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Abstract. Solver-coupled learning offers a structured alternative to direct state-to-state regression for global atmospheric fore-
casting, but its forecast quality depends on how accurately the embedded coefficient dynamics represent unresolved forcing
and coarse-grid numerical effects. We represent these unresolved effects using a bounded transport-residual closure (BTRC)
embedded in an explicit sub-stepping solver. Building on the reduced horizontal transport-coefficient dynamics of PASSAT,
we separate a retained spherical advection—curvature operator from aggregate terms omitted, approximated, or numerically
distorted by the reduced model, including pressure-gradient, Coriolis, frictional, subgrid, vertical-coupling, and discretization
contributions. A graph network estimates a raw aggregate equation discrepancy, which is mapped through a scaled hyperbolic
tangent to obtain the BTRC. The resulting closure is inserted into the coefficient-update pathway and modifies the transport
coefficients used by subsequent atmospheric state updates. The bound limits the direct closure-induced coefficient increment
per Euler sub-step to dt7, providing a numerical safeguard against unconstrained learned forcing; it is not presented as a proof
of global dynamical stability. The BTRC is shared across prognostic channels as a compact directional correction, while an
auxiliary node-level gated wavelet branch refines multi-resolution graph features. Experiments on coarse-resolution ERAS5 data
under WeatherBench-style protocols show the clearest gains for temperature and 500-hPa geopotential (Z500). Near-surface
wind fields exhibit more consistent improvements in ACC than in RMSE, and the latter gains are small or not uniformly posi-
tive. A residual-free control, Et = 0, provides targeted evidence that the learned in-solver BTRC materially contributes to the
long-lead improvements within the evaluated setting. These results support bounded transport-residual learning as a promising

mechanism for improving autoregressive behavior in reduced solver-coupled atmospheric models.

1 Introduction

Global atmospheric forecasting from reanalysis-derived gridded fields is an important problem in geoscience information
processing. Reanalysis products such as ERAS integrate diverse observations and model information to provide spatially con-
tinuous estimates of atmospheric states, enabling the development and evaluation of data-driven forecasting models Hersbach
et al. (2020). Standardized benchmarks, including WeatherBench Rasp et al. (2020) and WeatherBench 2 Rasp et al. (2024),
have further promoted reproducible comparison of global data-driven forecasting systems. Although operational numerical

weather prediction (NWP) systems have achieved remarkable progress through advances in dynamical cores, data assimi-
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lation, and high-performance computing, they remain computationally expensive and may still suffer from errors related to
imperfect initial conditions, numerical discretization, and unresolved subgrid processes Bauer et al. (2015); Dueben and Bauer
(2018). These challenges motivate efficient learning-based forecasting methods that can maintain both accuracy and stability
over medium-range lead times.

Recent learning-based forecasting models have progressed from early convolutional and recurrent predictors Scher (2018);
Weyn et al. (2020); Arcomano et al. (2020) to graph-based models Keisler (2022); Lam et al. (2023), neural-operator and
spectral architectures Pathak et al. (2022), transformer-based systems Bi et al. (2023); Chen et al. (2023a), hybrid graph—
transformer forecasters Lang et al. (2024), cascade and probabilistic generative systems Chen et al. (2023b); Price et al. (2025),
end-to-end forecasting systems Allen et al. (2025), and foundation models Nguyen et al. (2023); Bodnar et al. (2025). These
models can produce global forecasts much faster than traditional solvers and have demonstrated strong performance on standard
benchmarks. However, most data-driven forecasters primarily learn a direct mapping from historical atmospheric states to
future states. Such direct-regression formulations provide limited explicit control over physically meaningful intermediate
quantities, such as transport coefficients, local tendencies, or unresolved correction terms. This limitation makes it difficult
to diagnose and mitigate error accumulation during autoregressive rollouts, where small stepwise errors may accumulate into
large-scale drift Schultz et al. (2021); Dueben and Bauer (2018).

Physics-guided learning provides a complementary route toward improving stability and interpretability. Representative
approaches include physics-informed neural networks Raissi et al. (2019); Karniadakis et al. (2021), neural differential equation
models Chen et al. (2018); Verma et al. (2024), physics-assisted graph forecasting Zheng et al. (2025), differentiable dynamical-
core learning Kochkov et al. (2024), and learned physical parameterizations or residual closures Rasp et al. (2018); Brenowitz
and Bretherton (2018, 2019); Bolton and Zanna (2019); Mardani et al. (2025). Some existing hybrid approaches incorporate
physical knowledge through loss-level constraints, external parameterizations, differentiable operators, or post-hoc residual
corrections. These designs motivate tighter solver coupling, where learned equation-related terms are consumed inside the
inference-time update rather than only used as training penalties or output-level corrections.

Fig. 1 illustrates the motivation and scope of the proposed formulation. PASSAT already couples a spherical advection
equation with numerically evolved velocity-like transport coefficients. Our starting point is therefore not a new coefficient-
evolution mechanism. Instead, we ask a narrower question: how should a reduced coefficient equation represent terms that
are omitted, approximated, or numerically distorted when embedded in an autoregressive learned forecaster? We represent
this mismatch using a bounded transport-residual closure (BTRC) placed inside the coefficient update, thereby modifying the
transport trajectory consumed by subsequent state sub-steps.

The distinction is important. A post-hoc residual predictor corrects the forecast state after the numerical update and can
obscure whether the error originated from transport or from local tendencies. In contrast, the proposed BTRC changes the
intermediate transport trajectory consumed by subsequent state sub-steps. This explicitly localizes the closure within the solver
and enables a controlled residual-free ablation in which the same update is retained but Et is set to zero.

In this paper, we develop a solver-coupled graph forecaster centered on BTRC. The graph encoder predicts the local in-

teraction tendency, the initial transport coefficients, and a common directional residual estimate for the reduced coefficient
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Figure 1. Conceptual positioning of the proposed bounded transport-residual closure (BTRC). Direct state mapping predicts the future

atmospheric state without exposing equation-related intermediate variables. A PASSAT-style reduced solver predicts interaction tendencies

and initial velocity-like transport coefficients and evolves the coefficients using a simplified spherical transport-coefficient update. The

proposed method retains this solver-coupled structure but represents the unresolved coefficient-equation remainder using the BTRC, R, =

Ttanh(ﬁt). The closure is applied inside the coefficient update and modifies the transport coefficients consumed by subsequent state sub-

steps. The highlighted BTRC pathway, rather than coefficient evolution itself, is the methodological contribution of this work.

60 equations. The raw estimate is mapped through 7tanh(-) to obtain the bounded closure used during explicit Euler integration.

The saturation map is motivated by its smoothness, odd symmetry, near-linear response around zero, and finite range, which

together limit the direct learned forcing applied in one sub-step. A node-level gated wavelet branch is retained as an auxiliary

representation-refinement component rather than the central methodological claim.

The main contributions are summarized as follows:

65 — We formulate BTRC as a bounded approximation to the discrepancy between fuller horizontal transport-coefficient dy-

namics and a retained spherical advection—curvature operator. This formulation identifies plausible discrepancy sources—

including omitted pressure-gradient, Coriolis, frictional, subgrid, vertical-coupling, and discretization effects—without

claiming that the learned field uniquely recovers any individual physical force.

