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Abstract.

Hysteresis in capillary head and relative permeability relationships with saturation degree is an important phenomenon

in granular and porous media. Accounting for hysteresis is essential for accurately predicting flow in multiphase systems in

hydrological applications such as groundwater management and soil water dynamics. The observed hysteresis loops reflect

complex, history-dependent interactions between fluids and pore structures. This work uses three-dimensional (3D) pore network5

models to systematically investigate how media properties. We analyse the influence of the pore size distribution, correlation,

and connectivity on the combined and decoupled mechanisms causing hysteresis: geometric ink bottle effects, non-wetting fluid

trapping, and network-dependent effects arising from complex pore accessibility.

By leveraging controlled simulated drainage and imbibition scenarios, namely invasion vs random percolation, bond vs

site-governed displacement, and with vs without trapping, we decoupled these mechanisms. The different mechanisms present10

distinct effects on the hysteretic loops. In particular, trapping primarily affects retention curves at high saturation degrees of the

wetting phase (Sw) and dramatically reduces wetting-phase relative permeability (kWr ). In comparison, the ink-bottle effect,

driven by pore geometry, is visible across the entire capillary head (hc) range. In contrast, network hysteresis effects significantly

the shape of the retention curve (Sw(hc)) loops and drives kr(Sw) hysteresis at low Sw.

Furthermore, the impact of these mechanisms is highly dependent on medium structure. Increasing the spread of the pore15

size distribution enhances non-wetting phase trapping volume while mitigating ink bottle effects. Correlation between pore

bodies’ and throats’ radii strongly increases the impact of trapping on kWr . Conversely, increasing connectivity (i.e., higher

coordination number) reduces the trapped fluid fraction and generally mitigates ink bottle and network hysteresis effects

in retention evaluation. These results provide necessary mechanistic understanding, supporting the inverse interpretation of

hysteretic loops to deduce the underlying topological structure of porous media.20

1 introduction

Undersatnding the different governing mechanism and media properties affecting hysteresis in capillary head and relative

permeability dependence on saturation degree is essential for accurately predicting multiphase flow. The shapes and behaviors

of the hysteresis loops, whether they close neatly, cross over, or exhibit horizontal plateaus or immediate sharp changes, are

direct consequences of the complex, history-dependent interactions between fluids and pore structures at the pore level (Jerauld25
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and Salter, 1990). These interactions hold information regarding the pore size distribution and pore system connectivity. For

example, Knackstedt et al. (1998, 2001) showed that to quantitatively fit experimental mercury porosimetry data, the effect of

correlations between the sizes of pore throats must be taken into account, implying that deviations in the hysteresis loop can

reveal information about these correlations. Liu et al. (1993a, b) suggested levaraging sorption-desorption hysteretic loops curves

to evaluate the pore size distribution and mean coordination number of the pore system. Jerauld and Salter (1990) utilized a30

pore-level model to simulate hysteresis in relative permeability and capillary head. They found that the pore-body to pore-throat

aspect ratio strongly influences the shape of hysteresis loop. The connection between mercury porosimetry hysteresis and

percolation theory is well recognized (Chatzis and Dullien, 1977; Larson et al., 1981b; Wall and Brown, 1981). This relation

implies that mechanistic pore network models can provide a framework for which the specific shapes of hysteresis loops can be

linked back to fundamental features like pore size distribution, pore body-throat aspect ratio, and connectivity.35

However, a deeper understanding is crucial on the the individual and combined roles of the differnet mechanisms that casues

hysteresis, namely the effect of the geometric ink-bottle effects, the trapping of non-wetting fluid, and network effects arising

from complex pore accessibility. This comprehensive understanding is necessary to enable the inverse interpretation of hysteretic

loops (from measurements such as capillary head or relative permeability dependence on saturation degree) to accurately deduce

the underlying topological structure and other intrinsic properties of the porous medium.40

This work uses three-dimensional (3D) pore networks to investigate the effects of the media properties and fluid invasion

modes on the hysteresis in the retention and relative permeability curves. Namley, the effect of the pore size distribution,

network connectivity (topology), and pore geometry correlations on the different mechanisms is analyzed by leveraging different

simulated drainage and imbibition scenarios that account for different physical displacement processes. The displacement

processes differes in the filling order of the pores (i.e., imbibibtion or drainage), the phase accesability (i.e., random vs invasion45

percolation), the governing curvature (site vs bond displacement), and with or without trapping of the residing phase. This

allows for a systematic evaluation of the combined and separated (decoupled) effects of the different hysteretic mechanisms,

which cannot be evaluated in experimental studies.

This work is organized as follows: first, a brief introdactory section is presented that describes the various quasi-static

hysteretic mechanisms (1.1), followed by a discussion on using pore network models (1.2) to evaluate the two-phase distribution50

within the context of these different hysteretic mechanisms in the retention and permeability curves (1.3). Next, the methods

section (2) presents the pore networks used in this study and the different evaluated displacement scenarios. Then, the results

and discussion section (3) systematically presents the combined and decoupled effects of the different hysteresis mechanisms

(3.1), and in comparison the intercorrelated effects of: pore size distributions (3.2), correlation between pore bodies and throats

(3.3), and network connectivity and regularity (3.4), on hysteresis in the retention and relative permeability curves.55

1.1 Hysteresis mechanisms

Different types of hysteretic curves visually represent the history-dependent relationships between system variables (Preisach,

1935). The Néel-Everett (Everett, 1955; Néel, 1942) independent domain model provides the theoretical framework for describing

the various hysteretic curve types (Topp, 1969). The independent domain theory assumes that hysteresis at each pore (element)
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is independent of its neighbors. In addition, this theory assumes that a hysteretic relationship is independent of time. This can be60

considered as a good approximation of actual phenomena in which changes occur in a time interval long enough to approach a

state of quasi-equilibrium, but short enough to avoid relaxation phenomena (such as air dissolution and diffusion) (Mualem,

1974). The distinctive shape of the main loop, which serves as the signature of hysteresis (Mualem, 1974), is the enclosed

area between two curves: (i) The main drainage curve (or drying curve) traces the system’s response as a state variable (e.g.,

water content) decreases from its maximum value (e.g., saturation); (ii) The main imbibition curve (or wetting curve) illustrates65

the system’s response as the state variable increases back to its maximum. Within the main hysteretic loop, scanning curves

represent intermediate paths taken when the direction of change in the external (prescribed) variable is reversed before the

system reaches the full limits of the main loop. These curves form smaller, nested loops within the larger main loop (Topp,

1969). A distinct type of curve is the first drainage curve, which represents the initial drainage from a completely saturated

sample. This curve can differ from subsequent main drainage curves, often influenced by phenomena such as entrapped air that70

prevents the system from reaching its absolute maximum saturation upon rewetting (Poulovassilis, 1970).

There are three major hysteretic mechanisms during capillary equilibrium (quasi-static) displacement:

1. "Ink-bottle hysteresis" is a geometric phenomenon that arises from the irregular, non-uniform cross-sections of pores

(Haines, 1930; Mualem, 1973; Sahimi, 2011), like an ink bottle with a narrow neck and a wider body, for which the

imbibition is according to the radius (curvature) of the wider body and the drainage is according to the neck’s radius.75

2. Trapping of the non-wetting (NW) fluid, particularly during imbibition. As the wetting phase invades, portions of the NW

fluid can become disconnected and immobile, forming isolated clumps or ganglia within the pore network. This trapped

fluid cannot be displaced by further changes in capillary head (Jerauld and Salter, 1990; Poulovassilis, 1970).

3. Network hysteresis, or dependent-domain hysteresis (Mualem, 1984), is fundamentally a process driven by the complex

connectivity and accessibility of pores in the medium. Thus, this process can be conceptualized as a percolation process80

(Chatzis and Dullien, 1977; Hunt and Sahimi, 2017). The way fluids penetrate and are distributed within the pore network,

and thus the resulting clusters of occupied pores, differ between drainage and imbibition. This is because the accessibility

of pores to a fluid depends on the surrounding pore structure and the saturation history, causing distinct pathways to form

and leading to different saturation–capillary head relationships during fluid advance versus retreat.

1.2 Two-phase quasi-static displacement in pore networks85

The theory of evaluating two-phase fluid distribution and hydraulic properties using pore networks involves representing the

complex geometry and topology of porous media as an interconnected network of pore-bodies and pore-throats (Blunt, 2017;

Fatt, 1956; Jerauld and Salter, 1990; Sahimi, 2011). This network model, which mimics the essential features of the pore space

relevant to fluid flow, approximates the description of the pore space and fluid movement using a small set of parameters and

simple rules (Jerauld and Salter, 1990; Sahimi, 2011).90

Pore network models can be constructed through simple regular lattices of capillary elements or by modeling the stochastic

topology directly, often using techniques like X-ray computed tomography (Sahimi, 2011). Simulating two-phase fluid distribu-
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tion within this network involves modeling a sequence of pore-level events, such as invasion during drainage and snap-off or

retraction during imbibition (Avraam and Payatakes, 1995; Blunt, 2017; Hunt and Sahimi, 2017; Sahimi, 2011). These events

are governed by capillary forces and depend on the connectivity and wettability of the fluids and solid (Ben-Noah et al., 2023;95

Sahimi, 2011). For example, drainage processes where the non-wetting phase (NWP) invades are often simulated as Invasion

Percolation (IP) (Lenormand et al., 1983; Wilkinson and Willemsen, 1983; Wilkinson, 1986). IP requires a continuous pathway

of occupied bonds (or sites), from the invasion source to the bond (/site) under consideration. In contrast, the wetting phase

(WP) imbibition processes are often described as a Random Percolation (RP). RP assumes that the invading phase percolates

to the pores by the filling order (decreasing in size for the NWP and increasing for the WP) regardless of their location on the100

grid. This is justified by the accessibility of each pore to the wetting phase through film flow (Hunt and Sahimi, 2017). The

different modes of percolation for drainage and imbibition relate to the network hysteresis mechanism (see mechanism 3 in the

above subsection), e.g., a large pore surrounded by small pores is "protected" from drainage via IP but not via RP.

In this context, trapping forms one of the major differences between drainage and imbibition (see mechanism 2 in the above

subsection), as it is strongly suppressed by corner flow of the residing (defender) W phase during drainage. IP can be described105

as “with” or “without” trapping of the residing phase by the invading phase (Sahimi, 2011; Wilkinson, 1984). As the occupation

probability of the invading phase increases, differences between RP and IP decrease, while differences between IP with and

without trapping increase. Trapping is also possible in RP, for which most properties with or without trapping are the same (Dias

and Wilkinson, 1986).

Moreover, imbibition is often conceptualized as a site displacement process, driven by the filling of pore bodies. As opposed110

to Imbibition site displacement, the narrower bond displacement controls the non-wetting (NW) invasion (drainage), by the

resistance of capillary forces (Butcher, 1975; Chatzis and Dullien, 1977; Jarrell, 2002; Koplik, 1982; Reis and Måløy, 2025;

Sahimi et al., 1998). In this analogy, pore bodies are represented as "sites" (or "vertices" in topological terminology) and pore

throats as "bonds" (or "hedges") within the network model (Blunt, 2000; Dias and Payatakes, 1986; Koplik et al., 1988). This

difference relates to the Ink bottle hysteresis mechanism (see mechanism 1 in the above subsection).115

1.3 Retention and permeability curves

Once the microscopic fluid distribution is established, macroscopic hydraulic properties, i.e., capillary head (retention) and

relative permeability are evaluated. It is commonly assumed that the phase-filled pore bodies determines the media retention while

the throats determine the resistance to the flow (relative permeability). Capillary pressure, defined as the equilibrium pressure

difference between the non-wetting and wetting phases, is directly related to the two-phase interface geometry (curvature),120

which is shaped by phase configurations and the pore network’s geometry (Blunt, 2017). Under equilibrium conditions, capillary

pressure (or head when divided by the W phase specific weight, ρwg) can be evaluated using simplified interface geometry

(curvature) via the Young-Laplace equation (Fatt, 1956). Network models, often leveraging percolation theory, have been used to

compute capillary head/saturation degree relationships, for instance, in mercury porosimetry curves (Chatzis and Dullien, 1985).

