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Abstract. Equifinality—where multiple parameter combinations produce indistinguishable climate states—is a fundamental
obstacle to calibrating Earth system models (ESMs). Parameter sets that agree well with the observed mean state can produce
dramatically different responses to external perturbations, reflecting a mathematical non-uniqueness that standard calibration
approaches cannot resolve. This poses a critical challenge for constraining the effective radiative forcing due to aerosol-cloud
interactions (ERFcy), which depends sensitively on cloud responses to aerosol perturbations. We use a perturbed parameter
ensemble that, as a minimal working example, varies only two parameters related to warm-rain formation (autoconversion
and accretion) and constrain on synthetic observations in a perfect-model setup. Even under ideal conditions, radiation-only
constraints produce a fundamentally degenerate, bimodal ERFxc; posterior. Incorporating the observable cloud state (liquid
water path, £) for warm marine stratocumulus clouds can resolve this bimodality, but its utility diminishes with large obser-
vational uncertainty. A far more robust constraint is achieved by directly targeting the underlying physical process rates that
modulate £. Process-rate constraints effectively eliminate bimodality and dramatically reduce posterior uncertainty even under
large assumed observational uncertainties. As process rates are not directly observable, we test their observable proxies as a
tractable alternative, finding they offer only limited additional value over cloud state due to their emergent behavior. These
results establish a critical principle for ESM calibration: to achieve robust constraints on ERFacy and beyond, it is necessary to

constrain both the emergent climate state and the physical pathways that govern its formation.

1 Introduction

Equifinality, in which multiple distinct parameter combinations produce equally plausible emergent system states, is a pervasive
challenge in calibrating Earth system models (Von Bertalanffy, 1950). First formalized in Earth system modeling by Beven
and Binley (1992) in the context of hydrological models, the problem is directly analogous to the parametric degeneracies that
plague climate model calibration. The phenomenon has been recognized across a broad range of scientific disciplines, including
geophysics (Beven, 2006; Nicholas and Quine, 2010; Miilmenstidt and Feingold, 2018; Cho et al., 2025), biology (Tang and
Zhuang, 2008), ecology (Luo et al., 2009), neuroscience (Prinz et al., 2004; Marder and Taylor, 2011), and the social sciences

(Gresov and Drazin, 1997). In ESMs, the core problem is that parameter sets optimized against an identical observed mean state



25

30

35

40

45

50

55

https://doi.org/10.5194/egusphere-2026-4488
Preprint. Discussion started: 12 August 2026 G
© Author(s) 2026. CC BY 4.0 License. E U Sp here

can yield substantially different responses when the system is perturbed, a degeneracy that standard calibration strategies are
ill-equipped to detect or resolve. Tuning approaches that optimize models against Earth’s observed top-of-atmosphere (TOA)
radiation balance (e.g., Mauritsen et al., 2012; Golaz et al., 2013; Hourdin et al., 2017; Schmidt et al., 2017) are especially
susceptible to this problem. While adding constraints from observed cloud properties provides additional information, these
emergent properties result from a complex balance of underlying processes (Quaas et al., 2009; Wang et al., 2012; Klein and
Hall, 2015) and are themselves subject to large observational uncertainties (Bing Lin and Rossow, 1994; O’Dell et al., 2008;
Seethala and Horvath, 2010; Greenwald et al., 2018), often leaving them insufficient to break physical degeneracies between
competing parameterizations.

Equifinality is particularly consequential for constraining the effective radiative forcing due to aerosol-cloud interactions
(ERFacr), which remains a leading source of uncertainty in projections of Earth’s total radiative forcing (Carslaw et al., 2013;
Boucher et al., 2014; Miilmenstiddt and Feingold, 2018; Bellouin et al., 2020; Forster et al., 2021). Aerosol-cloud interac-
tions (ACI) occur where anthropogenic aerosol perturbations modify cloud properties and alter the planetary radiation budget
(Rosenfeld et al., 2014; Gettelman, 2015). ERF¢y integrates the increase in cloud albedo from smaller, more numerous cloud
droplets (i.e., the Twomey effect; Twomey, 1974) with subsequent cloud adjustments including modulations to liquid water
path (£) and cloud cover (Albrecht, 1989; Ackerman et al., 2004; Bretherton et al., 2007). These adjustments involve com-
peting physical pathways—including precipitation suppression and enhanced cloud-top entrainment—Ileaving the sign and
magnitude of their net effect uncertain (Goren and Rosenfeld, 2014; Miilmenstadt et al., 2024a, b). Equifinality sharpens this
challenge considerably: parameter sets that reproduce the observed present-day radiation budget with equal fidelity can yield
sharply divergent cloud responses to aerosol perturbation and, consequently, widely varying ERFacy estimates. Reducing this
uncertainty requires methodologies capable of probing process-level behavior and confronting the structural degeneracies that
conventional calibration approaches leave unresolved (Carslaw et al., 2013; Bony et al., 2015; Knutti et al., 2017).

To address this limitation, we propose that process-level constraints can conditionally resolve equifinality as it manifests in
ERFacr uncertainty. We demonstrate this using a 50-member perturbed parameter ensemble (PPE; e.g., Carslaw et al., 2026)
within the U.S. Department of Energy’s (DOE) Energy, Exascale, and Earth System Model version 3 (E3SMv3; E3SM Project,
2024). As a minimal working example, we explore parametric uncertainty by perturbing only two warm-rain process parameter-
izations: autoconversion and accretion. Autoconversion describes the spontaneous collision and coalescence of cloud droplets
to form the first drizzle drops, while accretion describes their subsequent growth by sweeping up additional cloud droplets.
Together, these two processes control the onset and intensity of warm rain and are the primary microphysical pathways through
which aerosol perturbations modify £ and cloud lifetime. We employ a perfect-model setup in which a control simulation pro-
vides synthetic truth (e.g., Lee et al., 2016), deliberately isolating the parametric degeneracy that is the focus of this study from
the confounding effects of structural model error—deficiencies in the model’s process representations that would introduce
additional sources of misfit independent of parameter choice—and observational bias. We then apply hierarchical constraints
using a Markov Chain Monte Carlo (MCMC) Bayesian inference approach across three tiers of constraints: (1) radiative state

