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Abstract. Knowledge of the evolution of the terrestrial carbon cycle in a changing climate is important for many reasons,

including allowing for an assessment of the extent to which the land can partially offset carbon dioxide (CO2) emissions due

to human burning of fossil fuels. However, understanding some characteristics of the response of terrestrial ecosystems to

different environmental forcings remains limited. Future detailed measurement campaigns may advance our understanding of

ecological processes, but many measurements that are needed to improve model representation have not yet been collected.5

Furthermore, a prerequisite of large-scale land surface models is their ability to accurately estimate change in all locations,

and so will inevitably include places for which data may never be available. This global requirement is due to the need to

develop robust predictions of the overall response of how land carbon stores will evolve in response to climate change, despite

incomplete information and related unknowns. Global carbon storage on land still continues to increase, compensating for a

substantial fraction of anthropogenic carbon dioxide (CO2) emissions. Quantifying the magnitude of future CO2 drawdown is10

critical to determining emissions pathways compatible with climate targets, including limiting global warming to two degrees

above preindustrial levels. Designed to reduce uncertainty in terrestrial carbon storage and its interactions with biogeochemical

cycles, optimisation hypotheses propose that ecosystems maximise specific attributes such as carbon uptake. If validated,

these hypotheses offer a mathematical framework that can replace unknown mechanistic equations in land system models.

Furthermore, optimal calculations that represent plant responses to local environmental conditions can capture geographical15

variations, substituting for spatially incomplete data, and, in particular, additionally provide expected responses to climate

change forcings. Here, we substantially extend an existing description of the optimal carbon allocation between the three

stores of wood, foliage, and fine root biomass (Makela et al., 2008). This extension incorporates an established model of the

photosynthesis response (Farquhar et al., 1980) and the stomatal response (Medlyn et al., 2011) to near-surface meteorological

conditions. The original optimal algorithm (Makela et al., 2008) maximises net primary productivity (that is, photosynthesis20

minus maintenance respiration) by determining how available nitrogen is allocated, which then influences the simulated size of

the three carbon stores. In our extended mathematical framework, we first present how optimal allocation and resultant wood,
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foliage and fine root store sizes additionally depend on individual changes to near-surface meteorological and climatological

drivers. We then estimate projected changes in allocation for the simultaneous increase in temperature and atmospheric CO2

concentration, representing the effects of global warming. Finally, we evaluate the performance of the revised model in a

temperate mature deciduous oak forest, contrasting with its original development for mature boreal evergreen pines. This

forest is located at the BIFoR FACE (Birmingham Institute for Forest Research Free Air Carbon Dioxide Enrichment) facility,5

where continuous monitoring of the response of temperate forest trees to CO2 has been carried out since 2018 (Foyer et al.,

2025). Such data reveal that our enhanced simulation structure performs well in projecting the allocation of carbon to different

stores. A key aim of our analysis is to create a mathematical structure for potential inclusion in the terrestrial carbon cycle

components of Land Surface Models (LSMs). These models, in turn, may be used in Earth System Models (ESMs), to aid

projections by the latter of the global carbon cycle in response to prescribed scenarios of CO2 emissions.10

1 Introduction

The land surface has a major role in the Earth system, responding to and feeding back on near-surface meteorology. Further-

more, terrestrial ecosystems play a substantial role in the global carbon cycle and are currently a net sink for atmospheric

carbon dioxide (CO2) (e.g. Canadell et al., 2007; Friedlingstein et al., 2025) that offsets approximately 21% of CO2 emissions

due to the societal burning of fossil fuels (Friedlingstein et al., 2026). Any changes in levels of atmospheric CO2 captured15

by land ecosystems may have strong implications for the ability to meet key climate targets, as this will alter the level of

compatible emissions over the coming decades. Such targets may include keeping global warming below two degrees since

preindustrial times. Consequently, reliable models of terrestrial carbon cycling are required. These simulations must have a

sufficiently complete representation of processes so that they can project changes to land carbon stores in response to any new

climate regimes and the related higher atmospheric CO2 concentrations. Such models also need to be applicable to a range20

of different background environmental conditions that occur throughout the world so that subsequent spatial averaging can

predict the contemporary global mean carbon stores of land and their expected changes in the decades ahead.

Terrestrial carbon cycling depends mainly on how the gains from photosynthesis are distributed between the roots and

other components of vegetation (e.g. Franklin et al., 2020; Litton et al., 2007) and while also accounting for losses through

respiration. In addition to physical climate drivers that impact terrestrial carbon cycle processes through photosynthesis and25

respiration, the functioning of the land surface is also strongly dependent on carbon cycle interactions with other geochemical

cycles and, most notably, nitrogen (e.g. Zaehle, 2013; Huntingford et al., 2022). Unfortunately, there is currently no complete

understanding of how available carbon is allocated among ecosystem components. Medlyn et al. (2015), for example, develop

a roadmap for reducing uncertainty in vegetation models, which may ultimately occur by using comprehensive sets of FACE

experiment measurements, citing the dynamic allocation of carbon as a key unknown. However, in the current absence of30

available data, and to address this incomplete information, including the related lack of a full set of descriptive equations, one

possibility is to use simultaneous measurements to build empirical descriptions of ecological processes. These descriptions

can include interaction between components and, in particular, with environmental drivers. However, while such a procedure
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can provide valuable insights based on contemporary data, empirical relations may lack robust predictive capability for out-

of-sample forcings such as imposed climate change. An alternative intermediate approach exists, falling between empirical

fitting and full knowledge of ecosystem effects, where the latter is currently unavailable due to the lack of a completely closed

set of equations. This middle method employs the concept that some vegetation behaviours likely follow optimal pathways

by maximising a particular physiological attribute. Optimisation brings three advantages. First, it generates effective (implicit)5

descriptions of processes where knowledge is lacking. A mathematical interpretation is that optimisation may complete (i.e.

close) the set of equations in a land model, compensating for missing equations due to gaps in process understanding. Such

a closure is appealing for describing plant carbon allocation, where the mechanisms are not yet fully resolved. Second, under

the assumption that optimal behaviour remains valid under altered conditions or forcings, this enables predictions for changed

climatic conditions. Third, under the additional assumption that any optimisation hypothesis holds for geographically varying10

locations, this enables calculations for the many places where data are unavailable for land model calibration. The latter feature

is useful when developing land surface models such as Dynamic Global Vegetation Models (DGVMs) (e.g. Sitch et al., 2008,

2024), designed to be globally applicable.

Ultimately, DGVMs are required as a land component in Earth System Models (ESMs), which are used to simulate the full

climate-carbon cycle system response to fossil fuel burning, supporting statements in the reports of the Intergovernmental Panel15

on Climate Change (e.g. IPCC, 2013, 2021). All ESMs require a surface scheme that describes land-atmosphere exchanges of

momentum, heat, vapour and CO2. However, many ESMs extend previous climate models by allowing forcing with scenarios

of future CO2 emissions rather than atmospheric CO2 concentrations. As such, ESMs link emission rates directly to climate

change, which is often more useful to policymakers. For ESMs to perform emissions-driven calculations, they require a fully

interactive representation of the global carbon cycle, including the simulation of evolving land carbon stores by DGVMs. Some20

ESMs that simulate the carbon cycle have been available for more than two decades (e.g. Cox et al., 2000), but uncertainty

remains about how land carbon stores will alter under climate change.

To support DGVM development, many land-based optimisation hypotheses are available (e.g. Harrison et al., 2021) and

some authors offer mathematical models that translate these conjectures into equation form. Here, we adopt the optimisation

model of Makela et al. (2008), which dynamically determines the ratio of carbon allocation among fine roots, foliage and wood.25

This model operates on the assumption that trees optimise their use of available resources, which, in this context, involves

the allocation of available carbon to these three components in order to achieve the highest productivity by maximising Net

Primary Productivity (NPP), i.e. photosynthesis minus respiration. Specifically, to achieve optimality, there is an intermediate

control variable, foliage nitrogen, for which a specific value will maximise NPP. The carbon gains from increased nitrogen

availability (which enables enhanced photosynthesis) are balanced against the carbon costs of increased nitrogen uptake (i.e.30

higher maintenance respiration and fine root construction). This balance also depends on an overall prescribed maximum rate

of nitrogen uptake by the roots, which acts as an external forcing boundary condition.

