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Abstract. Climate models can be used to quantify the processes that contribute to a property’s change through analysis of the
tendency terms in the budget of the property. For example, a heat budget can be performed to understand the processes driving
an increase in the ocean’s heat content under climate change. However, conventional budget analyses in climate models are
typically performed without proper consideration of their relationship to the property of interest. Specifically, most studies
consider standard arithmetic time-averages of budget terms. For the tendency term, this average is related to the difference
between two time instants (snapshots) of the property and thus is strongly impacted by rapid fluctuations, or “weather”. Such
an approach to budget analysis is thus less relevant to the “climate change” problem, that is, the difference between two long-
term averages, or “epochs”, of the property. Here we present a time-averaging method, referred to as the hat average, which
exactly relates the processes contributing to a property’s tendency budget to the epoch difference, or “climate change”, of that
property. We demonstrate the utility of this method by applying it to the horizontally integrated heat budget of a global ocean
model. We find that the hat average removes high-frequency variability, typically associated with rapid and noisy advective

processes, and so allows for a clear measure of how processes contribute to changes in climate.

1 Introduction

In many scientific disciplines it is common to perform tendency budget analyses within numerical models to measure how
different physical processes contribute to the tendency (time derivative) of a property. These analyses are typically performed
with model budget terms which are arithmetically averaged over a particular time period. However, a limitation of this method
is that a standard, or boxcar, arithmetic time-average of the tendency term amounts to a difference between the instantaneous

values of the property at the beginning and end of the time averaging period, rather than to a difference of time averages of the
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property. The difference of instantaneous snapshots is strongly impacted by high-frequency variability, so that the balance of
processes that drive changes in the snapshots may differ quantitatively and qualitatively from the processes that drive long-term
trends.

Here we are concerned with the specific example of quantifying the processes that govern changes in the Earth’s climate and
weather. Climate, the long-term average state of weather, is distinct from weather, the high-frequency variability. A common
approach to separate climate trends from weather is to take differences in the property of interest averaged over two epochs
at the beginning and the ending of the period of interest, an “epoch difference” (Ding and Steig, 2013; Barnes and Barnes,
2015). Epoch differences have been shown to produce similar results to linear regressions in studies using observational data
(Ding and Steig, 2013) and numerical climate simulations (Deser et al., 2012; Kravitz et al., 2017), given a suitable choice of
epoch lengths. The use of averages in the epoch difference damps out the weather variability at shorter time-scales, isolating
the climate trend.

Numerical climate models not only allow us to project future climate change, but also to understand the processes that drive
those changes. Budget analyses, such as heat (enthalpy) and salt budgets for the ocean or heat and moisture budgets for the
atmosphere, allow the change in heat, salt, and water content to be attributed to individual processes such as air-sea heat fluxes,
advective transport, irreversible mixing, or localized sources. For example, ocean budget analyses have been used to understand
how advection by mean flows, diffusion and eddy-transport move anomalous heat absorbed at the sea surface into the ocean
interior (Gregory, 2000; Wolfe et al., 2008; Morrison et al., 2013; Palter et al., 2014; Griffies et al., 2015; Dias et al., 2020), or
what processes are responsible for different aspects of sea level variability (Griffies and Greatbatch, 2012; Piecuch and Ponte,
2014).

Studies have shown that the balance of terms responsible for driving property change depends on the time-scale considered.
For example, Holmes et al. (2022) found that high-frequency variability in horizontally-averaged ocean heat content in a free
running climate model was dominated by advection, while mixing became far more important at decadal-centennial time scales.
This time scale separation between fast (typically reversible) processes and slow (typically irreversible) processes is central to
ocean climate dynamics, and so a method to isolate the budget contributions to changes on both slow and fast time-scales is
needed.

Here we describe a time-averaging method, referred to as the hat average, that quantifies the contributions of budget pro-
cesses to the epoch difference of a property. The hat average is based on an idea introduced by Oerder et al. (2016) who
used a double time integral of the momentum budget to quantify processes that drive time-averaged wind speed anomalies
in a regional atmosphere-ocean model. We here offer a detailed discussion of this method, and provide further context for its
importance for addressing central questions of climate change, with an emphasis on the ocean.