— We introduce the in-solver parameterization Rt = Ttanh(ﬁt) and derive its per-sub-step correction bound. This pro-

70 vides a numerical safeguard for learned forcing while explicitly avoiding the stronger claim of a formal global-stability

theorem.
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— We evaluate BTRC using two complementary controls. Comparison with the capacity-matched PASSAT precursor eval-
uates the complete reformulation, whereas the ét = 0 variant isolates the effect of the learned residual within the other-
wise matched coefficient-update pathway. The node-level wavelet branch is analyzed as a secondary feature-refinement

component.

2 Related Work
2.1 Data-Driven Global Atmospheric Forecasting

Data-driven global atmospheric forecasting has advanced rapidly with the availability of large-scale reanalysis products and
standardized benchmarks. Early studies explored convolutional, recurrent, and hybrid neural architectures for learning atmo-
spheric evolution from gridded fields Scher (2018); Weyn et al. (2020); Arcomano et al. (2020). Keisler further demonstrated
the potential of graph neural networks for global weather forecasting Keisler (2022). Recent large-scale systems have achieved
strong medium-range forecast skill, including FourCastNet Pathak et al. (2022), Pangu-Weather Bi et al. (2023), GraphCast
Lam et al. (2023), FuXi Chen et al. (2023b), FengWu Chen et al. (2023a), AIFS Lang et al. (2024), GenCast Price et al. (2025),
Aurora Bodnar et al. (2025), and Aardvark Weather Allen et al. (2025). Foundation models such as ClimaX further demonstrate
the potential of pretraining across heterogeneous weather and climate datasets Nguyen et al. (2023).

Most of these systems primarily learn a mapping from historical atmospheric states to future states. Although this formu-
lation is highly expressive and computationally efficient, it provides limited explicit access to equation-related intermediate
quantities. In particular, forecast errors cannot be readily attributed to inaccurate transport, missing local tendencies, unre-
solved processes, or numerical accumulation. This limitation motivates structured forecasting approaches in which learned

quantities are consumed inside an explicit state-evolution procedure rather than used only to produce the final forecast field.
2.2 Physics-Guided and Solver-Coupled Forecasting Models

Physics-guided learning introduces scientific knowledge through governing equations, physical constraints, differentiable op-
erators, or structured latent variables. Physics-informed neural networks incorporate partial differential equation residuals into
the training objective Raissi et al. (2019), while broader physics-informed machine learning frameworks combine data-driven
learning with scientific models and constraints Karniadakis et al. (2021); Willard et al. (2022). Such loss-level constraints can
encourage physical consistency, but they do not by themselves determine how learned terms participate in the inference-time
evolution of a high-dimensional atmospheric state.

A more tightly coupled family of methods embeds learned dynamics, physical operators, or differentiable solvers directly
into the forecasting process. Neural ordinary differential equations provide a continuous-time framework for learning dy-
namical systems Chen et al. (2018). ClimODE applies a physics-informed neural ODE formulation to climate and weather
forecasting Verma et al. (2024), whereas Neural GCM combines learned physical parameterizations with a differentiable at-

mospheric dynamical core Kochkov et al. (2024). PASSAT couples topology-aware graph learning with a simplified spherical



105

110

115

120

125

130

135

(© Author(s) 2026. CC BY 4.0 License.

O

https://doi.org/10.5194/egusphere-2026-4741
Preprint. Discussion started: 12 October 2026 EG U
sphere

momentum solver Zheng et al. (2025). These methods motivate the use of learned equation-related terms inside numerical state
evolution rather than only as training regularizers or output-level corrections.

The following paragraphs clarify the methodological boundary between the proposed model and the three most closely
related solver-coupled frameworks.

Relationship to PASSAT: PASSAT is the direct methodological precursor of this work. It already predicts variable-specific
velocity-like transport fields and local interaction tendencies using a topology-aware graph network, and it advances the trans-
port fields through a simplified horizontal spherical momentum formulation Zheng et al. (2025). Consequently, spherical
transport, transport-coefficient evolution, graph-based interaction estimation, and explicit numerical sub-stepping are inherited
premises rather than new contributions of the present study. The distinction lies in the treatment of the unresolved coefficient-
equation remainder. Whereas PASSAT relies on prescribed approximations for terms such as pressure-gradient, Coriolis, and
frictional effects, the proposed formulation retains the spherical advection—curvature operator and represents the aggregate
discrepancy of omitted, approximated, and numerically distorted terms using the proposed bounded transport-residual closure
(BTRC). The BTRC modifies the transport trajectory used by subsequent atmospheric state updates.

Relationship to ClimODE: ClimODE learns continuous-time atmospheric evolution through a physics-informed neural ODE
Verma et al. (2024). It does not use the same decomposition into variable-specific transport coefficients, local interaction
tendencies, and a reduced horizontal coefficient equation. The learned vector field in ClimODE and the bounded coefficient-
equation residual considered here therefore act on different governing formulations. The contribution of the present work is
not neural continuous-time integration itself, but the placement of a bounded learned equation discrepancy inside a reduced
transport-coefficient solver.

Relationship to Neural GCM: NeuralGCM combines learned physical parameterizations with a substantially more complete
differentiable atmospheric dynamical core Kochkov et al. (2024). Its learned components represent unresolved physical pro-
cesses within a global circulation model, whereas the present work considers a narrower setting: a coarse-resolution reduced
horizontal transport-coefficient solver derived from a PASSAT-style formulation. We do not claim to replace a dynamical core
or to identify individual physical parameterizations. Instead, we study whether the aggregate equation discrepancy of a re-
duced coefficient model can be learned in a bounded form and consumed inside the inference-time solver. Accordingly, the
novelty lies in the formulation, bounding, and in-solver application of the coefficient-equation remainder rather than in graph

representation, coefficient evolution, or solver coupling individually.
2.3 Geometry-Aware and Multi-Resolution Representations

Global atmospheric fields are defined on the Earth’s spherical surface and contain spatial interactions over a broad range of
scales. Forecasting architectures must therefore account for spherical geometry while representing both large-scale circulation
and localized structures.

Geometry-aware representations have been developed using graphs, meshes, spherical convolutions, and spectral operators.
Graph neural networks provide a flexible mechanism for representing non-Euclidean domains and relational physical interac-

tions Battaglia et al. (2018); Gilmer et al. (2017). Mesh-based message-passing methods have also been applied to physical
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simulation and neural PDE solving Pfaff et al. (2020); Brandstetter et al. (2022). In global atmospheric forecasting, Keisler’s
model, GraphCast, and PASSAT use graph- or mesh-based connectivity to model spatial interactions without relying exclu-
sively on planar latitude—longitude convolutions Keisler (2022); Lam et al. (2023); Zheng et al. (2025). Spherical convolutional
and spectral methods provide alternative geometry-aware representations Cohen et al. (2018); Esteves et al. (2018); Bonev et al.
(2023).

In the proposed framework, the spherical graph serves as the representation substrate for estimating the equation-related
terms required by the numerical solver. The graph encoder predicts local interaction tendencies, initial transport coefficients,
and a raw coefficient-equation residual. The final atmospheric forecast is then generated by the solver-coupled state and coef-
ficient evolution described in Section 3, rather than by direct graph-based regression of the future state.