(TOA fluxes), (2) cloud state (liquid water path, £), and (3) direct process rates (autoconversion and accretion rates).
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Radiation-only constraints produce a bimodal ERFc; posterior reflecting a fundamental parametric degeneracy, where mul-
tiple parameter combinations satisfy the radiative constraint via physically distinct cloud regimes. A single cloud-state con-
straint (£) resolves this bimodality under realistic observational uncertainties but fails as uncertainty approaches 50%. Process-
rate constraints, even under large observational uncertainty, substantially narrow the ERFac posterior and robustly eliminate
the bimodality. Observable proxies for process rates—surface precipitation rate and precipitation occurrence frequency—offer
limited additional constraining value beyond £ alone and are insufficient to fully resolve this degeneracy. This framework
thus serves as a controlled demonstration that equifinality in ERF¢r is conditionally reducible, but only when constraints are
anchored in the physical mechanisms that govern the emergent climate state.

The remainder of this article is structured as follows: Sect. 2 describes the PPE design, emulator construction, and Bayesian

calibration framework. Results are presented in Sect. 3, followed by discussion in Sect. 4 and conclusions in Sect. 5.

2 Data and Methods

The overarching goal of this study is to quantify the extent to which different classes of observational constraints can reduce
parametric degeneracy in ERFcr within a controlled Bayesian calibration framework. This framework, summarized in Fig. 1,
consists of five stages: construction of a perturbed parameter ensemble (PPE), training of Gaussian Process (GP) emulators as
fast model surrogates, application of hierarchical constraints via Markov Chain Monte Carlo (MCMC) sampling, and propa-
gation of the constrained parameter distributions back through the emulators to recover posterior distributions of key output
variables including ERFacy. The following subsections describe the E3SM model configuration and PPE design (Sect. 2.1), the
output variables and derived quantities used as constraints (Sect. 2.2), the GP emulator construction (Sect. 2.3), the hierarchical

constraint tiers (Sect. 2.4), and the Bayesian calibration and posterior propagation methodology (Sect. 2.5).
2.1 E3SM Perturbed Parameter Ensemble

The PPE is performed with the U.S. Department of Energy (DOE) Energy Exascale Earth System Model version 3 (E3SM Project,
2024; Xie et al., 2025) at a standard effective horizontal resolution of 100 km with 80 vertical levels. Key physics schemes
include the Cloud Layers Unified By Binomials (CLUBB) scheme for macrophysics and vertical mixing (Golaz et al., 2002;
Larson et al., 2005; Larson, 2017), the Predicted Particle Properties (P3) microphysics scheme (Morrison and Milbrandt, 2015;
Terai et al., 2025) for stratiform cloud microphysics, the Zhang and McFarlane (1995) convection scheme which includes
effects from aerosol-modulated convective cloud microphysics (Terai et al., 2025), the Rapid Radiative Transfer for General
circulation Models (RRTMG; Mlawer et al., 1997; Clough et al., 2005; Iacono et al., 2008) radiation code, and the Modal
Aerosol Model (MAM) scheme based on MAM4 (Wang et al., 2026).

We perturb two process rates known for their strong influence on warm-rain formation and ACI (e.g., Mahfouz et al.,
2024; Feng et al., 2026): autoconversion and accretion. Perturbations are applied as multiplicative factors (Cayto and Cacers

respectively) to the default process rate formulations within P3, which follow Khairoutdinov and Kogan (2000, their Egs. 33
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Hierarchical Framework for
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4. Constrained Parameter Posterior
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Figure 1. Conceptual diagram of the hierarchical Bayesian calibration framework used in this study. In Step 1, the PPE is constructed and
realized. In Step 2, Gaussian Process (GP) emulators are trained as fast statistical surrogates of the model. In Step 3, the emulators are used
with synthetic observational targets in MCMC simulations performed across three staged constraint tiers: Radiation Only, Cloud State, and
Process Rates. The constrained input parameters (Cauto and Caccr, Step 4) are propagated back through the emulators to realize constrained

posterior distributions of ERFacr and other output variables (Step 5).

and 34):
dq,
( CZ‘, ) = CautoAautoqug (D)
auto
dg, A
= Caccr accr\qclr 2
(dt)accr A (qq) @

where IV, is the in-cloud cloud droplet number concentration, q. and g, are the cloud droplet and rain mass mixing ratios,
respectively (Morrison et al., 2008), and Cyyto, Cacer default to unity. The coefficients A,y0, 5, and «y take default values of
30500, —1.1, and 3.19, respectively; for accretion, A, = 117.25 and A = 1.15. A 50-member ensemble was generated by
sampling Cauto and Cacer via Latin hypercube sampling in log, space over the range [—10,10] (i.e., 2710 to 21°; see Fig. Al).

Each ensemble member, plus a control run (CNTL) with default parameters (Cayto = Cacer = 1), Was integrated for 13

months with prescribed sea surface temperatures and sea ice extent; the first month is discarded as spin-up. For each member,
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paired present-day (PD; aerosols representative of 2010) and pre-industrial (PI; aerosols representative of circa 1850) simula-
tions were run to permit calculation of ERFa¢y and cloud adjustments. Nudging is used to control the meteorological state to
enhance the signal-to-noise ratio when calculating the ERF metrics between the PD and PI aerosol states. Following previous
studies (Mahfouz et al., 2024, 2025), we nudge horizontal winds to MERRA?2 at all vertical levels every six hours with a

relaxation timescale of six hours.
2.2 Output Variables and Derived Quantities

Output variables are processed from 3-hourly simulation output. Radiation variables, including outgoing longwave radiation
(OLR) and outgoing shortwave radiation (OSR), are averaged globally. Cloud-state and process-rate variables are analyzed
specifically within warm, overcast marine stratocumulus decks following the dynamical regime definition of Medeiros and
Stevens (2011) as applied by Miilmenstadt et al. (2024b): grid points where the lower-tropospheric stability (LTS) exceeds
18.55 K, large-scale subsidence (w) at 700 and 500 hPa exceeds 10 hPa d~!, and cloud fraction exceeds 90% for at least 30%
of the time. These criteria isolate the subtropical eastern ocean basins where the stratocumulus regime dominates (Fig. A3).
Radiative state variables are computed as temporal and global area-weighted means; cloud-state and process-rate variables are
computed as temporal and area-weighted means over columns meeting the stratocumulus regime criteria.