We derive the hat average mathematically in Section 2, with the presentation emphasizing the difference between the hat
average and the standard boxcar time average. We demonstrate the utility of the hat average by measuring how processes drive
ocean heat content change in an ocean climate model (Sections 3 and 4). In Section 5 we discuss the strengths and weaknesses

of the approach using a box model of the climate system as an example, and then we offer conclusions in Section 6. In Appendix
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A we derive the double integral identity that is central to the hat average, with this identity originally due to Cauchy (1823).

We provide additional information about the numerical implementation of the hat average in Appendix B.

2 Budget analysis and epoch differences

In this section we introduce the initial value problem for a general time dependent property & = £(x,t) and its epoch difference,
which isolates the long-term trend in ¢ from high-frequency variability. We then present the hat-averaged budget which relates

the epoch difference of £ to individual processes.
2.1 Budget of a variable and its epoch difference

Consider a generic budget equation for the time evolution of a property, { = £(x,t), given by

8§ n

o =2 filxt), 1)
i=1

where x is the spatial position, ¢ is time, and f;(x,t), i = 1,..,n, denotes a suite of n processes that contribute to the time
tendency of £. For example, £(x,t) could represent the ocean’s heat content, with f; representing contributions to its tendency
from advection, diffusion, surface heat fluxes and other processes. Time integrating Eq. (1) over a time period [t,ts] relates
the sum of the processes f; to the difference between the instantaneous value of £ at the final time, ¢ = t;, and the initial time,

t:ta,

ty ty n
E(x,tp) — E(x, 1) = %dt:/Zfi(x,t)dt. 2)
h i=1

ta a

The instantaneous snapshot difference of £ characterized by Eq. (2) is typically of less interest than the difference in time-
average quantities, as quantified for example by the epoch difference between the time average of £ computed over a time
epoch [t1,t; + At] and an earlier epoch [to,to + At],

1 t1+At 1 to+At
Etl,tﬁ»At *Eto,t(ﬁm = At / §(x,t)dt — At / §(x,t)dt, 3

t1 to

where the overline denotes the unweighted time average between the two times given as subscripts. This epoch difference is
illustrated for an example quantity £ in Fig. 1a by the difference in average of £ over the periods shown in green (connected by
the green dashed curve). This epoch difference is more representative of the change in climate between the two periods than
the snapshot difference taken at the midpoint of each of the epochs (the red dotted line in Fig. 1a), captured by Eq. (2) with
tp = t1 + At/2 and t, = to+ At/2. Note that the rate of change of  with time corresponding to either the epoch difference or
snapshot difference can be obtained by dividing the difference by the elapsed time, t; — ,.

While the epoch difference is more representative of the change in climate than a snapshot difference, how the various
processes, f;, contribute to this epoch difference is less obvious. Here we use a method presented in Oerder et al. (2016) to

relate the processes driving the time tendency of a general property to its epoch difference.
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We begin by first considering a single epoch [t1,t1 + At]. Integrating Eq. (1) to some ¢ € [¢1,t; + At], we obtain

£t)— o) = | o = / S 5e) )

t1
Using Eq. (4) we can rewrite the epoch average of £ as

t1+At t1+At t

ftl AL = At / f Xt dt=¢ X tl / /81?’ dt’ dt. (3)

t1 t1

Substituting Eq. (5) (applied over both the initial and final epochs) into Eq. (3) yields

) ti+AL t o ) to+AL t o
§t1,t1+At - §t0,t0+At = At / /%dt/dt—l—f(x,tl) _g(xato) At / o dt’ dt
to to

t1+At t +At t

At / / oy 4 i+ dt At / / o At dt. 6)

which defines a relationship between the epoch difference of the variable ¢ and its time tendency [or the sum of budget

processes f;, via Eq. (1)].
2.2 Simplification of the double integrals

We can simplify the double integrals in Eq. (6) by making use of the following identity, which is a particular case of the Cauchy
(1823) repeated integral formula (see Appendix A for a derivation)

