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Abstract. Environmental time-series measurements are subject to systematic errors from fouling and calibration drift, requiring
operators to routinely check, clean, and recalibrate their sensors. Information from these checks can then be used to estimate
bias corrections and prediction intervals for the measurements. If the checks are exact, the corrections and intervals have direct
solutions. More realistically, the checks are noisy, and the error state is estimated with a Kalman smoother. Check information
can also be pooled across sensors in a monitoring network to improve estimates for newly deployed sensors. The method relies
on checks that operators already perform, and its computation and storage demands are modest, so it integrates readily into

existing monitoring programs.

1 Introduction

Environmental monitoring relies on in sifu sensors deployed over extended periods. Over time, these sensors accumulate
systematic errors from fouling and calibration drift. Consequently, they must be periodically checked against known references,
cleaned, and recalibrated. Operators can then use this check information to correct the raw measurements. A standard practice
is to linearly interpolate the errors between checks (Wagner et al., 2006), which is optimal for exact check measurements but
not for noisy ones.

First, we define the three sources of measurement error—fouling, calibration drift, and measurement noise—along with
standard procedures for assessing their magnitudes and uncertainties. We then derive bias corrections and prediction intervals,
beginning with the idealized case of exact checks. If the error evolves as a generalized Wiener process, conditioning on the
checks yields a Brownian bridge (Taylor and Karlin, 1998) with direct expressions for the corrections and intervals. More real-
istically, the checks are noisy measurements, so we reformulate the error as a state-space model and apply a Kalman smoother
(Kalman, 1960; Rauch et al., 1965). We also use empirical Bayes with conjugate priors to pool information from similar sensors
across a monitoring network, improving accuracy for newly deployed sensors. Finally, we discuss the computational, storage,
and data requirements, which are kept minimal to facilitate real-time, high-frequency applications.

This paper focuses on single-point checks, where a sensor is evaluated against a single reference value. Some sensors exhibit
nonlinear behavior that requires multiple reference measurements—a procedure known as a multipoint check. Our approach

could be adapted to multipoint checks, but doing so is beyond the scope of this paper.
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2 Preliminaries

This section defines the three types of measurement error and establishes notation. Let X be the true value of the measurand,

and let Y be its measured value; then the measurement error is
EF=Y - X. (1)

We assume measurement errors have three independent components—fouling E, calibration drift 4, and noise E,—that

combine additively to the total error
E=Ef+ B+ Ey. 2

Each error component is isolated and assessed using specific check procedures. Fouling is any physical, chemical, or bio-
logical buildup on the sensor that causes systematic error. Under stable conditions, fouling error is estimated by comparing

measurements taken immediately before and after cleaning the sensor,
Er=Yt-Y", €)

where Y'? and Y'* are the measurements before and after cleaning, respectively, and the tilde indicates a noisy estimator of the

true fouling error E;, modeled as
Er=Er+ns  np~N(0, Ry), “4)

where R;:= Var[E; | Ef] is the noise variance of the fouling check, derived in Section 3. Under changing conditions, a

reference sensor is used to account for any environmental change during the cleaning process,

Ef=Y"-Y*~ (22, 5)

where Z% and Z¢ are the before-and-after measurements from the co-located reference sensor (following Wagner et al., 2006,
but with the opposite sign convention).

Any systematic bias remaining after cleaning is attributed to calibration drift, which is estimated by comparing a clean
measurement against a known standard. Let Z be the standard value and let Y be the clean measurement of Z; then the

calibration drift error is given by

E,=Y—-Z (Wagner et al., 2006, but with the opposite sign convention), 6)
where Ed is the noisy estimator of the true drift error £/, modeled as

Eq=Eq+na,  na~N(0, Ra), (7

where Ry := Var[E, | F,] is the noise variance of the drift check, derived in Section 3.
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Finally, any residual error after cleaning and recalibrating the sensor is attributed to measurement noise, which is modeled

as a Gaussian random variable with zero mean,
E, ~N(0,v,(z)), 3)

where v,, () is the variance of the noise as a function of the measurand . Because x is unknown, we substitute our best estimate
given the measurement, £ = E[X | Y = y]. Unlike the fouling and drift variances, the noise variance v, () has no explicit
dependence on t. Ideally, v, () is estimated from repeated measurements of a known standard under controlled conditions.
This is impossible when sensors truncate readings to a fixed number of significant digits; in that case, the noise can be estimated
from the manufacturer’s specifications (Appendix A).

Fouling and calibration checks also differ in their reset behavior. During a fouling check, the sensor is cleaned, resetting the
fouling error to zero. We assume no residual fouling after cleaning, so this constitutes a hard reset. In contrast, recalibration
after a drift check is optional and is decided per check; the operator may recalibrate at some drift checks and skip others. When
recalibration is performed, the operator applies a correction equal to the measured drift Eq, leaving a residual F; — E,= —Nq-
This is a soft reset because the residual variance is nonzero. The distinction affects how uncertainty propagates through the

Kalman filter and smoother (Section 5).

3 Check-Measurement Uncertainty

Noise in the check measurements contributes additional uncertainty that affects the bias corrections and prediction intervals.
The next subsections quantify this uncertainty for fouling and calibration checks, deriving the check-noise variances IZy and
Rg.

3.1 Fouling-Check Uncertainty

For a fouling check, the sensor is checked against a reference sensor before and after cleaning. Let the principal sensor m and

reference sensor 7 have independent noise,

Eppn ~N(0,v,(x)), Ern ~N(0,v,.(2)), EpnLlE,.,. )
Let X be the measurand; then the principal and reference measurements (Y, Z) are

Y=X,+En, Z=X,+E,. (10)

The subscripts on X,,, and X, reflect that the local value of the measurand at each sensor may differ from the true measurand
X Substituting into the fouling-check estimator (Equation 5) gives
By =(Y"—Y*) - (2"~ 2%

= (X0 + Ep) = (X5, + BR)) = (X7 + Bp) = (X7 + BY))

= (En — Bp,) — (B) = B}), (11)
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where the equality () holds under the assumption that the change in the measurand is the same at both sensors, X% — X2 =
Xt — X2, so the two differences cancel.