The optimal NPP model used by Makela et al. (2008) has, however, limited environmental dependencies. In particular, the

model does not include the influence of near-surface climatology or the direct impact of atmospheric CO2 concentration on

NPP. Here, we merge the optimal model with a slightly modified version of the well-established “Farquhar” description of pho-35
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tosynthesis (Farquhar et al., 1980). The model proposed by (Farquhar et al., 1980) itself requires an additional closure equation

to provide a value for leaf internal CO2 concentration, ci. This extra equation pertains to stomatal conductance, and here we

select the conductance model of Medlyn et al. (2011), itself an optimality-based approach. Combined, this new framework

introduces additional dependencies of leaf-level temperature, light availability, vapour pressure deficit, and atmospheric CO2

concentration into the Makela et al. (2008) optimal concept framework. Furthermore, we introduce an overall dependence of5

NPP on soil moisture similar to that presented in Eq. (11) of Best et al. (2011). Lastly, we provide a more complete description

of plant respiration, based extensively on the model given in Clark et al. (2011), which includes a dependence on leaf-level

temperature and soil moisture.

Our novel approach to simulation combines an optimisation method for carbon allocation with descriptions of photosynthe-

sis and respiration. We examine its responses to meteorological drivers representative of a Finnish pine forest site. We adopt10

the existing physiological parameters to align with the original Makela et al. (2008). We explore how the model responds to

individual variations in environmental drivers, and then consider the simultaneous variation of temperature and CO2 concen-

tration representative of future climate conditions. Lastly, we apply the revised model to a different ecosystem, that of a mature

broadleaf deciduous temperate forest. We use data from the Birmingham Institute for Forest Research (BIFoR) Free-Air CO2

Enrichment (FACE) experiment (Hart et al., 2020), at such a forest, to parameterise and evaluate the model under ambient15

and future CO2 conditions. This final step is an initial stage towards the approach suggested by (Medlyn et al., 2015). Impor-

tantly, this last step can benefit from the longer timescales associated with FACE experiments and that are also associated with

allocation effects.

2 Methods and Data

2.1 Summary of the model of optimisation and its combination with a full photosynthesis model and adjusted plant20

respiration model

Our aim is to extend the optimal carbon allocation model of Makela et al. (2008) to account for dependencies on local cli-

matological conditions. These conditions are introduced by incorporating a more realistic description of photosynthesis and

respiration into the optimal model, along with a description of stomatal opening. These amendments lead to a dependence on

surface temperature, humidity, and light levels, as well as a response to atmospheric CO2 levels and soil moisture status. We25

now present the revised equation set.

2.1.1 The optimisation model and its extension

The overarching calculation of the optimal allocation model of Makela et al. (2008) is to determine a dimensionless value φr,

which is the ratio of fine root biomass, Wr (kg DM ha−1), to foliage biomass, Wf (kg DM ha−1) (i.e. φr =Wr/Wf ), where

“DM” stands for dry matter. The optimal calculation also determines wood biomass, Ww (kg DM ha−1), where we note in30

this model that wood biomass refers to sapwood. The complete set of equations leading to the calculation of the values of
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φr is presented predominantly in Makela et al. (2008), and particularly in the Supplemental material of that analysis. A brief

summary of the φr calculation is as follows. The first requirement is to prescribe a key model forcing, via the parameter σrM

(kg N (t fine root)−1 yr−1), which is the maximum fine root-specific rate of N uptake (the ’x’-axes of the panels of Fig. S3 in

Makela et al. (2008)). With knowledge of this value, the allocation model is fully defined, except that the number of process

equations is one less than the number of variables that require solution. In mathematical terminology, the model contains “an5

unconstrained extra degree of freedom”. However, if a value of foliage nitrogen, [N ]f (kg N (kg DM foliage)−1) is known,

then all equations are solvable, including generating a value for φr. Knowledge of [N ]f also predicts G (kg DM ha−1 yr−1),

which is the rate of production of new DM. Quantity G= Y (P −Rm) is a rate of production and where P (kg C ha−1 yr−1) is

the rate of photosynthesis, Rm (kg C ha−1 yr−1) is the rate of maintenance respiration and Y (kg DM (kg C)−1) converts from

carbon to dry matter accounting for losses to growth respiration. Hence, with G=G(φr([N ]f ), [N ]f ), the optimal hypothesis10

of Makela et al. (2008) is that vegetation adjusts its [N ]f value to maximiseG, and in doing so, determines φr. The assumption

of maximising G provides the extra degree of freedom missing and thus determines the unique values of [N ]f and thus φr.

The solution to the optimisation calculation enables the calculation of λf ,λr and λw, which are the allocation fractions of G

to each of the three components.

Our aim is to retain, as far as possible, the main features of the optimal model, as expressed through the equations in Makela15

et al. (2008). In particular, our approach is to introduce dependencies on local climatological conditions through revised models

of P andRm while preserving the original dependencies of the model components on the foliage nitrogen concentration levels.

Keeping these nitrogen dependencies, we continue to solve the cubic algebraic equation for φr (i.e. Eqn S10; Makela et al.,

2008), where the coefficients of that cubic depend on [N ]f . The optimisation method remains that of selecting a [N ]f value

such that the related (highest real value) solution to the cubic equation corresponds to the largest possible value of production,20

G. To allow local climatological conditions to drive our revised model, we calculate the annual mean daytime meteorological

conditions over the period from 1996 to 2014, inclusive, at the Hyytiala forest eddy covariance flux tower site in Finland, which

is dominated by needleleaf evergreen trees (Fi-Hyy; https://fluxnet.org/sites/siteinfo/FI-Hyy). These calculations give annual

mean conditions of air temperature = 5.74 oC, shortwave radiation = 134.6 Wm−2, specific humidity = 0.0049 kg kg−1, CO2

concentration = 397 ppm and we assume no soil moisture stress. We initially select a Finnish site as this aligns well with the25

original paper of (Makela et al., 2008). Following this, we also perform calculations relevant to the BIFoR-FACE location in

the United Kingdom.

2.1.2 Enhanced model of photosynthesis

We introduce a more sophisticated description of photosynthesis, P , as follows. The existing format is that P = P (Wf , [N ]f ).

The first dependency on Wf (kg DM foliage ha−1) is provided by Makela et al. (2008); their Eqn (6):30

P =
σfMWfKf

Wf +Kf
(1)
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where σfM (kg C (kg DM foliage)−1 yr−1) is defined as a “light-saturated foliage-specific rate of photosynthesis”. For the

second dependency, the quantity σfM depends on [N ]f as:

σfM =
σfM0[N]p

[N]p + [N]ref
, [N]p = max{[N]f − [N]0, 0}, (2)

and where Kf (kg DM foliage ha−1) , σfM0 (kg C (kg DM foliage)−1 yr−1), [N ]ref (kg N (kg DM foliage)−1) and [N ]0 (kg

N (kg DM foliage)−1) are parameters. See Makela et al. (2008); their Eqn (10).5

We first propose that Eq. (1) broadly captures leaf-to-canopy scaling. This scaling is more frequently presented as a function

of the Leaf Area Index (LAI) (m2 m−2), and represents a form of integration within the canopy of decaying photosynthetic

strength for deeper vegetation layers (e.g. Sellers et al., 1992). These mappings begin to saturate, therefore, at higher LAI

values. Here, instead, such saturation is modelled in Wf (rather than LAI). We retain Eq.(1), and therefore interpret σfM as a

quantity describing the top leaf-level photosynthesis.10

Second, in our adjustments to introduce a photosynthesis model, our objective is to retain as much of the nitrogen influence

as given by Eq. (2), thus preserving links to the methodology of Makela et al. (2008). We introduce new environmental

dependencies of photosynthesis within σfM0, thereby transforming the way this quantity is modelled from being a fixed

parameter to a variable. However, many descriptions of photosynthesis also contain a nitrogen dependency. Hence, our aim

is to keep that particular process description and dependency external to the variable σfM0, ideally following or resembling15

Eq. (2) and thus again consistent with Makela et al. (2008).

Specifically, we replace σfM with a photosynthesis modelA∗ = min(Av,Aj) (kg C kg leaf−1 yr−1) and that has no nitrogen

limitation.Av is Rubisco-limited photosynthesis, whileAj is light-limited photosynthesis, and both variables follow the model

of Farquhar et al. (1980). The exact suggested equation format is given by Eqs. (2), and (3) with (4) of (Oliver et al., 2022) for

Av and Aj respectively. This introduces a dependence on temperature (oC) for both photosynthetic components, and for Aj20

there is a dependence on light Q (W m−2). Both photosynthetic rates depend on ci, which is the intercellular concentration of

CO2 (ppm). We link ci to atmospheric CO2 concentration implementing the Medlyn model of stomatal conductance, (Medlyn

et al., 2011), by using the form of Eq. (9) of Oliver et al. (2022). The model of stomatal conductance additionally introduces a

dependence on vapour pressure deficit, dq (kg kg−1). The descriptions of Av and Aj depend on Vcmax and Jmax respectively,

which is how the temperature dependence is included (see Eq. 5 of Oliver et al., 2022). We additionally scale photosynthesis25

by a parameter β, which is in the range between zero and one, and represents soil moisture stress. Conditions of no stress

correspond to β = 1.

