ensemble-mean distributions are remarkably similar across 323 

prior-SF types (Figures 15d, 15g, 15k, and 15n), indicating that prior-disturbance type does not change ensemble-mean 324 

convergence (as concurred in Figure 9). Examining the half-maximum widths (black values in legend), we note that the 325 

ensemble mean reduces variability relative to individual runs but does not bring the mean closer to T1; several individual runs 326 

(e.g., Figures 15h–15k) exhibit narrower peak regions around zero than the ensemble mean. 327 

T2 (maximum in the East) and T3 are out of phase with each other, each having an amplitude of 0.2 and being in phase with 328 

one member of the sinusoidal-pair prior. For members aligned with T2 or T3 (Figures 16a and 17b), the posterior differences 329 

|𝐱̂. 𝐱a − 𝐱T2/T3| show further reduction toward zero with minimal scatter in the histograms. By contrast, the anti-phased prior 330 

member (relative to T2/T3) yields poorer convergence and much larger variability in |𝐱̂. 𝐱a − 𝐱T2/T3| (Figures 16f and 17e). 331 

This outcome is expected, and both histograms are qualitatively similar; however, convergence to T2 is better overall, showing 332 

a 24% improvement in the difference between the blue and red curves compared to 20% for T3. This disparity arises because 333 

the anti-phased member relative to T2 has a 25% deficit in the East, whereas the anti-phased member relative to T3 has a 25% 334 

surplus in the East with respect to the prior total emissions. Because the prior total emission field has its global maximum in 335 

China, a 25% increase yields a higher emission forcing, thereby generally worsening convergence. 336 

 

Figure 17: Same as Figure 14, except with T3 as the target. 
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5.2. Under oco2Trk condition  337 

5.2.1. Comparison between oco2Trk and FullC for the pseudo-observations 338 

Satellite measurements provide consistent, coherent spatiotemporal coverage, enabling meaningful global flux inversion. 339 

However, full spatiotemporal coverage at the given resolution is still the ideal scenario. Here, "full coverage" means the global 340 

4° latitude × 5° longitude grid on an hourly basis. After resampling onto this grid, OCO-2 coverage (see Figure 5) accounts for 341 

less than 10% of the full coverage. For OCO-2-track inversions (oco2Trks) we use γ = 10; OCO-2-track-based inversions 342 

require a much larger γ for the posterior SF (𝐱̂) to show notable variability. The γ=10 is close to optimal but may vary slightly 343 

with the target SF. 344 

Figures 18–19 show side-by-side difference maps (ensemble-mean posterior SF–target SF) for FullC and oco2Trks, 345 

respectively. Applying the criterion |𝐱̂ − 1| > 0.01 to oco2Trks reveals a much smaller area of non-trivial inversion than for 346 

FullC, despite oco2Trks using a larger γ. Adjusting γ can partly change this area by changing 𝐱̂ magnitudes, but the primary 347 

cause is the much poorer spatiotemporal coverage of oco2Trks. We do not observe any identifiable satellite footprints—such 348 

as those shown in Figure 5—in these maps. The spatial variability of 𝐱̂ is strongly correlated between FullC and oco2Trks. In 349 

the Eastern Hemisphere (around China), FullC shows an overshoot relative to zero, as shown in Figures 18a and 18d. In the 350 

Western Hemisphere, oco2Trks produce notably weaker deviations from the initial differences than FullC (Figures 19a, 19d, 351 

 
Figure 18: Comparison between the FullC and oco2Trks runs in terms of posterior (along with prior) SF deviations from the 
target; selected cases are shown, as indicated in subplot titles. Columns display FullC results (Column 1), oco2Trks results 
(Column 2), and prior differences (Column 3). Regularization parameters are set to γ = 1 for FullC and γ = 10 for oco2Trks. To 
highlight key features, only the Eastern Hemisphere is displayed. 
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and 19g versus 19b, 19e, and 19h), with FullC showing closer convergence toward zero. In summary, corrections are 352 

consistently larger in the East than the West under a globally uniform γ, likely because higher prior total emissions in China 353 

produce greater sensitivity in that region. 354 

Figure 20 presents histograms (analogous to Figures 14–17) for OCO-2-track inversions (γ = 10) for T0. As in FullC, the 355 