Multi-resolution modeling provides a complementary mechanism for processing atmospheric structures at different spatial
scales. Fourier and neural-operator methods support efficient global mixing Li et al. (2020); Guibas et al. (2021); Pathak
et al. (2022), whereas wavelet representations provide spatially localized frequency decompositions Mallat (1989). Wavelet
and multi-wavelet neural operators have been applied to the learning of multi-scale physical systems Tripura and Chakraborty
(2022); Gupta et al. (2021); Hu et al. (2025). In our framework, the Node-WT branch reshapes node features to the latitude—
longitude grid, applies gated wavelet refinement, and then returns the corrected features to graph order. Edge features remain
in the topology-aware message-passing pathway and are not transformed by the wavelet operator. This module is used as an

auxiliary representation refinement mechanism rather than as the central solver-coupling contribution.

3 Methodology

The overall framework is shown in Fig. 2. The methodological focus is the BTRC pathway inside the explicit solver. The
graph encoder supplies local tendencies, initial transport coefficients, and a raw estimate of the unresolved coefficient-equation

remainder. The auxiliary wavelet branch modifies only the node representation used by these heads.
3.1 Solver-Coupled Forecasting With Learned Equation Terms

We formulate global atmospheric forecasting as a solver-coupled learning problem. Let X; denote the resolved atmospheric
state at time ¢. Instead of learning an unconstrained mapping from X, to X; A, we learn a set of equation-related terms that

parameterize a discrete time-stepping update:
Xera=1a (Xt;St,Vt,Et) , (1)

where Za (-) denotes a numerical update over lead interval A, S, denotes local interaction tendencies, V, denotes dynamic
transport coefficients, and fit denotes the BTRC. This formulation allows the neural network to predict equation-structured
intermediate components while the final state update is performed through an explicit integration scheme.

The proposed formulation is related to neural differential equation models and physics-guided forecasting frameworks Chen

et al. (2018); Verma et al. (2024); Kochkov et al. (2024). However, unlike methods that use physical constraints only as
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Figure 2. Overview of the proposed BTRC-centered solver-coupled forecasting framework. Atmospheric and static fields are embedded
on a spherical graph and processed by a topology-aware graph encoder. Each GNN layer contains multiple BasicBlocks, and a Node-WT
refinement module is enabled in every BasicBlock; The encoder produces a raw two-component equation residual ﬁm, variable-specific
transport coefficients V°, and interaction tendencies S,,. During each 1-h physical stage, the residual and interaction tendency are refreshed,
and the BTRC R,,, = Ttanh(ﬁm) is held fixed for five 0.2-h Euler sub-steps. Within each sub-step, the atmospheric state is advanced using
the current transport coefficients and interaction tendency, after which the transport coefficients are evolved using the retained advection—

curvature operator and the bounded closure. Six stages produce one 6-h forecast, corresponding to a total of K = 30 Euler sub-steps.

training penalties, our approach consumes learned equation-related terms inside the inference-time update. The model therefore
operates as a structured forecaster that couples state evolution, transport-coefficient evolution, and residual correction during

autoregressive rollouts.
3.2 Problem Setup and Spherical Graph Representation

Let X; € RO*HXW denote the atmospheric state at time ¢ on a global latitude—longitude grid. In this work, we use C' =5

prognostic variables:
{t2m, t850,2z500,ul0,v10}. 2

Let O, € RCoXHXW denote static geophysical variables, such as latitude, longitude, land—sea mask, and orography. We flatten

the grid into N = HW nodes and construct a fixed spherical graph G = (V,&).
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The node feature at time ¢ is defined as
ny = vee ([ Xy, Cy]) € RV*(C+C0), 3)
For each edge (i,7) € £, we encode geometric descriptors:
eij = [A0;,Agij,dij] € R?, )

where 0 and ¢ denote latitude and longitude in radians, and d;; denotes the great-circle distance between nodes 7 and j. For
efficiency, we use sparse connectivity based on local spherical neighborhoods and a normalized sparse adjacency matrix.

Graph representations have been widely used to model relational and mesh-based physical systems Battaglia et al. (2018);
Pfaff et al. (2020); Brandstetter et al. (2022). For global weather forecasting, graph-based models are particularly suitable
because they can encode spherical topology and non-local spatial interactions Keisler (2022); Lam et al. (2023); Zheng et al.
(2025).

3.3 Transport-Tendency—-BTRC Coupled Update

The central idea of the proposed method is to predict the components required by a structured update rather than directly
predicting the next state. We decompose the learned update into three parts: local interaction tendencies, dynamic transport

coefficients, and the BTRC.
3.3.1 Multi-Head Estimation

The graph encoder produces a latent node representation h; € RV *?, From this representation, separate prediction heads

estimate the equation-related terms:

Sy = fs(hy) € RN*C, (5)

Vi, Re] = fv(hy) € RN*(2C+2), (6)

Here, S; represents local interaction tendencies, V; € RV*2¢ contains variable-specific transport coefficients {v(gc),véf)}g:l,

and ﬁt = (E@,Eqﬁ) € RV*2 is a common directional raw transport-residual estimate. Broadcasting this two-component field
across channels imposes a low-rank inductive bias: the BTRC represents spatially coherent meridional and zonal corrections
shared by the reduced coefficient solver, rather than a separately identifiable physical forcing for each prognostic variable.
This compact choice reduces closure degrees of freedom, but it cannot represent all channel-specific omitted physics and is

therefore treated as a modeling limitation rather than a physical identity.
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3.3.2 State Update With Transport and Tendency Terms

For each prognostic variable ¢ € {1,...,C}, the state tendency is modeled as

The transport coefficients V; parameterize the advection-like part of the update, while S; captures local tendencies, source—sink
effects, and cross-variable interactions not represented by the transport term. This separation makes the learned components
more interpretable than direct state regression and enables targeted stabilization through coefficient evolution and bounded

closure.
3.3.3 Residual Formulation of Transport-Coefficient Dynamics

PASSAT already evolves velocity-like transport coefficients through a simplified spherical momentum equation Zheng et al.
(2025). Therefore, coefficient evolution, solver coupling, and explicit sub-stepping are inherited premises rather than new
contributions of the present study. The methodological distinction is the introduction of BTRC inside the coefficient-evolution

pathway. At the equation level, this distinction can be summarized as

: v o
Reduced coefficient model: ek F.3(V), 3)
oV (© . ~
Proposed closed model: ETa Fr(et) (V) + R;. ©)]

Here, Fr(;) denotes the reduced spherical advection—curvature operator retained by the coefficient solver. Thus, the contribution

of the present work is not coefficient evolution itself, but the formulation and in-solver application of the BTRC term R,
To clarify the origin of this term, let Ff(ucl)l(V, X;IT) denote a fuller coefficient tendency, where II represents auxiliary quan-

tities and physical processes that are unavailable, simplified, or unresolved in the reduced forecasting system. We write

aV(C) C C C
T = Faa(V.X:1D) = EQ (V) + RO (V. X 10), (10)

where the idealized full-model discrepancy is defined as
R (VX0 = Fh(V, X0 — B (V). (11)
The discrepancy R&c) may be schematically decomposed as

=R + RO+ el (12)

forc unres model

Here, Rggzc represents forcing contributions that are omitted or only approximately represented by the reduced coefficient

equation, potentially including pressure-gradient, Coriolis, and frictional effects. Rffn)res collects unresolved processes such as

vertical coupling, boundary-layer dynamics, subgrid mixing, and interactions with atmospheric variables not included in the
(e)

present five-variable state. The term € 7

represents errors caused by the reduced two-dimensional coefficient formulation
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(c)

and the use of learned transport coefficients as proxy quantities, whereas ;.. denotes spatial-derivative and time-integration
errors.