The analyzed cloud-state and process-rate variables include in-cloud liquid water path (£) and vertically integrated auto-
conversion (AUTOCONYV) and accretion (ACCRETN) rates. The ERFacy is computed following the decomposition of Ghan
(2013). The top-of-atmosphere radiative imbalance (or the RESidual radiation at Top-Of-Model, RESTOM) is computed under
three conditions: all-sky (RESTOM,y;), clean-sky (RESTOM,},), and clean-clear-sky (RESTOMgjc1n). Clean-clear-sky fluxes
represent the fluxes that would be present if there were neither aerosols nor clouds and are calculated by adding an additional
radiation call at the very beginning of the radiative transfer logic before the optics class is endowed with aerosol and cloud
properties. Clean-sky fluxes represent the fluxes that would be present if there were no aerosols and are calculated by adding
an additional radiation call after instantiating an additional optics class, but not endowing it with aerosol properties. ERFucy is

then defined as:
ERFaAct = ARESTOM,,, — ARESTOM_1rcin 3)

where A denotes the PD—PI difference. This isolates the radiative effect of aerosol-induced cloud changes from the direct
aerosol radiative effect and residual contributions. The £ adjustment is defined as Loq; = In(Lpp/Lpr1).

Because direct process rates are not observable, we also evaluate three integrated proxies for warm-rain formation that are
retrievable by modern space-borne platforms. The warm rain occurrence frequency (WROF) is the fraction of time a stratocu-
mulus column precipitates at a rate exceeding 10~ mm h~!, a threshold representative of active space-borne sensors such as
CloudSat (Lebsock and L’Ecuyer, 2011), and acts as a maximally coarse-grained proxy for rain initiation (Miilmenstidt et al.,
2021; Stanford et al., 2023). The precipitation amplification frequency (PAF) is the conditional frequency that a precipitating

column exceeds 10~! mm h~! and acts as a proxy for rain intensity. The large-scale surface precipitation rate (P) is a direct
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output that represents the integrated outcome of autoconversion, accretion, and evaporation. The constraining performance of

these proxies relative to direct process rates is evaluated in Sect. 3.3.
2.3 Gaussian Process Emulators

Fast statistical surrogates of simulated responses to perturbed input parameters are constructed as Gaussian Process (GP)
emulators. The 2D input space (Cauto» Cacer) is transformed by taking log;, and scaled to the unit interval [0, 1] to optimize
emulator performance. We use the scikit-learn (Pedregosa et al., 2011) package’s GaussianProcessRegressor
based on Rasmussen and Williams (2005). Separate emulators are trained for each output variable; for variables spanning
multiple orders of magnitude (AUTOCONYV, ACCRETN), emulators are trained on their natural logarithm. Full details of the
kernel specification and hyperparameter optimization are given in Appendix B.

Emulator performance is validated using 5-fold cross-validation, with fidelity quantified by the coefficient of determination
(R?) and the percentage of true values falling within the emulator’s predicted 95% confidence interval (full results in Fig. B1).
For primary state variables (OLR, OSR, £) and process rates (AUTOCONYV, ACCRETN), R? exceeds 0.99. One exception
is Laqj (R? = 0.223), where poor performance is localized to physically pathological regimes (near-total cloud desiccation or
hyper-suppressed precipitation) at the extremes of the parameter space. However, the emulator captures the correct physical
gradient for the well-behaved majority of the parameter space, making it suitable for the diagnostic purposes of this study (see
Appendix B for full discussion). Following validation, production emulators are trained on all 50 members and used throughout

the analysis.
2.4 Hierarchical Constraint Framework

The core framework of our study tests three hierarchical tiers of observational constraints, each representing a different level

of physical detail:

1. Radiative State (Tier 1): TOA OLR and OSR; representing the canonical approach for tuning climate models to achieve
global radiative balance (e.g., Mauritsen et al., 2012; Hourdin et al., 2017).

2. Cloud State (Tier 2): Adds a constraint on £, the primary bulk cloud property expected to respond to perturbations of

warm-rain parameters.

3. Process Rates (Tier 3): Targets AUTOCONYV and ACCRETN directly, representing the hypothetical best-case scenario

in which the underlying warm-rain formation processes are observable.

These tiers represent a progression from canonical model calibration (Tier 1) to crucially but potentially under-utilized
emergent cloud state constraints (Tier 2) to an aspirational process-level target (Tier 3).

To isolate the constraining performance of each tier from the confounding effects of structural model error and observa-
tional bias, the framework is evaluated in a perfect-model setup (e.g., Lee et al., 2016). In this approach, the CNTL simulation

(Cauto = Cacer = 1) serves as synthetic truth, and all observational targets are drawn directly from it. This design provides an
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unambiguous upper bound on the constraining power of each tier: any residual uncertainty in the posterior reflects the mathe-
matical structure of the parametric degeneracy itself, not limitations of the observations or the model’s physical formulation.
Within this framework, observational uncertainties do not represent measurement errors in the traditional sense but rather
the assumed tolerance around the synthetic target value—that is, how precisely each constraint variable must be matched to
be considered consistent with the CNTL state. For Tier 1, we follow L’Ecuyer et al. (2015, their Table 3) and apply fixed
absolute uncertainties of 2 W m~2 to both OLR and OSR, consistent with satellite-derived estimates of TOA energy budget
uncertainty. For Tiers 2 and 3 (and integrated process-rate proxies), we test relative uncertainties of 5%, 20%, and 50% of
the CNTL value, representing optimistic, realistic, and lenient assumptions, respectively. MCMC experiments sequentially add
constraints beginning from Tier 1, allowing precise quantification of the added value of each observational class in reducing
ERFacr uncertainty. The technical implementation of these uncertainties within the likelihood function is described in the

following section.
2.5 Bayesian Calibration and Posterior Propagation

Constrained posterior distributions for C, 4o and C,cc, are obtained via Bayesian inference using the affine-invariant ensemble
sampler emcee (Foreman-Mackey et al., 2013) based on the methods proposed by Goodman and Weare (2010). This algorithm
uses an ensemble of “walkers” that propose moves based on the positions of other walkers, allowing the sampler to efficiently
adapt to the posterior distribution’s geometry even under anisotropic conditions (see Fig. C1) and without the manual tuning
required by traditional Metropolis-Hastings methods. Full details of the sampler configuration are given in Appendix C; briefly,
we use 100 walkers each taking 5000 steps with the first 20% discarded as burn-in, yielding 400,000 posterior samples.