Although the photosynthetic model presented in Oliver et al. (2022) does not contain an explicit dependence on nitrogen

levels in the vegetation components, there is a dependence on leaf nitrogen concentration within the calculation of Vcmax. Fur-

thermore, Jmax is routinely modelled as linear in Vcmax, and so this nitrogen dependence will also appear in this variable. In30

Harper et al. (2016), a linear dependence on this foliar nitrogen is assumed, although the gradient of the response is dependent

on Plant Functional Type (PFT). Other authors suggest instead a saturation of photosynthesis in increasing nitrogen concentra-

tion (for instance, the references cited in Makela et al. (2008) of Field and Mooney (1986), Hilbert (1990), Franklin and Ågren

(2002) and Ellsworth et al. (2004)), which gives a mathematical form that closely resembles or exactly matches that of Eq. (2).

6
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Hence, within our equation for Vcmax, we set this as the prescribed parameter value used in the JULES model (Harper et al.,

2016). The value is prescribed as 0.01083 (kg N kg leaf−1)) for leaf nitrogen concentration and for the needleleaf tree PFT,

which is a high value and so assumes no nitrogen limitation within the A∗ model. This approach then allows us to introduce an

external modification of A∗ for nitrogen availability, although using the saturating form, i.e. Eqn (2). That is, σfM tends to a

constant for large and increasing values of [N ]p, rather than a linear dependency. (This introduction of nitrogen directly on the5

photosynthesis model, rather than indirectly via Vcmax, has one additional implication. For Rubisco-limited photosynthesis,

Av is linear in Vcmax, whereas light-limited photosynthesis, Aj , is not strictly linear in Jmax i.e. the potential rate of electron

transport, for particularly low light levels (e.g. solving Eqs. 3 and 4 of Oliver et al., 2022).

Combining all these considerations gives an assumed multiplicative relationship between both Av and Aj and a saturat-

ing dependence on nitrogen concentration (Eq. (2)), the use of Eq. (1) to characterise canopy scaling, as well as a scaling10

for soil moisture. Critically, this approach also introduces near-surface climate conditions through the photosynthesis model

represented by A∗. Together, this gives:

P = β×A∗(T,Q,dq, ca)︸ ︷︷ ︸
New effective parameter σfM0

× [N]p
[N]p + [N]ref

× WfKf

Wf +Kf︸ ︷︷ ︸
From original model

, [N]p = max{[N]f − [N]0, 0}. (3)

Eq (3) introduces a temperature, light, vapour pressure deficit, CO2 concentration and soil moisture stress dependency into

the modelled photosynthesis, P , of the optimal model. In Fig. S3 of Makela et al. (2008), a sensitivity to CO2 is presented,15

depending on the perturbation of the parameters σfM0 and the allometric quantity cH . Here, our new dependencies offer a

more process-led basis for determining variations in σfM0 corresponding to different CO2 levels (although the cH dependence

may be more closely related to changed long-term allometric behaviours at higher carbon dioxide levels, which our revised

model does not capture). The parameter values required by the photosynthesis model are sourced from (Oliver et al., 2022) and

for the needleleaf evergreen tree PFT. The photosynthesis model, driven by the local climatological conditions of the Fi-Hyy20

flux site, predicts that P is 9.8 kg C kg leaf−1 yr−1, which is the same order-of-magnitude as σfM0 when estimated by the

original Makela model of 4 kg C kg leaf−1 yr−1 at the same leaf N concentration.

2.1.3 Model of plant respiration

Similarly to photosynthesis, our aim is to map a new functionality to the model of Makela et al. (2008) so that it introduces

a dependence on temperature and soil moisture in the description of respiration, both of which are known to affect this com-25

ponent of terrestrial carbon cycling. By mirroring our approach to photosynthesis, we wish to add these new environmental

dependencies while retaining the mathematical structure of the optimal solution, as presented in the Supplementary material

of (Makela et al., 2008). Specifically, we plan to maintain all the algebra that leads to solving a cubic equation for the ratio

φr, subject to nitrogen allocation [Nf ] that maximises G= Y (P −Rm). Thus, for respiration, we need to retain a similar

dependence on [N]f , [N]r and [N]w as in the original model, which takes the form of30

Rm = rm ([N]fWf + [N]rWr + [N]wWw) . (4)
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Here rm (kg C (kg N)−1 yr−1) is a parameter, and subscripts f,r,w denote foliage, fine roots and live wood. We therefore

consider the feasibility of retaining this direct N-dependence, while modulating the parameter rm to include a dependence on

near-surface meteorology, and specifically on temperature T and soil moisture θ.

To derive a more complete response for Rm, we first consider the respiration equations used in the JULES model (which is

an LSM with many uses, including application in ESMs; Clark et al. (2011)). At the top leaf level, the JULES model describes5

maintenance respiration (named Rpm in that model) as:

Rpm ∝Rd
(
β+

NJ
r +NJ

s

NJ
l

)
. (5)

Here β is again a factor between zero and unity used to quantify soil moisture stress (with unity being no stress), and NJ
r ,N

J
s

and NJ
l are the nitrogen concentrations in the JULES model for fine roots, stems, and leaves, respectively. The parameter Rd

is linear in Vcmax,25, i.e.10

Rd ∝ Vcmax,25.

Rd is also linear in a function of temperature, which follows the form given in Eq. (5) of Oliver et al. (2022) and is repeated

here:

Rd ∝ eHa(T−Tref )/(TrefRT )×
(
1 + e(Tref∆S−Hd)/(TrefR)

)
(
1 + e(T∆S−Hd)/(TR)

) . (6)

Here, Tref = 298.15K (i.e. 25◦C), while Ha,R,∆S and Hd are parameters described in Oliver et al. (2022).15

Importantly, Vcmax,25 is itself dependent on nitrogen level. As noted in Section 2.1.2, one dependence of this parameter on

nitrogen (e.g. Eq. (6) of Clark et al. (2011) and Eq. (3) of Harper et al. (2016)) is where the JULES model sets Vcmax,25 as

linear in leaf nitrogen, NJ
l , i.e.:

Vcmax,25 ∝NJ
l . (7)

A linearity in nitrogen concentration aligns with Eqn (4), and therefore as used in the original model of Makela et al. (2008).20

Hence, our approach is similar to that for photosynthesis, which is to assume that nitrogen availability takes a relatively high

fixed value in the calculation of Vcmax,25, while retaining the actual nitrogen dependence as an extra response, external to that

parameter. This response is taken to be similar to that of Eqn (4), although such linearity for respiration implies a different

dependence of Vcmax,25 on nitrogen compared to the saturating form used for photosynthesis in Eq. (3). We suggest that

although it is often common for models of photosynthesis and respiration to use the same “Vcmax” forms for both, there is no25

overall process or data-led reason for such a commonality.

We make three further assumptions of: (i) in Eq. (5), NJ
r ∼NJ

s ∼NJ
l , (which creates a factor of two, and removes the

nitrogen dependency present in Eq. (5)); (ii) an overall scaling of respiration in soil moisture represented by parameter β,

and (iii) the leaf-to-canopy scaling is captured by the linearity in the biomass components (i.e. Wf , Wr and Ww) of Eq. (4).

This linearity for respiration contrasts with the exponential decay within a canopy for photosynthesis described in Eq. (1).30
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Combining all the factors above results in a new respiration description that expands the Makela model as:

Rm = µRβ(β+ 2)× eHa(T−Tref )/(TrefRT )×
(
1 + e(Tref∆S−Hd)/(TrefR)

)
(
1 + e(T∆S−Hd)/(TR)

)
︸ ︷︷ ︸

Scalar correction to original parameter rm

×rm (NfWf + NrWr + NwWw)︸ ︷︷ ︸
From original model

(8)

and where µR is a multiplicative parameter.

We derive the value of the unitless parameter µR such that it returns the same value for canopy-level respiration, Rm, as

that for the parameters set in Makela et al. (2008). To obtain equivalence, we assume for their typical Finnish location that5

β = 1 (i.e., no soil moisture deficit) and an annual mean daytime temperature of 278.89 (K) derived from the temperature at

the Finnish flux tower site Fi-Hyy as described earlier. This fitting yields µR = 6.0.