Equation (12) represents plausible sources of the equation discrepancy rather than a supervised decomposition available
during training. Since the model is optimized only through forecast errors in normalized state space, the individual contributions
cannot be identified separately. The learned BTRC should therefore be interpreted as an aggregate effective transport residual
rather than as an estimate of any single physical force or parameterization.

Using the learned residual, whose bounded parameterization is introduced in the following subsection, the latitudinal coef-

ficient evolves as

8v§) _ (C)avé) —’U(C) 1 6Ué)
ot o 90 ¢ cosh 0¢
2 ~
- (vf) tand + Re.,, (13)

and the longitudinal coefficient evolves as

(e) (o) (e)
Wy _ @ @ L 9
ot o 90 ¢ cos® O¢
+ vec)v((;) tan + Ry, (14)

The learned BTRC acts as an effective closure for the reduced coefficient equation and modifies the transport trajectory used
by subsequent atmospheric state updates. It is therefore neither a post-hoc correction to the forecast state X nor a replacement

for the local interaction tendency .S in Eq. (7).

3.3.4 BTRC Parameterization and Numerical Rationale

The graph encoder predicts a raw two-component residual field

R, = (ﬁg,t,§¢,t) cRN*2, (15)

The two directional components are shared across the variable-specific coefficient pairs. This shared formulation provides a
compact low-rank inductive bias for spatially coherent directional corrections and limits the number of unconstrained closure
degrees of freedom. It is an architectural regularization choice rather than a physical identity, and it does not imply that the
unresolved processes are identical across all prognostic variables.

The raw network output is mapped to the solver through
R, =Ttanh(]§t) , (16)

where 7 > 0 sets the maximum BTRC magnitude in normalized coefficient-tendency units. The hyperbolic tangent is used
as a smooth saturation map: it is odd, differentiable, approximately linear near the origin, and saturates for large positive or

negative inputs. It therefore allows small residual predictions to pass approximately linearly while preventing arbitrarily large

10
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learned forcing. We use this form as a numerical design choice rather than claiming that tanh is a physical constitutive law or
the unique optimal bounding function.
Since |tanh(z)| < 1, the closure satisfies

<7 (17)

o0

|

For an explicit Euler sub-step of size dt, its direct contribution to the coefficient increment satisfies
|otRe|  <arr. (18)
oo

Let R(¥) = EU@ /5] denote the stage-wise BTRC applied at Euler sub-step k. Although the closure is refreshed every five sub-
steps, each stage-wise field satisfies HE(’C) |loo < 7. Therefore, over a lead interval A = K §t, the accumulated directly injected

contribution before nonlinear amplification and coefficient clipping satisfies

K-—1 N K-—1 _
Z StRM|| < Z 5t HR(k)H
k=0 k=0 >

< Kott =ArT.

19)

oo

These inequalities bound only the forcing inserted directly by the stage-wise BTRC. They do not prove stability of the com-
plete nonlinear atmosphere—coefficient system, whose behavior also depends on the retained operator, spatial discretization,
state—coefficient feedback, local interaction tendencies, and repeated autoregressive network calls. We therefore use “toward
stable forecasting” to describe the empirical objective and reserve “bounded” for the mathematically explicit closure property.

We additionally clip the evolved transport coefficients to a fixed range. The latitude-dependent factors in Eqgs. (7)-(14)
are evaluated on WeatherBench latitude points that exclude the exact poles, and a lower bound on |cosd)| is applied when
evaluating 1/cosf and tanf. Closure bounding, coefficient clipping, and metric regularization address different numerical
pathways: the first limits the learned forcing, the second limits the coefficient magnitude, and the third mitigates high-latitude

metric amplification.
3.3.5 Explicit Sub-Stepping Integration

The learned terms are integrated using an explicit Euler scheme with sub-stepping. Each 6-h forecast interval is divided into six

1-h physical stages. At the beginning of stage m € {0,...,5}, the network refreshes the interaction tendency and raw equation
residual:
(Smaﬁm) = fheads (X5'm7cs) . (20)

The bounded closure is then computed as
R, = 7 tanh (ﬁzm) . Q1)

Both S,, and R,, are held fixed during the following five Euler sub-steps.
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For j =0,...,4, let k = 5m + j. Following the implemented update order, the atmospheric state is first advanced using the

current transport coefficients:

XFH = XP+ 6t Fx (X5, VRS,,). (22)
The transport coefficients are subsequently updated as

VI = clip [VF + 8t (Fav-oury (V) + B )| (23)

Here, 6t = 0.2 h. Six stages and five sub-steps per stage yield K = 30 Euler updates for one 6-h forecast interval.
The closure is not added directly to the atmospheric state. Because the state update at sub-step k uses V¥, the coefficient
correction producing V**1 affects subsequent state increments rather than the current state increment. The final forecast is

Xion = XK.
3.4 Graph Encoder and Auxiliary Wavelet Refinement

The architecture consists of node and edge embeddings, topology-aware graph blocks, a gated wavelet refinement branch, and

multi-head predictors for the solver-coupled update.

3.4.1 Node and Edge Embedding

We project node and edge features into a latent space of dimension D using multi-layer perceptrons:

O =MLP,(ns), ¢» =MLP,(e), (24)

where h(9) € REXNXD and ¢(0) ¢ REXIEIXD denote latent node and edge features.
3.4.2 Topology-Aware Message Passing

Each graph block updates edge and node representations using two message-passing stages. First, edge features are updated

from incident node features:
Gij < 9ij + fe (9ij hi, hy). (25)

Then, node features aggregate messages from neighboring edges:

Bi = i+ fo (Ris Aggi pyee 95 ) (26)
where Agg(+) denotes sparse edge-to-node aggregation. We further propagate spatial information through a sparse graph con-
volution:

h < h+ fo(h, Ah), (27)

where A is the normalized sparse adjacency matrix. This design combines local message passing with efficient sparse spatial

propagation.

12
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Figure 3. Structure of the Node-WT-enhanced BasicBlock. Node and edge features are first processed by the Graph Connection Block, which
performs edge updating and edge-to-node aggregation. The resulting node features are then updated by the Graph Convolution Block through
a node MLP and sparse adjacency aggregation. The node representation is subsequently split into an identity pathway and a gated wavelet-
refinement pathway. In the wavelet pathway, node features are reshaped from graph order to the latitude—longitude grid and processed by
WTConv2d, which combines a base depthwise convolution with multi-level discrete wavelet decomposition, subband depthwise convolution,
and inverse wavelet reconstruction. The reconstructed correction is returned to graph order, scaled by tanh(-y), and added to the identity node

representation. Edge features remain in the graph message-passing pathway and are not transformed by the wavelet module.