The log-posterior is the sum of a log-prior and log-likelihood. The log-prior enforces a valid parameter range of 278 to 28
to account for extreme emulator uncertainty at the boundaries of the input parameter space (see Fig. B2), returning 0 within
bounds and —oo otherwise. The core log-likelihood function, In(LL(®)), where @ is a set of C,uto and Cacer, quantifies the misfit
between emulator predictions and the synthetic observations from CNTL. For single-variable constraints, assuming errors are
normally distributed across the constraint value, the log-likelihood is given by the squared residual:

_1 (fi(q))_yi)Q
202 +0%P7i(<l>)

obs,?

In(L(®)) = @)

where f;(®) is the emulator prediction of variable i, 02, ; is the assumed observational variance, and o¢;p ;(®) is the emulator
variance. In the perfect-model setup employed here, the observational target y; is set to the corresponding output value from
the CNTL simulation (Cauto = Cacer = 1), such that the likelihood penalizes parameter combinations whose emulated outputs
deviate from the control state. To realistically account for known physical covariances between multiple climate variables (e.g.,
Fig. A4), we use a multivariate log-likelihood based on the Mahalanobis distance:

1, .= ~ .

In(L(®)) = 3 (£(®) ~5) =7} (f(2) ~ ) 5)

where f(®) and y are vectors of predictions and observations, and Y. is the total error covariance matrix. To prevent the large

structural variance of the PPE (e.g., see prior distributions in Fig. A2) from overwhelming the observational variance and
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rendering the likelihood surface uselessly flat, we construct a hybrid covariance matrix:

ihybriol = DRD (0)
where R is the dimensionless correlation matrix computed from the 50-member PPE and D is the diagonal matrix of total
standard deviations, with each entry \/cm . When R is set to the identity matrix (i.e., assuming no correlation between
variables), Eq. 5 reduces to the sum of independent log-likelihoods in Eq. 4.

The final step propagates the constrained posterior samples of C,yto and Cacer from the MCMC chain back through the
trained emulators to generate posterior distributions of output variables (e.g., ERFacr). This propagation can be performed
either deterministically or stochastically. The deterministic method uses only the mean prediction from the emulator. The
stochastic approach involves sampling from the emulator’s full predictive Gaussian distribution (i.e., mean and variance),
therefore including both parametric and emulator uncertainty. We follow the deterministic approach to isolate the effect of

parametric uncertainty while accounting for emulator uncertainty in the MCMC likelihood (i.e., the denominator in Eq. 4).

3 Results
3.1 Constrained ERF¢; Posterior

The unconstrained ERFucy prior spans 0 to —1 W m~2 (Fig. A2), reflecting the full range of climate states produced by the
aggressive parameter perturbations—from essentially cloud-free (immediate precipitation) to persistently overcast (no pre-
cipitation). Radiation constraints eliminate these implausible states (Fig. 2, gray distributions) and narrow ERFc; to values
between approximately —0.75 and —0.95 W m~2. However, the radiation-constrained distribution reveals the fundamental
model degeneracy manifesting as a bimodal posterior. The dominant mode (~—0.78 W m~2) is aligned with the CNTL value,
while the spurious stronger-forcing mode (=—0.95 W m~2) arises from compensating autoconversion and accretion parameter
pairs. Resolving this degeneracy—and identifying which constraints are capable of doing so—is the central question of the
analysis that follows.

The radiation-only tier serves as the baseline; all uncertainty reductions in higher tiers are reported relative to it, with
uncertainty quantified as the standard deviation (o) of the constrained posterior (text boxes in Fig. 2). Adding the cloud-
state constraint (£) substantially narrows uncertainty under both optimistic (5%) and realistic (20%; Bing Lin and Rossow,
1994; O’Dell et al., 2008; Seethala and Horvath, 2010; Greenwald et al., 2018) observational errors and successfully resolves
the bimodality (Fig. 2a,b, red distributions). However, at large observational uncertainties of 50% (Fig. 2c), the cloud-state
constraint fails, producing a bimodal posterior virtually indistinguishable from the radiation-only result and failing to suppress
the spurious strong-forcing mode.

The addition of process-rate constraints provides a far more robust path to reducing uncertainty across all tested observational
errors (Fig. 2, blue distributions). At all error levels—from 5% to 50%—process-rate constraints effectively eliminate the
spurious mode and consistently reduce the width of the dominant mode by approximately half relative to adding only the

cloud-state-only constraint. These findings reveal that the emergent cloud state can statistically reject an implausible climate
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Figure 2. Posterior distributions (as Kernel Density Estimates, KDEs) of ERFscj produced by constraining on radiation only (black), radiation
+ L (red), and radiation + £ + process rates (AUTOCONV and ACCRETN, blue) for assumed observational uncertainties of (a) 5%, (b)
20%, and (c) 50%. Text boxes show the reduction in uncertainty (1-o) for each tier relative to the radiation-only distribution, computed as
reductions in total o and in the dominant mode’s ¢. The dominant mode is defined as the portion of the distribution above the local minimum

of the radiation-only KDE between the two peaks (demarcation ~=—0.85 W m~2).
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state when observational errors in £ are sufficiently small, while process-level constraints both stabilize on the appropriate

climate state and narrow the uncertainty within it regardless of observational error.
3.2 Resolving Equifinality in the Input Parameter Space

Reductions in ERFacy uncertainty arise fundamentally from reductions in the constrained input parameter space—ultimately
the parameters we wish to calibrate—as demonstrated via joint posterior distributions of C,yto and Cacer (Fig. 3). The un-
constrained sparse prior within this parameter space is simply the 50-member Latin hypercube samples used to generate the
PPE (Figs. Al and A2), while constraining on any given tier yields a high-density posterior within that 2D space. A perfect
constraint would back out the target Cp,t0,Cacer Values of unity, essentially collapsing the posterior marginal distribution of
either input parameter to a near Delta function.