2.1.4 Summary of new mathematical dependencies of the revised optimal model

As outlined above, we have retained the main features of the original optimal model of Makela et al. (2008), as described in

their Supplementary Material. We have changed the parameter σfM to instead be a function of climate-related dependencies10

via a description of photosynthesis based on the established “Farquhar” model. This modification we name as σ∗
fM0 = β×

A∗(T,Q,dq, ca), marked as “new effective parameter” in Eqn (3). We have also introduced environmental dependencies into

the respiration model by adjusting the parameter rm, marked as “scalar correction to original parameter rm” in Eqn (8). Writing

the product of the scalar and rm as r∗m, from Eqn (8) yields Rm = r∗m (NfWf + NrWr + NwWw). Our new dependencies can

be summarised as:15

σ∗
fM0 = σ∗

fM0(T,I,D,ca,β(θ)), (9)

r∗m = r∗m(T,β(θ)), (10)

where θ (m3 water (m3 soil)−1) is soil moisture. Although Eq. (9) introduces five external environmental drivers, Eqs. (9)

and (10) act as just two immediate variables, necessitating the calculation of σfM and r∗m at each location. We also note that,

as in the original model form, each location requires a value of overall N-uptake (i.e. the value of σrM ). Hence, mathematically,20

our revised model possesses three degrees-of-freedom, and if each of these three quantities is set, a unique value for parameter

φr is calculated, that is:

φr = φr(σrm,σfM , r
∗
m). (11)

In reality, there are many more degrees-of-freedom because all model parameters, both in the original model components and in

the introduced photosynthetic and respiration responses, may be biome-specific (e.g. see the description of BIFoR data below,25

Section 2.2).

It is noted that we assume a response to annual mean values of environmental forcings in the calculations. First, the model

of Makela et al. (2008), and our extension here, are equilibrium calculations, i.e., the model contains no time derivatives. If

we instead forced the model with time-evolving mean meteorological quantities calculated at the seasonal timescale or shorter,

this would lead to unrealistic major variations in allocation and thus carbon stores. We consider this issue of a lack of inertial30
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equation terms in the model, alongside other caveats, in more detail in Section 4. Furthermore, the mean temperature adopted

from the Finnish site is from the height of the meteorological measurements, rather than that at leaf level.

2.2 BIFoR data

Moving from the mature evergreen pine stands of Finland, we next apply our revised optimal model to describe the mature

broadleaf deciduous temperate forest stand at the Birmingham Institute of Forest Research (BIFoR) site in the UK (MacKenzie5

et al., 2021). This site is dominated by 175-year old English oak trees (Quercus robur) and, critically, includes a Free Air CO2

Enrichment facility (FACE). Therefore, substantial data are available on the growth of these mature trees under both ambient

and elevated CO2 conditions (Norby et al., 2024b). Hence, this site allows us to test our revised model in a biome different from

that of the Finnish site, and, importantly, to evaluate the performance of the model for elevated CO2 concentrations. Different

background CO2 concentrations are a new forcing we introduce (ca in Eqns (3) and (9)).10

We re-parameterised the model for the BIFoR-FACE location using site observations where possible, for trees grown at

ambient CO2 levels. Values are presented in Table 1. The values of the parameters Tf , Tr, rm, nr, ff , fr, and fw are taken

directly from observations at the BIFoR-FACE site. The mean lifetime of the foliage, Tf , is set at 1.0 because these deciduous

oak trees have one set of leaves per year. The quantity Tr, the mean lifetime of fine roots, are calculated from measurements

of fine-root production and biomass, as described in (Norby et al., 2024b). The variable rm, the specific rate of respiration, is15

calculated from the mean dark respiration rate (µmol m−2 s−1) as measured in year 2022 and converted to the correct units

using measured Leaf Mass per unit Area (LMA) (kg m−2) and the nitrogen content of the leaves (kg N kg leaf−1) (C. Mayoral,

unpublished data). The quantities ff , fr and fw, the proportion of N recycled, are calculated for leaves and assumed to be

the same for fine roots and wood (C. Mayoral, unpublished data). The parameter nr, the ratio of fine root to leaf nitrogen, is

derived directly from the average nitrogen (percent) measured in green leaves and fine roots, collected over the period 201620

to 2022 (leaves) and 2018 to 2022 (fine roots, down to a depth of 30cm), (C. Mayoral, unpublished data). The concentration

of photosynthetic N, Nref , is calculated under the assumption that 18 % of total leaf N is photosynthetic N, according to

Luo et al. (2021). When observations were not available, we make reasoned estimates. For example, the allometric parameters

Ch and aw are important for determining biomass, and we would expect these to be different for evergreen compared to

deciduous habits. The quantity Ch is essentially a height parameter, so we reduce this compared to the value for pines, as25

oaks tend to be shorter. However, we increase the value of the parameter aw on the basis that oaks are ring-porous hardwood

species with a denser sapwood compared to needleleaf evergreen trees. Our simulation framework is based on a description

of photosynthesis that replaces the requirement to specify the parameter σfM0. Instead, therefore, we use measured values of

Vcmax,25, Jmax,25 (Gardner et al., 2022) and LMA from the oak trees at BIFoR (R. J. Norby, unpublished data), as required by

the newly implemented Farquhar et al. (1980) photosynthesis scheme. The revised parameters for all other variables applicable30

to BIFoR are also presented in Table 1.

Although the optimisation concept assumes that vegetation acts to adjust nitrogen allocations to maximise productivity, there

remains a requirement to specify the overall nitrogen availability, σrm (Eqn (11)). For the BIFoR site, we estimate σrm from

the nitrogen requirements of the trees for growth. We use the approaches of Finzi et al. (2007) and Zaehle (2013), along with

10
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Eqn (9) in the original analysis of Makela et al. (2008), to provide a range of estimated values for σrm. The methods of

Finzi et al. (2007) and Zaehle (2013) calculate nitrogen uptake from observations of nitrogen content and production minus

the amount of nitrogen resorbed from the canopy. This “top down” method is necessary as σrm is essentially an aggregate

parameter designed to capture the overall availability of nitrogen to plants as the outcome of multiple different processes. This

quantity includes the rate of turnover of the nitrogen pool in the soil and the ease with which the roots absorb nitrogen, which5

in turn depends on mycorrhizal activity in the soil and associations with the roots. Therefore, σrm does not have a direct link

to measurements and is instead inferred as above. This approach leads to an estimated range of nitrogen availability for BIFoR

of between 39 and 69 kg N (t fine root)−1 yr−1.

We drive the optimal model using the annual average meteorological conditions for the BIFoR site, albeit here using only

mean daytime values. These averages are calculated over the period of years 2002 to 2018, returning values of annual mean10

air temperature at 11.98 (oC), shortwave radiation at 209.20 (W m−2), specific humidity at 0.0067 (kg kg−1), ambient CO2

concentration at 397 (ppm) and we assume no soil moisture stress. For the part of the BIFoR experiment with elevated CO2

concentration, this is set at ca = 550 ppm. We evaluate the behaviour of our revised model against the total measured NPP (dry

weight, G), calculated as the mean of measurements taken in years 2021 and 2022 (Norby et al., 2024b). Notably, we conduct

this comparison for both ambient and elevated CO2 FACE rings. NPP measurements during the same period are available15

for the different pools to calculate the fraction of carbon allocated to foliage (NPP measurements for leaves and reproduction

combined), wood (NPP measurements for stem and coarse roots combined) and fine roots (Norby et al., 2024b). The biomass

(dry weight) of each pool (leaf, Wf ; wood, Ww; and fine root, Wr) is also used in the evaluation and is calculated as described

in (Norby et al., 2024b) for both ambient and elevated CO2 FACE rings. For wood biomass (Norby et al., 2024a), we report

the mean across all rings as this represents the accumulated growth over the 180 year lifespan of the oak trees. Leaf nitrogen20

content is measured as the average nitrogen (%) in green leaves collected from 2016 to 2022, which we use to evaluate [N ]f

(C. Mayoral, unpublished data).