Relative permeability is calculated by treating each fluid phase as a separate sub-network of interconnected pore elements.125

This approach builds upon foundational work by Fatt (1956) and has been extensively developed (Heiba et al., 1992; Jerauld
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and Salter, 1990; Mohanty and Salter, 1982). These calculations involve assigning hydraulic conductances to these fluid

sub-networks, and solving mass balance equations to determine fluid flux. The entire process of two-phase flow and its resulting

hydraulic properties is frequently understood as a percolation phenomenon, where fluid connectivity and accessibility are critical

for flow pathways to span the network (Heiba et al., 1992; Hunt and Sahimi, 2017; Larson et al., 1981b). In simple geometry130

networks, the bond conductance can be estimated using Hagen-Poiseuille (Poiseuille, 1839) law (e.g. for cylindrical bonds,

Fatt (1956)).Under steady-state conditions, the relative permeability of a sample-spanning phase can be evaluated by solving

Kirchhoff laws, that is, a set of homogeneous linear equations.

2 Methods

In this section, first, the construction of the pore networks with different properties is described. Next, the different displacement135

rules, accounting for different hysteresis mechanisms, are discussed. Finally, a critical discussion about the proposed methodology

and analysis is presented.

2.1 Pore networks

2.1.1 Networks description

This study considers a simple-cubic pore network array composed of bonds and sites, which relate, in accordance, to the pore140

throats and bodies. Conceptually, the bonds’ geometry is taken to be cylindrical, while the sites, which are located at the

junctions, are spherical. In this simplification, the resistance to the flow is attributed only to the bonds and the volume of the two

fluids occupying the pore system, only to the sites

VT =
ΣNs

i Vs,i

n
(1)

where VT is the total volume of the domain, the porosity of the domain is set constant to n= 0.38 (typical to granular media,145

e.g. a packing of sand grains), Vs,i =
4πr3s,i

3 , where Vs,i is the volume and rs,i is the radius of site i, Ns is the number of sites,

which for a parallelepiped holds Ns =N3, where N is the lattice (network) size.

The number of sites in this analysis (Ns = 153 = 3,375) is chosen to balance computation times and acceptable bias caused

by the bounded (finite-size) domain. The effect of the finite domain is evaluated through a sensitivity analysis. The sensitivity

analysis and measures taken to reduce the bias effect of the limited domain are presented in Appendix A. The effect of the small150

lattice is mitigated and evaluated by using three repetitions (realizations) for each lattice.

The domain size (equal in all directions) is determined from the total volume of the sites (VT ) and the porosity.

Lx = Ly = Lz = L= V
1/3
T , (2)

where Lz , Ly , and Lx [L] are the height, width, and length of the cubic domain.
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This determines the bond lengths (ℓ= L/N [L]), which correspond to the distance between the centers of the sites (i.e.,155

including the two sites’ radii). The conductance (κ [M−1L4T]) of a cylindrical tube is given by Poiseuille (1839)

κ=
πr4b
8µαℓ

, (3)

where rb [L] is the cylinder radius, µα [ML−1T−1] the α fluid’s dynamic viscosity (with α=W or NW for the wetting and

non-wetting phases, in accordance). The pore flow rate [L3T−1] is Qb = κ|∆p|, where ∆p [ML−1T−2] is the pressure drop

along the length ℓ of the pore. It should be noted that the absolute value of ℓ does not affect any the relative permeability or160

retention curves.

2.1.2 Pore size distribution

The pore size distribution (PSD) strongly affects the magnitude and shape of the hysteresis loop (Assouline and Rouault, 1997).

In the synthetic media presented here, a log-normal PSD is assumed (Friedman and Seaton, 1996) for both the pore bodies and

throats. In this, the radii of the sites (rs) and bonds (rb) are randomly sampled from a PSD165

rk =
µk

2

√
µk

2 +σk
2
exp[n

√
ln(1+σk

2/µk
2)] (4)

where n is a random number drawn from a normal distribution, subscript k refers to either site (s) or bond (b), µk [L] is the

mean, and σk [L] is the standard deviation.

The mean pore body is µs = 5 · 10−3 cm and the mean throat radius µb = 2.5 · 10−3 cm. Three levels of variability in the

pore size distribution are analysed. The different spread in the PSD is categorized with different standard deviations (σ) of170

coefficient of variation of CV = 0.2, 0.5, and 1 for the "low", "medium", and "high" variability, respectively. Figure 1 presents

the different pore size distributions used for the different variabilities (and for the three realizations).

It should be emphasized that using a single size (rs) to characterize both the volume of the pore and its capillary head is a

simplification of the real-world complex pore shape geometry. Similarly, the bond’s radius (rb) should not be considered the

actual size of the aperture between real media pore bodies, but rather a representative radius of its conductance (κ, following Eq.175

3).

2.1.3 Correlated pore bodies and throats

In addition to the variability in the PSD, the correlation between the pore bodies’ and throats’ radii may also play a significant

role in the different mechanisms of hysteresis (Heiba et al., 1992). In general, one might expect that large pore bodies will also

have large throats (and vice versa). However, this is not necessarily the case. Here, the geometrical mean of neighboring pore180

bodies (√rs,i · rs,j) is used to correlate the radii of the bodies and throats. In this, the throats’ radii are assigned in the same

order as that of the geometrical mean of the pore bodies connected by the throat, that is, the kth largest rb is assigned to the

connection with the kth highest geometrical mean of rs. For the Not-correlated case, the spatial distribution of rs was kept as

that for the mutual correlated network (for each realization), while the same set of rbs was reassigned randomly (Figure 2).
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Figure 1. Probability density functions of the pore bodies (a− c) and throats (d− f ) size distributions for the low (a&d), medium (b&e), and

high (c&f ) variability of the different realizations (r1, r2, and r3).

2.1.4 Network connectivity185

The network connectivity is of major significance to the hysteresis mechanisms, especially for the trapping (mechanism 2, in the

list above) and network hysteresis (3) mechanisms. As described above, a simple cubic (SC) array, with a coordination number

Nc = 6 is considered at the basis of this work. Two aspects of network connectivity are then evaluated:

i) The effect of the coordination number is evaluated by running the same simulations on a regular lattice that includes also

the Face-diagonal neighbors, that is, the nearest (NN) and the 2nd nearest (2NN) neighbors (Nc = 18) (Figure 3a).190

ii) The effect of the lattice regularity (3D topology beyond Nc) is evaluated by running the same simulations on an irregular

lattice with a quasi-normal distribution of the number of connections and a similar mean coordination number (N̄c = 6). Similarly

to the correlation between rs and rb, one may expect larger pores to have more connections than smaller pores. In this analysis,

two cases are considered: with (Figure 3c) and without (Figure 3b) correlation between the pore body size (rs) and its number

of connections (Nc).195

The quasi-normal (discrete) distribution of connections is obtained by drawing Ns numbers from a distribution of integers

(Nc) between 1 and 18 with a probability given by
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Figure 2. Schematic description of a section of the network with (a) and without (b) correlation between the sites and the bond radii. The

spheres represent the pore bodies and the cylinders the throats. The diameters of the spheres and cylinders are, in accordance, proportional to

rs and rb, but not in scale to the actual simulated sizes or to the ratio between the sites and bond radii.

Figure 3. Schematic description of a section of (a) regular 18-neighborhood network (simple cubic array with NN+2NN), (b) irregular network

with a mean coordination number N̄c = 6, and (c) the same irregular pore distribution with N̄c = 6, but with also correlation between the local

Nc and the pore size. The spheres represent the pore bodies and the cylinders the throats. The diameters of the spheres and the cylinders are, in

accordance, proportional to rs and rb, but not in scale to the actual simulated sizes or to the ratio between the sites and bond radii.

p(Nc) =
e−

1
2 ((Nc−N̄c)/σ)

2

Σ18
Nc=1e

− 1
2 ((Nc−N̄c)/σ)2

, (5)

where σ = 2 was chosen as the standard deviation of the coordination numbers distribution.
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To create the irregular network, the procedure described in Ben-Noah et al. (2024a) is used. This process iterates both dilution200

and concentration processes using a target number of connections to each site and an elimination number to each bond of

the saturated (completely filled) lattice. We start from a regular 18-neighborhood lattice, i.e., with a constant coordination

number of Nc = 18. This value equals the largest allowable number of connections. Adjusting the distribution of coordination

numbers of the lattice to a prescribed distribution is done iteratively through diluting and concentrating schemes. First, the

algorithm is initialized by assigning a target number of connections Nc ≤ 18 to each site. For the case where Nc is not correlated205

with the pore size, Nc are drawn randomly from the distribution p(Nc) (Eq. 5). For the correlated case, the Nc are ranked

and assigned so that the kth largest Nc is assigned to the kth largest site (rs). In addition, for the Nc-coorrelated case, the

reciprocal of the connected sites geometrical mean ( 1√
rs,i·rs,j ) is taken to equal the bond elimination number, while for the

not-correlated case the elimination number is drawn randomly from a uniform distribution between 0 and 1. All site coordination

numbers at initialization are N (0)
c = 18. We start with a dilution step, if a site coordination number is larger than the target value210

(N (0)
c > Nc), the bond with the smallest elimination number is removed by assigning zero conductance. After the dilution step,

all coordination numbers are updated. The dilution step is followed by a concentration step. If the grid coordination number at

the site is smaller than the target value (N (1)
c < Nc), then a bond is added (to one of the available locations) and a new random

elimination number is assigned to the bond. After the concentration step, all coordination numbers are updated, and a dilution

step follows. These steps are repeated until the distribution of coordination numbers in the irregular network has converged to215

the target distribution. As a convergence criterion, we use a threshold value for the difference between the target and lattice mean

coordination number. That is, the algorithm has converged after the kth iteration if |⟨Nc⟩− ⟨N (k)
c ⟩|< 10−4. Once the lattice

converges, the bond radii (rb) are assigned based on the geometrical mean of the sites as described in the above subsection.

2.2 Displacement processes and hysteresis mechanisms

Up to this point, the technical details of the network construction and the media properties to be analyzed have been described.220

This section presents and discusses the different displacement rules considered and their relation to the corresponding hysteretic

mechanisms.

The different scenarios are categorized by:

1. the main process, i.e, Imbibition or Drainage.

2. the governing geometry of displacement, i.e, Site or Bond.225

3. the percolation mode, i.e, Random or Invasion percolation.

4. the trapping of the resident phase, i.e, with Trapping or No-trapping.

2.2.1 Combined effects of hysteresis mechanisms

As discussed above in the theory section, the WP imbibition is expected to follow a site-random percolation with trapping of the

residing NWP (ISRT, in table 1), while the drainage with the invading NW-phase displacing the WP is expected to follow a230
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Acronym Displacement Site/Bond Percolation mode Trapping

ISRT Imbibition Site Random Trapping

DBIN Drainage Bond Invasion No-trapping

I/DSRN Reversible Site Random No-trapping

ISIN Imbibition Site Invasion No-trapping

DSIN Drainage Site Invasion No-trapping

ISIT Imbibition Site Invasion Trapping
Table 1. Different displacement models acronyms and processes.

bond-invasion percolation without trapping of the WP (DBIN, in table 1). In contrast to this hysteretic loop, which combines the

different mechanisms, the imbibition or drainage through random percolation without trapping (I/DSRN) is the "ideal" filling of

the pores from the smallest to largest (imbibition) or the other way around (drainage). These processes are not hysteretic, that is,

they are completely reversible (ISRN≡DSRN, see table 1). In addition to these basic scenarios, here we also modeled a set

of "degenerated" physical cases in order to systematically evaluate the role of the different mechanisms and their interaction235

with the different media properties. This type of systematic analysis, decoupling the different hysteresis mechanisms, cannot be

achieved experimentally.