Next, we expand the remaining measurement errors into their components. Before cleaning, the measurement error includes
fouling, drift, and noise (ES, = Ep,  + Ema+ Efnm), whereas after cleaning, the fouling component is removed (E¢, =
Epma+ E}, ). The reference sensor is not cleaned, and we assume its fouling is constant during the check. Expanding E + and

canceling terms gives

Ef = (Emj+Ema+Ep, . — Ema— Eg) — (Bef + Era+ E},, — Exf — Exq — E}.,,)
:Em’f—i_(E:)n,n_Ez%,n)_ (Ef"),n_Eg,n>’ (12)

which leaves the true fouling error E,, ¢ plus four independent noise terms. The noise variance of the fouling-check estimator

is therefore
Ry = 0, (&%) + 0, () + v,.(2°) + v, (), (13)

where 2° and £ are the best estimates of the measurand before and after cleaning, respectively. Thus, for identical sensors

with constant noise variance, the fouling-check variance simplifies to Ry = 4v,,.
3.2 Calibration-Check Uncertainty

For a calibration check, the sensor is compared against a standard with known precision. Let E be the error of the standard,

which is independent of the sensor noise E,,,
Es NN(O7 0’?), EnNN(O, vn(zs)), E, 1L F,, (14)

where 03 is the variance of the standard. Often, af is negligible relative to sensor noise, but not always. Let X be the true value
of the measurand in the standard and let F; be the true drift error of the (clean) sensor; then the measurement Y and standard

Z are

Y=X+E;+FE, and Z =X+ F,. (15)
Substituting these into the drift-check estimator (Equation 6) gives

Eq=(X+Eq+E,) — (X +E,) = Eq+ (E, — Ey), (16)
and by independence (F,, L F), the noise variance of the drift check is

Ry = Var[E,] + Var[E,] = v, (z,) + 0. a7

Reusing the same batch of standards across checks also introduces covariance between checks. Let 7 := Ed’k —FEq =

E,, 1 — E denote the noise of the kth drift check. Successive checks against the same standard covary according to

Cov[ng—1,M%k] :ai. (18)
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Standards can also exhibit heterogeneity from mixing effects or gradual degradation, which contributes additional variance or

covariance. We do not account for these effects here.

4 Generalized Wiener-Process Error Model

Having defined the measurement procedures and uncertainties, we can now model the time evolution of the error as a stochastic
process. When the checks are exact and the error follows a generalized Wiener process, the bias corrections and prediction
intervals have direct solutions.

Let E(t) denote the random measurement error at time ¢, and let e(t) denote its realization, which is measured at K + 1
check times, £y < t; < --- < tx. We assume the sensor is always checked pre-deployment at £, so enumerating from ¢, makes
K equal to the number of inter-check intervals, which simplifies notation.

For state variables, the subscript k denotes evaluation at time ¢, so that Ej, := F(t) and ey, := e(t),). When needed, we let
k € {f,d} to distinguish between fouling and calibration drift. Although the parameters (u,0) also take different values for
fouling and drift, we omit their subscripts to keep the notation compact.

We assume fouling and calibration drift evolve as generalized Wiener processes, each of the form
Ey=6p1Ep1+p(t—tier) +o (Wy =Wy, ), t>tk-1, (19)
where d;_1 indicates whether the sensor was cleaned or recalibrated at the previous check, thereby resetting the error process,

0, resetatisp_1
Ok—1= , (20)

1, otherwise

)
1 is the drift rate (rate of change of the mean), o is the diffusion coefficient (with o2 the rate of change of the variance), and
W, is a standard Wiener process (without drift) whose increments satisfy

Wy =Wy, |~ N, t—tr_1) (Taylor and Karlin, 1998). 21D

Note that for a fouling-mode process, d;_1 = 0 for all k, because every check includes physical cleaning.

The checks divide the time series into intervals, each bounded by one or two checks. An interval bracketed by a single check
is called “open.” For example, the interval after the last check (¢ > ¢ k) remains open until another check occurs. In contrast, a
“closed” interval is bracketed by checks at both ends, denoted as ¢ € [tx—_1,tx]. In real-time monitoring, the present interval is
open. Once the next check is recorded, that interval closes and a new open interval begins.

For an open interval, the error distribution is conditionally Gaussian,
plet | Bx—1=ex—1) = N(myr, Vyx),  t>tr—1, (22)
with mean and variance given by
My = E[E; | Ep—1 = ep_1] = Op—1ep—1 + p(t —tr—1) and (23)
Vijre := Var [Ey | Ey_1 = ej_1] = 0> (t —tj_1). (24)
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Once the error is observed at time ¢y, the conditional distribution of E} is updated and the interval closes. A generalized
Wiener process conditioned to start and end at specified values forms a Brownian bridge (Taylor and Karlin, 1998). To simplify
notation, let A (¢) be the linear-interpolation factor,

t— by
140 A\p(t) = ——=1

= el e e, el 25
P € [ti—1.tx] (25)

Then the bridge is given by
By = (1= Me(t)p—1Bx1 + () Bx + 0By, By ~ N (0, ¢x(1)), (26)
where ¢y (t) is the bridge factor,

(t—trp—1)(tr —1)

or(t) = . 27

tp —tr—1

145 Closed intervals are also conditionally Gaussian,
pler | Ex—1 = ex—1, Bx = ex) =N (my i, Vi) » te[tp—1,tr], (28)

with mean and variance given by

My = E [Et | Ep 1=¢ep_1, Ex = ek} = (1 — )\k<t))5k—1ek—1 + )\k(t)ek and 29)
Vijre := Var [Ey | Ey_1 = ex_1, By, = ex] = 0>y (2). (30
150 We can unify the open- and closed-interval expressions by extending the interpolation, bridge, and drift factors as
1, t<to
M) = =t e [t ) » 31
0, t>t