3 Numerical Results

We first consider model projections using annual mean meteorological conditions from the Finnish flux tower site (“Fi-Hyy”)

(Section 2.1.1). These conditions serve as our baseline, as they match the simulated location of the original Makela et al. (2008)25

analysis that is based on Finnish Pine and Spruce vegetation. For the model components used that originate from the original

study, we apply identical parameterisations. We investigate the impact of perturbing individual environmental conditions away

from that climatological baseline. We also perturb temperature and CO2 concentration simultaneously, potentially representing

global warming effects. We then change location and examine the performance of the model at the BIFoR UK site (MacKenzie

et al., 2021). As described in Section 2.2, this second site includes CO2 enrichment experiments against which we can test30

model projections for higher carbon dioxide levels and with our new combined simulation structure.
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Parameter Definition BIFoR Value Units Source

Kr Amount of fine roots capturing 50% of available N 4500 kg ha−1 -

Kf Amount of foliage capturing 50% of maximum C gain 4000 kg ha−1 -

Tf Mean lifetime of foliage 1.0 yr Observed

Tr Mean lifetime of fine roots 1.18 yr (Norby et al., 2024b)

Ts Mean lifetime of sapwood 45.0 yr -

Y Growth efficiency 1.54 kg DW (kg C)−1 -

rm Specific rate of maintenance respiration 101.75 kg C (kg N)−1 yr−1 (C. Mayoral, unpub. data)

nr Ratio of fine root N to foliage N 0.4 ( ) (C. Mayoral, unpub. data)

nw Ratio of sapwood N to foliage N 0.06 ( ) -

ff ,fr,fw Proportion of N recycled 0.386 ( ) (C. Mayoral, unpub. data)

aw Sapwood weight per unit foliage and pipe length 2.75 m−1 -

cH Steady-state pipe length coefficient 1600 m (kg N)−1 (kg foliage)−1 -

N0 Concentration of non-photosynthetic N 0.02 kg N (kg foliage)−1 -

Nref Concentration of photosynthetic N 0.005 kg N (kg foliage)−1 (C. Mayoral, unpub. data)

Vcmax,25 Maximum carboxylation capacity 61.64 µmol CO2 m−2 s−1 (Gardner et al., 2022)

Jmax,25 Maximum rate of electron transport 115.38 µmol CO2 m−2 s−1 (Gardner et al., 2022)

LMA Leaf mass per unit area 0.0668 kg m−2 (R. Norby, unpub. data)
Table 1. Parameter values for BIFoR location. The last column indicates whether the parameter value is directly from measurements, or is a

best estimate (marked with a dash). DW is Dry Weight.

3.1 Response of the revised optimal model to changes in single environmental forcings at a Finnish location

Our initial results are calculations of the model response to single perturbations in the prescribed annual mean environmental

forcings. The impact on the optimal allocation model from varying meteorological conditions is now possible since we have

integrated a model of photosynthesis and respiration (Section 2.1.2 and 2.1.3 respectively; see also Eqns. (3) and (8)) that amend

the optimal framework of Makela et al. (2008). As noted in those two sections, our new combined model is parameterised such5

that when driven by the Finnish mean climatology from the Fi-Hyy flux tower site, the projections of carbon allocation are

numerically similar to those of the original model (which was also calibrated for Finland; Makela et al. (2008)). To explore

the response of the revised optimal model to changes in individual environmental forcings, we set these climatological driver

values as our default baseline. We also fix the “midpoint” value of available nitrogen as σrM = 30 kg N (t fine root)−1 yr−1.

The other parameters specific to the components of the optimal model of Makela et al. (2008) are retained as the values given10

in that reference. Our first perturbation is in the available nitrogen, σrM , to allow a direct comparison with similar calculations

in Makela et al. (2008). We then scan across individual changes in the environmental forcings of temperature, downward

shortwave radiation, specific humidity, soil moisture stress and atmospheric CO2 concentration to illustrate their effect on
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optimal carbon allocation predictions (Fig. 1). We present projections, derived from these factorial calculations, of changes

in the three vegetation components of wood, foliage and fine roots. The left-hand column of Fig. 1 displays the values of

production allocations, λf ,λr and λw, for each component (expressed as a percentage) and as a function of the perturbed value

of σrM or environmental condition. The right-hand column is the corresponding biomass changes of each component (t ha−1).

The optimisation calculations predict that as overall nitrogen, N, availability increases, the fractional allocation of carbon, C,5

to fine roots decreases (Fig. 1a). This calculation agrees with observations that as the N supply becomes more freely available,

plants do not need to invest as much, as a fraction of G, in their fine root system to extract what they need to supply nitrogen

to the canopy. Instead, the available C can be allocated to the wood pool and to the leaves. For increasing nitrogen availability,

wood and foliage biomass are predicted to increase monotonically (Fig. 1b).

Starting with physiological responses to near-surface meteorological conditions, the allocation remains relatively constant10

for increasing temperatures until about 15 oC, after which strong nonlinear changes occur (Fig. 1c). The biomass pools are

projected to start declining at this temperature point (Fig. 1d). For pine trees found in cool climates, the optimal temperature for

photosynthesis is low, and although background temperatures are increasing, the (fixed) light level remains low. Hence, above

15 oC photosynthesis begins to decrease while respiration remains high, causing the trees to start losing carbon. Therefore, the

optimisation calculations invest carbon in foliage and wood to promote growth (for example, by increasing the ability to capture15

light, which is a limiting resource). There is only a small sensitivity to the perturbation of downward shortwave radiation. A

small increase (decrease) is observed in the modelled fraction of C allocated to fine roots (wood) at low light levels, while the

allocation to foliage remains fairly stable (Fig. 1e). There is a small decrease in the biomass of each of the three pools that

occurs at low light levels (Fig. 1f). This limited light sensitivity may arise because, in the numerical experiments of Figs 1e and

1f, the temperature is fixed at a low and thus at a limiting level. There is no sensitivity to the perturbation of specific humidity20

in either the biomass (Fig. 1h) or the fraction of C allocated to each of the three pools (Fig. 1g).

To quantify the soil moisture stress experienced by vegetation, we use the β soil moisture stress factor as introduced in

Eqn. (3). This factor modulates simulated photosynthesis, with a value of unity indicating no soil moisture stress and a value of

zero signifying that soil moisture stress is so high it shuts down all physiological responses. Here, biomass in all pools increases

with greater soil moisture availability (Fig. 1j). However, the optimisation predicts that the allocation to wood decreases, while25

the allocation to fine roots increases as soil moisture increases (Fig. 1i). This projection differs from the current understanding

that, as soils dry, plants are often observed to increase carbon allocation to roots so they can extract more water (e.g. Broeckx

et al., 2014; Hertel et al., 2013; Martin-StPaul et al., 2013). We suggest that these known changes in allometry (i.e. the increase

in water-absorbing roots and decrease in transpiring foliage in response to high soil moisture stress) occur to optimise hydraulic

conductance and maintain the water transport capacity of plants (e.g. Choat et al., 2012; Magnani et al., 2002; Martin-StPaul30

et al., 2013). Our model framework, however, optimises productivity based only on available leaf N. Although our optimisation

is dependent on soil moisture, via parameter β, it does not explicitly take into account other potential processes, such as

maintaining access to soil moisture availability, which may also involve additional elements of optimisation.

Finally, for increasing atmospheric CO2 concentrations, the new modelling structure forecasts increases in the absolute

values of the biomass components (Fig. 1l). However, the fractional allocation of C to fine roots rises with increasing CO235
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reducing the allocation to wood (Fig. 1k), which, encouragingly, aligns with observations (e.g. Iversen et al., 2008; Norby

et al., 2004). At higher concentrations of CO2, from about 300 ppm onwards, the projected extra CO2 fertilisation for these

evergreen pines is minimal. This may be due to the limitations in temperature or nitrogen availability in the soil at this site.

Solving for the cubic polynomial implicit in the optimisation model, while also scanning across potential values of [N ]f , and

additionally performing perturbation experiments (Fig. 1) is computationally very intensive. Hence, achieving near absolute5

precision may require further iterations of the numerical solver to avoid the slight “jaggedness” (i.e. loss of smoothness) seen

in some panels of Fig. 1.

3.2 Potential overall responses of the revised optimal model to climate change

The motivation behind our analysis is to introduce the effects of environmental drivers to an existing model of optimal carbon

allocation that is based on maximising NPP. This enhanced optimal model is designed for equilibrium calculations and is10

therefore currently unsuitable for high-frequency driver changes, such as those occurring on the seasonal or sub-seasonal

timescale. However, it may possess predictive capabilities to describe the important response to imposed climate change on

the decadal-to-century timescale, as caused by the human burning of fossil fuels. ESMs are complex modelling frameworks

designed to estimate the trajectories of human-induced climate change in different locations and to inform the regular reports

of the Intergovernmental Panel on Climate Change (IPCC) (e.g. IPCC, 2021). Although there are many differences among15

ESM projections, they share two common factors. First, for northern land points, the level of warming per amount of overall

mean land warming is substantially higher. Second, the areally-averaged warming over land exceeds that of the global mean

warming (the latter calculation also includes the oceans). Both factors are illustrated in the climate “pattern-scaling” analysis

of Zelazowski et al. (2018), with their Fig. 2 showing the enhanced northern warming and the parameter ν, which represents

the land-sea warming contrast (their Table 1) (see also Fig. 3 of (Huntingford and Mercado, 2016) for the ESM-mean northern20

warming enhancement). We select a typical value of Finnish warming as 1.3 times higher than overall land warming, alongside

a value of ν = 1.5. Given that oceans cover approximately 70% of the planet, this percentage, combined with the ν value, gives

that the ratio of global mean land warming to total global warming is also approximately 1.3. By combining the two factors,

this yields a representative Finnish warming of approximately 1.32 ≈ 1.7 times larger than the global mean warming.