Table 1 lists the six models (hysteretic displacement modes) evaluated in this work (and their acronyms). Each of these

scenarios was evaluated with different media properties: i) pore size variability (low, medium, and high), ii) pore size correlation

(with and without), iii) connectivity (regular Nc = 6, regular Nc = 18, irregular N̄c = 6, and irregular N̄c = 6 with correlation to240

the pore size), simulating three realizations (total of 126 simulations).

2.2.2 Trapping

The decoupled effect of trapping can be evaluated by comparing ISRT to I/DSRN or ISIT to ISIN scenarios. The differences

between these comparisons are attributed to the effects of the percolation mode (IP or RP) on the trapping of the residing phase.

As further discussed below in the Limitations section, here we regard the residing phase to be trapped if it is not connected245

to any of the lattice external faces, including the ones that are perpendicular to the flow direction. This definition of trapping

underestimates the role of trapping compared to impermeable perpendicular faces.

2.2.3 Ink bottle hysteresis

Ink bottle hysteresis is directly related to the differences between site and bond displacement processes. The drainage through

site-governed displacement (DSIN) basically assumes that the pores invaded by the NWP are controlled by the capillary250

resistance to the expulsion of the WP rather than by the invasion of (their accessibility to) the NWP. This process neglects the

ink-bottle hysteresis mechanism. Thus, this decoupled effect can be evaluated by comparing the DBIN to DSIN scenarios. The

bond/site-displacement should not be confused with the bond/site-percolation, where the former refers to the curvature of the
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meniscus governing the displacement, and the latter refers to the network occupation. This work considers only site-percolation,

that is, the bonds connecting two sites with the same phase are immediately occupied with this phase, regardless of the process255

(i.e., "imbibition" or "drainage") or the meniscus’ curvature governing the displacement (i.e., "bond" or "site"). This is in

accordance with the assumption that the bonds have no volume (see discussion above regarding the radius rb compared to the

actual aperture between pores). These automatically invaded bonds contribute to the permeability (kr) of the pore network to the

invading phase, but do not affect the evaluated capillary head, which corresponds to the displaced bond (the largest accessible

one) in the DBIN scenario. Another important clarification is that using the bond radius (rb) to evaluate the capillary head in the260

DBIN case assumes that the radius (determining the conductance) equals the curvature radius (related to the actual aperture

through Young-Laplace), which is not necessarily the case. This assumption underestimates the actual pore aperture, thus

overestimates the effect of the ink bottle (widening the hysteretic loop). Despite that, these radii (of the actual aperture and rb)

are strongly correlated, thus the qualitative analysis is not expected to be affected by this (common) inconsistency.

2.2.4 Network hysteresis265

The IP differs from the RP mode mostly by the "acceptance profile’ (Wilkinson and Willemsen, 1983), which is the range of

pore sizes that are accepted in the cluster. In this, the RP has a sharp profile while the IP has a transition zone allowing for

a filling order different than the "ideal" (I/DSRN) one. In other words, in the IP mode, the pores are not necessarily filled in

increasing or decreasing order, but rather depend on the accessible pores at the front. When, for example, during drainage, a

smaller pore is drained before a larger one, the corresponding capillary head remains the one that was attained to drain the270

smaller one. This process is related to the network hysteresis, as small pores surrounding a larger one are "protecting" it from

being drained, for example. This mechanism is related to the "dependent domain" approach (Mualem, 1974; Mualem and Dagan,

1975; Mualem and Miller, 1979; Mualem, 1984; Topp, 1971). Comparing the imbibition (ISIN) and drainage (DSIN) through

the IP mode allows the evaluation of the effect of this mechanism on the hysteretic loop.

Figure 4 presents the spatial pores and throats filled with the invading phase at breakthrough for the different modes. The275

number fraction of filled pores at breakthrough is termed the percolation threshold (pcs). Comparing the ISRT (panel "a" in

figure 4) to ISIT (panel f) demonstrates the differences between random and invasion percolation where the number of filled

pores in ISRT is ca. 3-fold larger. However, despite this difference in pcs the differences in the commutative volume of the

invaded spheres is less significant compared to the differences when comparing DSIN (panel e) and ISIN (panel d), that is,

the filling order affects the saturation more than the pcs. The insignificant effect of trapping at breakthrough is visible when280

comparing ISIN (d) and ISIT (f). This observation holds for also ISRT (a) and ISRN (not presented), Keep in mind that DSRN

(c) at breakthrough is also the disconnection point of the residing phase during ISRN.
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Figure 4. Pores (blue spheres) and throats (black cylinders) filled with the invading phase at breakthrough (sample spanning percolation) for

the different displacement modes. The plotted cases are the simple-cubic lattice realization "r2", for the N = 15, medium PSD variability

(CV = 0.5) with correlation between the pores’ and throats’ size.

2.3 Limitations

2.3.1 Scope

In this manuscript, we address the quasi-static (i.e., negligible viscous forces) displacement of two immiscible, incompressible285

fluids, without background pressure gradients, i.e., negligible inertial and gravitational forces, and without variability in the

surface tensions or wettability. Moreover, the domain is assumed rigid (undeformable), and the pore bodies (sites) have no

spatial correlation.

Dynamic effects on the displacement processes and hysteresis are relevant to most multiphase flow problems. In this, the

number of simultaneously invaded pores (Onody et al., 1995), the dynamic breakup and snap-off of NWP ganglia (Dias and290

Payatakes, 1986), trapping of the WP (when neglecting film flow)(Chandler et al., 1982), and many more phenomena affect

the phase configuration and hysteresis in the saturation and permeability curves (Piri and Blunt, 2004, 2005a, b). Despite its

significance, the effect of the flow hydrodynamics on hysteresis is not in the scope of this manuscript but will be in a future

analysis.
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Here, we use a contact angle of 30◦ to describe the wettability of the wetting phase. However, the importance and physical295

interpretation of this value are limited by the mentioned complexity of the pore shape (within the simplified, quasi-static

displacement simulated here, the capillary head for other contact angles (θ) simply scale with cosine (θ)). The variability in

the advancing and receding contact angle is commonly related to viscous forces; thus, in our quasi-static case, its disregard is

justified. The effect of hysteresis in the contact angle on the retention and permeability curves is discussed in several works

(Braun and Holland, 1995; Friedman, 1999; Zhou, 2013; Fu et al., 2021).300

Disregarding the gravitational forces is justified for low Bond numbers Bo= ∆ρgd2

σ . If we assume that d= 2rs = 0.01 cm,

and address water and air fluids (∆ρ= 1 g/cm3), then Bo≈ 1.3 · 10−3, that is, the capillary forces are much more significant

than the gravitational ones. The interesting effect of gravity on hysteresis is discussed in other works (e.g., Heinse et al. (2009)).

The effect of fluid compressibility is expected to be negligible in the (many pores) microscale (Hunt and Sahimi, 2017).

According to the ideal gas law, the density of gases is proportional to their pressure. Thus, the gas volume difference is305

proportional to its pressure difference, which is very small in quasi-static (no) flow conditions and no gravity forces. In any case,

the main effect of compressibility is to reduce the trapping of the non-wetting phase (Larson et al., 1981a), which is bounded by

the no-trapping scenarios.

2.3.2 Lattice size

Generally, a small domain may cause ill-representation, such as obtaining sample-spanning percolation that differs from the310

theoretical (of infinite lattices) percolation thresholds, that is, the fraction of sites occupied by the invading phase (pcs) when

a sample-spanning (connecting inlet and outlet faces) percolation is obtained. In turn, this may cause a significant error, for

example, in the estimation of the expected network permeability, especially for saturation degrees near the percolation threshold

(Wilkinson, 1986). Diaz et al. (1987), Chatzis and Dullien (1982), and Yu et al. (1986) respectively, report that networks of

15× 15× 15, 18× 18× 12, and 20× 20× 20 pore-bodies are required to give satisfactory results. The lattice size used in this315

work (15× 15× 15) is similar to that used by others, e.g., Diaz et al. (1987). Jerauld and Salter (1990) reported only little

differences between cubic networks with 16× 16× 16 and 32× 32× 32.

Here, we use three realizations for each lattice, in order to mitigate some of the effects of the finite lattice size. The variability

between the different realizations (in the retention and permeability curves) is an indication of the bias of the limited lattice on

the assumption of the continuous radii distributions, and small sample statistics. Comparing the mean values (of saturation and320

permeability) between realizations of different scenarios allows a good distinction of the main (considered) effects from the

size bias effect. In addition, Appendix A presents a sensitivity analysis of the effects of the finite lattice size on the different

aspects evaluated in this work. Namely, the effect of the lattice size on the intrinsic permeability is evaluated in Figure A1 in

the Appendix. Moreover, comparing the retention and permeability curves of the two main scenarios (ISRT and DBIN) for a

N = 20 (Figure A3 in the appendix) shows that the lattice size affects the trapping (more trapping in the larger lattice) and325

slightly affects the sensitivity (differences between realizations), but does not affect the conclusions in this work. The DBIN

retention curves on a N = 20 (orange) and N = 15 (red) are similar except for the breakthrough (∆), that is, the arrival of the

invading phase at the opposite (from the inlet) lattice face. This is supported by the statistics of the percolation thresholds. In this,
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pcs the sites occupation at breakthrough, is not affected by the lattice size for the RP cases (ISRT) and slightly (insignificantly)

decreases in the IP scenarios (DBIN, Fig. A5). Moreover, the percolation thresholds determined in this work are similar to330

the previously determined values (Hunt and Sahimi, 2017; Kurzawski and Malarz, 2012; Wang et al., 2013; Wilkinson and

Willemsen, 1983), further supporting the applicability of the N = 15 lattice. Namely, in the context of permeability curves, the

finite N = 15 lattices size provides the correct percolation thresholds, and the finite size effects are expected to be small far

away from the percolation thresholds. Thus, it can be safely concluded that this effect is small throughout the whole range of

saturation degrees. The effect of periodic vs confined boundaries were also evaluated in a sensitivity analysis. Interestingly,335

the periodic domain did not reduce (and even increased) the variability of the permeability (shaded regions in Fig. A1a) or the

coefficient of variation (Fig. A1b), thus, we did not use the periodic condition in our analysis.

2.3.3 Pore geometry and phases occupancy

The simplified pore geometry applied in this work, namely the cylindrical bonds and spherical bodies, and the assumption

that each element (bond or site) is filled with a single phase, may not be accurate in describing porous media, especially340

coarse-texture materials. The single-phase occupation was employed for only the phase volume evaluation, but the conceived

W-phase films (of assumed negligible volume) allow (justify) imbibition by a RP process and their non-trapping feature. These

assumptions are controversial in dynamic flow simulations as they misrepresent important displacement mechanisms such as

(capillary, surface tension-induced) snap-off and (viscosity-induced) dynamic breakup (Joekar-Niasar et al., 2010). However,

in the case of quasi-static conditions, these simplifications are justified. Other contributions evaluated the different effects of345

different media properties, such as the grains (glass beads) size distribution (Laroussi and De Backer, 1979); the ratio between

bond and site radii (Assouline and Rouault, 1997; Jerauld and Salter, 1990); the effect of angular pores (Diamantopoulos and

Durner, 2015); and the effect of unconsolidated media (Naar et al., 1962).

2.3.4 Singularities

In this work, a minimal value (of ten orders of magnitude smaller than the sum of each site bonds’ conductances) is added to350

the non-conducting bonds before inverting the matrix to evaluate the pressure distribution and the permeability. This practice

is used to avoid singularity in the Laplace matrix resulting from an isolated phase that is not connected to the inlet or outlet.

This practice is simpler and faster compared to alternatives such as applying search and elimination algorithms (Raoof and

Hassanizadeh, 2010) or even applying the singular value decomposition (SVD) pseudo-inverse approximation (Ben-Noah et al.,

2024b). The effect of this addition was evaluated by comparing the calculated relative permeability values at different saturation355

degrees to those obtained by using SVD, and it was found to be completely negligible (not presented).