SO )\: (t) = 1 or 0 on open intervals; extending the bridge factor (Equation 30) as

(tO_t)v t<t0
O (1) = LlmlBeh) ey 1) (32)
(t_tK)a t>1tK

and extending the drift factor as

(t—to), t<to
155 (F(t):==10, t € [tror,ti] - (33)

(t—tK)7 t>1K
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so the drift term is zero on closed intervals; we can then express the unified mean and variance as

myx = (1= X (t) dp—ren—1 + A (er +p¢i (t)  and (34)
Vii = 0°6; (0). (35)

The index k is set by the interval containing ¢: k is the unique index with ¢ € [t;_1, %] for a closed interval, k = K + 1 for the
open interval ¢ >t (so that e;_; = ey propagates from the most recent check), and & = 0 for ¢ < ¢ (so that AT =1 selects

eo). The t < to branch is included only for generality; we assume the time series always begins at ¢g.
4.1 Parameter Estimation for Exact Checks

If the check measurements are exact, then the drift and diffusion parameters have simple closed-form estimators,

S (ek —Or—1ex-1)

f= (36)
S (b = th1)
and
K
1 V2

~2 k
o° = s 37

K12 Tt ) G7
where vy, is the one-step-ahead residual,
Vg =€l — (Op—1€p—1 + L (tr —tx—1)). (38)

When the checks are noisy, this estimator overestimates o2, because V,f incorporates the measurement noise in addition to the

diffusion. In that case, the Kalman filter, which models this noise explicitly, should be used instead.

5 Continuous-Discrete Kalman Filter

This section introduces the Kalman filter and smoother for estimating the error-process parameters and states from noisy check
measurements. Once the parameters and states are estimated, bias corrections and prediction intervals can be computed by
interpolation. Because fouling and calibration drift are independent processes with separate checks and resets, a separate filter
and smoother are applied to each, and the total error is the sum of the two.

Let é; = ey, + Mk, with g, ~ N (0, Ry,), denote the noisy check measurement of ey, at time ¢, where the check variance Ry,
is set to Ry or R4 from Section 3. We assume the 7);, are independent here; however, modeling correlation, such as that induced
by reusing standards, is a straightforward extension of the state-space model (Appendix F).

At a drift recalibration, the operator’s correction leaves a residual of —n;_1. This residual is correlated with the check
measurement €;_1 = eg_1+7—1 because both involve 71, so it cannot be treated as independent noise. Substituting 7,1 =

€x—1 — er—1 expresses the residual as —n;_1 = ex_1 — €x—1. A drift recalibration thus carries forward this estimation error
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rather than the state eg_; itself. This yields a standard linear-Gaussian state-space model (in the convention of Durbin and

Koopman, 2012),

er = Frep—1+ Brug + qi. ak ~N(0, Q) (39)
€, = Hpep + Nk» N ~ N(O, Rk), 40)

with transition matrix F}, encoding the reset type,

I drift checks (d)
. | 1)
0 fouling checks (f)

observation matrix Hy = I, process-noise variance Qy = 02(tk —tx—1), and control input
Brug = p(ty —th—1) — Fp (1 —0p—1) €x—1, (42)

where d;_1 is the reset indicator from Section 4. Here [ is the identity matrix, which is 1 for a scalar error process. For fouling,
F}; = 0 enacts the hard reset (the state restarts at zero each interval), and the operator-correction term vanishes. For drift, £}, = 1
carries the error forward; at a recalibration (dx—1 = 0) the term —(1 — §j_1)€x—1 subtracts the measured check, so that the
post-recalibration error reduces to the residual —ng_;.

Following each check, the error state is updated by conditioning on the past and current checks (k | k) using the Kalman
(1960) filter,

Mpk—1 = Femp_1j—1 + Brug,
Vie—1 = Fi Vi1jp—1 Fy) + Q.
v = € — Hymyp—1,
Sk = Hy Vyj—1 Hy + R,
Grjp—1 = Vi1 Hy S;t,
Mk = Mpgjk—1+ Grjk—1Vks k=1,....K
Vilk = V=1 — Grjr—1 Sk GkT|k_1- (43)

The recursion is initialized by conditioning on the deployment check under a flat prior on eg, Mmoo = €9 and Vjg = Ro. Next,

the Rauch-Tung-Striebel smoother (Rauch et al., 1965) further conditions on the subsequent checks, giving (k | K),

Myl = For1 My + Brr1uk+1,
T
Vir1k = Frvr Vi Fie1 + Qrs1s
T -1
Grix = Vi Fri1 V)

k1
My g = Mk + Grg (Mig1]x — Mit1)k)s k=K-1,...,0
Vi k :Vk|k+Gk\K(Vk+1|K_Vk+1\k)G;er|K' (44)
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The smoother also yields the one-step cross-covariance,
Vikr11x = Gri g Vier1 ks (45)

which is needed for interpolation (Section 5.2). For drift, G > 0 at all steps, so information propagates across recalibration

events. For fouling, G| = 0 at all steps, because each check causes a hard reset, so no information propagates across checks.
5.1 Parameter Estimation for Noisy Checks

If the initial error is unknown, then drift and diffusion can be estimated with an exact initial-state Kalman filter (Koopman,
1997). However, by taking a check measurement at the start of each deployment, we can use the simpler prediction-error
decomposition (Harvey, 1989).

The unknown parameters are the drift rate 1 and the diffusion coefficient 2. A natural approach is to estimate both by jointly
maximizing the likelihood; however, the maximum-likelihood estimator of o2 is biased downward because it does not account
for the degree of freedom consumed by estimating p. Restricted maximum likelihood (REML) corrects this by marginalizing
out £ analytically before estimating o2.