ensemble-mean 𝐱̂  converges nearly exactly to 1.0, but individual-member performance depends on the prior SF. For 356 

disturbed-pair and disturbed-three priors the distributions are approximately Gaussian and centered on zero with minimal 357 

scatter, similar to FullC. By contrast, sinusoidal-pair and sinusoidal-three priors—which exhibit a strong global bias—show 358 

much poorer convergence for individual runs on oco2Trks: in Figures 20a–20c and 20e–20f the peaks shift toward but do not 359 

center on zero, indicating a smaller degree of adjustment of the posterior SFs compared with FullC. The same behavior occurs 360 

for T1–T3. Adjusting γ can improve convergence, but it is uncertain whether it will qualitatively change the histogram shapes. 361 

 
Figure 19: Same as Figure 18, but for the Western Hemisphere. 
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Figure 21 summarizes the comparison between FullC and oco2Trks across all prior–target SF combinations using their spatial 362 

correlation coefficients. Correlations are computed using sampling based on oco2Trks because their non-trivial inversion area 363 

is smaller. Overall correlations are high (≈0.85). Runs paired with T0 show the highest correlations; runs paired with T1 show 364 

the lowest, reflecting T1’s largest bias relative to the priors. T2-related runs exhibit slightly better and more consistent 365 

 

Figure 20: Histograms presented as in Figure 14, but using the inversion results for oco2Trks. 

 

 
Figure 21: Line plot of spatial correlation coefficients between the FullC and oco2Trks posterior SF fields across all individual runs 
and their respective ensemble means. Vertical grey dotted lines separate the different prior sets in the following sequence: 
sinusoidal-three, sinusoidal-pair, disturbed-three, and disturbed-pair. Red crosses indicate the ensemble mean for each set; crosses 
are absent for certain sets because their ensemble-mean values are uniformly close to 1.0. 
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correlations than T3-related runs, reflecting the hemispheric asymmetry noted earlier. Overall, Figures 17–21 show that 366 

oco2Trks produce results qualitatively similar to FullC despite a substantially reduced area of non-trivial inversion due to 367 

poorer spatiotemporal coverage. Regions of non-trivial inverted SFs do not align with satellite footprints but instead occur 368 

where model sensitivity is higher, consistent with FullC. 369 

5.2.2. Inversion result for OCO2 measurements 370 

We next set the target to the OCO-2 observations (T_oco2) and run all prior-disturbance types with γ = 10. Figure 22 shows 371 

the resulting mean SF fields from all runs: Figure 22a is the ensemble mean 𝐱̂ and Figure 22b is the ensemble mean 𝐱̂. 𝐱𝐚. The 372 

close agreement between the two panels confirms the inversion’s robustness, since 𝐱̂. 𝐱𝐚  typically amplifies the nonlinear 373 

features present in 𝐱̂. 374 

Alongside Figure 22, we revisit Figures 4 and 5 to examine the global prior emission fields and OCO-2 observations, 375 

respectively. Figure 5 shows a low bias in OCO-2 measurements relative to GC concentrations at high latitudes during the 376 

inversion period. Although OCO-2 concentrations are generally higher between 50°S and 30°N, the high-latitude 377 

Eastern-Hemisphere low bias extends southward and affects regions such as China. Corresponding to this mid-to-high-latitude 378 

low bias, Figure 22 shows widespread reductions in SF (𝐱̂ < 1) in those regions. By contrast, posterior SFs over India and 379 

Europe are near or slightly above 1.0. Along the U.S. east coast, posterior SFs are below 1.0 but with a much smaller deficit 380 

than in China. Assuming these SF reductions in North America and China mirror the T2/T3 target experiments (Figures 18–381 

19): with oco2Trks and γ = 10, posterior corrections toward T2/T3 are weaker for North America (Figures 19b, 19e) but 382 

substantially stronger around China (Figures 18b, 18e). This east–west asymmetry revealed in Figures 18–19 suggests that SF 383 

adjustment toward lower emissions in North America may be stronger than indicated in Figure 22. 384 