3.4.3 Auxiliary Gated Wavelet Multi-Resolution Refinement

Standard graph message passing may oversmooth fine-scale structures and offers limited explicit control over spatial-frequency

components. To introduce frequency-aware residual refinement, we apply a node-level gated wavelet refinement branch,

as illustrated in Fig. 3. Given node features h € REXN*D

RBXDXHXW

, we reshape them into a latitude—longitude feature map Z €
according to their grid positions. This operation is well-defined for node features because each node corresponds
to a grid cell. Edge features are not passed through the wavelet branch; they remain in the topology-aware message-passing

pathway to encode geometric relationships and support node—edge aggregation. We then apply a wavelet convolution operator:

WTConv2d(Z) = DWConv(Z)
(28)
+ IDWT(Conv(DWT(Z))),
where DWT and IDWT denote discrete wavelet transform and inverse discrete wavelet transform, respectively. The corrected

signal is injected through a gated residual connection:
h < h+ tanh(y) - vec (WTConv2d(Z)), 29)

where the gate parameter is initialized to y = 0.1, corresponding to tanh(y) & 0.10, to introduce multi-scale corrections grad-
ually during training.
The wavelet branch is motivated by multi-resolution analysis Mallat (1989) and recent wavelet neural operators for scien-

tific machine learning Tripura and Chakraborty (2022); Gupta et al. (2021); Hu et al. (2025). Compared with global spectral
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transforms Li et al. (2020); Bonev et al. (2023), wavelet representations provide localized spatial-frequency corrections that

are useful for residual refinement.
3.5 Training Objective

The model is trained end-to-end using a multi-step autoregressive forecasting loss. For a rollout horizon of 7" steps, the latitude-

weighted prediction loss is

2

) (30)

T
1 ~

= kS (s o)
T; O Xttra 4 )|,

where W denotes cosine-latitude weights. To encourage smooth and stable transport fields, we add regularization on the

transport coefficients:
L=Lo+XlVIE+ A VeriaV I3, G

where )\, and A\, control the strength of coefficient magnitude and gradient regularization. During training, gradients are

backpropagated through the graph encoder, prediction heads, wavelet refinement module, and explicit sub-stepping update.

4 Experiments
4.1 Experimental Setup

We evaluate the BTRC-centered solver-coupled graph network on ERAS using a WeatherBench-style experimental protocol
Hersbach et al. (2020); Rasp et al. (2020, 2024). The existing experiments answer two closure-specific questions without
claiming a complete physical validation: whether the full reformulation improves the capacity-matched PASSAT precursor,
and whether removing the residual while retaining the coefficient pathway degrades the forecast. The node-level wavelet

branch is treated as a secondary component.
4.2 Dataset, Metrics, and Baselines

All experiments use the ERAS global reanalysis dataset Hersbach et al. (2020). ERAS provides gridded atmospheric fields de-
rived from the assimilation of diverse observations and model information, making it a suitable reference dataset for evaluating
global data-driven atmospheric forecasting. Following the WeatherBench protocol Rasp et al. (2020), atmospheric variables
are regridded to a 5.625° latitude—longitude grid, corresponding to H x W = 32 x 64, and sampled every 6 hours.

We evaluate the five prognostic variables defined in Eq. (2): t2m, t850, z500, ul0, and v10. Here, t2m denotes 2-m tem-
perature, t850 denotes 850-hPa temperature, zS00 denotes 500-hPa geopotential (Z500), and ul0/v10 denote 10-m zonal and
meridional wind components. Following the WeatherBench convention, Z500 is retained as geopotential rather than converted

2

to geopotential height, and its physical unit is m?s~2. Static geophysical fields, including latitude, longitude, land—sea mask,
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and orography, are used as auxiliary inputs. The training period is 1979-2015, the validation year is 2016, and the test period
is 2017-2018. During evaluation, all models perform autoregressive inference at 6-hour intervals up to 144 hours.

We report latitude-weighted root mean square error (RMSE) and anomaly correlation coefficient (ACC), which are standard
metrics in WeatherBench-style global forecasting evaluation Rasp et al. (2020, 2024). RMSE evaluates absolute forecast error,
while ACC reflects the ability to preserve large-scale atmospheric patterns relative to climatology. The reported RMSE units
are K for T2M and T850, m?s~2 for Z500, and ms~! for U10 and V10; ACC is dimensionless.

We compare with two groups of references. The primary reference is the capacity-matched PASSAT implementation Zheng
et al. (2025). PASSAT already evolves velocity-like transport coefficients through a simplified spherical transport-coefficient
update; our comparison therefore evaluates the complete BTRC-centered reformulation, not the introduction of coefficient
evolution. The direct effect of the learned residual is instead isolated by the Et = 0 control in Table 2. The second group
contains our capacity-matched reimplementations of representative architectures, denoted GraphCast-CM Lam et al. (2023),
Pangu-CM Bi et al. (2023), FourCastNet-CM Pathak et al. (2022), SFNO-CM Bonev et al. (2023), FengWu-CM Chen et al.
(2023a), and ClimODE-CM Verma et al. (2024). They are trained from scratch with the same data split, 5.625° grid, five
variables, rollout horizon, and approximately 1.15M parameters. These identifiers do not refer to the official large-scale systems
and must not be interpreted as operational-scale comparisons. IFS T42 is included only as a historical NWP reference when

available.
4.3 Implementation Details

All learnable models are implemented in PyTorch and trained from scratch on 8 NVIDIA RTX 3090 GPUs. We use AdamW
with a cosine-annealing learning-rate schedule. The base learning rate is 1 x 10~3, the minimum learning rate is 3 x 10~7, and
a one-epoch warm-up is used. The batch size is 4, and each model is trained for 200 epochs. Automatic mixed precision is
enabled for computational efficiency. Gradient norm clipping with a threshold of 0.3 is used to improve training stability.

For model configuration, the hidden embedding dimension is set to 48. The graph encoder contains two topology-aware
graph blocks, and the prediction heads use lightweight branch-specific depths for transport and interaction estimation. The
spherical graph is constructed from the latitude—longitude grid using local great-circle neighborhoods, with the same graph
construction applied to all graph-based models. The node-level wavelet refinement branch uses Daubechies-1 wavelets with
one decomposition level and a kernel size of 5. The wavelet gate is initialized to 0.1, allowing the multi-resolution correction
to be introduced gradually during training.

During training, autoregressive rollouts use 4 forecast steps, corresponding to 24 h. During evaluation, all models are rolled
out for 24 forecast steps, corresponding to 144 h. The explicit solver uses Euler sub-stepping with ¢ = 0.2 h, resulting in
K = 30 Euler updates for each 6-hour forecast interval. The BTRC is defined as Et = Ttanh(ﬁt) with 7 = 1073, The learned
transport coefficients are clipped to [—0.005,0.005] after each coefficient-evolution step. The transport regularization weights
in Eq. (31) are set to A\, = 10 and Ay = 1.

Unless otherwise specified, all learnable neural baselines use the same input variables, static geophysical fields, data split,

grid resolution, rollout horizon, and evaluation metrics. Their backbone widths and depths are adjusted to obtain comparable

15
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Table 1. Main comparison on WeatherBench in terms of RMSE|/ACC?. RMSE units are K for T2M and T850, m?s~2 for 500-hPa geopo-
tential (Z500), and ms™ ! for U10 and V10; ACC is dimensionless. GraphCast-CM, Pangu-CM, FourCastNet-CM, SFNO-CM, FengWu-CM,
and ClimODE-CM are our capacity-matched reimplementations under the same data split, 5.625° resolution, five variables, rollout horizon,
and approximately 1.15M parameter budget. They are not the official large-scale systems. IFS T42 is reported only as a historical NWP

reference when available. “~" denotes unavailable entries.