Using the prediction-error decomposition, the log-likelihood is

K
1
log L(p,0 52 log(2m) +log|Sk| + v, S;, I/k] (46)
k=1

where vy and Sj, are the innovation and innovation covariance from the Kalman filter. Because the predicted mean depends
linearly on p, we can write my)—1(p) = mgl)l)c_l +pcy and v (p) = V]i ) — pcg, where the superscript (0) denotes evaluation
at = 0 and ¢y, := Omy,,—1/Ou is the sensitivity coefficient at step k. Differentiating the filter prediction step with respect to

1 gives the recursion
ek = Fr (I — Gr_1jp—2) ck—1 + (tx — tr—1), 47)

with base case cy = 0 because € is observed and p-independent, so that ¢y =#; —tg. Here G,_q|x—2 is the gain from the
previous update step (Appendix E; Francke et al., 2010). For fouling (¥}, = 0), the recursion collapses to ¢, =t —tr_1: the
hard reset eliminates any dependence on the previous posterior. For drift (F}, = I), ¢, accumulates across intervals, including
across recalibrations.

Maximizing the log-likelihood over p yields the generalized least-squares drift estimate

K Tg-1 (0)
2re1% Sk Vi

K 1
Zk:lck Sk ck

i = (48)

which is the precision-weighted estimate of the drift rate. Substituting fi back gives profiled innovations 7, = 1/,(60) — jicg,

and marginalizing p under a flat prior (Appendix E; Francke et al., 2010) yields the REML log-likelihood, up to a constant
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independent of o2,

1

K
log L (o 52 log(27) +log|Sy| + 2, St o, —log(ch . ck> (49)
k=1

profiled MLE REML correction

The term inside the log, ZCZS n ¢y, is the Fisher information for 1 and measures how precisely the data constrain the
drift rate. The REML correction subtracts %log of this term, inflating 52 to account for the degree of freedom consumed by
estimating /. The estimate 52 is found by maximizing log £ subject to o2 > 0. Because both S, and ¢;, depend on o2 through
the Kalman recursion, /i is then recovered by evaluating Equation 48 at 62. Kalman smoothing then yields the posterior states
and covariances at each check.

In practice, the process noise can be heavy-tailed: fouling can occur episodically, for instance during storms, producing
large increments that dominate 52 under a Gaussian fit. Modeling the process noise with a heavier-tailed Student-t distribution

bounds their influence (Appendix B).
5.2 Kalman Interpolation

With exact check measurements, bias corrections and prediction intervals are interpolated between checks using a Brownian
bridge (Equations 29 and 30). We can adapt the same approach to noisy check measurements by propagating check uncertainty
through these equations. The interpolation is exact: the smoothed checks are already conditioned on all available information,
and given its bracketing check states, the error within each interval is conditionally independent (Markovian) of the data
outside. Each interval can therefore be interpolated from its bracketing checks, just as in the exact-check case.

Let the expectations, variances, and covariance of the smoothed checks be

ME_11K,  TkK> V11K Vi Vie—1,k|K- (50)

Applying linearity of the expectation to the bridge gives the interpolated mean,

My = (L= AL @) m g X Omie + pGhE) (51
—
mean interpolation open-interval drift

where mZ’_HK = Fy (mp—1)x — (1 —6x—1) €x—1) is the smoothed post-reset mean at 3, which is equal to m,_1|x on non-
reset drift steps, my,_y|x — €,—1 at drift recalibrations, and 0 at fouling checks. The variance of a linear combination gives the

interpolated variance,

Vi = o0 (1) + (1= APVl y e + L (0) Vire 200 O = A OV s (52)
——
bridge variance measurement variance

with post-reset smoothed covariances V,"

1| K =F Vk_1|KFk and V,C 1 k| K = Fy Vi1 k- Both reduce to V;_qx and

Vi—1,k|x Tor drift, and vanish for fouling. Figure 1 shows the interpolated variance between two uncertain check measure-

ments.

10



265

270

275

https://doi.org/10.5194/egusphere-2026-4028
Preprint. Discussion started: 17 August 2026 G
© Author(s) 2026. CC BY 4.0 License. E U Sp here

bridge variance, o%¢;(t) —— total variance, V; g
measurement variance ® check measurement
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Figure 1. Error variance during open and closed intervals with diffusion coefficient ¢ = +/0.3 and check variances V;—2x = 0.2 and
Vi=g|x = 0.4. The two variance components represent uncertainty from the check measurements and from evolution of the generalized

Wiener-process error.

6 Total Error

The mean and variance of the total error are sums of contributions from the independent components—fouling, drift, and

noise—given by

My F,p = My F + My D and (53)
Vir,p = Vir + Vyp + vn(:), (54)

where F' and D denote the fouling and drift checks, respectively, 2 is the bias-corrected estimate of the measurand (Section 7),

and the zero-mean noise term (Equation 8) contributes no bias to the mean but enters the variance through v,, (Z;).

7 Bias Corrections and Prediction Intervals

Bias corrections and prediction intervals are computed directly from the mean and variance. Given the measurement model

Y = X + F, the bias-corrected estimate of the measurand X is given by
Ty =y — My, 43

where my i is the expected error from fouling, drift, or both. Because the errors are conditionally Gaussian, the approximate

prediction interval is

Plziti%—a/z\/Vt\F,D, (56)

where g1 _q /2 is the (1 —/2) quantile of the standard normal distribution, and V| p is the total error variance (Equation 54),

which includes the measurement-noise variance v, (Z;) in addition to the fouling and drift components.

11



280

285

290

295

300

https://doi.org/10.5194/egusphere-2026-4028
Preprint. Discussion started: 17 August 2026 EG U
sphere

(© Author(s) 2026. CC BY 4.0 License.