Emissions in southern Africa and southern South America are negative in Figure 4, indicating surface uptake (downward 385 

concentration flux) in those areas. Figure 22 shows posterior SFs below 1.0 in both regions, suggesting actual uptake is smaller 386 

than indicated by the prior emissions. Overall, Figure 22 matches the bias pattern in Figure 5c, but these results should be 387 

interpreted with caution because the bias pattern in Figure 5c could also be caused by other factors, such as an imperfect 388 

 
Figure 22: Inverted SF field using OCO-2 observations instead of the pseudo-observations corresponding to the target SFs shown in 

Figure 2. These runs also used γ = 10. (a) Mean 𝐱̂ across runs using all prior sets. (b) Each 𝐱̂ was first multiplied by its prior SF, and 
then the results were averaged. 
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forward model or wind fields with substantial errors. Previous work (Wang et al., 2022) using Tansat CO2 and the GEOS-Chem 389 

adjoint also found increased land sinks (less emissions) at mid–high latitudes and reduced sinks in the tropics relative to prior 390 

estimates. 391 

5.3. The γ dependency 392 

Stable solutions to the inversion problem through minimizing the cost function require a trade-off between two metrics: one 393 

pertains to the regularized solution, while the other describes the quality of the fit to the observational data, typically illustrated 394 

by an L-curve (Hansen, 1999). The dependence on the tuning parameter γ in carbon flux inversions has been discussed 395 

elsewhere (e.g., Qu et al., 2021; Lu et al., 2021; Chen et al., 2023). In this study, we used pseudo-observation fields derived 396 

from the target SFs, so we adopted a different fit metric rather than using posterior and prior concentrations. 397 

We select a range of γ values, 10α, where α takes the values -1, -0.5, 0, 0.5, 1, 1.5, and 2, corresponding to respective values 398 

0.1, 0.316, 1, 3.16, 10, 31.6, and 100. Previously we used SF differences from the target as measures: |𝐱𝐚 − 𝐱𝐓| is the initial 399 

(prior) deviation and |𝐱̂. 𝐱𝐚 − 𝐱𝐓| is the posterior deviation. The operator |·| denotes the global mean of pixel-wise absolute 400 

differences. We define fit quality as |𝐱̂. 𝐱𝐚 − 𝐱𝐓| − |𝐱𝐚 − 𝐱𝐓|. A more negative value of this metric means two things: (1) the 401 

posterior SF moves closer to the target overall, and (2) global variability in the posterior SF is not dominated by large local 402 

fluctuations that arise when inversion becomes unstable. Unlike a standard L-curve metric, this measure captures the 403 

 
Figure 23: γ-dependency curves for the prior sinusoidal-pair set combined with T1, with γ values labeled next to each data point. The 

left and right panels show results for the FullC and oco2Trks runs, respectively. The x- and y-axes correspond to 𝐱̂ variability (in 
STD) and fit-quality indices (definitions in Section 5.3). Red, blue, and black curves show the fit-quality indices for the two individual 
runs and their ensemble mean, respectively. 
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degradation in fit as γ increases indefinitely; in this case, large point-to-point variability or checkerboard patterns would appear 404 

in 𝐱̂. The metric’s dependence on γ has a turning point, which makes the optimal γ easier to identify. 405 

Figure 23 shows the γ-dependency curves for the case using T1 combined with the sinusoidal-pair prior. T1 was chosen because 406 

the associated convergence level in 𝐱̂ is generally poorer, and we wanted a challenging case to construct the γ-dependence 407 

curve. We used the standard deviation of 𝐱̂ as the metric for the regularized solution. Two sampling thresholds for |𝐱̂ − 1| 408 

(>0.05 and 0.1) produced the slightly different γ-dependency curves shown in the upper and lower panels, respectively. The 409 

left and right panels show FullC and oco2Trks, respectively. Within each panel the three curves are roughly consistent. For 410 

FullC the minimum occurs at γ = 0.316 or 1.0. Although the two thresholds (0.05 and 0.1) shift the curves vertically, they do 411 

not change the γ at which the minimum occurs. Because the oco2Trks coverage is less than one-tenth of FullC, the optimal γ 412 

is much larger (≈31.6–100) in the right panel. For FullC, γ > 10 produces rapidly increasing noise that worsens convergence 413 

toward the target. The variability around the turning point for oco2Trks is asymmetric and decays more slowly with increasing 414 