When the target constraint is the TOA radiative state, which essentially reflects a target cloud brightness, then pairs of
Cauto and Cycc, are required that achieve some plausible combination of precipitating and non-precipitating cloud. Under these
radiation-only constraints (black distributions in Fig. 3), plausible parameter pairs lie along a compensating ridge from low-
Cauto/high-C,cor (rare but heavy rain) to high-C,ut0/10W-Cacor (frequent but light rain). Radiative state constraints therefore
eliminate only the most implausible states—cloud-free or cloud-saturated. The compensating ridge therefore demonstrates a
degeneracy whereby cloud brightness is correct but the underlying cloud state is not. Adding the £ constraint (red distributions)
breaks this degeneracy under small observational errors, concentrating the posterior near unity (Fig. 3a). At 20% error (Fig. 3b),
L eliminates the extremes of the ridge but compensating processes still allow the target cloud state to be achieved via multiple
parameter pathways. At 50% error (Fig. 3c), the joint distribution is largely indistinguishable from the radiation-only result.
Adding process-rate constraints (blue distributions) finally achieves a climate state in which the clouds are appropriately bright
and the cloud state that controls brightness is achieved through the correct physical pathways even under large observational
uncertainty.

The physical basis for these posterior shapes is revealed by projecting the likelihood surfaces of each constraint tier onto
the parameter space (Fig. 4, shown for 20% observational error). To standardize these surfaces, confidence intervals (CIs) are
defined using Wilks’ theorem (Wilks, 1938): for a given likelihood surface L(®) with maximum L.y, the quantity 2(L,,ax —
L(®)) is asymptotically distributed as a x? distribution with & degrees of freedom equal to the number of parameters (here, k =
2). The critical x? values enclosing 68% (1-0) and 95% (2-o) of the probability are approximately 2.30 and 5.99, respectively,
so CI boundaries are defined as contours where the log-likelihood has dropped from its maximum by AL = x?/2. In Fig. 4,
we plot the 1-0 contour at Lo« — 1.15 for each constraint.

The 1-0 CIs for the radiation-only constraint (white contours) follow the same compensating ridge seen in the posterior
(Fig. 3), confirming that a wide range of parameter combinations can satisfy tight TOA radiative state requirements. The CIs
for £ alone (green contours) trace a similar shape, following the parameter combinations that yield £ near the control value of
~80 g m~2 (Fig. 4b). The intersection of these two broad surfaces explains the shape of the radiation + £ posterior in Fig. 3b.

In stark contrast, the process-rate Cls (dark blue contours) exhibit a fundamentally different structure, forming a diagonal

likelihood space extending from the center towards the upper right. This seemingly counter-intuitive result—where hyper-
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regime defined by the autoconversion (occurrence frequency) and accretion (intensity) factor combinations.
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efficient rain parameters are considered plausible—reveals a self-limiting feedback within the model physics. In the upper-
right regime, large multiplicative factors drive such efficient rain formation that they deplete the available £ (Fig. 4b). This
depletion of £, a primary ingredient for the process rates themselves (Egs. 1 and 2), acts as a negative feedback, causing the
final integrated AUTOCONYV and ACCRETN values to fall back towards the CNTL values (e.g., Fig. 4c).

This demonstrates that while process-rate constraints are uniquely powerful at eliminating the compensating ridge degener-
acy, they are susceptible to a different form of equifinality if used in isolation. The ultimate success of the framework therefore
lies in the synergistic combination of all three tiers. Radiation and £ constraints exclude the nonphysical self-depleted cloud
states in the upper right, while the process-rate constraint eliminates the pathological lower-right quadrant. The only area sat-
isfying all three conditions simultaneously is the small, tight lobe where the CIs intersect, forcing the solution towards the true

parameter values near unity. Full likelihood surfaces for all constraint variables are given in Fig. D1.
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An important question remains regarding the physical characteristics of the parameter space that produce the spurious strong-
forcing mode. This is diagnosed by projecting emulated output variables onto the radiation-constrained posterior (Fig. 5). The
stronger ERFc; values (=—0.95 W m~?) are located exclusively within a “hook” region of high-Cayt0/10W-Cacer (lower-right
quadrant of Figs. 3-5). This reveals a paradox: the region of strongest radiative cooling (Fig. 5a) corresponds to the region with
the lowest £ (Fig. 5b), which is counter-intuitive since thicker clouds are generally more reflective. The paradox is resolved by
the £ adjustment from PI to PD (Fig. 5c), which is largest in this same hook region, confirming that the strong ERFacy is an
artifact of the underlying model physics: the hook parameter combination creates a pre-industrial cloud state that is extremely
fragile, producing a very large relative adjustment in £ when anthropogenic aerosols are introduced. This same feedback was
demonstrated by Feng et al. (2026) for simulations with increased autoconversion rates in both E3SMv2 (Golaz et al., 2022)
and CESM2 (Danabasoglu et al., 2020).

This demonstrates that radiative state constraints alone are insufficient because they are blind to this underlying fragility,
validating a plausible present-day state without testing whether that state results from a robust or pathological physical mecha-
nism. These findings illustrate the core conclusion of this work: achieving a realistic emergent state is insufficient. Constraints

must be powerful enough to select parameter sets that are physically robust across multiple climate states.
3.3 Process-Rate Proxies as Tractable Constraints

While direct process rates offer the most powerful constraint, their lack of observability motivates the search for tractable
alternatives. We evaluate three process-oriented proxies retrievable by modern space-borne platforms: P, WROF, and PAF
(defined in Sect. 2.2). WROF acts as a maximally coarse-grained proxy for rain initiation (Miilmenstédt et al., 2021; Stanford
et al., 2023) while PAF captures rain intensity by measuring the conditional frequency of heavy rain events; P represents the
integrated outcome of both processes together with evaporation.