8 Monitoring Networks

A monitoring network is a group of similar sensors, where checks from one sensor help estimate the parameters of the others. A
newly deployed sensor has too few checks to estimate its parameters reliably. Pooling information across the network can give
reasonable estimates during this initial period. For simplicity, we use empirical Bayes (Type-II maximum likelihood; Morris,
1983) with conjugate priors to shrink sensor parameters toward the network mean, an effect that diminishes as each sensor
accumulates more checks. We keep the parameter index k € { f,d} implicit throughout this section.

Let j € {1,...,J} index the sensors in the network. The parameters (1;, 0'?) are treated as random effects sampled from a

conjugate Normal-Inverse-y? distribution with hyperparameters 6y = (10, %0, Y0, 03):
o2

o5 ~Iv-x*(v0,00), | ~N{mo, ], (57)
Ko

where /¢ is the prior mean drift rate, and o3 is the prior scale for the diffusion 032-.

The posterior distribution for sensor j is also Normal-Inverse-y? with hyperparameters 07 = (,LL;, K375 a?*) given by

lﬁ; =ko+T;, (58)
v =+ Kj, (59)
* Koo +7}ﬂj
- ROHO T Lk 60
M e+ T (60)
* 2% _ 2 ~2 koly 2
vj05" =05+ (K; —1) j+m(ﬂj—uo) , ©61)

where K; is the number of check intervals for sensor j (consistent with Section 4, so sensor j has K; +1 check times
Lo, tK;), Ty = Zz{;l (ty, —tx—1) is the total elapsed check time, and &]2- uses a K; —1 denominator to account for a degree of
freedom consumed by estimating /i; (Appendix C). Because T} enters the update for x7, ko has units of time and is interpreted
as a prior elapsed time. If a sensor’s error lacks a systematic trend, the drift rate u is unnecessary and can be omitted, in which
case the Normal-Inverse-x? prior reduces to a Scaled Inverse-y? prior on the diffusion ajz (Appendix D).

In empirical Bayes, the prior hyperparameters 6 are estimated by maximizing the marginal likelihood of the check data. Let

E; denote the check errors for sensor j. Then the marginal likelihood under Normal-Inverse-y? conjugacy is

K
1 7o L(V5/2) (yood)re/?
E;|6) = Iltft_’l/Q/—O J 0 ) 62
P 1 00) wha/2 k:l(k b k5 T(V0/2) (y;o2)7i/? ©
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Taking the logarithm and summing over all J sensors gives

J
log £(6o) = > logp(E; | 6)
j=1
J 1 K
Z[ log ffZIOg te —tk—1) Elog—0
j=1 R
+logT (72]> —logT (%) log( Yo05) — %bg (7;012»*) , (63)

which is maximized to estimate 0y = (jio, %0,90,52).

As an approximation, the sensor- and network-level parameters need not be updated at the same frequency. The posterior
sensor parameters (,u], ]*) are recomputed after each check, whereas the population hyperparameters éo are updated less
frequently, because they change slowly relative to the sensor parameters.

The conjugate update is exact when check measurements are exact: each check interval then supplies one degree of freedom
for a?, which the update counts through 77 = 7 + K;. When checks are noisy, each innovation is part process increment and
part check noise, so it informs O'JQ» less than a noise-free interval would, and the effective degrees of freedom fall below K.
Because the update still counts the full K, it slightly overweights the sensor-level estimate relative to the network prior. The
approximation is tightest when the process variance o2 (t;, — t;,_1) dominates the check variance Ry, so that each innovation
is mostly signal.

The update likewise assumes 632- is the Gaussian estimate carrying K; — 1 degrees of freedom. When the diffusion is fit with
the Student-¢ model (Appendix B), there are fewer than K; — 1 effective degrees of freedom, so the update slightly overweights

that sensor relative to the network prior.

9 Data Requirements

The method requires the following information, which should be available for scientific-grade equipment.
1. A unique identifier (serial number) for each sensor.
2. The sensor type (make and model) for grouping similar sensors in a monitoring network.
3. The time of each cleaning and recalibration (when the error process resets).
4. The time and value of each check measurement, including its associated references and standards.
5. The precision (noise) of each sensor and standard.

6. A unique identifier for each batch of standards to account for cross-covariance between checks against the same batch.
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Optionally, if the precision of the standard is negligible relative to that of the sensor, the standard precision and batch
information may be omitted. If the precision of the sensor is also negligible relative to the fouling and calibration drift, then

the sensor precision and serial number may also be omitted, in which case fouling and drift are modeled as Brownian bridges.

10 Computational Requirements

Storing the raw measurements, check information, parameters, and states makes the bias corrections and prediction intervals
computable in O(1) time. Therefore, corrections and intervals can be computed on demand rather than precomputed and stored
for the entire time series. Processing proceeds in three main stages. With a slight overloading of notation, let K; denote the
combined number of drift and fouling checks for sensor j.

Occasionally, all sensor and network parameters are re-estimated: first, by estimating the sensor parameters, which takes
O(Z‘j]:l K ) time (Section 5.1), and storing the 4.J drift and fouling parameters; next, by estimating the network hyperparam-
eters, which takes O(J) time (Section 8), and storing 6.

After each check, the latent error states are updated in two steps: the posterior sensor parameters are recomputed using the
network hyperparameters 6, and the states are then obtained by Kalman filtering and smoothing. This takes O(K;) time per
check and stores the 2(J; + 1) state moments (means and variances) and the optional drift-check cross-covariances. As an

approximation, we do not re-estimate the network hyperparameters after each check.

11 Demonstration

As a proof of concept, we apply the method to the U.S. Geological Survey’s network of continuous water-temperature sensors,
excluding sensors with fewer than three check measurements. The records do not identify each sensor’s make and model, so
we assume temperature is measured with a single type of thermistor of accuracy +0.01 °C, which fixes the measurement-noise
variance vy, (Section 3; Appendix A). Each drift check then differences two thermistors, giving R4 = 2v,,, and each fouling
check differences the in situ and reference thermistors before and after cleaning, giving Ry = 4v,, (Section 3).