A key summary parameter of the sensitivity of climate change to rising atmospheric greenhouse gases is Equilibrium Climate25

Sensitivity (ECS) (K), which is the amount of global warming expected for a climate in equilibrium and in response to a

doubling of atmospheric CO2. The latest IPCC report presents ECS ranges as likely between 2.5K and 4.0K, and very likely

between 2.0K and 5.0K (Fig. 1.16 of Chen et al. (2021)). Therefore, to account for the maximum variation, we select the very

likely bounds and their midpoint (i.e. 3.5K) for ECS and then multiply these by the factor 1.7. This provides an estimate and a

range for the mean warming for Finland that corresponds to a climate in equilibrium with a doubling of atmospheric CO2.30

We can now undertake an additional set of simulations to estimate how optimal allocation may adjust under climate change

for the Finnish location. We retain the background values for most variables (vertical lines, Fig. 1), except that we use new

forcings of temperature rises of 2.0× 1.7, 3.5× 1.7 or 5.0× 1.7. Simultaneously, we prescribe the CO2 concentration as 794

ppm, which is double that of our control simulations that represent the recent past. Hence, our depiction of climate change is
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for an equilibrium state with temperature increases related to a doubling in atmospheric CO2 concentration. For this illustrative

numerical factorial calculation, we assume that there is no change in downward shortwave radiation, humidity and soil moisture

stress. In our calculations, we maintain a dependence on different values of available nitrogen, σrM , but assume that its value

is invariant between the current and a future climatic state.

In Fig. 2, we first present the calculated NPP (panel a) for the contemporary period and a future altered climate. Values are5

shown as a function of σrM . We base the calculations on an approximation of the current Finnish climate, as well as scenarios

for global warming of 2.0,3.5 or 5.0 (K) and with a concurrent doubling of atmospheric CO2. We identify two points of

interest. Firstly, the most substantial NPP changes between the present day and a future climate are projected for the higher

levels of nitrogen availability (>30 kg N (t fine root)−1 yr−1). This numerical finding supports the notion that low nitrogen

levels may constrain any CO2 fertilisation (e.g. Wieder et al., 2015). Second, for higher σrM values, the projected changes in10

NPP levels are influenced by ECS. For example, if the planetary ECS is lower, NPP increases, whereas the opposite is true

for higher ECS values, suggesting a balance between CO2 fertilisation and the detrimental effects of elevated temperatures. In

panel b of Fig. 2, we show changes in the calculated intermediate variable [N]f for the same scenarios.

We present the percentage of C allocated to wood, foliage, and fine roots in panel c of Fig. 2. Values are again shown for

the climate forcings of contemporary conditions, and thus the continuous lines in panel c of Fig. 2 are identical to those in15

panel a of Fig. 1. Under climate change and with higher N availability, the optimisation model predicts a higher fraction of C

allocation to wood and foliage but a suppressed fractional allocation to fine roots. We again observed that the estimated values,

here of future allocation, are influenced by the ECS value. Next, we consider the effect of climate change on the actual carbon

content of foliage and fine roots (Fig. 2; panel d) and wood (Fig. 2; panel e). As for NPP, the changes in carbon stores are

not necessarily monotonic for increasing future temperature levels. For the same doubling of atmospheric CO2, the response20

curves can fall both above and below the curve for contemporary climate, depending on the ECS values and hence the level of

warming. For example, for a doubling of CO2 and at higher N availability, woody biomass is estimated to increase if global

warming corresponds to a lower ECS of just two degrees, but will decrease otherwise (Fig. 2; panel e). Therefore, our model

projects a partial suppression of the increase in wood C storage capacity of this mature pine forest if the planet exhibits a strong

warming sensitivity to rising atmospheric CO2.25

3.3 Application to BIFoR site

The final numerical calculations with our revised optimal carbon allocation model (Section 2) employ representative values for

the BIFoR site (Table 1). We again note that the BIFoR measurement campaign includes a part of the site driven by deliberately

elevated atmospheric CO2 levels, allowing a formal test of the optimisation equations for carbon allocation corresponding to

such changed forcing conditions. The average meteorological forcings for the UK location and the parameters needed for the30

optimal model to be representative of the BIFoR site are presented in Table 1. When forced with the annual mean daytime

meteorological conditions of the BIFoR site, ambient CO2 conditions (397 ppm) and in situ measurements of Vcmax,25 and

Jmax,25 (Table 1), the photosynthesis routine in our revised model projects a top-leaf photosynthetic rate of 14 µmol CO2

m−2 s−1. This calculated value aligns with the measurements for oak trees at the BIFoR site of 12 µmol CO2 m−2 s−1, (C.
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Mayoral, unpublished data), also for ambient atmospheric CO2 concentrations. The calculations forced with raised atmospheric

CO2 are for a value of 550 ppm, which is slightly above the elevated level at the BIFoR site that was actually achieved,

while maintaining all other meteorological variables the same as for the computations representing ambient CO2. Under these

conditions, the simulated the photosynthesis rate increases to 15 µmol CO2 m−2 s−1, consistent with the 15 µmol CO2 m−2

s−1 values measured for the oaks exposed to higher CO2 levels at the BIFoR FACE site (C. Mayoral, unpublished data).5

The simulation of the variation in NPP, foliar N, carbon allocation fraction and biomass with N availability for the BIFoR

site is shown in Fig. 3. For all panels of Fig. 3, the observations are plotted over the range of estimates of N availability (σrM )

for the BIFoR site (see Section 2.2), covering a subset of the “x” axis. The horizontal lines represent the data. Throughout

this range of σrM values, the simulated values of NPP are within a reasonable range of the spread of the data (vertical spread;

mean ± one standard deviation) for both ambient and elevated CO2. The mean simulated NPP over the range of σrM values10

is 6 % higher compared to the mean observations (13.88 t ha−1 yr−1, (Norby et al., 2024b) ) at ambient CO2, and 9 % higher

compared to mean observations (15.10 t ha−1 yr−1, (Norby et al., 2024b)) at elevated CO2. The calculated leaf N content,

[N ]f , is closely aligned with the observations (C. Mayoral, unpublished data), with the latter showing values of 2.8 and 2.72

% in ambient and elevated CO2 respectively (Fig. 3b).

The simulated percentage allocation of carbon to the different pools also shows good absolute agreement with observations15

for wood and fine roots (52, 36, 13% and 53, 35, 12% to wood, foliage, fine roots, with values for ambient and elevated levels

of CO2 respectively; Norby et al. (2024b)), but the calculations underestimate allocation to foliage (Fig. 3c). Hence, the very

small overall projected changes in fractional C allocation for higher atmospheric CO2 concentrations are seen in both the data

and the simulated conditions. It is noted, however, that the signs of these small increments differ between measurements and

calculations, with, for instance, the woody fraction projected to decrease while the data suggest a small increase. In simulations20

(Fig. 3), the difference between responses to ambient versus elevated CO2 concentrations are suppressed for very high nitrogen

availability, σrM .

Considering the values of actual changes in the biomass pools (Fig. 3d, e), there is again a broad agreement between the

model and the data. Specifically, the optimisation model predicts foliage biomass (Fig. 3d) that is in line with the observations

(4.08 (s.d 0.41) and 4.47 (s.d 0.46) t ha−1 in ambient and elevated CO2, respectively, calculated as described in Norby et al.25

(2024b). Critically, both data and model suggest a small increase in foliage biomass for raised atmospheric CO2. For fine roots

(Fig. 3d), the predicted fine root biomass shows substantial variation over the full range of plotted values of σrm. However, for

the overlap region of σrm values valid at the BIFoR site, there is strong agreement in both magnitude and sign of change for

higher atmospheric CO2 (observed mean fine root biomass 2.05 (s.d 0.24) and 2.87 (s.d 0.50) t ha−1 in ambient and elevated

CO2 respectively, calculated as described in Norby et al. (2024b) ). The observed wood biomass pool for the oaks at BIFoR is30

671.37 (s.d 113.15) t ha−1 (Norby et al., 2024a). We consider this ambient value to be also applicable for elevated atmospheric

CO2 at the BIFoR site, since for this large carbon store, it will take a period much longer than the current operation of the

BIFoR experiment to reveal the response to higher carbon dioxide levels. The optimisation model approaches this high data

value, but with some discrepancy (Fig. 3e). Across the range of σrM values, the mean simulated wood biomass is 38 % lower

under ambient CO2, and 31 % lower under elevated CO2 compared to the observed value. The similar modelled NPP (Fig. 3a)35
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versus the underestimation of woody biomass (Fig. 3e) suggests that the prescribed turnover parameters (e.g. TS) may benefit

from additional measurements. However, some of the model versus data difference in Fig. 3e may also be due to the model

simulating sapwood only, where the observations are of total biomass.