3 Results and Discussion

In this section, the results of the simulations for the different displacement modes (Table 1) are presented and discussed. First,

the different hysteresis mechanisms, as reflected in the different simulations, are discussed from both retention and relative
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permeability standpoints. Next, the effects of: the spread of the pore size distribution (section 3.2), correlation between pore360

bodies’ and throats’ (3.3), and pore system connectivity (3.4) are analyzed with respect to hysteresis in the retention and relative

permeability curves. Finally, a short correspondence to the pw and pd functions of hysteresis models is presented (3.5).

3.1 Different hysteresis mechanisms

3.1.1 Retention curve

Combined effects:365

The combined effects of the different hysteresis mechanisms manifest in the main curves of the Imbibition Site-Random

percolation with Trapping of the NWP (ISRT, blue) and the Drainage Bond-Invasion percolation with No trapping of the WP

(DBIN, red), depicted in Figures 5a and c. The I/DSRN (purple line) represents the "ideal" reversible (non-hysteretic) filling

order of pores by their size, i.e., smallest to largest in imbibition (ISRN) and the other way round during drainage (DSRN).

The similarity between the 3 realizations (different line types in Fig. 5 top panels and shaded regions in the bottom panels)370

suggests that 3 realizations are sufficient to be representative of the continuous f(r) distributions, and of the various displacement

mechanisms. The "air entry" value, the hc value in which Sw is still 1, of DBIN (≈ 10 cmH2O) is slightly larger than that of

I/DSRN (≈ 6 cmH2O), Fig. 5c, suggesting that the widest pore throat at the inlet face, which is drained first during DBIN, is

smaller than the size of the biggest pore body in the entire domain, which imbibes last (drains first) in I/DSRN (remembering that

"ISRN" differs from "DSRN" only in the direction). The small difference between the air entry values is due to the reciprocal375

relation between the capillary head and the curvature radius, following Young-Laplace equation, and the pore system under

consideration corresponding to relativity coarse-textured media. Following the same reasoning, the full drainage capillary head

value (the largest hc value where Sw → 0, corresponding to the smallest pore) of DBIN, is larger than that of I/DSRN. This

may also be explained through the Ink bottle hysteresis, that is, by the difference between bond-controlled and site-controlled

displacements. This is supported by the similarity between ISRT and I/DSRN at the high hc values. The effect of trapping is380

notable as the ISRT (blue) diverges from the ISRN (purple) at a WP saturation degree value of Sw ≈ 0.2 and attains its maximum

saturation of Sw ≈ 0.5. The disconnection of the NWP ("∇" for ISRT and ISRN) occurs at a similar Sw ≈ 0.2 as the divergence

of the curves. As expected, in the "ideal" RP without trapping (I/DSRN) case, the breakthrough ("∆") of one phase is the same

as the disconnection ("∇") of the other phase. The theoretical values of the occupation probability (number fraction of sites

occupied by a phase) for simple-cubic random site percolation (at the breakthrough) is pcs ≈ 0.3115 (Wang et al., 2013). The385

slightly higher I/DSRN pcs value obtained here (0.333± 0.019) is explained by the small number of realizations (3) compared

to the high variability due to the finite lattice size (Fig. A5).

Trapping:

Comparing the imbibition retention curve of site-random percolation with (ISRT, blue) and without (I/DSRN, purple) trapping

(Fig. 5c) and also the site-invasion percolation with (ISIT, green) and without (ISIN, navy-blue) trapping (Figure 5d), it can be390

seen, as expected, that the trapping affects the hysteresis only at low hc values, while in the dryer section (high hc), the curves

are similar. Also, the Sw and hc related to the sample spanning percolation (cluster) of the invading phase (marked with ∆)
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Figure 5. Retention curves of the three realizations (top panels, r1 to r3) and the mean curves (bottom panels) for: imbibition site-random-

percolation with trapping of the NWP (ISRT, blue, panels a and c), drainage bond-invasion-percolation without trapping of the WP (DBIN,

red, all panels), the reversible site random percolation without trapping (I/DSRT, purple, panels a and c), imbibition site invasion percolation

with (ISIT, green, panels b and d) and without (ISIN, navy-blue, panels b and d), drainage site invasion percolation without trapping of the

residing WP (DSIN, magenta, panels b and d) and with trapping of the residing NWP. The breakthrough of the invading phase (formation

of a sample-spanning cluster) is marked with upward pointing triangles (∆), while the disconnection of the residing phase is marked with

downward pointing triangles (∇). The pore size distributions (PSD) of these realizations are given in Fig. 1b and d (CV = 0.5).

are the same for the scenarios with and without trapping, suggesting that below the percolation threshold the trapping of the

resident phase is negligible. The similar effect of trapping on the different percolation modes, that is, invasion (ISIT vs ISIN)
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and random (ISRT vs ISRN), can be explained by the well-connected simple-cubic lattice with a coordination number of Nc = 6.395

Interestingly, the Sw and hc at the disconnection point of the residing (NW) phase (marked with ∇) are similar for the imbibition

cases, with and without trapping. This suggests that most of the NWP trapping occurs at WP occupation probabilities higher

than the disconnecting threshold.

Ink-bottle hysteresis:

In contrast to the effect of trapping being limited to high Sw and low hc, the effect of the bond (DBIN, red) vs site (DSIN,400

magenta) displacement (Fig. 5d) is visible in the entire span of hc values, i.e., for any hc value, Sw of DBIN is larger than that of

DSIN. However, despite the similar S-shaped curves, this effect is not uniform, where the differences in hc are slightly larger in

low Sw than near W-saturation. The Sw at the sample-spanning percolation of the invading NWP ("breakthrough") of DSIN

(magenta ∆) is slightly smaller than that of DBIN (red ∆), suggesting that site-controlled invasion displaces larger pores at

lower occupation probability than bond-controlled invasion, despite the correlation between rs of adjacent pore bodies and rb405

of their connecting pore throats. This is also supported by the lower Sw at the disconnection of the residing WP (∇) of DSIN

compared to DBIN. This is because the bond radius (rb) is correlated to the geometrical mean of rs, thus, the bond displacement

does not necessarily drain the sites from largest to smallest rs.

Network hysteresis:

As discussed above in the Theory section (1.1), network hysteresis is explained by IP, in which surrounding pores defend a410

central pore from being invaded. In this respect, the direct difference between IP and RP is negligible, as seen by comparing

ISRT (blue) with ISIT (green) and I/DSRN (purple) with ISIN (navy-blue) in Fig. 5. This also suggests that the effect of the

finite-size domain is not significant. The similarity between the IP’s and RP’s hc and Sw corresponding to the disconnection of

the residing NWP (∇), is surprising because the site-percolation threshold of RP (ptextrmcs≈ 0.311, Wang et al. (2013)) is

expected to be larger than for IP (≈ 0.16 for N = 15, Wilkinson and Willemsen (1983)), that is, the number of sites imbibed at415

the breakthrough is larger for RP (Fig. 4). The similarity can be explained by the log-normal distribution of pore sizes, resulting

in many small pores which do not affect the Sw at breakthrough. For illustration, at the breakthrough, the mean S̄w of ISIT is

0.01, and that of ISRT is 0.03, which is in accordance with the ratio between the two pcs. Interestingly, at breakthrough, the h̄c

of ISIT is equal to that of ISRT (≈ 35 cm−H2O). This suggests that the invasion percolation path has a similar maximum pore

size connecting the sample-spanning cluster as the critical pore size of a random percolation process. This insight supports the420

applicability of the critical path analysis (Ambegaokar et al., 1971; Friedman and Seaton, 1998) for IP and RP. The occupation

probability of the NWP during imbibition at the disconnection point of the IP (ISIT and ISIN) is ≈ 0.345± 0.01, which is

similar to the pcs of the RP cases (ISRT and I/DSRN) (≈ 0.344± 0.01). This value is close to the theoretical value of the

random site-percolation threshold for a simple-cubic array (0.311), and far from the value expected for the invasion percolation

threshold(ca. 0.16). The similarity in the occupation probability of the NWP at disconnection for RP and IP during imbibition is425

not trivial, suggesting that the expulsion of the residing NWP near disconnection is akin to RP rather than to IP.

Moreover, the combined effects of the filling order and invasion percolation (network hysteresis) can be analyzed by the

difference between the drainage (DSIN, magenta) and imbibition (ISIN, navy-blue) site-invasion percolation (without trapping)

(Fig. 5d), and between the drainage site random (I/DSRN, Fig. 5c) and invasion (DSIN, Fig. 5d) percolation (without trapping).
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These analyses show that the network hysteresis affects the retention curve shape and the width of the hysteretic loop. In this,430

while the capillary head (hc) at the WP saturation (Sw = 1) is the same for both DSIN and ISIN (akin to the largest pore), the

Sw under ISIN increases almost linearly with the decrease of hc, and DSIN presents an S-shaped curve. Also, as expected, the

Sw of the drainage is larger than that of the imbibition curve for any value of hc. This is because hc during drainage, at each

step, attains the largest value (related to the smallest drained pore) while during imbibition, the hc value corresponds to the

largest pore (of lowest hc). These differences suggest that the filling order of the pores during imbibition is not a mirror image of435

the drainage order, and network hysteresis is significant even for 3D networks with a coordination number of 6. In addition,

the saturation degree related to the sample-spanning cluster (marked with ∆) formed in imbibition is much smaller than that

of drainage. This is to be expected because of the pore-filling order, where the volume of the same fraction of occupied sites

(pcs) is larger when they are taken from the largest to the smallest than the other way round. The decoupled effect of the pore

filling order can be evaluated by the difference between the breakthrough and disconnection points in the reversible I/DSRN440

case. In such a comparison, the breakthrough during DSRN (purple ∆ in Fig. 5c) is obtained at a similar hc as that of the DSIN

(magenta ∆ in Fig. 5d), but at much smaller Sw, which is due to the network hysteresis.

3.1.2 Permeability curves

Combined effects:

The relative permeability curves of the different scenarios are presented in Figure 6. The relative permeability of the W-phase445

(kWr ) during drainage (DBIN, red solid line, Fig. 6a) is unity until hc attains the "air entry" (NW) value, related to the largest

pore throat, which is larger than the "air entry" value of the "ideal" curve (I/DSRN, porpule), related to the largest pore body in

the domain. The "air entry" pressure value for imbibition through RP (ISRT, blue) is the same as the "ideal" value. The maximum

kr of the W-phase during RP imbibition (ISRT) is significantly smaller than unity (approximately 0.25) due to the presence

of a trapped NWP. Similar values have been reported, for example, in imbibition of Berea sandstone (Piri and Blunt, 2005a).450

The trapped NWP occupation probability at the end of the ISRT simulation (maximum kwr ) is 0.173± 0.003. The dramatic

effect of this fraction on the Sw (Fig. 5a) and kwr (Fig. 6a) is because of the filling order (from small to larger pores) and the

correlation between the site and bond radii, so that the potential contribution of the large pores (with trapped NWP) are more

significant to the conductance of the lattice. The hc values at which the ISRT kWr (solid blue line, Fig. 6a) and the DBIN kNW
r

(red dashed line) intersect with the x-axis correspond to the sample-spanning percolation values (∆ in Fig. 5), while the ISRT455

kNW
r and DBIN kWr reach zero at the disconnection points values (∇ in Fig. 5). The kNW

r (hc) curves are concave (of negative

curvature), which can be explained by the filling order and correlation between the pore bodies’ and throats’ radii, so that the

larger pores affect the relative permeability more than small pores. This shape can be well represented by an exponential function