γ, which may be due to poor spatiotemporal coverage; as shown above, we found that much larger γ is required to produce 415 

notable variability in 𝐱̂. The exact turning-point γ can vary slightly with the chosen target and would require more experiments 416 

to determine precisely. 417 

6. Discussion and conclusions 418 

In this study, we developed an Adapted Analytic CO₂ Flux Inversion Model (AACO₂FIM) based on the Integrated Methane 419 

Inversion (IMI) system. Specifically, we modified the original CO₂ code in GEOS-Core to add emission-perturbation capability 420 

for calculating Jacobians, and scaling-factor (SF) capability for emissions. We also incorporated two spatiotemporal coverage 421 

schemes into the inversion package. Our overarching goal is to expand the existing suite of top-down inversion frameworks, 422 

enabling future multi-model and cross-model validations. Ultimately, such advancement aims to enhance the accuracy of top-423 

down estimation techniques, making them a more practical and reliable tool for societal decision-making. We evaluated the 424 

performance of the AACO₂FIM framework specifically focusing on its inversion model, while assessing how the regulated 425 

solution is affected by spatiotemporal coverage. The system ingested the best available CO2 inventories, forward-model 426 

pseudo-observations, and OCO-2 satellite observations as primary inputs. 427 

Carbon dioxide emission inventories were aggregated onto a user-defined grid using GEOS-Chem HEMCO diagnostics, as 428 

summarized below: Fossil fuel emissions from land in the Northern Hemisphere are the largest contributors, typically 429 

accounting for over 80% of total emissions at main-emission centers in the Northern Hemisphere; for example, Eastern China 430 

can reach 10×10-8 kg/m²/s. Ocean exchange exhibits more diffuse patterns and vary with latitude: near the equator emissions 431 

are slightly positive at 0.2×10-8 kg/m²/s, while mid-to-high latitudes typically show negative values, ranging from -0.5 to -432 

1.0×10-8 kg/m²/s, indicating net absorption. The Balanced Biosphere and Net Terrestrial Exchange include wildfires, soil 433 

dissolution, plant photosynthesis, and respiration. Over Northern Hemisphere land, these processes account for at least 30% 434 
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of positive emissions; in the Southern Hemisphere (notably southern South America and southern Africa) they exhibit net 435 

negative values, offsetting the emission sources. 436 

Assessing uncertainty in top-down carbon flux inversion is essential to validate its reliability. Top-down methods estimate 437 

regulated emission scaling factors (SFs) via numerical modeling, reducing subjectivity, but uncertainties from the forward 438 

model, inversion model, meteorological data, prior emissions, and observations must be contained (Wolden et al., 2022). Using 439 

various forward transport models, previous studies show model-dependent but generally moderate errors. For instance, Pickett-440 

Heaps et al. (2011) found biases and RMS differences across transport models typically within ~1.0 ppm, providing basic 441 

confidence in using different transport models. Regarding inversion algorithms, Bousserez et al. (2015) reported similar 442 

error-reduction patterns between Monte Carlo and variational methods, despite their different convergence rates. Focusing on 443 

the effect of observations, Liu et al. (2016) demonstrated that inversion results become less dependent on inversion methods 444 

as the coverage of observations increases. Lagrangian dispersion models (e.g., WRF-HYSPLIT) are another suite of transport 445 

frameworks that are desirable for regional studies because of lower computational cost and simplicity. For example, the results 446 

of WRF-HYSPLIT compare reasonably well with those of WRF-Chem in sub-daily CO2 variability despite differences in 447 

vertical structure (Karion et al., 2019). These cross-model comparisons demonstrate basic consistency, even though different 448 

models may share similar biases. Such a consistency supports pursuing specific models for operational purposes. To do so, we 449 

must quantify inversion uncertainty in greater detail. In this paper, we first adapt the IMI to facilitate CO2 inversion and then 450 

assess the resulting performance under several combinations of prior and target emission settings.  451 