An evaluation of the emulated surfaces (Figs. 4, D1) and correlograms (Fig. D2) reveals that these proxies are not simple one-
to-one alternatives for the direct process rates. Their behavior is conditioned on the background cloud state; for instance, WROF
(Fig. 4d) is positively correlated with autoconversion but is also strongly anti-correlated with £ (Fig. D2), underscoring that
the proxies constrain the integrated behavior of the precipitation process rather than the underlying mechanisms themselves.

The combined proxy constraint (Fig. 4, cyan contours) shows maximum likelihoods near unity but also extending into
the hook region, failing to break the model’s fundamental degeneracy. This manifests in the ERFacy posteriors with proxy
constraints (Fig. 6): at both 20% and 50% observational errors (panels b,c), the combined proxy constraint still produces a
bimodal posterior, failing to eliminate the spurious strong-forcing mode near -0.95 W m~2.

Despite this limitation, the proxies provide some value. At 20% observational error (Fig. 6b), the combined proxy constraint
narrows the dominant ERFacr mode, approaching the performance of the direct process-rate constraint. A decomposition of
individual proxies shows this is a synergistic effect, particularly at higher uncertainties, where the combination of all three
provides a tighter constraint than any single proxy alone. These results confirm that while observable process-oriented proxies
offer moderate constraining value, they remain insufficient to fully resolve the parametric equifinality that only direct process-

rate constraints can eliminate.
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4 Discussion

Our results demonstrate that equifinality in ERFacy is conditionally resolvable in a minimal working example, but only when
constraints are anchored in the physical mechanisms that govern the emergent climate state. Constraining on a target TOA
radiative state alone produces a fundamental degeneracy—a bimodal posterior reflecting two physically distinct but radiatively
indistinguishable cloud regimes. Requiring the underlying cloud state to also be physically plausible substantially resolves
this degeneracy. Additional cloud-state components beyond £, such as droplet number concentration, may provide further
constraint, and our multivariate MCMC framework is designed to leverage the physical correlations between such variables
(Sect. 2.5). By combining constraints on radiative fluxes and £, we demonstrate that the target radiative state is achieved with
a realistic underlying cloud state—a step that is currently underutilized in standard model calibration but which our results
identify as a critical intermediate constraint.

The efficacy of the combined cloud-state and radiative constraint is nonetheless sensitive to observational uncertainty. It
remains robust at a realistic 20% uncertainty in £—consistent with known systematic errors in satellite retrievals (O’Dell et al.,
2008)—but fails as uncertainty approaches 50%. This highlights that continuing efforts to quantify uncertainty in observed £
(e.g., using variability among retrieval products; Elsaesser et al., 2025) are crucial for robustly constraining models.

The only constraint configuration capable of fully resolving equifinality across all tested observational uncertainties com-
bines all three tiers, with the process rates providing the critical final constraint that no emergent observable can replicate. This
is because process rates are not emergent quantities—they reflect the local physical tendencies that drive the system rather than
the integrated outcome of competing processes—and therefore carry information about the model’s internal mechanisms that
no emergent observable can supply. Crucially, this does not render emergent constraints redundant: the full resolution of equi-
finality requires their synergy, with radiation and cloud-state constraints eliminating the nonphysical self-depleted regime that
process-rate constraints alone cannot exclude. The stark difference in constraining power is reflected in the likelihood surfaces
(Fig. 4), where the process-rate contours exhibit a completely different orientation from all emergent constraints, reflecting a
fundamentally different set of physical trade-offs that enable complete resolution of the bimodal posterior.

Despite this finding, a natural question is whether Tier 3 constitutes a tautological constraint—that is, whether constraining
on vertically integrated process rates is trivially related to the multiplicative perturbations applied to those same rates. We
argue it does not undermine our central findings for two reasons. First, the perturbed quantities (Cauto, Cacer) are multiplicative
factors applied to local, instantaneous process rates, while the constrained quantities (AUTOCONYV, ACCRETN) are vertically
integrated, temporally averaged, and spatially aggregated over the stratocumulus regime. The mapping between these involves
nonlinear feedbacks through cloud fraction, £, and precipitation evaporation, and exhibits saturation at extreme perturbation
values (Fig. D2). Second, and more fundamentally, Tier 3 is intended as a hypothetical best-case scenario—an upper bound
on what process-level observational constraints could achieve—rather than a practically deployable calibration strategy. The
substantial gap between this upper bound and what is achievable with emergent proxies is itself a primary quantitative result of
this work, motivating the search for observational strategies that can approach this bound. We further note that the resolution

of equifinality demonstrated here is specific to this idealized, low-dimensional configuration; in higher-dimensional parameter
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spaces or when constraints are less directly related to the perturbed mechanisms, equifinality may prove considerably harder to
resolve, and this remains an important open question.

The perfect-model approach is a deliberate feature of this study. By deriving synthetic observations from the same model
used for calibration, we eliminate structural model error as a contributor to the equifinality we observe, demonstrating conclu-
sively that it arises from the mathematical structure of the problem itself. Future work will relax this assumption by applying
process-oriented constraints to real observations with realistic uncertainties (e.g., Elsaesser et al., 2025; Nugent et al., 2026;
Fridlind et al., 2026). In these more realistic settings, both structural model error and observational bias are introduced, which
may cause the degradation in constraining power observed between 20% and 50% observational error for the cloud-state con-
straint to occur at considerably lower error levels—making process-rate constraints potentially even more important than our
idealized results suggest. Autoconversion and accretion rates have been estimated from observations in targeted settings—
including aircraft-based integration of the stochastic collection equation (Wood, 2005) and synergistic radar-radiometer re-
trievals of coalescence rates (Stephens and Haynes, 2007)—and observationally constrained parameterizations of these rates
have been developed from field campaign measurements and applied to improve climate model representations of warm rain
(Chiu et al., 2021; Dong et al., 2021). However, these approaches remain limited to specific field campaigns or idealized re-
trieval conditions and do not yet provide the routine, large-scale process-rate estimates that a calibration framework like the
one demonstrated here would require. This gap motivates the development of scalable retrieval algorithms and raises the fun-
damental question of whether synergistic combinations of observable, global proxies can ever approach the constraining power
of the underlying process rates themselves.