(kNW
r = 1− exp(−αhc), Ben Noah and Friedman (2015)). The network’s sample-spanning connectivity of the NW-phase for

the ISRT breaks down at lower hc values than the breakthrough for DBIN. Moreover, the slope at which the kNW
r rises with hc460

is larger for ISRT than for DBIN. This means that far from the disconnection point, RP imbibition (ISRT) only slightly reduces

kNW
r , while near disconnection the effect is very sharp. This effect is even more notable in the kNW

r (Sw) curve (Fig. 6c), with a

sharp drop from kNW
r of about 0.75 to 0.
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Similarly, the networks are permeable to the W-phase at a larger hc for DBIN than for ISRT. However, this difference in the

W-phase permeability threshold is not visible in terms of Sw (Fig. 6c). The permeability is considered less hysteretic in the Sw465

compared to the hc (Assouline and Or, 2013; Mualem, 1986). This is partially supported by the results presented in Fig. 6c

compared to Fig. 6a. The kNW
r (Sw) hysteretic loop between DBIN and ISRT (Fig. 6c) is non-monotonic, i.e., the imbibition

(ISRT, blue) kNW
r of low Sw is higher than the DBIN kNW

r . However, when Sw increases the ISRT kNW
r drops quickly below

the DBIN kNW
r . Conversely, the kWr of DBIN is higher than that of ISRT for all the Sw range. Compared to the reversible

I/DSRN, DBIN kWr is higher at low Sw and similar at high Sw. Interestingly, the kWr vs Sw curves (solid lines in Fig. 6c) of the470

different processes have different curvatures. In this, the kWr curves of ISRT (blue), I/DSRN (purple), ISIT (green), and ISIN

(navy-blue) are of mainly positive curvature (until approaching their maximum values), suggesting that the early imbibed pores

(after breakthrough) have a smaller effect on kWr than the larger pores, which are filled lastly (during imbibition). In contrast, in

drainage, DBIN (red) and DSIN (magenta), presents quite a negative curvature at low Sw, similar in magnitude to the positive

curvature of the imbibition curves. At high Sws, the nearly linear relation suggests that the effect of the pores’ draining order475

(from larger to smaller) on the saturation is comparable to its effect on the permeability. Also interesting is the more significant

variability between realizations (colored regions) in the kr(Sw) compared to the kr(hc) curves and for the drainage cases DBIN

(red) and DSIN (magenta), compared to the imbibition ones.

Trapping:

Similarly to the retention discussed above, the effect of trapping, comparing ISRT with I/DSRN (Fig. 6a) and ISIT with ISIN480

(Figure 6b), is visible only at the low hc values, and only for the kWr , because the trapping occurs mostly after the disconnecting

of the NWP, i.e., where kNW
r = 0. The kNW

r curves of ISRT and I/DSRN, and ISIT and ISIN overlap, thus are invisible in the

charts. Moreover, the effect of trapping is similar for the IP (ISIT and ISIN) and RP (ISRT and DSRN) cases, and also in both

kr(hc) (top panels of Fig. 6) and kr(Sw) (bottom panels) curves.

Ink-bottle hysteresis:485

Comparing drainage invasion-percolation governed by the bonds (DBIN) to that governed by the sites (DSIN) (Figure 6b) shows

resemblance in the shape of the curves, with a right shift towards higher hc in the DBIN compared to the DSIN. The ink-bottle

hysteresis, given by the difference between DBIN and DSIN, is more notable in the kr(hc) curves (Figure 6b) than in the kr(Sw)

curves (Figure 6d). It is also visible that the variance between realizations is larger in the DBIN case. This is to be expected

because the bond radius (rb), determining the invasion order, and the site radius (rs), determining its volume, are not directly490

correlated but rather correlated through the geometrical mean of adjacent rs.

Network hysteresis:

The relative permeability curves, kWr (hc) and kNW
r (hc), of the invasion percolation (ISIT, green lines, Figure 6b) are very

similar to the random percolation (ISRT, blue lines, Figure 6a). The network hysteresis is revealed by comparing the drainage

(DSIN, magenta) and imbibition (ISIN, navy-blue) site-governed displacement through invasion percolation (Figure 6b). The495

kWr (hc) of the drainage (DSIN) is larger than that of imbibition (ISIN) to all hc values, with a uniform shift except at the ends

(kWr → 0 and kWr → 1), where the shift is smaller. Conversely, the kNW
r (hc) curves originate from the same hc (disconnection

of the NWP for ISIN and breakthrough of the NWP for DSIN) and diverge with increasing hc where ISIN kNW
r increases more
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steeply. Notice that ISIN kNW
r equals that of ISIT (green). For kWr (Sw) curves, DSIN and ISIN present a closed hysteretic loop

in the lower half of the saturation degree. The kNW
r (Sw) curves present a crossover behavior where ISIN kNW

r is larger than500

that of DSIN in low Sw, but reaches the disconnection point (sharp drop to zero) at a much lower Sw than the breakthrough

point of DSIN. The similarity between DBIN and DSIN (Fig. 6d) suggests that the ink-bottle mechanism does not significantly

affect either the WP or NWP curves. Correspondingly, the similarity between ISIT and ISRT, or ISIN and I/DSRN, suggests

that the percolation mode (IP vs RP) does not affect the hysteresis of the kr(Sw) curves. This means that network hysteresis is

responsible for the hysteresis of kr(Sw) at low Sw, and that trapping is the main hysteretic mechanism for high Sw.505

3.2 Effect of variation in the pore size distribution

3.2.1 Retention curve

Combined effects:

Figure 7 presents the effect of the variation in the pore size distribution (PSD, Fig. 1) on the different scenarios. Increasing PSD

coefficient of variation increase the difference between the retention curves evaluated in the 3 realizations. In addition, the PSD510

variation affects the invading-phase breakthrough, the residing-phase disconnection point, and the shape of the retention curves.

The low variation cases, with CV ≡ σk

µk
= 0.2, Fig. 7a and b, are less sensitive to the different realizations compared to the

medium variation (CV = 0.5, Fig. 5) and high variation (CV = 1, Fig. 7c and d). The differences between realizations in the

high-variation cases are more notable in the drainage DBIN and DSIN (red and magenta shaded regions) than in the imbibition

(ISRT, ISIT, ISIN, and also the I/DSRN) curves.515

In the ISRT (blue) process, increasing the variation of the PSD increases the breakthrough (∆) hc and decreases its Sw. This is

because the critical pore size (corresponding to the percolation threshold, pcs ≈ 0.3115), of higher hc, decreases with increasing

variation in PSD. On the other hand, the disconnection of the NWP during ISRT is at a similar hc and in a much lower Sw,

suggesting that the critical pore of disconnection is less affected by PSD-variation, but the phase volume does. Or in other words,

in the high CV case, a significant part of the saturation is in a few very large pores, which are being invaded lastly (if at all). This520

observation can also explain the larger fraction of entrapped air in the high-CV case (maximum Sw ≈ 0.35) compared to the low

CV (maximum Sw ≈ 0.7). This suggests that imbibition via the quasi-static, strictly capillary equilibrium mechanism is expected

to trap a significant fraction of the NWP, which means that experiments in water/air systems, with typically smaller fraction of

trapped air (Topp, 1969; Mualem, 1973), are affected by dynamic process related to the viscosity ratio of the phases. In addition,

the simplified geometry and processes accounted by the pore-network assumes that a pore is either WP-filled or NWP-filled,525

causing an over-estimation of the trapped NWP volume, while in reality, both phases can co-exist in a single pore through thick

films (especially in coarse media). This effect is magnified by the air compressibility. On the other hand, this ill representation of

real media affects the saturation degree but not the effective saturation (of the connected WP) and its permeability.

Increasing the PSD-variation decreases the breakthrough (∆) hc and Sw of the DBIN case, and increases the disconnection

(∇) hc but reduces its Sw. In consequence, the PSD-variation has a dual effect on the combined hysteresis (ISRT vs DBIN): On530

one hand, the retention curves shift to the left with increasing CV, which narrows the hysteretic loop. On the other hand, a higher
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Figure 6. Relative permeability curves of the WP (solid lines) and the NWP (dotted lines), depending on the capillary head (hc, top panels)

and WP saturation degree (Sw, bottom panels) for the different displacement mechanisms indicated in the legends.

CV results in a smaller maximum Sw in the ISRT process, hence widening the hysteretic loop. The hysteretic curves’ shapes are

also different, where at low CV the curves have a plateau at low hc values (related to the larger "air entry" value), while the high

CV curves present a sharp decline in Sw from the minimum hc (small "air entry" value).

Trapping:535

The combined effect of the PSD-variation and the trapping mechanism can be evaluated by comparing the ISRT (blue lines) and

the I/DSRN (purple lines) in Figs. 7a and c, and the ISIT (green lines) and the ISIN (magenta lines) in Figs. 7b and d. Increasing
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the CV increases the volume of the entrapped resident phase. In this, both trapping and no-trapping cases have similar invading

phase breakthrough and residing phase disconnection values, and similar retention curve shapes. However, there is a notable

difference in the amount of trapped NWP and in the span of Sw values in which the trapping affects the retention, thus in the540

high CV, the trapping occurs at a lower Sw value. This can be explained by the higher fraction of volume assigned to a smaller

number of pores in the highly variable PSD, the same fraction of trapped pores results in a much higher NWP volume.

Ink-bottle hysteresis:

Comparing the DSIN (magenta lines in Fig.7b and d) with the DBIN (red lines) reveals that the ink-bottle hysteresis loop

narrows with an increase in PSD-variation. At the same time, the effect of CV on DSIN is very small compared to the effect of545

the variation on DBIN. This is probably due to the larger fraction of small rb in the CV = 0.2 case (Fig. 1d) compared to that of

CV = 1 (Fig. 1f). In other words, increasing PSD-variation brings the rb and rs distributions closer. Thus, it mitigates the bottle

ink hysteresis mechanism.

Network hysteresis:

The combined effect of PSD-variation and the different percolation mode is estimated by comparing the differences between550

ISIT (green lines, 7b and d) and ISRT (blue lines in Fig. 7a and c). It can be seen that for the high CV case (bottom panels), the

hc and Sw values at the invading phase breakthrough (∆) and at the residing phase disconnection (∇) are similar for ISRT and

ISIT. In contrast, in the low CV case (top panels), the Sw at the breakthrough in the IP cases (ISIT and ISIN) is smaller than in

the RP cases (ISRT, I/DSRN). Contrary to the ink bottle effect, network hysteresis increases with the PSD-variance, indicated by

the low PSD-variance ISIN and DSIN cases (navy-blue and magenta lines, Fig. 7b) being very similar in their shape and values555

compared to the high CV cases (Fig. 7d). This is to be expected because the difference between "protecting" and "protected"

pores is larger for high-variability. The ISIN case for the high CV (Fig. 7d) has a sharp slope near saturation and a monotonically

positive curvature in most Sw range, while the DSIN presents a moderated slope near saturation, an S-shaped curve, and large

variability among the 3 realizations (large shaded region). The high variability is caused by 1 of the 3 realizations having a very

large pore body (corresponding to more than 20% of the total porosity, seen in the ”r3” realization in Fig. 1c) located at the inlet560

face. This demonstrates the importance of using realizations in a quantity that depends on the variation of the PSD, and the

effect of the finite lattice size discussed in the limitations section and in the appendix.

3.2.2 Permeability curves

Combined effects:

The effect of the variation in the PSD on the relative permeability curves variability is visible in Figure 8. The less NWP trapping565

of the low-CV ISRT case (blue line in Fig. 8a) results in much higher maximum kWr compared to the high-CV case (Fig. 8c).