The inversion algorithm is typically developed for specific satellite spatiotemporal coverage; here we utilized OCO-2 orbital 452 

tracks (oco2trks). We also employed a global grid (4° latitude × 5° longitude) as an ideal coverage (FullC) to test variability 453 

of the inversion results to spatiotemporal coverage. Meanwhile, forward model sensitivities (Jacobians) strongly influence 454 

inversion results: because ocean emissions are much lower and spatially smoother, the Jacobians show minimal responses to 455 

percentage changes in prior emissions, so the inversion cannot effectively adjust prior emissions over oceans. Even improved 456 

or complete spatiotemporal coverage does not change this limitation. 457 

To evaluate the performance of AACO₂FIM, we used predetermined target SFs to generate several spatiotemporal distributions 458 

of pseudo-observations. We then examined how the regulated solution (the inverted SF) responds and converges toward these 459 

targets. The target SFs were longitudinal wave-1 with amplitudes ≤0.25 and varying phases. We also created multiple prior 460 

disturbance sets (each with pixelwise ensemble mean of zero), consisting of either random noise across state-vector elements 461 

or the aforementioned longitudinal wave-1 pattern.  462 

In the first experiment, the observation proxy was driven by prior emissions with no scaling applied (SF ≡1.0). In this case, 463 

the ensemble mean of the inverted SFs lies within 1.0 ± 0.05—with the largest discrepancies occurring when the sinusoidal 464 

prior disturbance is applied—indicating extremely close convergence toward 1.0 overall. This experiment validates the 465 
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inversion model, yielding similar results to previous work, such as Niwa et al. (2022), who utilized an iterative variational 466 

method. 467 

When the target SF field is biased relative to the prior SF, the inverted (regulated) SF generally falls between the prior and 468 

target, though the degree of convergence toward the target varies widely across the domain. The inverted SF field obtained 469 

with the optimal (globally consistent) γ shows the best alignment with the target and reproduces its longitudinal variability (as 470 

we used a wave-1 longitudinal variability pattern). A closer examination shows that where the forward-model sensitivity to 471 

emission changes is significant (the main emission centers), the posterior SFs approach the target effectively. However, when 472 

the prior and target bias is large (for example, caused by a 90° phase shift), poorly contained variability can occur in those 473 

centers, such as over-shooting. By contrast, inversion is ineffective (𝐱̂ ≈1.0) in regions with low forward-model sensitivity, 474 

where the prior emissions are small or lack spatial variability (for example, over oceans). For a given inversion run, a pair of 475 

histograms showing prior-to-target and posterior-to-target SF differences (over all pixels) can be used to quantify convergence 476 

by comparing the percentages of values below a common threshold toward zero. 477 

For the same pseudo-observational target SFs, inversions on OCO-2 tracks require a substantially larger optimal γ to produce 478 

a noticeable correction from the prior SF, but the area where the inversion produces nontrivial changes shrinks markedly 479 

because of the limited spatiotemporal coverage. Nevertheless, the inverted SFs from both coverage types remain strongly 480 

correlated, indicating that spatiotemporal coverage differences do not change the overall global variability of the inverted SF 481 

field. 482 

Finally, original OCO-2 XCO2 data from 1-8 February 2019 were used as the observations, and the global bias of these data 483 

from the GC-modeled concentrations was also calculated. The bias and the inverted SFs show overall good correspondence, 484 

indicating localized responses to emission deficits or surpluses on continental scales within the 8–day period. The inverted SFs 485 

indicate that mid- to high-latitude regions—particularly China—should exhibit lower emissions than the prior estimates, while 486 

lower-latitude regions, including parts of South America and Africa, are expected to have higher emissions or lower uptakes. 487 

Concurrently, we introduced and computed a fit quality index—defined specifically for this study—is computed using the 488 

target SFs rather than forward-model or observational concentrations. With the regulatory parameter γ set to 0.1, 0.316, 1, 3.16, 489 

10, 31.6, and 100, we find γ between 0.316 and 1.0 is optimal for the FullC cases. For poorer spatiotemporal coverage (e.g., 490 

oco2Trks), a significantly larger γ is required to reach the optimal fit quality. 491 

Code and data availability 492 

IMI and GEOS-Chem code packages can be downloaded from https://github.com/geoschem/integrated_methane_inversion . 493 

The webpage may change periodically. OCO2 level-2 data can be downloaded from 494 

https://disc.gsfc.nasa.gov/datasets?keywords=oco2 . The carbon dioxide (CO2) emission inventories and Geos-FP data are 495 

automatically downloaded from Amazon Web Services (AWS) while running the IMI. 496 
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