4 Discussion and Conclusions

Substantial uncertainty remains regarding the size of terrestrial carbon stores (e.g. Seiler et al., 2022), and how these might5

change in response to imposed climate change. Currently, there is confidence that land carbon stores are growing and offset

a substantial fraction of CO2 emissions from the human burning of fossil fuels (e.g. Chandra et al., 2022; Sitch et al., 2024;

Friedlingstein et al., 2025). However, there is substantial uncertainty about the value of this fraction. Any major reduction

in the future level of land carbon storage uptake will imply that a much greater proportion of CO2 emissions will remain in

the atmosphere, thereby increasing global warming. An alternative interpretation is that a reduced capacity for land to absorb10

emissions implies that lower future “allowable” remaining emissions are compatible with stabilising climate change at a target,

such as keeping warming restricted to two degrees above preindustrial levels. Both of these possibilities carry strong policy

implications. The primary technique for predicting changes in future land carbon store size involves the use of DGVMs.

Such models are numerical frameworks designed to estimate changes at large spatial scales in response to altered near-surface

meteorological conditions as atmospheric greenhouse gas concentrations rise. DGVMs contain equations that determine the15

allocation of carbon available to different components of the overall land store. Instantaneous estimates of available carbon

come from the model components that calculate the fluxes of photosynthesis gains and respiration losses, responding to near-

surface meteorological and atmospheric conditions.

Much effort by researchers has been directed towards generating datasets of photosynthesis and respiration, which are

subsequently available to constrain the parameters of the drivers of DGVMs. These datasets are derived from local, point-scale20

understanding, such as photosynthesis, and involve experiments conducted over many decades. In more recent decades, there

has been a proliferation of FLUXNET eddy covariance measurements (Baldocchi et al., 2001) that record land-atmosphere

fluxes, including CO2 exchanges. These measurements typically have a footprint of many tens of metres. Even more recently,

several Earth Observation databases have become available, such as the Normalised Difference Vegetation Index (NDVI),

which can serve as a proxy for photosynthetic activity. Another approach is to provide an overall constraint on the global land-25

atmosphere flux of CO2, to test the global spatial aggregation of terrestrial models. To achieve this, a residual is calculated,

defined as the difference in atmospheric CO2 once emissions and oceanic drawdown are accounted for (e.g. Le Quere et al.,

2013). This difference is attributed to global atmosphere-land CO2 exchanges.

Yet, despite these many advances in the availability of data to constrain terrestrial simulations, uncertainty remains regarding

the precise equation sets and parameters to encode in land models. This uncertainty includes a lack of knowledge about30

internal allocation processes, as needed in DGVMs. When land models are believed to lack adequate process representation,

one possibility is to revisit all data to seek signals and potentially apply very new Artificial Intelligence (AI) methods to

reveal the form of any omitted equations (e.g. Huntingford et al., 2025). An alternative possibility, should an equation set be
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incomplete, is to consider whether a system might be subject to additional constraints. For terrestrial ecosystems, the extra

proposed constraints are often framed as a form of system optimisation, which may produce additional formulas that “close

the set of equations”. Makela et al. (2008) propose an optimisation model in which the simulated allocation of carbon to wood,

foliage, and fine roots is designed to maximise NPP. This maximisation is achieved by varying the intermediate variable of

foliage nitrogen, [N ]f . In this paper, we extend their model framework to encompass the effects of near-surface meteorological5

conditions on photosynthesis and respiration, while striving to preserve as much of the original structure as feasible. Our aim is

to establish a framework that may be more amenable to eventual inclusion in a full LSM (and, in turn, in an ESM), and critically,

that will facilitate an assessment of the implications of optimality assumptions under climate change. Our analysis integrates

the impact of climatological conditions into the model of Makela et al. (2008) through the incorporation of well-established

photosynthesis and plant respiration components, enabling the study of the effects of their variation under different near-surface10

conditions. A key advantage of incorporating simulated responses to a broad range of drivers into an optimal model is that it

makes the calculations more universal, enabling projections across all regions. This capability includes many locations that lack

data for model calibration, for which the optimisation acts as a form of substitute understanding. Geographical applicability

for all locations is a key requirement for large-scale numerical LSMs (and ESMs).

We have performed a set of numerical factorial experiments (Fig. 1), perturbing the mean annual environmental conditions15

from values that may be representative of a Finnish pine and spruce site, thus resembling the calculations of Makela et al.

(2008). We first observe that fractional allocations among wood, foliage, and fine roots change considerably with increases

in temperature and changes in soil moisture stress. There is much less dependence on individual variations in humidity and

downward shortwave radiation. We find that the strongest dependence on atmospheric CO2 levels occurs when they are reduced

to much lower levels than those applicable to contemporary or even preindustrial times (and so our analysis may be of interest20

to those simulating different periods of paleoclimates). In all cases, except for the top row of Fig. 1, total nitrogen availability,

σrM , is fixed. To simulate human-induced climate change, we also performed a set of factorial experiments in which both

temperature and CO2 are simulated to increase simultaneously (Fig. 2). The largest changes are all associated with higher

values of overall nitrogen availability, σrM , indicating that allocations have more flexibility to adjust when such availability

is not limiting (which, based on the understanding from the single factorial simulations in panels c,d and panels k,l of Fig. 1,25

is particularly controlled by major rises in temperature). For a doubling of atmospheric CO2, we designate low, medium, and

high levels of global warming, roughly based on the range of climate sensitivities of ESMs. Of particular interest is that, for

a given fixed value of σrM , the changes are not necessarily monotonic in relation to climate sensitivity, suggesting balances

between CO2 fertilisation effects and temperature changes, which may be detrimental or beneficial (e.g. in Fig. 2e, for high

σrM values, changes in wood biomass are not linear in response to ECS). A general assessment could be that optimisation30

may suppress the effects of climate change on allocation, as most changes are minor, leaving the primary determinant of the

fractional allocations of NPP as the value of σrM .

The final set of numerical calculations concerns the application of this framework to a temperate forest at the UK BIFoR

location, where a FACE experiment is operational, specifically in the part of the research site that has continuous and in-

tentionally elevated atmospheric CO2 levels. Therefore, BIFoR data provide an especially valuable test of the revised model35
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formulation under new environmental forcing regimes. We are encouraged to find that the projected changes in foliage and

fine root biomass exhibit similarities in both sign and magnitude to measurements for the BIFoR locations with and without

elevated CO2 (panel d of Fig. 3).

Ultimately, we hope this analysis provides a key intermediate step between the availability of a standalone optimal carbon

allocation model and its inclusion in a comprehensive and spatially gridded LSM. LSMs were originally designed to operate5

as the terrestrial component of weather forecast models, determining energy partitioning through some configuration of the

Penman-Monteith equation Monteith (1981). More recently, many of these models have been adapted to operate over mod-

elled timeframes spanning decades to centuries, assessing land-atmosphere CO2 exchanges and their evolution in response

to a changing climate. This extension of capabilities is illustrated by comparing the two model description papers for the

JULES land surface model, namely Best et al. (2011) and Clark et al. (2011), which address physical and carbon exchanges,10

respectively. However, changes in carbon stores will feedback onto these fluxes by modulating levels of photosynthesis and

respiration, with implications for policy decisions regarding emissions levels compatible with any predefined temperature sce-

narios. This necessity to simulate storage changes has driven the development of DGVMs (e.g. Sitch et al., 2008), where their

capability to make accurate predictions depends on the accurate representation of allocation. The analysis presented here may

support the implementation and testing, in DGVMs, of proposed optimisation strategies by terrestrial ecosystems, starting with15

the strategy here of maximising NPP.