Moreover, in the low-CV case, the kNW
r curves (dotted lines) of the ISRT (and I/DSRN) and DBIN are very similar in shape

and seem to differ only by an almost constant shift to the right for the DBIN case compared to ISRT. In the high-CV cases

(Fig. 8c), the hysteretic loop is narrower in the low hc values, especially for the NWP (dotted lines), and of varying width

(widening with increasing hc). For the NWP, the hc corresponding to the invading phase breakthrough of DBIN (intersection of570

the red dotted line with the x-axis) is very close to the hc where the residing phase loses connectivity in the ISRT (blue dotted
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Figure 7. Retention curves for low (CV = 0.2, top panels) and high (CV = 1, bottom panels) variability in the pore size distribution for the

different displacement mechanisms indicated in the legends.

line intersection with the x-axis). The intersection point of the kWr = kNW
r of ISRT in the high-variability case is at a very

low kr value, suggesting very little overlap in which both phases are sample-spanning continuous. In contrast, the intersection

point (kWr = kNW
r ) of DBIN in the low variability is very high (kr ≈ 0.35), keeping in mind that the intersection is limited

by the sum kWr + kNW
r < 1 (Honarpour and Mahmood, 1988). As hc increases, the hysteretic loop widens with the DBIN575

kNW
r increasing more moderately with hc compared to ISRT. The DBIN (red line) kWr (hc) curve of the low-CV case is almost
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linear, except near the "air entry" value (at low hc) and near the NWP saturation. In contrast, in the high-variability, the curve is

complementary-exponential-shaped (with a left shift).

Trapping:

The combined effect of trapping and PSD-variability on the relative permeability can be evaluated by comparing kWr in ISRT580

(solid blue lines in Fig. 8) and I/DSRN (solid purple lines) or the ISIT (solid green lines) and ISIN (solid navy-blue lines). As

expected, in both comparisons, the effect of trapping increases with the PSD’s CV. The trapping of the NWP does not affect

kNW
r because even for the high-CV cases, the trapping occurs at low hc values where the kNW

r is already very low (or even

zero, i.e., after disconnection).

Ink-bottle hysteresis:585

Comparing the DBIN (red lines in Fig. 8) kr curves to the DSIN (magenta lines) suggests that for both WP and NWP, the

ink-bottle mechanism is more significant in low-CV PSD than in the high-CV cases. This is in agreement with the observation

regarding its effect on the retention curves and the explanation provided above.

Network hysteresis:

Generally, the kr(hc) IP (ISIT and ISIN) are very similar to the RP (ISRT and I/DSRN) processes. Comparing the DSIN and590

ISIN curves (Fig. 8b and d), it is clear that network hysteresis in the kr(hc) curves (for the WP and NWP) is more significant for

high-CV PSD than in the low-CV cases. Again, this is in agreement with its effect on the retention curves discussed above.

3.3 Effect of the correlation between pore bodies’ and throats’ radii

3.3.1 Retention curve

Combined effects:595

The correlation between the pore throat (rb) and body (rs) radii should not affect the retention curve of the site (pore body)-

governed displacement cases. This is simply because the bonds (pore throats) do not affect neither hc nor Sw, or the pore filling

order of the site-governed case. In contrast, the DBIN retention curve without PSD correlation (not presented) has a slightly

higher Sw and lower hc values at breakthrough, and a milder slope than the correlated case (Fig. 5).

3.3.2 Permeability curves600

Combined effects:

In contrast to the effects (and lack of them) on the retention curve, the correlation between the pore bodies’ and throats’ PSDs

does not affect DBIN, but does significantly affect ISRT kr(hc) (both for WP and NWP), which is revealed by comparing the kr

curves without correlation of the PSDs (Figure 9a) to those with correlation (Fig. 6a). The correlation in the PSDs widens the

combined (ISRT-DBIN) hysteretic loop of the kWr (hc) and narrows the hysteresis loop of the kNW
r (hc) (Fig. 9a). This is mostly605

because the no PSD-correlation increases the maximum kWr (hc = 0) of ISRT, by reducing the effect of the trapped NWP on

kWr . At the same time, the slope of kWr (hc) of ISRT in the non-correlated PSD (Fig. 9a) is more moderate than in the correlated

case (Fig. 6a).
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Figure 8. Relative permeability-capillary head curves (kr(hc)) of the different displacement mechanisms for the low (CV = 0.2, top panels)

and high (CV = 1, bottom panels) variability in the pore bodies and throats.

Several interesting phenomena can be observed when comparing the hysteresis loops DBIN-ISRT of the kr(Sw) without

correlation (Fig. 9c) to the correlated ones (Fig. 6c). First, the crossover behavior of the hysteretic loop is reversed, that is, in610

the correlated case discussed above (Fig. 6c) the kWr (Sw) curves are non-intersecting with DBIN>ISRT, and the kNW
r (Sw)

curves crossover with an intersection point near disconnection. In the no-correlation case, the opposite is observed, i.e., the

kWr (Sw) curves crossover with kWr (Sw) of DBIN<ISRT for low Sw and the opposite for large Sw, and the kNW
r (Sw) curves are

non-intersecting with DBIN>ISRT (Fig. 9c).

For the DBIN (red lines) case, the kr(Sw) curves (Figs. 6c and 9c) are far more affected by the correlation in the PSDs than615

the kr(hc) curves (Figs. 6a and 9a). In this, the kWr (Sw) curve reaches zero (disconnection point) at a considerably lower Sw

in the correlated case compared to the uncorrelated case. At the same time, in the uncorrelated case, the kNW
r curves start
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increasing (breakthrough point) at higher Sw and with a milder slope compared to the correlated case. Despite that, the almost

linear kWr (Sw) relationship is maintained with and without correlation. However, in the no-correlation case the slope is steeper.

Conversely, the slope of the I/DSRN kWr (Sw) in the no-correlation case (Fig. 9c) is not linear (as in the correlated case) but with620

a negative curvature.

Trapping:

Despite the identical retention curves of the site-controlled displacement, the correlation in the PSDs increases the effect of the

trapping hysteretic mechanism in both the kWr (hc) (Fig. 9 top panels) and kWr (Sw) (Fig. 9 bottom panels) curves. The effect of

trapping is similar for IP (ISIT vs ISIN) and RP (ISRT vs I/DSRN) displacement modes. The effect of the correlation on the625

trapping can be explained simply by the filling order during imbibition, which makes (later-filled) larger pores more likely to get

trapped. For the correlated case, these pores are connected through wider throats of higher conductance. Thus, they affect the

relative permeability to a greater extent. This observation partly explains the effect of the correlation on the combined hysteretic

loop in the kWr curves.

Ink-bottle hysteresis:630

The effect of the ink-bottle hysteresis (DBIN-DSIN) on the kWr (hc) is similar with (Fig. 6b) and without (Fig. 9b) correlation

between rs and rb. In contrast, without correlation, the kNW
r (hc) curves of DBIN and DSIN are closer then in the correlated

case, and even intersecting in the high hc values (Fig. 9b). This suggests that the effect of the ink bottle mechanism on the

kNW
r (hc) curves hysteresis is smaller in the absence of correlation between the pore throats’ and bodies’ radii.

In the kr(Sw) curves, the ink bottle dramatically affects both the WP and NWP curves. As discussed above, in the correlated635

case, the ink bottle effect is negligible (Fig. 6d). However, without correlation, the kWr (Sw) of DSIN is much larger than that of

DBIN in the entire range of Sw (Fig. 9d). Compared to the linear DBIN curve, the DSIN kWr (Sw) starts at a lower breakthrough

value and increases with a very steep curve (with negative curvature). In contrast, the kNW
r (Sw) of DSIN, in the no-correlation

case, drops sharply with the increase in Sw with a positive (mirroring the kWr (Sw)) curvature.

Network hysteresis:640

Likewise, the correlated case (Figs. 6a and b), the kr(hc) curves of IP and RP (e.g., ISRT and ISIT or I/DSRN and ISIN) are also

similar in the uncorrelated PSDs (Fig. 9a and b). Comparing the network hysteresis (ISIN-DSIN) with (Fig. 6b) and without

(Fig. 9b) correlation in the PSDs, shows that the correlation significantly narrows the kNW
r (hc) loop and slightly widens the

kWr (hc) network hysteresis loop (mainly in the low kWr values). Interestingly, the kr value at the intersection of kWr and kNW
r in

the no-correlation case is the same for DSIN (magenta lines) and ISIN (navy-blue lines), while in the correlated case, the ISIN645

krs intersection is at a much lower kr value than DSIN.

The correlation of the PSDs significantly affects the appearance of the network hysteresis effect on the kr(Sw) curves (Figs.

6d and 9d), but does not seem to considerably affect its magnitude. In the kr(Sw) curves without correlation, the kWr of both

DSIN and ISIN rises more steeply with the increase of Sw. Thus, the largest difference between the curves occurs at a smaller

Sw (for similar kWr ) and at a larger kWr (for similar Sw) in the no-correlation case (Fig. 9d) compared to the correlated one650

(Fig. 6d). In the uncorrelated case, as in the correlated case, at large Sw, the effect of network hysteresis on the kWr (Sw) curves

diminishes (naturally, all effects on kWr diminish when it approaches 1 at Sw = 1). The same effect, with an opposite direction,
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is observed in the kNW
r curves, where both DSIN and ISIN curves decrease more steeply with Sw without correlation. This

results in a largest difference at lower kNW
r values (for similar Sw) and lower Sw (for similar kNW

r ), shifting the intersection of

DSIN and ISIN kNW
r s to a lower kNW

r value (Fig. 9d).655

Figure 9. Relative permeability curves of the networks without correlation between the pore bodies’ (rs) and throats’ (rb) radii for the different

displacement modes indicated in the legends.
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3.4 Effect of network connectivity

3.4.1 Retention curve

The effect of the pore system connectivity on the retention curves (Fig. 10) is evaluated using a regular 18-neighborhood

connected ("NN+2NN", Fig. 3a), irregular network with a mean coordination of N̄c = 6, without (Fig. 3b) and with (Fig. 3c)

correlation between the pore connectivity (local Nc) and the pore body radius (rs). Notice not to confuse the correlation analyzed660

in this section with the correlation described in the previous subsection between rb and rs. For all the cases evaluated in this

section, rs and rb are correlated as specified in section 2.1.2.

Combined effects:

In general, the higher connectivity (Fig. 3a) and correlation between the pore Nc and rs (Fig. 3c), narrow the hysteretic loop

compared to the irregular not-correlated case (Fig. 3b) (Fig. 10). The reversible I/DSRN (purple line) retention curve is similar665

in all connectivity cases, because the sites are taken from a similar distribution. However, increasing connectivity shifts the

breakthrough of the WP to a larger hc and a lower Sw, and the disconnection of the NWP to a smaller hc and larger Sw. This can

be explained by the reduction in the percolation threshold with the increase in N̄c (Hunt and Sahimi, 2017).

Comparing the retention curves with and without correlation between the pore size and its connectivity shows that the WP

breakthrough of the correlated case is at a smaller hc and higher Sw (suggesting a higher percolation threshold) than in the670

uncorrelated case (Fig. 10). In contrast, the disconnection of the NWP occurs at a smaller hc and higher Sw in the correlated

compared to the uncorrelated case, which suggests a lower percolation threshold of the NWP. This asymmetry can be explained

by the filling order; during imbibition, the WP invades pores in increasing size order, thus the actual mean local Nc of the

WP-filled pores is smaller than the mean N̄c of the network, and the percolation threshold is larger. This is supported by the

results of the pcs at breakthrough in Figure A4 below. During drainage, the opposite occurs, where pores are drained from675

the largest (with the highest local Nc) to the smallest, resulting in actual mean local Nc of the WP-filled pores larger than the

saturated network mean N̄c and in a lower percolation threshold. For the uncorrelated case, the mean local Nc is similar to the

global mean, N̄c (up to some finite sample effect).