Table 1 reports the number of sensors fit, the mean number of checks per sensor, the per-sensor wall time, and the median
across sensors of the fitted drift magnitude |/1;| and diffusion E)'JQ». The last three columns are diagnostics on the standardized
one-step prediction errors, vy, divided by /Sy, pooled over all checks and sensors (Harvey, 1989; Durbin and Koopman, 2012):
their standard deviation, the coverage of the nominal 95 % prediction interval, and their excess kurtosis (kurtosis minus 3). A
Jarque—Bera test rejects normality for both processes, and the large positive excess kurtosis identifies the departure as heavy
tails (Appendix B). This is unsurprising as fouling and drift often accrue in episodic bursts, in response to environmental

conditions, rather than through continuous diffusion.
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Table 1. Fouling and drift results for U.S. Geological Survey water-temperature sensors. The timing is wall-clock and excludes the snapshot
read and library imports. The drift rate | 1| and diffusion 62 columns are medians across sensors, in °C day ™" and °C? day . The innovation
standard deviation, coverage, and excess kurtosis equal 1, 0.95, and 0 under a correctly specified fit; coverage is the fraction of standardized

errors within £1.96.

Sensors ~Ave checks . ds  Drift rate DifoSiOH2 Innovation  95% Pl Excess
Process J K per sensor median |i| median & SD coverage  kurtosis
Drift 1357 23 101 4x107° 1x107* 0.98 0.94 8.1
Fouling 2632 58 228 6x107*  8x107* 1.00 0.96 53.4

12 Conclusions

Environmental sensors are periodically checked for fouling and calibration drift, cleaned, and recalibrated. Information from
these checks can then be used to estimate bias corrections and prediction intervals for the time series. For exact checks and
generalized Wiener-process error, this can be done using direct interpolation between checks. For noisy checks, the error state
is updated using a Kalman smoother prior to interpolation. Check information can also be pooled across multiple sensors in
a monitoring network to improve the accuracy of newly deployed sensors. All necessary information is routinely available,
and the computation and storage requirements are modest, so the method can be integrated into existing monitoring programs.

Although the current approach is restricted to single-point checks, it provides a foundation for developing a multipoint method.

Appendix A: Deriving Noise from an Accuracy Specification

Ideally, the variance of the measurement noise v,, () is determined under controlled conditions. However, operators may not
be able to perform such tests, so they must rely on the “accuracy” reported in sensor specifications. This appendix describes
how to estimate measurement noise from an accuracy specification, assuming the specification was determined from a standard
calibration check. In practice, accuracy may be defined differently, so it is best to consult the manufacturer.

Consider a sensor with a reported accuracy of +2 units, so a = 2, which represents a 20 (approximately 95%) prediction
interval. If the manufacturer determined this specification by testing a clean, calibrated sensor against known standards, then
the specification reflects uncertainty from both the calibration check and noise in the subsequent measurements.

From Equation 17, the calibration-check noise variance is R4 = v,,(z) +02. A subsequent measurement adds another v,, (),

so the accuracy specification a is

a=2v/(va(2) +02) + v, (). (AD)

Solving for the measurement-noise variance v, (x) gives

a2

2
wn(e) = 5 — 2 (A2)
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where a is the 20 accuracy specification, and o is the standard deviation of the calibration standard, which may also be
reported as 20. Because variance must be nonnegative, this implies 02 < a? /4.
As a second example, consider a sensor with reported accuracy of +0.5 units or 5% of reading, whichever is greater,

interpreted as a 20 bound. Let a(z) denote the half-width of that bound,

0.5, |z] <10
a(z) =max (0.5, 0.05|z|) = . (A3)
0.05|z|, |z|>10
Substituting a(z) into the same derivation gives
2 2 0.52 L§7 zl <10
vn(x):a(? _%: o2 ol < , (A4)
Q02" _ % " || > 10

If standard uncertainty is negligible (02 ~ 0), then v, (x) = max (0.03125, 0.000312522).

Appendix B: Robust Diffusion and the Student-{ Smoother

The error model assumes Gaussian increments and is therefore sensitive to heavy-tailed outliers. When large, infrequent
increments are expected, a Student-¢ distribution can be substituted for the Gaussian process noise. In the standard Gaus-
sian scale-mixture representation (Lange et al., 1989), each increment k carries a latent weight wy, ~ Gamma(v/2, 1/2),
and conditional on wy, the increment ej, — e;_l is Gaussian with mean i (¢, —t;_1) and variance o2 (t;, — t;_1)/ws, where
ezfl := F) (ex—1 — (1 — 0p—1) €x—1) is the post-reset error at t;_;. Marginalizing over wy, yields a Student-¢ increment with
1) degrees of freedom. A reasonable practice is to fix the degrees of freedom at 1) = 4, because v is weakly identified when
there are few checks per sensor.

The parameters (1,02) are fit by expectation-maximization (Dempster et al., 1977; Lange et al., 1989). Because the checks
are noisy, the latent increments are not observed, so the E-step replaces them with their smoothed posterior estimates my, x
from the Kalman smoother (Section 5). It sets each weight to its posterior mean (Lange et al., 1989, Eq. 3),

_ P+l _ mk\K_mz—uK_ﬂ(tk_tkfl)

- ’ uk - B (Bl)
WV +ug o2 (tk—tk_l)

Wk

where uy, is the smoothed increment standardized by the process standard deviation, and mz_ll 18 the smoothed post-reset
mean (Section 5.2). The M-step is the same maximum-likelihood (or REML) diffusion fit as in the Gaussian model, with the
per-increment process variance o2 (t, — t;_1) replaced by o2 (t —t_1)/wy to down-weight outlying increments; the drift
term (¢, — tx—1) and the sensitivity recursion retain the physical gap, because the weight rescales variance, not time.
Carrying the converged weights into the smoother sets the per-increment process variance to Qy, = o2 (t, —tx_1)/wg, which
lets the smoother absorb outliers rather than propagate them across neighboring states (Meinhold and Singpurwalla, 1989; Roth

etal., 2013). The same down-weighting keeps o2 calibrated to the bulk of the data, while allowing the posterior mean to follow
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the check measurements, whose noise we still assume to be Gaussian. The heavy tail also propagates into the prediction interval,
where the standard-normal quantile q;_ /o of Equation 56 is replaced by the Student-¢ quantile ¢, | _ /2, With V; p p taken
as the squared scale. Because the check noise remains Gaussian and only the increments are heavy-tailed, this substitution is

only approximate.