PASSAT GraphCast-CM  ClimODE-CM Pangu-CM  FourCastNet-CM SENO-CM FengWu-CM IFS T42

Lead (h) Ours  Zheng et al. (2025) Lam et al. (2023) Verma et al. (2024) Bi et al. (2023) Pathak et al. (2022) Bonev et al. (2023) Chen et al. (2023a) Rasp et al. (2020)

24 1.17/0.974 1.25/0.970 1.21/0.972 1.59/0.950 1.31/0.968 1.29/0.969 1.43/0.962 1.30/0.968 --

48 1.45/0.961 1.54/0.955 1.52/0.956 2.23/0.910 1.63/0.950 1.58/0.953 1.7570.942 1.60/0.952 --

72 1.75/0.943 1.8570.935 1.8470.937 -- 1.94/0.929 1.87/0.934 2.02/0.922 1.88/70.933 3.21/0.870
2m 96 2.06/0.921 2.16/0911 2.17/0.912 -- 2.26/0.903 2.16/0.911 2.30/0.899 2.17/0911 --

120 2.35/0.897 2.44/0.886 2.48/0.886 -- 2.55/0.877 2.4470.888 2.55/0.875 2.43/0.888 3.69/0.830

144 2.60/0.873  2.69/0.862 2.7570.861 -- 2.80/0.853 2.68/0.865 2.76/0.853 2.67/0.866 --

24 1.24/0.969 1.29/0.966 1.29/0.966 1.46 /0.960 1.40/0.960 1.39/0.960 1.51/0.953 1.36/0.962 --

48 1.61/0.947 1.66/0.943 1.69/0.941 2.26/0.900 1.83/0.931 1.78/0.934 1.91/0.924 1.7570.936 --

72 2.06/0.911  2.12/0.906 2.17/0.902 -- 2.31/0.888 2.24/0.895 2.37/0.881 2.19/0.899 3.09/0.860
830 96 2.54/0.864  2.59/0.859 2.67/0.851 -- 2.79/0.835 2.7170.845 2.84/0.828 2.65/0.851 --

120 2.98/0.812 3.03/0.806 3.12/0.796 -- 3.21/0.780 3.12/0.792 3.25/0.773 3.06/0.800 3.83/0.780

144 3.35/0.761 3.39/0.756 3.49/0.745 -- 3.55/70.732 3.47/0.743 3.59/0.724 3.41/0.753 --

24 156/ 0.988 171/0.986 180/0.984 209/0.980 196/ 0.981 18870.983 20570.979 177/0.985 --

48 274/0.963 293/0.958 307/0.954 452/0.910 337/70.944 313/0.951 342/0.942 302/0.955 --

72 399/0.920 420/0.912 438/0.904 -- 477170.885 442 /0.901 478/0.883 428/0.907 489 /0.900
2500 96 525/0.860 543/0.849 565/0.838 -- 605/0.813 566/0.835 607 /0.809 549/0.844 --

120 638/0.791 651/0.780 675/0.766 -- 712/0.737 674/0.763 718/70.731 656/0.774 743 /0.780

144 733/0.721 738/0.713 767170.698 -- 79771 0.668 760/0.695 807/0.658 743/0.708 --

24 1.51/0.932 1.5470.929 1.59/0.924 1.77/0.910 1.68/0.914 1.68/0.914 1.83/0.898 1.65/0.918 --

48 2.19/0.853  2.22/0.848 2.29/0.838 2.73/0.760 2.41/0.818 2.38/0.824 2.50/0.802 2.33/0.832 --

72 2.86/0.743  2.90/0.733 2.97/0.718 -- 3.08/0.692 3.05/0.702 3.18/0.672 2.98/0.716 --
ulo 96 3.43/0.623 3.46/0.611 3.54/0.593 -- 3.61/0.565 3.60/0.578 3.7370.541 3.51/0.596 --

120 3.86/0.514  3.89/0.501 3.97/0.485 -- 4.01/70.457 4.00/0.472 4.13/0.434 3.91/0.491 --

144 4.19/0.423 4.19/0.414 4.27/0.399 -- 4.29/0.373 4.29/0.389 4.41/0.349 4.21/0.406 --

24 1.55/0.929 1.5770.926 1.62/0.921 1.80/0.900 1.71/0.912 1.7270.911 1.86/0.895 1.68/0.915 --

48 2.23/0.848 2.26/0.842 2.32/0.833 2.73/0.770 2.44/0.814 2.42/0.818 2.53/0.798 2.37/0.825 --

72 2.92/0.732  2.95/0.722 3.03/0.708 -- 3.14/0.680 3.12/0.689 3.24/0.662 3.04/0.703 --
vio 96 3.52/0.602 3.55/0.589 3.64/0.572 -- 3.70/0.542 3.70/0.553 3.83/0.519 3.62/0.571 --

120 4.00/0.480 4.01/0.468 4.10/0.452 -- 4.13/0.420 4.14/0.435 4.2770.399 4.05/0.454 --

144h 4.35/0.380  4.34/0.372 4.4470.355 -- 4.43/70.324 4.4470.344 4.57170.307 4.35/0.360 --

parameter budgets of approximately 1.15M. The reported comparison is therefore intended to evaluate architectural design and
390 solver coupling under a controlled capacity-matched setting, rather than differences caused by larger model scale or external

pretraining.
4.4 Main Quantitative Results

Table 1 reports RMSE and ACC under the common coarse-resolution protocol. The clearest and most consistent gains over
PASSAT occur for temperature and geopotential variables. For near-surface winds, ACC improves more consistently than
395 RMSE,; the 144-h U10 RMSE is essentially unchanged and the V10 RMSE is slightly worse. We therefore interpret the wind

results as improved large-scale pattern correlation without a corresponding uniform improvement in amplitude error.
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Figure 4. Forecast differences between the proposed model and the capacity-matched references over lead times up to 144 h. The upper
panels report the ACC difference, (ACCours — ACCmodel) X 100, in percentage points; this is an absolute ACC difference rather than a
relative percentage. The lower panels report relative RMSE reduction, (RMSEmodel — RMSEours)/RMSEmodel X 100. Positive values

favor the proposed model.
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The improvements are most evident for temperature and geopotential variables. For 2-m temperature, the proposed method
reduces RMSE from 1.25 to 1.17 at 24 h and from 2.69 to 2.60 at 144 h compared with PASSAT. For 850-hPa temperature,
it improves RMSE from 1.29 to 1.24 at 24 h and from 3.39 to 3.35 at 144 h. For 500-hPa geopotential (Z500), the proposed
model achieves a 144-h RMSE of 733 m?s~2, compared with 738 m?s~2 for PASSAT and 767 m?s~?2 for GraphCast-CM.
These results are consistent with the hypothesis that learning a bounded discrepancy inside the reduced coefficient equation
can improve the forecast trajectory in this setting; they do not establish resolution-independent or operational-scale superiority.

Wind variables remain more challenging because near-surface winds contain stronger local variability and are more sen-
sitive to unresolved processes. The consistent ACC improvement indicates better preservation of broad spatial organization,
whereas the nearly neutral or negative 144-h RMSE changes indicate that wind amplitude calibration remains unresolved. Both

observations are reported because ACC and RMSE measure different forecast properties.
4.5 Relative Gap Analysis

Fig. 4 further analyzes the performance difference between the proposed model and each capacity-matched reference over lead
times up to 144 h. For ACC, we report the absolute difference (ACCours — ACChyoder) X 100 in percentage points. For RMSE,
we report the relative reduction (RMSE,0de1 — RMSEQurs)/RMSE0de1 X 100%. In both cases, positive values favor the
proposed model.

The ACC differences show that the proposed method maintains higher spatial-pattern correlation than the capacity-matched
PASSAT baseline across all five variables. The generally increasing gap is consistent with reduced autoregressive degradation
under the evaluated protocol. Similar trends are observed against FourCastNet-CM, Pangu-CM, GraphCast-CM, SFNO-CM,
and FengWu-CM, although the magnitude varies across variables and models.