The simplicity of our two-parameter design (an intentional deviation from high-dimensional calibration efforts, e.g., El-
saesser et al., 2025; Eidhammer et al., 2024) was essential for diagnosing the physical mechanisms underlying equifinality,
enabling interpretation of the compensating parameter ridge and the diagnosis of the paradoxical regime in which the largest
radiative cooling coincided with the least amount of cloud. This level of mechanistic insight is often obscured in higher-
dimensional spaces where compensating parameter combinations are harder to visualize and diagnose. As the number of
perturbed parameters grows, the equifinality problem becomes more severe and the need for process-level constraints more
acute, yet the mechanistic interpretation of compensating parameters becomes correspondingly harder to extract. Iterative en-
semble designs such as the Calibrated Physics Ensemble approach (Elsaesser et al., 2025) offer a tractable path forward by
using initial constraint posteriors to guide subsequent ensemble sampling toward high-probability regions of parameter space.
Additional tools that isolate the marginal influence of individual parameters on model output—such as partial dependence plots
and individual conditional expectation curves (Goldstein et al., 2013; Hastie et al., 2009)—provide an analogous diagnostic
capability in higher dimensions. The presented framework therefore demonstrates how PPEs can be used not just for model
tuning but for diagnosing the parametric degeneracies that govern model uncertainty, a purpose that could be extended to cal-
ibrate the underlying physical parameters of the autoconversion and accretion schemes directly (Eqgs. 1, 2) to further guide

model development (e.g., Mikkelsen et al., 2025).
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5 Conclusions

Equifinality—where multiple parameter combinations produce indistinguishable climate states—is a fundamental obstacle to

constraining ERF¢y. Using a minimal working example with a two-parameter PPE and a hierarchical Bayesian calibration

approach, we demonstrate that this degeneracy is conditionally resolvable within an idealized perfect-model framework and
375 identify the observational constraints most capable of resolving it. Our results yield three primary conclusions.

First, constraining on a target TOA radiative state alone is insufficient. This canonical approach exposes a fundamental
parametric degeneracy, resulting in a bimodal ERFacy posterior that includes a spurious, physically implausible solution arising
from compensating parameter combinations that produce the correct cloud brightness via the wrong physical pathway.

Second, adding a constraint on the observable cloud state—here the liquid water path (£)—is a powerful and robust sub-

380 sequent step. It successfully eliminates the spurious mode under both optimistic (5%) and realistic (20%) observational un-
certainty, but its utility collapses at large (50%) uncertainty, revealing a critical sensitivity where the constraining power of
emergent state variables can fail.

Third, a direct constraint on the underlying physical processes is the most powerful approach. The full combination of
constraints, anchored in mechanism-level information, is the only configuration capable of completely resolving the parametric

385 degeneracy, providing the narrowest ERFa¢y uncertainty even under large observational error. Observable proxies for these
processes offer some value but remain emergent properties and are ultimately insufficient to resolve the degeneracy.

Although demonstrated here in the context of warm-rain processes and ERFacy, this hierarchy of constraint value is unlikely
to be unique to this system. Anywhere that emergent climate states are governed by competing physical pathways, state-only
constraints may be similarly insufficient. This work establishes a clear and generalizable principle for model evaluation and

390 calibration: to build high-fidelity, unambiguous predictions, it is necessary to move beyond emergent constraints and towards

constraining the fundamental physical mechanisms that produce them.

Code and data availability. We provide a Zenodo archival repository with the following: (1) the E3SMv3 code used; (2) instructions to repro-
duce the runs in the manuscript; (3) the Latin hypercube samples; (4) instructions to retrieve the data files produced by the simulations in this
study, which have been publicly long-term archived using NERSC HPSS; (5) the analysis code, plotting code, emulators, and posterior chains

395 required to reproduce the analyses and figures in the manuscript. The archival repository is available at https://doi.org/10.5281/zenodo.20739692
(Stanford and Mahfouz, 2026).
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Figure A1. Two-dimensional parameter space for multiplicative factors applied to the autoconversion (Cauto, abscissa) and accretion (Cacer,

ordinate) rates obtained via Latin hypercube sampling.

Appendix A: PPE and Experimental Design Diagnostics

The 50-member Latin hypercube sampling of the C,y10-Cacer parameter space is shown in Fig. A1, illustrating the space-filling
design that ensures adequate coverage of the full parameter range used to train the GP emulators (Sect. 2.3 and Appendix B).
The output variables from the 50-member PPE form the unconstrained sparse prior, shown in Fig. A2 (orange). The dense
prior (light blue) is generated by evaluating the production GP emulators at 10 randomly sampled points and provides a
high-resolution view of the unconstrained output uncertainty prior to any constraint being applied. The spatial coverage of the
stratocumulus regime used to compute cloud-state and process-rate variables is shown in Fig. A3, confirming that the regime
criteria isolate the subtropical eastern ocean basins as expected and is consistent with Miilmenstidt et al. (2024b). Finally,
the physical covariance structure between all PPE output variables is shown in Fig. A4. This correlation heatmap, computed
from the 50-member PPE, reveals the inter-variable relationships that motivate the hybrid covariance matrix construction in

the multivariate likelihood framework described in Sect. 2.5.
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Figure A2. PDFs of the sparse prior distributions (orange, from the 50-member PPE) and 10° emulated samples produced using uniform
random sampling (light blue) for all output variables. The dark blue line shows the KDE of the dense prior. The dashed black line indicates
the CNTL value (Cauto = Cacer = 1).