Appendix C: Hierarchical Posterior Derivation

This appendix derives the conjugate posterior of a generalized Wiener process with exact checks, which is used in Section 8§
(Normal-Inverse-x? updates follow Murphy, 2007); we drop the sensor index j for clarity. Under this model, the (reset-aware)

increments are independent Gaussian,
er — Op—1en—1 ~ N (p(te —tr—1), 0 (tk —tr—1)). (CDh

LetT = Zszl (tx — tx—1) be the total elapsed time. The likelihood is

K

1 —Op_1ep—1 — p(ty —tp_1))?

Plessic | 1y0?) o (02) K/ 2exp (| — Ly (G 2Ot —pll = lec))7 ) (€2)
20 1 tk—tk,1

Expanding the sum and completing the square in p gives

K _ _ _ 2
Z (e 51@716:71 w(ty —tg—1)) — T — )% + (K —1)6%, (C3)
P k= lk—1

where fi is the maximum-likelihood drift rate,

. 1
a= Tz(ek‘ —0k—1€k—1), (C4)
%
and
. = Op—1ep—1 — fi(tx —tr_1))?
K—-1)6% = (ek k—1€k—1 — M1 i C5
(K —1) g P (C5)

which is the sum of squared standardized residuals, with K — 1 degrees of freedom because [ is estimated from the same data.

Combining the likelihood with the Normal-Inverse-y? prior,

_ . o+ kK — 2
o | ) ox (72) 0024502 exp (- 0L IO (o)
the joint posterior is proportional to
2 K—1 ~2 _ 2 T 2
(02)*((70+K)/2+3/2) exp ( Y005 + ( )67+ ;((JT(QN po)” +T(pn—f) ) _ (C7)

The two quadratics in p combine via the standard precision-weighted-mean identity,

H()T

o +T<ﬂ—uo)2, (C8)

ko(p—po)® +T(u—p)* = (ko +T)(n—p*)* +
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with u* = (kopo + Tft)/ (ko + T). Substituting back, the posterior is again Normal-Inverse-x? with hyperparameters

K =ko+T, (C9)
Y =v+K, (C10)
«_ kopo+Th
=27 -7 Cl11
Ko +T ( )
lioT

(i), (C12)

which are the formulas used in Section 8; the traditional Normal-Inverse-x? update (Gelman et al., 2013) uses K in place of T

7o =005 + (K —1)6° +

throughout. The two coincide when check intervals are uniform across sensors, because T is then proportional to K; and the

constant of proportionality is absorbed into k.

Appendix D: Omitting the Drift Rate

Depending on the characteristics of a sensor, the drift-rate parameter can be omitted. In that case, the Normal-Inverse-x? prior

reduces to a Scaled Inverse-x?2 prior on the diffusion parameter,
o3 ~Inv-x* (70, 05).- (D1)
Omitting (u, ) from the Normal-Inverse-x? gives a Scaled Inverse-x? posterior for sensor j with parameters

v ="+ Kj, (D2)
2 ’}/00'% —i—KJ&JQ

o D3
! Yo+ K; D3)

where &32 uses a K; denominator rather than K; — 1 because no degree of freedom is consumed by estimating ;. Similarly, the

log marginal likelihood for (7o, 02) is
L[ K 1
log L(70, 05) = Z l— 7”0%(77) - 5/;1@%(% —tr-1)

V5 Y0 Yo o . 2%
+logT’ <2> —logIl (5) + ?log ('yoao) - ?log (7]- o ) . (D4)
To test for the presence of drift, fit models with and without drift parameters, then compare their maximized log-likelihoods
with a penalized criterion such as the Akaike information criterion (AIC; Akaike, 1974),
AIC =2p —2log £, (Ds)

where p counts the parameters maximized in L. For a single sensor, L is the maximized prediction-error likelihood (Sec-
tion 5.1), so p = 2 with drift (1 and 0) and p = 1 without (¢ only); use the maximum likelihood rather than REML, because
restricted likelihoods are not comparable between models with different mean structures. For a network, L is the maximized

marginal likelihood, so p = 4 with drift (g, %0, Y0, 03) and p = 2 without (7o and 03).
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Appendix E: REML Derivation

This appendix derives the sensitivity recursion (Equation 47), the generalized least-squares drift estimate (Equation 48), and
the REML correction term of Section 5.1. It specializes the marginal-likelihood treatment of Francke et al. (2010) to a single

scalar drift parameter, reducing their matrix recursion to a scalar recursion for cg.

E1 Sensitivity Recursion

The prediction step of the filter is

Mpk—1 = Femp_1jp—1 +p(tr —th—1) — F (1 = 0p—1) €1, (E1)

where Bjuy, has been expanded as i (¢t —tg—1) — F) (1 — 0x—1) éx—1. Differentiating both sides with respect to y, and noting
that €1 is observed and so p-independent (the operator-correction term contributes zero to the derivative), yields

Omy_1k—1

Ck:Fk 8/.L

+ (t — tr—1). (E2)
To evaluate Omy, 1,1/, rewrite the filter update (with Hy_1 = I) as
Mp—1jk—1 = Mi—1jk—2 + Gr—1p—2 (Cx—1 — Mi—_1)p—2)

= = Gr_1jp—2) Mi—1jp—2 + Gr—1|k—2 €r—1. (E3)

Differentiating, and again using that €;_; is u-independent,

Omp_1)k—1

ou = - Gk—1|k—2)ck71- (E4)

Substituting into Equation E2 gives the recursion
cr =Fp (I = Grqjp—2) k-1 + (tp —tp—1). (ES)

At k = 1, the filter is initialized at mg|q = €y, s0 Omg|o/Ip = 0 and Equation E2 gives c; = t1 —t¢ directly. The recursion then
runs fork=2,..., K.