Our analysis comes with caveats. Although we include a soil moisture response (via parameter β), there are no optimisation-

based alterations to the allocation of resources that account for soil water availability. For example, during drought periods,

vegetation may enhance carbon availability to fine roots, allowing them to grow larger and, therefore, be more capable of

accessing water. In addition, nutrient limitations can combine with water limitations to determine the behaviour of ecosystem20

allocation (Kleczewski et al., 2012). We also assume that many parameters related to allometry are invariant, such as cH ,

which the original analysis of Makela et al. (2008) suggests might vary under climate change. Additionally, a feedback may

occur, where altered decomposition rates under a warmer climate, may invalidate the assumption of an invariant rate of N

uptake by fine roots, σrM . Incorporating this into the analysis would require linking it to a soil N model and establishing a

functional dependence between dynamic N availability and σrM . The model of Makela et al. (2008) is an equilibrium model,25

driven by averaged forcings, and this assumption remains here, and thus including only the effects of average near-surface

meteorology. The inclusion of our equations in LSMs, for forcing with climate data, implies that the model will need to

respond to interannual variability, or variability on even shorter timescales such as seasonal, daily, or even subdaily. This

will necessitate the introduction of inertial equation terms to prevent the model from responding as if varying instantaneous

forcings are long-term equilibrium drivers. For instance, the dynamic vegetation components of the JULES model, (Clark et al.,30

2011), are time-evolving and although a further development of the Makela et al. (2008) model solved a similar optimisation

problem in a dynamic case (val), it remains to be resolved how this kind of optimisation can be efficiently applied to non-

equilibrium DGVMs. A further numerical strategy is that, should meteorological data be generated at a very high frequency,

such as hourly or at the shorter internal clock speeds of calculations by ESMs, the photosynthesis and respiration fluxes may

be calculated at those timescales, before being averaged to intermediate timescales of many days. In practice, this would35

19

https://doi.org/10.5194/egusphere-2026-4392
Preprint. Discussion started: 10 August 2026
c© Author(s) 2026. CC BY 4.0 License.



imply calculating the temporal average of the first underbracketed terms on the right-hand side of Eqns (3) and (8), and then

reintroducing these values back into the full equations. Due to multiple nonlinearities in the responses of photosynthesis and

respiration, such averaging of high-frequency calculations of these components may generate different estimates than simply

using the time-mean value of the meteorological drivers. Arguably, therefore, using photosynthesis and respiration values in

the underbracketed terms, calculated at high frequencies and then time-averaged, corresponds to better process representation.5

Appropriately averaged conditions could be presented to the allometric optimal model, but it may still require the introduc-

tion of transient equation terms. Although FACE experiments, such as BIFoR, provide extremely useful information on the

expected changes in land ecosystems as CO2 increases, these adjustments may not represent a new equilibrium state, with

larger ecosystem components responding on decadal or longer timescales. Hence, the introduction of transient equation terms

to our model will enable a more rigorous comparison with FACE data. Additionally, our single-variable factorial experiments10

require careful consideration, as, for example, a prescribed very major increase in temperature (Fig. 1) does not generate levels

of very high carbon stores that one might expect for lower latitudes that are warmer, such as the tropics or even drier ecosys-

tems in hot locations. This difference is likely due to light limitation when set at levels applicable to Finland. One further

development could be to incorporate an optimisation strategy that accounts for phosphorus and especially for ecosystems that

are limited by that nutrient. The JULES model, for example, has recently been updated to account for this geochemical cycle15

(Nakhavali et al., 2022).

The implementation of our model in an LSM would allow an understanding of the effects of different contemporary back-

ground climatic states across the globe, as well as local responses to any imposed climate change, on terrestrial carbon al-

location. However, a global implementation will present computational challenges. Central to the analysis by Makela et al.

(2008) and the extensions presented here is the necessity of solving a cubic equation, which generally has no exact solution20

and therefore requires numerical iteration to reach a solution. Even for our single-point analysis, this necessitated substantial

iterations to eliminate the bulk of the “jaggedness” associated with parameter variation, as the solutions did not fully converge

to the final cubic solution for each parameter value. For our analysis to become a component of an LSM applicable to all

land points and frequent simulated time intervals, careful consideration will be needed to ensure numerical efficiency. A final

parameterisation-related issue is that our plant respiration description includes a fitting parameter, µR, which multiplies the25

overall Eqn (8), and potentially allows for further fine-tuning based on available measurements. The model for photosynthesis,

given by Eqn (3), does not include such a parameter, implicitly assuming that the photosynthesis model is more precise. Users

of our new description who wish to fit the photosynthesis component to data could introduce a similar fitting parameter µP in

front of Eqn (3).

The assumption that terrestrial ecosystems adopt strategies to optimise certain behaviours is a highly appealing concept,30

as it can be formalised to generate equations that may currently be absent in LSMs. If such strategies are expected to be

valid everywhere and remain applicable under changing forcings, this would render LSMs robust both geographically and in

projecting the impacts of climate change at each location. We have extended the original optimisation model of Makela et al.

(2008), where internal nitrogen concentrations vary to modulate allocations to foliage, fine roots, or wood, in order to maximise

NPP. Our extension embeds submodels of photosynthesis, including stomatal opening, and respiration into this structure, which35
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introduces new dependencies into the optimisation concept of surface temperature, downward shortwave radiation, humidity,

soil moisture, and CO2 concentration. Although we note many caveats in this Section, we believe our approach provides a

substantial extension of optimal theory applied to terrestrial carbon allocation. We hope that the closed equation set we present

serves as an incentive to test the optimisation assumption within a fully gridded LSM to explore the global implications of land

carbon allocation, including under an evolving climate.5

5 Code availability
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Figure 1. Dependencies of the optimal model, as modified with our added descriptions of photosynthesis and respiration, and under perturbed

environmental conditions. The unperturbed conditions are applicable to a Finnish mature evergreen pine forest. The left-hand column shows

the fractional allocation of the rate of production, G, into the three components of wood, foliage, and fine roots. Values are of λw,λf and

λr are expressed as percentages. The right-hand column displays the dry biomass of each of these three components, Ww,Wf and Wr . In

rows from top to bottom, perturbations are applied away from default values in prescribed overall nitrogen availability σrM , temperature T ,

downward shortwave radiation I , specific humidity q, soil moisture stress scaling factor β (and where a value of unity is no water stress)

and carbon dioxide concentration ca. The default value for available nitrogen takes the midpoint of the range considered, i.e. 30.0 σrM = 30

kg N (t fine root)−1 yr−1. The other default values, mirroring the analysis of Makela et al. (2008), for temperature are 5.0 oC, downward

shortwave radiation of 135 W m−2, specific humidity of 0.005 kg kg−1, no soil moisture stress (i.e. β = 1), and CO2 concentration of 397

ppm. These default values are marked as vertical grey dashed lines. Please note the logarithmic vertical axis in the second column.
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Figure 2. Combined simulated effects of global warming and a rise in atmospheric CO2 as forcings of the optimal model, using parameters

representative of Finnish mature evergreen pine trees. Model behaviour is illustrated for ambient conditions (solid line), 2xCO2 alongside

a 2K rise in global warming (dashed line), 2xCO2 alongside a 3.5K rise in global warming (dotted line) and 2xCO2 alongside a 5K rise in

global warming (dash-dot line). Actual local temperature increases prescribed to the model are greater, capturing the faster warming over

land and in locations at higher latitudes, such as Finland. Panel a is simulated Net Primary Productivity (NPP), reported as dry matter (that

is, NPP = G= Y (P −Rm)), panel b presents foliar (leaf) nitrogen, [N]f , and panel c presents the fractional allocation of carbon to foliage

(green), wood (yellow) and fine roots (blue). Panel d shows simulated foliage and fine root biomass, and panel e shows simulated wood

biomass, with both panels d and e also reporting in units of dry matter. All calculations are presented as a function of nitrogen availability,

σrM . The ambient curves (with continuous line styles) in panel c are the same as those in Fig. 1a. Similarly, the continous lines in panels d

and e are identical to those in Fig. 1b
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Figure 3. Application of the optimal model using parameters for mature oak trees (Quercus robur) valid for the UK BIFoR site, a mature

broadleaf deciduous temperate forest, which hosts a FACE experiment. Model projections are shown for ambient CO2 concentration (397

ppm, solid lines) and elevated atmospheric CO2 concentration (550 ppm, dashed lines) in all panels, and for different prescribed values of

nitrogen availability (σrM ). Mean observed values are shown by the horizontal lines drawn over the range of σrM data values applicable to

the BIFoR site. For the observations, at ambient CO2, the means are represented by the horizontal solid lines, and ± 1 s.d. is the solid vertical

shading. For elevated CO2, the observed means are represented by the dashed horizontal lines, and ± 1 s.d. is the vertical hatched shading.

Panel a displays simulated Net Primary Productivity (NPP), reported as dry matter (that is, NPP = G= Y (P −Rm)), panel b presents foliar

(leaf) nitrogen, [N]f , and panel c presents the fractional allocation of carbon to foliage (green), wood (yellow) and fine roots (blue). Panel d

shows simulated foliage and fine root biomass, while panel e shows simulated wood biomass, with both panels d and e also reporting in units

of dry matter.
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