Comparing the combined effects hysteretic loop (DBIN-ISRT) of the irregular not-correlated lattice (Fig. 3c) to the simple-

cubic one (Fig. 5c) shows a narrower loop at the low hc values, but a much longer tail (at the high hc) in the irregular network680

(Fig. 10). As expected, the retention curve of the ISRT in the highly connected lattice (blue lines in Fig. 10a) has a higher

maximal Sw and a higher breakthrough hc compared to the simple-cubic lattice (Fig. 5c). In contrast, the DBIN curve (red

lines) of the highly connected lattice has a lower air breakthrough hc and a larger Sw value compared to the simple cubic

lattice. These effects result in a narrower hysteretic loop in the highly connected lattice. The ISRT retention curves of the

irregular, not-correlated network (Fig. 10b) resemble the simple-cubic one. The DBIN retention curve (red line) in the irregular685

not-correlated network (Fig. 10b) has a wider span of hc. When correlated (Fig. 10c), the span of hc values narrows.

Trapping:

As expected, the highly connected pore system reduces the fraction of the entrapped resident phase. In accordance, the differences

between ISRN and I/DSRT (and also between ISIN and ISIT) in highly connected networks (Fig. 10a) are smaller than in
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the simple-cubic grid (Fig. 5c). Similarly to ISRT, the ISIT retention curve of the irregular, not-correlated network (Fig. 10e)690

resembles the simple-cubic one. However, when correlated, the maximal Sw value is higher (similar to the highly connected

one). This is because when correlated, the larger pores are better connected and the resident phase is less likely to get trapped.

Ink-bottle hysteresis:

The lower air entry pressure value in DBIN for the highly connected networks narrows the hysteretic loop caused by the

ink-bottle mechanism (DBIN vs DSIN, Fig. 10d). Unlike for the DBIN curve discussed above, the network irregularity does not695

affect the DSIN tailing (towards the high hc values). Thus, for irregular networks, especially for the non-correlated ones, the

ink-bottle hysteresis affects mostly the loop at the high hc values.

Network hysteresis:

Increasing the pore system connectivity is expected to decrease the difference between invasion and random percolation (Fig.

10a), due to a more "organized" pore filling order. In our simple-cubic (Nc = 6) lattice base case, the IP and RP retention curves700

are already very similar, so this effect is not visible directly by comparing ISIT with ISRT (or I/DSRN with ISIN). However, the

higher connectivity affects the hysteretic loop attributed to the network hysteresis mechanism (DSIN-ISIN), which is smaller for

the high N̄c (Fig. 10d) compared to the simple-cubic lattice (5d). Moreover, in the irregular network, the DSIN and ISIN curves

(Fig. 10e and f) converge at a larger hc than in the regular simple-cubic lattice (Fig. 5b), i.e., the Nc − rs correlation decreases

the effect of the network hysteresis mechanism (Fig. 10f).705

3.4.2 Permeability curves

Combined effects:

Similarly to the retention curves, the combined effects-hysteretic loops (ISRT-DBIN) of the permeability curves (kr(hc)), for

both WP (solid lines) and NWP (dotted lines), are narrower in the highly connected pore system (Figure 11a) compared to the

simple-cubic case (Fig. 6a). In addition, in the highly connected networks, the intersection points where kWr (hc) = kNW
r (hc)710

occur (for both ISRT and DBIN) in a larger kr value (higher for DBIN compared to ISRT) and a lower hc. Interestingly, the

I/DSRN-DBIN hysteresis loop of the kWr (Sw) curves in the regular highly connected (Nc = 18) networks (Fig. 11c) is wider

than in the simple-cubic lattice (Nc = 6, Fig. 6c). In this, the curvatures of the DBIN and I/DSRN kWr (Sw) curves are different in

the highly connected networks, where DBIN has a negative curvature and I/DSRN a positive one, while in the simple-cubic case,

the kWr (Sw) curves are almost linear. For the NWP, the increased connectivity increases the disconnection Sw point (kNW
r = 0)715

for the ISRT, but hardly affects the breakthrough (kNW
r = 0) for DBIN, thus increasing the width of the kNW

r (Sw) hysteretic

loop at lower Sw (where kNW
r of ISRT > DBIN) and narrowing the loop in high Sw (where kNW

r of DBIN > ISRT).

Unlike the increased connectivity case, the maximum ISRT kWr values of the irregular networks (of N̄c = 6) are similar to the

simple-cubic case, slightly higher for the case with the correlation between Nc and rs (Fig. 12 a and b). Similarly to the increase

in connectivity, the irregular network with correlation, also widens the kWr (Sw) hysteretic loop (Figure 12b) compared to the720

regular network (Fig. 6c), mostly because of the higher Sw in which trapping occurs (ISRT kWr reaches a plateau). Interestingly,

in the non-correlated case (Fig. 12a), the kWr (Sw) loop is much narrower than in the regular case (Fig. 6c). This suggests there

are some counter-acting effects where the distribution of connections and the addition of the diagonal direction connections
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Figure 10. Retention curves of the different displacement modes (as indicated in the legends) in a regular 18-neighborhood lattice (a and d),

irregular (N̄c = 6, b and e), and irregular with correlation between the pore connectivity and size (c and f).

reduce the effect of hysteresis on kWr (Sw) curves, and, at the same time, the correlation between rs and Nc increases the effect

of hysteresis on kWr (Sw).725

Trapping:

As expected, and in agreement with the retention curves, the maximum kWr values of the cases with trapping (i.e., ISRT and ISIT)

are larger in the highly connected lattice. This results in a smaller effect of trapping on the kWr and a completely negligible effect

on the kNW
r (Fig. 11b). The ISRT and ISIT in the irregular correlated case (Fig. 12b and d) have a slightly higher maximum kWr

compared to the non-correlated case (Fig. 12a and c) and the regular simple-cubic case (Fig. 6c), obtained at a larger Sw (visible730

in the retention curve discussed above; Fig. 10b and e and c and f).

Ink-bottle hysteresis:

When increasing the coordination number, the effect of the ink-bottle hysteresis (DBIN-DSIN) increases for kWr (hc) (Fig. 11b)

and decreases for kWr (Sw) (Fig. 11d). Similar trends are observed for the NWP. Despite this observation, the ink bottle effect on

the kWr (Sw) and kNW
r (Sw) remains relatively small compared to other mechanisms (see Network hysteresis below).735

The effect of the ink-bottle hysteresis on the kWr (Sw) and kNW
r (Sw) in irregular networks (Fig. 12c and d) is mostly similar

to that of in the regular simple-cubic case (Fig. 6d), while the non-correlated case has slightly wider loops for both WP and

NWP at low Sw values.
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Network hysteresis:

Compared to the simple-cubic network (Fig. 6b), the higher connectivity significantly widens the network hysteresis (ISIN-DSIN)740

loop of kWr (Sw) and kNW
r (Sw) (Fig. 11d). This is somewhat counterintuitive, especially in light of the effect of connectivity

on decreasing the Sw(hc) network hysteresis discussed above. The explanation is that the increase in connectivity reduces the

percolation threshold and increases the occupancy probability of the invading phase at the disconnection of the residing phase,

thus allowing for a larger span of Sw with relative permeability larger than zero. In contrast, increasing the connectivity does not

significantly affect the network hysteresis loop of kWr (hc) and kNW
r (hc) curves (Fig. 11b).745

The effect of network hysteresis on the irregular network without correlation (Fig. 12c) kWr (Sw) is similar to that of the regular

simple-cubic lattice (Fig. 6d). Conversely, the correlated case (Fig. 12d) has a wider kWr (Sw) ISIN-DSIN loop. Interestingly, the

opposite is observed for the NWP, where the uncorrelated case (Fig. 12c) has a wider kNW
r (Sw) ISIN-DSIN loop compared to

the correlated and regular cases.

3.5 Correspondence to the pw and pd functions of hysteresis models750

Scaling functions of the main hysteresis loop (pw, pd) served in several models for predicting the internal scanning loops (which

were not simulated in the present study). With a slight modification to the works of (Everett, 1955; Topp, 1971; Mualem and

Dagan, 1975), a function pd can be defined as the volume fraction of the pores which have emptied during drainage, relative to

those which are yet to be filled during imbibition for a similar capillary head value (hc).

pd =
1−SW

drain(hc)

1−SW
imb(hc)

(6)755

where SW
drain(hc) and SW

imb(hc) are the corresponding WP saturation-capillary head functions of the drainage and imbibition

processes.

Similarly, a function pw can be defined as the volume fraction of the filled (imbibed) pores relative to those which are yet to

be drained.

pw =
SW
imb(hc)

SW
drain(hc)

(7)760

Figure 13 presents the pd and pw of the different networks properties (different lines) and for the different displacement

modes (different panels). Fig. 13a presents the pd and pw when comparing ISRT to the reversible DSRN case (i.e., the draining

of the pores from the largest to smallest). In this loop (ISRT-DSRN), the hysteresis is affected solely by the trapping of the

NW-phase during ISRT (imbibition). In consequence, both pd and pw decrease with increasing Sw. Increasing the variability

in the PSDs (from CV = 0.2 to 0.5 and to 1), causes a more pronounced decline in the pw and pd, starting at a lower Sw and765

ending with smaller minimum values of pw. The irregular network without correlation between the size of the pore and its

coordination number (light blue lines) is very similar to the simple-cubic case with similar mean coordination number and PSD

variability (blue line). In comparison, when the coordination number is correlated (NcCorr) to the pore size, or for a better

connected pore system (Nc = 18), the decline in pd and pw are at larger Sw and to a larger minimum pw value.
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Figure 11. Relative permeability curves for the different displacement modes (as indicated in the legends) in a regular, 18-neighborhood-

connected lattice.

The pd (dashed lines) in the main drainage curve (DBIN, Fig. 13b) are almost linear with Sw. This suggests that there is very770

little overlap between the I/DSRN and DBIN retention curves, which can be explained by the shift caused via the ink-bottle

effect. Similarly, pw in this case is close to zero for most of Sw values (with the exception of the highly connected network). The

same is observed when comparing the DBIN to ISRT instead of ISRN (Fig. 13c), illustrating the dominance of the ink-bottle

effect on the hysteresis loop.
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Figure 12. Relative permeability curves for the displacement modes (as indicated in the legends) in an irregular lattice without (left panels)

and with (right panels) correlation between the pore’s coordination number (Nc) and its size (rs).

In contrast to the effect of trapping, the invasion percolation displacement mode, related to the network hysteresis, increases775

pw(Sw) in the ISIN-DSRN loop (Fig. 13d) and decreases pd(Sw) in the DSIN-ISRN loop (Fig. 13e). Interestingly, the ISIT-

DSRN processes (Fig. 13e) presents a non-monotonic behavior of the pw, suggesting that network hysteresis governs the pw at

low Sw, while trapping governs pw at large Sw.
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Figure 13. pd (dashed line, Eq.6) and pw (solid line, Eq.7) of the different network properties and lattice type: SC refers to simple-cubic

lattice (Fig. 2a) with the different PSD-variation coefficients (CV = 0.2, 0.5 and 1, according to the PSDs in Fig. 1). Except for the two cases

in which it is stated otherwise, the medium variability (CV=0.5) of the PSD is used. The SC (NoCorr) is the simple-cubic case but without

correlation between rs and rb (Fig. 2b), Nc = 18 is the regular 18-neighbour-connected lattice (Fig. 3a), and finally the Irregular networks

without (Fig.3b) and with (Irreg.(NcCorr), Fig.3c) correlation between Nc and rs. In all the panels except for panel "c", the non-hysteretic

case I/DSRN (ISRN for drainage cases and DSRN for imbibition cases) was used as the reference case (reverse displacement). In panel "c",

ISRT was used for the imbibition case and DBIN as the drainage one.

4 Conclusions

The magnitude (width) of the hysteretic loop and the shape of the different curves depend on the displacement processes and the780

pore systems properties. Different hysteresis mechanisms affect differently the retention (Sw(hc)) and permeability (kWr (Sw),

kNW
r (Sw), kWr (hc) and kNW

r (hc)) curves. At the same time, the impacts of different displacement mechanisms are strongly

affected by the pore system properties.