E2 Generalized Least-Squares Drift Estimate

Substituting the innovation vy (1) = l/]io) — ¢k, where the superscript (0) denotes evaluation at ;. = 0 (Section 5.1), into the

log-likelihood gives

=

~2log £(,0%) = Y [loglSel + (1 — e TS (0 = prew)] (E6)
k=1

where = denotes equality up to a constant. Expanding the quadratic,

(V,go) —pep) TSt (u,io) —ucg) = V](CO) Sy 11/](60) —2pcy Sy Vko) +pP el Sp e (E7)
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Differentiating the sum with respect to x and setting the derivative to zero,

K
—2226,15,C 11/,(€O + QMchTS,Zlck =0.
k=1

Moving the p-independent sum to the right side and dividing by 2 gives

K K
ch;—Slzlck = chs,glu,(f).

k=1 k=1
Solving for i gives the generalized least-squares drift estimate /i (Equation 48).

E3 REML Correction

Let
K

A:=ZC,1—S,;1016, B = Zc,l—Sk 1V]§0),
=1

so that i = B/A. Completing the square in i,

K K
Z V) TS 0 — per) = Z v S, o,
k=1 =1

. 0
where 7y, = u,i )

K K
L(,0%) <H|Sk|—1/2> exp(—;Am—m? 13 S) -

k=1

— [icg. Exponentiating to obtain the likelihood,

Marginalizing £ under a flat prior uses the Gaussian integral [ exp(—1 A(u— j1)?)

to the log marginal likelihood. Dropping constants,

K
log Lr(0?) = — %Z [log|Sk| + 2y Sy ' 0n] — $log A,
k=1

which is the REML log-likelihood of Section 5.1.

Appendix F: Correlated Check Noise via State Augmentation

EGUsphere\

(E8)

(E9)

(E10)

(E11)

(E12)

dp = /27 /A, which contributes — % log A

(E13)

When the same batch of standards is used for multiple drift checks, the check noise terms share a common error component

E; (Section 3). The scalar- Ry, filter in Section 5 treats each check as independent, ignoring this cross-covariance. State aug-

mentation, the standard treatment for correlated measurement noise (Bryson and Henrikson, 1968), avoids this approximation

by including E; in the state vector.
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Let b index the active batch. Augment the state to xj, = (e, Es,b)T, with process model

F, 0 p(te —te—1) — Fi (1 = 0p—1) €x—1
X = Xp—1+ +qk,
0 1 0
(F1)
0'2(tk —tk—l) 0
Qi = ,
0 0
and observation model
& = (1 —1) X+ Epge Eps o N0, 0n). (F2)

The filter is initialized by conditioning on the deployment check ¢y = e — Es o+ E,, o under a flat prior on ey and an N(0, og)

prior on Ej o, giving

éo vy +0o? o
my|o = s, Vo= )

S

2
e (F3)

o o;

whose upper-left entry recovers the scalar filter’s Voo = Ro from Section 5. The off-diagonal o2 is the cross-covariance be-
tween eg and I o induced by their joint observation in €y. The batch state F; ; has zero process noise, so it persists unchanged
until a new batch is introduced, at which point Ej , is removed from the state and a new E 4 is appended with prior A'(0, 2).
The observation noise reduces from v,, + o2 to v,, alone, because the error of the standard is captured by the batch state. This

adds one state dimension per active batch and is unnecessary when o2 is small relative to v,,.

Appendix G: Implementation Notes for Reproducibility

As a reproducibility check, we provided this manuscript as a prompt to Claude (an Al assistant), asked it to implement the
model and compare its implementation against ours, and then updated the manuscript based on the discrepancies. Both imple-
mentations were validated by four diagnostic tests that map to specific claims in the manuscript. The descriptions below are

intended as prompts for reimplementation.

Test 1 (Kalman diagnostic). Simulate a single sensor under both drift and fouling modes with noisy checks, fit parameters
by REML, and assert that the standardized filter innovations vy /+/Sy, are approximately A(0,1) and that the smoother’s
95% prediction interval covers the true latent error at approximately the nominal rate, both at check times and dense

interpolation times.

Test 2 (REML bias). Sweep K from small to large and run Monte Carlo replicates fitting both the joint MLE and REML.
Assert that at small K the MLE of o2 is biased downward, that REML has smaller absolute bias than MLE at every K,
and that both biases decay as K grows.
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Test 3 (Bridge vs. Kalman). For exact checks, compute the analytical Brownian-bridge variance oy, (t) at dense times, then
add synthetic check noise at decreasing R and run the Kalman smoother with true parameters. Assert that the maximum
absolute deviation between the smoothed interpolation variance and the bridge variance decreases monotonically and

vanishes as R — 0.

Test 4 (Augmented state). Simulate a sensor whose drift checks share a common error component F ; within each batch
(Appendix F). Sweep the batch variance o2 and compare the scalar filter (which treats each check as independent with
R=v,+ ag) against the augmented 2-state model that includes F ; in the state vector. Assert that the augmented

estimator’s RMSE in 62 is at most that of the scalar estimator at every positive o2, and that the two agree at 02 = 0.

Code availability. A reference implementation of the methods described here is available in Python as a U.S. Geological Survey software
release (Hodson, 2026). The package implements the parameter estimation, Kalman smoothing, and bias-correction routines together with

the diagnostic tests reported in this paper.
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