The relative RMSE reductions provide complementary evidence. The proposed method achieves lower RMSE than PASSAT
throughout most lead times, with particularly stable improvements for T2M and Z500. For stronger parameter-matched neural
baselines, the gaps are smaller but remain mostly positive at medium and long lead times. These controlled differences are
compatible with improved autoregressive behavior under a common parameter budget. Because the evaluation ends at 144 h

and does not test perturbation growth or formal invariants, we avoid treating them as a proof of dynamical stability.
4.6 Analysis of the Bounded Transport-Residual Closure (BTRC)

The mathematical motivation for BTRC is given by Eq. (10): the idealized discrepancy is the difference between a fuller coef-
ficient tendency and the retained advection—curvature operator. In the PASSAT-derived horizontal equation, plausible contribu-
tors include pressure-gradient, Coriolis, and frictional terms, together with vertical coupling, subgrid processes, proxy-variable
error, and discretization mismatch. The network is not supervised with these components separately, so the learned field must
be interpreted only as their aggregate effective remainder in normalized model space.

The experiments provide two levels of evidence. The comparison with PASSAT in Table 1 evaluates the entire reformulation,
including the changed coefficient equation and the auxiliary encoder refinement. It should not be read as isolating the closure

alone. The direct BTRC control is the “Full w/o BTRC” variant in Table 2, which retains the same coefficient pathway but
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Figure 5. Interval-wise relative RMSE reductions for the BTRC-centered coefficient pathway. Blue bars compare BTRC w/o Node-WT
with PASSAT and therefore reflect the broader coefficient-dynamics reformulation without Node-WT. Orange bars compare Full with the
otherwise matched Full w/o BTRC control, R =0, providing more targeted evidence for the learned transport residual. Values are first
computed as relative RMSE reductions at each forecast lead and then averaged over (0,24], (24,48], and (48, 144] h, respectively. Positive

values indicate lower RMSE for the first-named model, whereas negative values indicate degradation.

enforces }Nﬁt =0. At 144 h, removing the residual increases T2M RMSE from 2.605 to 2.785 and reduces ACC from 0.873
to 0.853; for Z500, RMSE increases from 733 to 771. These differences show that a nonzero learned remainder materially
contributes to the performance of the otherwise matched solver pathway.

Fig. 5 further separates the broader coefficient-dynamics reformulation from the direct contribution of the learned closure.

For a forecast-lead interval Z, the reported relative RMSE reduction is computed as

RMSE —RMSE4 (¢
GA(—B Z B A( )

RMSEB ©) x 100%, (32)

=

where A is the first-named model and B is the reference model. The intervals are (0,24], (24,48], and (48, 144] h, corresponding
respectively to the evaluated 6-h lead times within these ranges.

The blue bars compare BTRC w/o Node-WT with PASSAT. They show that the broader coefficient-dynamics reformula-
tion produces positive short-range gains, particularly for T2M, T850, and Z500, but the gain decreases with lead time and
becomes slightly negative for several variables in the medium- and long-range intervals. This comparison should therefore not
be interpreted as isolating the learned closure.

The orange bars compare Full with the otherwise matched Full w/o BTRC control. These values remain positive for all five

variables and all three intervals, providing more targeted evidence that the nonzero BTRC improves the coefficient pathway.
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Table 2. Targeted component analysis in terms of RMSE|/ACC*t. RMSE units are K for T2M and T850, m?s~2 for Z500, and ms~! for
U10 and V10; ACC is dimensionless. “PASSAT + Node-WT” augments PASSAT with the auxiliary node-level wavelet branch. “BTRC
w/o Node-WT” uses the BTRC-centered coefficient pathway without Node-WT. “Full w/o BTRC” retains the full pathway but sets R, =0,
providing the direct residual-free control. “Full” combines BTRC and Node-WT. The controls are designed to isolate the BTRC pathway;

they are not presented as a complete factorial study of every architectural choice.

PASSAT + BTRC w/o Full w/o
Lead (h) PASSAT Node-WT Node-WT BTRC Full
24 1.252/0.970 121270972 124170971 1.254/0.970 1.171/0.974
48 1.544/0.955 1.511/0.957 1.529/0.956 1.563/0.954 1.451/0.960
72 1.848/0.935 1.815/0.938 1.828/0.936 1.888/0.933 1.746 /0.943
2m 96 2.158/0.911 2.127/0914 2.137/0913 2.220/0.907 2.058/0.921
120 2.442/0.886 2.417/0.889 2.420/0.888 2.523/0.880 2.350/0.897
144 2.689/0.862 2.667/0.864 2.668 /0.864 2.785/0.853 2.605/0.873
24 1.294/0.966 1.270/0.967 1.274/0.967 1.289/0.966 1.238/0.969
48 1.662/0.943 1.654/0.943 1.655/0.943 1.684/0.942 1.610/0.947
72 2.118/0.907 2.107/0.907 2.119/0.907 2.163/0.903 2.064/0.911
1850 96 2.594/0.859 2.574/0.859 2.604/0.858 2.656/0.853 2.542/0.864
120 3.027/0.806 2.995/0.807 3.041/0.805 3.095/0.798 2.978/0.812
144 3.387/0.756 3346 /0.756 3.406/0.754 3.467/0.745 3351/0.761
24 171/0.986 165/0.987 170/0.986 175/0.985 156 /0.988
48 293/0.958 289/0.960 293/0.957 304/0.955 274/0.963
72 420/0.912 41970914 42270911 436/0.907 399/0.920
2500 96 543/0.849 546/ 0.852 546/0.848 564/0.843 525/0.860
120 651/0.780 658/0.781 654/0.779 676/0.772 638/0.791
144 73870713 751/0.712 745/0.710 771/0.702 733/0.721
24 1.539/0.929 1.547/0.928 1.540/0.929 1.553/0.928 1.512/0.932
48 2.221/0.848 2.229/0.847 2.234/0.846 2.250/0.843 2.187/0.853
72 2.898/0.733 2.895/0.735 2.916/0.731 2.928/0.727 2.855/0.743
ulo 9% 3.463/0.611 3.463/0.614 3.485/0.608 3.490/0.603 3.426/0.623
120 3.889/0.501 3.899/0.504 3.912/0.500 3.911/0.494 3.864/0.514
144 4.194/0.415 4223/0.413 4227/0.411 4.222/0.404 4.192/0.423
24 1.570/0.926 1.580/0.926 1.573/0.926 1.585/0.925 1.547/0.929
48 2.259/0.842 2.263/0.843 2.271/0.841 2.285/0.839 2.226/0.848
72 2.954/0.722 2.952/0.725 2.974/0.720 2.987/0.717 2.917/0.732
vio 9% 3.552/0.589 3.552/0.593 3.579/0.587 3.588/0.583 3.523/0.602
120 4.012/0.468 4.016/0.472 4.038/0.468 4.048 /0461 4.000/0.480
144 4.341/0372 4.357/0.372 4.374/0.370 4.387/0.361 4.355/0.380

The largest reductions occur for T2M and Z500, whereas the gains for U10 and V10 are smaller. Thus, the closure contribution
is consistent across the displayed interval averages, although its magnitude remains variable-dependent.