Retention curve:

For all the evaluated scenarios and pore system properties, the trapping of the resident phase below the percolation threshold785

(breakthrough) is negligible. This is explained by the relatively high connectivity of the pore system under evaluation (N̄c = 6

or higher). Interestingly, the saturation degree (Sw) and capillary head (hc) at the disconnection point of the residing (NWP)

are similar for the imbibition cases, with and without trapping. This suggests that most of the NWP trapping occurs at WP

occupation probabilities higher than the disconnection threshold. As a result, trapping affects the retention curves at low hc and

high Sw. Decreasing the variation (spread) of the pore system and increasing its connectivity reduces the fraction of entrapped790

NWP. Conversely, irregular networks decrease the fraction of entrapped NWP only if there is correlation between the size

and connectivity of the pores. In contrast to the trapping mechanism, the ink-bottle effect is not limited to high Sw and affects
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the retention curves in the entire range of saturation degree. Increasing the variation of the pore size distribution dramatically

mitigates the ink-bottle effect. This is due to the decrease in the "air entry" value and the increasing overlap between the rs

and rb size distributions. Similarly to the increase in PSD variation, increasing the connectivity also mitigates the effect of the795

ink-bottle mechanism. In contrast, the effect of the network irregularity on the ink bottle mechanism is not significant. The effect

of the network hysteresis is smaller at high and low hc values. Unlike the ink-bottle mechanism, for which the main effect is a

uniform right shift in the retention curve, the effect of the network hysteresis is not uniform, affecting the high Sw more than

the low Sw values. Similarly to the factors affecting trapping, decreasing the variability of the network PSD and increasing its

connectivity reduces the effect of the network hysteresis, where for irregular networks, network hysteresis decreases only if800

there is a correlation between the size and connectivity of the pores.

Relative permeability curves:

Trapping of the NWP dramatically affects the permeability of the WP, especially when the radii of the pore bodies and throats

are correlated and distributed with a high variability. Increasing the pore systems connectivity or adding correlation between the

pore sizes and their connectivity reduce the effect of trapping on the relative permeability curves. On the other hand, trapping805

has little effect on the NWP relative permeability curves. Similarly to the retention curves, increasing the variability in the PSD

reduces the ink-bottle effect on the kr(hc) curves. The ink-bottle mechanism affects the kr(hc) curves, but has little effect on the

kr(Sw) curves (for both WP and NWP), provided that the rs and rb are correlated. In this context, a hysteretic kr(Sw) curve in

which the drainage kWr curve is lower than the imbibition one might suggest that the pore system geometry cannot be described

with size-correlated pore throats and bodies. In contrast, a hysteretic kr(Sw) curve in which the drainage kWr curve is larger than810

the imbibition one suggests strong network hysteresis. In turn, the network hysteresis effect on the kr(Sw) increases with pore

system connectivity and with correlation between the pore size and its connectivity.

The similarities between DSIN and DBIN (ink-bottle effect) and ISIN and I/DSRN (percolation mode effect) suggest that

network hysteresis (DSIN-ISIN) is responsible for the hysteresis of kr(Sw) at low Sw, and that trapping (ISIT-ISIN) is the

main hysteretic mechanism for high Sw. This explains why the hysteretic behavior in kr(Sw) is not reported in many studies815

that disregard the network hysteresis. This also means that the kr(Sw) curve holds information about the network hysteresis

mechanism, which is expected to be strongly affected by the pore system connectivity.

The relative permeabilities intersection points (kWr = kNW
r ) of the drainage cases (DBIN and DSIN) occur at higher kr, hc,

and Sw values compared to the imbibition cases. The kr values at the intersection points are related to the network hysteresis

mechanism (DSIN-ISIN), while the hc and, to a smaller extent, the Sw values at the intersection points are also related to the820

ink-bottle mechanism (DSIN-DBIN). During drainage via IP, small pores protect larger pores (connected with better conducting

throats) from being drained, thus keeping a higher conductance backbone for the WP than in the imbibition case. During

imbibition, the NWP maintains a considerable permeability value until disconnection.
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Appendix A: Lattice size effects

The effect of the network size and the effect of periodic vs confined (impermeable) boundaries were evaluated in a sensitivity825

analysis. The periodic conditions in the faces perpendicular to the main flow direction are obtained by appending additional

bonds that connect the right-and-left and top-and-bottom faces. In this analysis, for each domain size (in the range 5≤N ≤ 33),

five realizations were used for each size (and scenario), the rs and rb were sampled from the same log-normal distribution

of the "medium" variability described above. Then, the intrinsic permeability (of the saturated simple-cubic lattice) was

calculated. Figure A1 presents the effect of the lattice size (number of sites in each direction) on the evaluated mean intrinsic830

permeability (ktextrms) in confined (black) and periodic (red) domains and the mean pore volume (Vtextrms, blue) of all

the sites designated with a distributed rtextrms. The slightly larger permeability of the periodic domain for small lattices can

be explained by the additional bonds, even if they are oriented in the perpendicular direction to the main flow. Interestingly,

the periodic domain did not reduce (and even increased) the variability of the permeability (shaded regions in Fig. A1a) or the

coefficient of variation (Fig. A1b), thus, we did not use the periodic condition in our analysis.835

The permeability decreases with the lattice size (Fig. A1a). The reduction in permeability with the lattice size is well

documented (Friedman and Seaton, 1996; Wilkinson, 1986). This observation is consistent with the effect of the lattice size in

decreasing the percolation threshold (Sahimi, 2011; Wilkinson, 1986). Hunt and Sahimi (2017) explained the size dependence

of the macroscopic properties through the transition from statistically self-similar to a macroscopically homogeneous statistics.

For (a trivial) illustration, for the smallest possible 3D simple-cubic bond lattice of 6 bonds (2 in each main direction passing840

through a single junction), the percolation threshold is 0.2 (1/5), well below the theoretical value of 0.249. A smaller percolation

threshold suggests a higher permeability for a given occupation probability.

Unlike the permeability, the lattice size does not affect the mean of the sampled rtextrms, but rather just its standard

deviation. Resulting in oscillations around the expected mean pore volume. Interestingly, the variability of the mean pore volume

converges at the same rate as that of the permeability (Fig. A1b). This indicates that convergence to the mean porosity is a good845

quantifier of the representative elementary volume (REV) (Bear, 2012).

The interaction between the effects of the different network properties and the lattice size is evaluated in Figure A2. Increasing

the variability in the PSD reduces ks; the effect of lattice size (the reduction of ks with increasing N discussed above) is

significant at low and medium variances, but not at high variability, probably because of the limited number of realizations. The

correlation between the neighboring bonds’ geometrical mean and sites’ radii increases ks, this is because a site with a large rs850

is more likely to have highly conducting bonds; these small-scale (6-bonds) spatial correlations result in larger (L-size) spatial

correlations that form preferential pathways. The highly connected pore system (Nc = 18) are much more conducting because

of the dual effect of more conducting bonds and better connectivity, allowing better preferential paths. The ks values of the

regular and irregular networks with the same mean coordination number (N̄c) are very similar, in accordance with the literature

(Sahimi, 2011). In addition, as expected, the correlation between Nc and rs increases ks. This is to be expected because the855

correlation forms spatially correlated preferential paths, where higher pores (large rs) are connected to more conducting bonds

(large rb), and are also better connected (high Nc).
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Figure A1. Effect of the lattice size (N) on the (a) intrinsic permeability (ks) in confined (black) and periodic (red) domains and mean pore

volume (Vs, blue), and (b) their coefficient of variation. The colored area represents the standard deviation between the five realizations used

for each lattice size in this analysis.

In addition to the sensitivity analysis conducted on the intrinsic permeability, the two main scenarios (ISRT and DBIN) were

evaluated on a 20× 20× 20 lattice (Figure A3). The similarities in the retention (top panels) and permeability (kr(hc), bottom

panels) curves between the N = 20 and N = 15, even for the high CV cases (c and f), indicate that the effect of the finite lattice860

size is negligible, except for a few aspects. For example, the effect of trapping of the NWP during imbibition (ISRT) increases

with N increasing from 15 to 20.

Another size-dependent difference is in the breakthrough saturation-capillary head values of the invasion percolation scenarios

(e.g., DBIN). It should be mentioned that this is an inherent significant difference between RP and IP (Wilkinson and Willemsen,

1983). However, as seen in Figure A3, this does not affect the retention curve and only slightly affects the kr(hc) curves. However,865

as this effect is shared in all the IP cases, it does not change the insights and conclusions presented in this work.

The percolation threshold is one of the most basic properties of a conducting network. The proximity of the percolation values

to the previously determined values suggests that the lattice and flow type models are reliable and that the size effect is not a

source of significant bias. The random site percolation threshold of a simple-cubic lattice is about 0.3115 (Wang et al., 2013),

indicated by the dashed black line in Figure A4. It can be seen that the mean pcs of the RP cases (ISRT and ISRN, "ISR") of the870

simple cubic (Fig. A4a) are centered near this value regardless of the variability in the PSD. It can also be seen that the irregular

network without correlation with a mean coordination number N̄c = 6 (green, right-hand side panel) is also very similar to the

literature value. The literature value of the 18-neighbor (simple-cubic + NN + 2NN) lattice is 0.137 (Kurzawski and Malarz,

2012), which is within the range obtained in our analysis for the ISR (purple box in Fig. A4b) of 0.148± 0.016. Moreover,

the high percolation threshold of the irregular with pore-size-connectivity correlation network (ca. 0.475, blue) supports the875
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Figure A2. The intrinsic (single phase-saturated) permeability (ks) dependence on the network properties and lattice size: SC refers to a

simple-cubic lattice (Fig. 2a) with the different PSD-variation coefficients (CV = 0.2, 0.5 and 1, according to the PSDs in Fig. 1). For the

other three cases the medium variability (CV = 0.5) of the PSD is used. The SC (NoCorr) is the simple-cubic case but without correlation

between rs and rb (Fig. 2b), Nc = 18 is the regular 18-neighbour-connected lattice (Fig. 3a), and the Irregular networks without (Fig.3b) and

with (Irreg.(NcCorr), Fig.3c) correlation between Nc and rs.

explanation given here for the asymmetry in the effect of the correlation on the WP breakthrough and NWP disconnection

points.

As mentioned above, the site invasion percolation threshold is size dependent. Wilkinson and Willemsen (1983) found values

of 0.2 for N = 10 and a power law with an exponent of −0.48, suggesting that a N = 15, simple-cubic lattice should have a

percolation threshold of pcs ≈ 0.165. In our analysis, lower values were obtained, which can be explained by some differences880

from the work described by Wilkinson and Willemsen (1983), namely the boundary conditions at the inlet. Wilkinson and

Willemsen (1983) used a twice as long lattice in the flow direction (2N) and analyzed only the central part, while our values are

obtained in the entire lattice, including the inlet face. Comparing the percolation thresholds of different lattice sizes (Figure

A5) shows that the RP value does not change much with the increase of the lattice and that the slight reduction in the IP pcs is

consistent, further supporting the usability of the N = 15 lattice in this work.885
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Figure A3. The retention (a-c) and permeability (d-f) curves of the low (a, d), medium (b, e), and high (c, f) PSD-variation for the N = 15

(ISRT in blue and DSIN in red) and N = 20 (ISRT in black and DSIN in orange) lattices. The breakthrough points are indicated in the

retention curves with a ∆ symbol.

Figure A5. The effect of lattice size on the site percolation threshold for ISRT (a) and DBIN (b). The data in the boxplots includes all

realizations and the three PSD-variability cases evaluated (the number of realizations are: NN=10 = 15, NN=15 = 9, NN=20 = 9).
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Figure A4. The occupancy probability (pcs) at percolation (breakthrough) for the different displacement modes for a) different PSD-variability,

and b) different pore system connectivity. The data in the boxplots includes all realizations and combines cases with and without trapping (e.g.,

ISR includes ISIT and ISIN), that is for the low and high variability and also for the highly connected and irregular networks the number of

realizations is NDBI =NDSI = 3 and NISR =NISI = 6, while for the medium PSD-variability the number of realizations is doubled.
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