Appendix B: Gaussian Process Emulators
B1 Kernel Specification and Hyperparameter Optimization

The GP emulator’s predictive performance is determined by its covariance function, or kernel, K(z;,x;), which defines the

similarity between any two points x; and x;. We use a composite kernel given by:

K(zi,z;) = 02 _||35i_315j||2 25
T;,Tj) = 0} exp T +0:.0; (B1)

where 0;; is the Kronecker delta. The first term is a scaled Radial Basis Function (RBF) kernel that models the smooth,
nonlinear relationship between the input parameters and model output; its length-scale  governs the smoothness of the emulated

surface. The second term is a white noise kernel that accounts for small-scale variations in the training data and improves
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Figure A3. Cloud occurrence frequency map of stratocumulus (fsc), following the dynamical and thermodynamic regime definition of
Medeiros and Stevens (2011). Grid points with fsc > 0.3 are used for classifying overcast marine stratocumulus in this study following
Miilmenstadt et al. (2024b).

numerical stability. The kernel hyperparameters—signal variance J]%, length-scale I, and noise variance o2—are optimized
during training by maximizing the log-marginal likelihood. In the scikit-learn implementation, this corresponds to a
canonical ConstantKernel X RBF + WhiteKernel structure, with initial guesses of unity and broad, uninformative

bounds on the hyperparameters to guide optimization.
B2 Emulator Validation

To ensure the GP emulators are accurate and reliable surrogates of the parent model, we performed a 5-fold cross-validation
procedure, with results presented as parity plots in Fig. B1. For primary state variables (OLR, OSR, £), R? exceeds 0.99,
indicating the emulators explain more than 99% of the variance in the true model output, with out-of-sample predictions
falling tightly along the 1:1 line and confirming the absence of systematic bias.

While R? values are high, several variables show slightly fewer than 95% of true values falling within the emulator’s
predicted 95% CI. This is partly a consequence of the small ensemble size—only three or more test points falling outside the

CI are required to reduce the coverage below 94%. An examination of their locations reveals no single universal cause; instead,
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they appear to arise from a combination of slight emulator overconfidence in densely sampled regions, sharp nonlinearities in
430 a variable’s physical response, or sampling gaps in a given cross-validation fold. Crucially, even for variables with lower CI
coverage (e.g., P, 84%), the vast majority of points demonstrate a strong linear relationship along the 1:1 line, indicating the
emulator’s predictive trend is sound.
A notable exception is L,q; (R? = 0.223). The outlier points correspond to two physically pathological regimes: near-total
cloud desiccation (£ < 20 g m~2) and hyper-suppressed precipitation (£ > 140 g m~?2). Removing these six samples improves
435 R? for the remaining well-behaved data to 0.74, confirming that poor performance is localized to physically unrealistic climate
states at the extremes of the parameter space. For the purposes of this study, where L,q; is used diagnostically to identify the
cause of the spurious ERFacr mode (Fig. 5c), absolute accuracy is less important than capturing the correct physical gradient
across the parameter space, which the emulator does successfully.
Finally, we emphasize that the Bayesian MCMC framework is naturally robust to minor emulator imperfections. Unlike re-

440 jection sampling, the MCMC navigates a smooth likelihood surface such that slight emulator errors result only in a marginally
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lower likelihood score, gently guiding walkers toward higher-probability regions. The MCMC process inherently focuses sam-
pling effort in these high-probability regions, which are also the most densely populated by training data and where emulators
are most accurate, naturally down-weighting the influence of emulator uncertainty from sparse, extreme regions of the param-
eter space.

GP emulator uncertainty maps for selected output variables are shown in Fig. B2. These maps illustrate the increase in
predictive uncertainty towards the boundaries of the parameter space, motivating the prior bounds applied in the MCMC to
avoid these regions (see Appendix C1). Fig. B2b also demonstrates the large uncertainty in £,q; within regions not populated

by the sparse prior samples.

Appendix C: MCMC Configuration and Diagnostics
C1 Sampler Configuration

The emcee sampler is configured with 100 walkers each taking 5000 steps; the first 20% of steps are discarded as burn-in,
yielding 400,000 posterior samples. A stretch move scale factor of 3 is used to encourage larger exploratory steps suitable for
the complex posterior surfaces encountered in this work (e.g., Figs. 3, 5).

We assume an informed initial placement of walkers. The valid parameter range is restricted to 272 to 22 to avoid the high-
uncertainty boundaries of the parameter space (Fig. B2). Walkers are initialized from a normal distribution centered on the
scaled inputs (i.e., 0.5 in [0, 1] space) with a width such that 99.7% of walkers lie within +30 of the mean, giving the MCMC

a warm start that accelerates convergence relative to a randomly initialized distribution across the full [0, 1] space.
C2 MCMC Diagnostics

Convergence of the walker ensemble is confirmed via trace plots for the three primary MCMC configurations (Radiation Only,
Radiation + £, and Radiation + £ + Process Rates) at 20% observational uncertainty, shown in Fig. C1. These confirm that
walkers converge onto high-probability regions of the parameter space within the burn-in period and validate the robustness of

the final posterior distributions.

Appendix D: Extended Likelihood Surfaces and Correlation Diagnostics

Figure D1 extends Fig. 4 to show emulator-predicted surfaces and 1-o CI contours for all constraint variables, including the full
suite of proxy rates. Figure D2 shows correlograms of all variables across the full radiation-only MCMC posterior, with points
colored by their location in the Cayto-Cacer quadrant. Together these figures support the interpretation of the proxy likelihood

surfaces and the regime-dependent nonlinear relationships between proxies and direct process rates discussed in Sect. 3.3.
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Figure B1. Parity plots of true values (abscissas) versus GP emulator predictions (ordinates) for all variables used in this study. Blue circles

are samples within the 95% CI and red circles are those outside, where error bars represent the 95% CI. Text boxes display R? and the

percentage of samples within the 95% CI. The 1:1 line is shown as an orange dashed line and the linear regression fit as a solid light blue

line.
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Figure B2. GP-predicted standard deviation (o) as a function of Cauto (abscissa) and Cacer (ordinate) for selected output variables. Teal
circles represent the 50-member PPE sampling locations (Fig. Al). Dashed cyan lines indicate the prior bounds supplied to the MCMC

log-prior function to avoid the high-uncertainty boundaries of the parameter space (Appendix C1).
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Figure C1. Trace plots for MCMC runs constraining on Radiation Only (left column), Radiation + £ (middle column), and Radiation
+ L + Process Rates (right column) at 20% observational uncertainty (2 W m~2 for Radiation Only). The top and middle rows show
walker exploration of Cauto and Caccr, respectively; the bottom rows show the log-likelihood (Eq. 5) on a logarithmic step axis to highlight

convergence behavior.
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