The numerical interpretation is also limited. Equations (17)—(19) guarantee a bound on the direct residual forcing inserted
into the coefficient update. The experimental curves indicate reduced error growth for selected variables, but neither result
establishes a global stability theorem for the coupled nonlinear rollout. Accordingly, the paper claims a bounded closure and

empirically improved autoregressive behavior, not guaranteed atmospheric stability.
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4.7 Targeted Component Analysis

Table 2 is organized around the BTRC hypothesis. “PASSAT + Node-WT” measures the auxiliary representation change
relative to PASSAT. “BTRC w/o Node-WT” evaluates the BTRC-centered coefficient pathway without Node-WT. “Full w/o
BTRC?” is the critical internal control because it preserves the full pathway while removing only the learned transport residual.
The final column combines BTRC with the auxiliary wavelet refinement.

The results indicate that the wavelet branch alone provides small and nonuniform changes, including degradations for some
wind and Z500 settings. It is therefore treated as an auxiliary feature-refinement mechanism rather than a stand-alone core
contribution. The strongest controlled difference is between Full and Full w/o BTRC at longer lead times, especially for T2M
and Z500. This pattern is consistent with the BTRC hypothesis: when the retained coefficient operator cannot represent the
complete coarse-grid tendency, setting its equation discrepancy to zero produces a larger long-lead error.

The component table is not a complete factorial analysis of closure sharing, alternative bounding functions, or alternative

multi-scale modules. Those questions remain outside the present experimental evidence and are stated explicitly as limitations.
4.8 Qualitative Analysis

Figs. 6-8 provide qualitative comparisons on three representative variables, namely T2M, Z500, and U10. These variables
cover near-surface thermodynamic fields, large-scale circulation fields, and near-surface wind fields, respectively, offering
complementary perspectives on forecast quality.

Fig. 6 shows the qualitative rollouts for 2-m temperature. Compared with PASSAT, the proposed rollout visually exhibits
a more coherent large-scale temperature distribution and smaller apparent deviations from the ERAS reference as lead time
increases. This observation is consistent with the quantitative improvements in RMSE and ACC reported for T2M.

Fig. 7 shows the qualitative comparison for 500-hPa geopotential (Z500), expressed in m?s~2. Z500 is particularly infor-
mative for evaluating the preservation of large-scale circulation patterns. At longer lead times, the proposed rollout visually
exhibits large-scale structures with smaller apparent deviations from the ERAS reference than PASSAT, which is qualitatively
consistent with reduced structural drift.

Fig. 8 shows qualitative rollouts for 10-m zonal wind. Compared with temperature and geopotential, near-surface wind fields
contain stronger local variability and finer spatial structures, making them more challenging for autoregressive forecasting. The
proposed rollout retains some visually sharper structures than PASSAT, but this qualitative impression should be interpreted
together with the nearly neutral U10 RMSE and slightly worse V10 RMSE at 144 h. The images support a possible structural
advantage, not a uniform reduction in wind amplitude error.

Overall, the qualitative results are most consistent with the quantitative gains for T2M and Z500. For wind, they mainly
illustrate spatial structure and do not override the mixed RMSE evidence. The visualizations therefore complement, rather than

replace, the metric-based closure analysis.
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Input
T=0h

Observation

Figure 6. Qualitative rollouts for 2-m temperature (T2M) from 24 to 120 hours. Rows show the ERAS reference, PASSAT, and the proposed
method under the same evaluation setting.

Input
T=0h

46000 48000 50000 52000 54000 56000 58000 60000

Observation

Figure 7. Qualitative rollouts for 500-hPa geopotential (Z500), in m?s72, from 24 to 120 hours. Rows show the ERAS5 reference, PASSAT,

and the proposed method under the same evaluation setting.
Input
T=0h

Observation

PASSAT

Ours

Figure 8. Qualitative rollouts for 10-m zonal wind (U10) from 24 to 120 hours. Rows show the ERAS reference, PASSAT, and the proposed

method under the same evaluation setting.
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4.9 Experimental Summary

Overall, the experiments support a focused conclusion: within the evaluated coarse-resolution protocol, the BTRC pathway
contributes substantially to T2M and Z500 improvements, while wind benefits are clearer in ACC than RMSE. The wavelet

branch is secondary and its gains are not uniform.
4.10 Limitations and Scaling Considerations

This study has several limitations. First, the experiments use a coarse 5.625° grid and five prognostic variables, so the results
establish only a low-resolution proof of concept and cannot be extrapolated to operational 0.25° systems. Second, the eval-
uation ends at 144 h and does not include perturbation-growth tests, conservation diagnostics, or formal invariant analysis;
consequently, the bounded transport residual should not be conflated with guaranteed global stability. Third, the common two-
component closure is broadcast across variables. This low-rank design is compact, but it cannot represent all channel-specific
pressure, frictional, moist, or boundary-layer effects. Fourth, the use of tanh is motivated by smooth boundedness and not
by an empirical comparison with alternative saturation functions. Fifth, extreme events, seasonal subsets, precipitation, and
explicitly unphysical states are not separately evaluated. Finally, the capacity-matched GraphCast-CM, Pangu-CM, and related
variants are small reimplementations and are not comparisons with the official large-scale systems.

Scaling the method introduces additional numerical issues. With fixed graph degree, message passing grows approximately
linearly with the number of grid nodes, but memory for activations and the cost of repeated Euler sub-steps also increase. Finer
grids strengthen spatial gradients and can impose a more restrictive Courant—Friedrichs—Lewy condition, so the present §t =
0.2 h may not remain appropriate. The normalized closure scale 7, coefficient clipping range, and polar metric regularization
are also resolution dependent. Adding vertical levels would further require channel- and level-aware closure structure rather
than the present common directional residual. These considerations define the scope of future validation without presuming

that the current hyperparameters transfer unchanged.

5 Conclusions

This paper reframed a PASSAT-style solver-coupled forecaster as a reduced coefficient equation augmented by a learned
bounded transport-residual closure (BTRC). The retained operator contains spherical advection and curvature, while the resid-
ual represents the aggregate discrepancy associated with omitted or approximated pressure-gradient, Coriolis, frictional, verti-
cal, subgrid, and discretization effects. The learned BTRC is inserted inside each coefficient sub-step and influences subsequent
atmospheric state updates through the evolved transport trajectory, while 7tanh(-) supplies an explicit bound on the directly
applied correction.

The existing experiments support this BTRC-centered interpretation. The residual-free control degrades long-lead T2M and
7500 forecasts, providing targeted evidence that the learned BTRC contributes beyond the retained coefficient operator. Wind

results are mixed in RMSE despite improved ACC, and the node-level wavelet branch yields smaller, nonuniform gains; both
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are reported as qualifications rather than hidden by an aggregate claim. The resulting contribution is therefore a BTRC-centered
in-solver closure study for a coarse reduced atmospheric model, not a claim of operational-scale superiority or formally guar-

anteed dynamical stability.

Code and data availability. The exact version of the BTRC source code used to produce the results presented in this study is permanently
archived on Zenodo at https://doi.org/10.5281/zenodo.21870203 (Deng et al., 2026).The meteorological data used in this study were obtained
from the WeatherBench dataset (Rasp et al., 2020). The WeatherBench dataset is publicly archived by the Technical University of Munich
through the mediaTUM research data repository and is available at https://dataserv.ub.tum.de/index.php/s/m1524895. The experiments use
five prognostic variables (T2M, T850, Z500, U10, and V10) at 5.625° resolution. The scripts and configurations used for data preprocessing,
variable selection, and construction of the training, validation, and test splits are included in the archived BTRC software release (Deng et al.,

2026).
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