// Nat' dt_](x—t)g(t)dt. (7

Applying Cauchy’s formula (7) to the double integrals in Eq. (6) yields

A LA o¢ ¢
_ _ t1 + At
Eortirar —Suortorar = / <1At> ot dt+ / ot d
t1 to
to+At A 85
to + At —
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This equation can be written in another form,

t1+At tq

_ _ t1+At—1t\ 9 0&
§t1,t1+At_§to,to+At: / <1At>8tdt+ / adt

t1 to+At
to+At

g_ to+At—1t %
* / [815 ( At >8t}dt
to+At t1

[ (=)o 3
B / (At )ath 8tdt

+AL A o
th+At—t
/ (m) a1 4 ©)

In this form the epoch difference of £ is equal to a “rising” linear weighted integral over the initial epoch (with a weighting (¢t —

to)/At) and a “falling” linear weighted integral over the final epoch (with a weighting (¢1 + At —t)/At), plus the unweighted
integral of the tendency over the period between the epochs. Due to the rising value of the weighting function over the initial
epoch and the falling value of the weighting over the final epoch, we refer to this equation as the har weighted integral of the
tendency of £. The unit weighting of the boxcar average is shown by the shaded area in Figure 1b, while the hat weighting is
shown by the shaded area in Figure lc.

The above discussion shows that to precisely relate the epoch difference of a property to its process based tendencies, hat
averaging must be used. Taking the hat average of tendencies in a numerical model is not substantially more involved than
taking a boxcar average, but does require saving additional diagnostics — namely the rising-weighted average of each tendency
in addition to the standard boxcar average (note that the falling average can be obtained by subtracting the rising average from
the standard average). From these saved boxcar and rising averages, the hat average for all relevant epoch differences can be
computed as a post-processing step (as long as the epoch difference length can be formed as a simple combination of the
time-averaging periods of the diagnostics). The specific epoch periods of interest do not have to be specified a priori, nor are

model snapshots or restarts required. The specific details of this procedure are discussed in Appendix B.
2.3 Interpretation in the frequency domain

Further insight into the hat-average is gained by examining the effect of both averaging methods in the frequency domain. We
discuss this interpretation in this section.

The accumulation of budget diagnostics by time-averaging over some finite time period (say, a month for definiteness) is
equivalent to a monthly sampling of the convolution of a window function and the tendency budget diagnostic f, given by

oo

w(t)x f(t) = /w(tft')f(t')dt’, (10)

— 00
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Figure 1. Example of the standard boxcar time average compared to the hat average of a time varying quantity. Here, we consider the monthly
and globally averaged sea surface temperature anomaly based on the CRUTEM4 and HadSST3 dataset described in Kennedy et al. (2011).
a) The snapshot difference (red dotted line) and epoch difference (green dashed line) describe temporal changes in the variable (blue line)
differently. The epoch difference is the difference in the boxcar average over the two epochs shown with green rectangles, while the snapshot
difference is the difference at the centre of the two epochs, and is therefore sensitive to high-frequency “weather” variability. b) Tendency of
temperature with boxcar-averaged weighting (indicated by the blue curve and light purple rectangle). c) the same tendency shown with the
hat average weighting (indicated by the blue curve and light purple ‘hat’ shape). The boxcar average of the tendency relates to the snapshot
difference while the hat average relates to the epoch difference. Note that the hat-averaged tendency requires computing linear weighted

averages over each epoch period, and boxcar averages between the epochs.
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where * denotes convolution, ¢’ is a dummy variable and w(t) is a window function of unit area, which is a symmetric function
centred at ¢ = 0 that is non-zero over some time interval.
The standard boxcar averaging method for diagnostics is equivalent to a convolution with a rectangular window function of
unit area and width 7 = ¢; — ¢y (shown in Fig. 2a), given by
1/t for|t| < 7/2
wrect(t;’r) - (11)
0 elsewhere.
For example, using w;..; and its symmetry, and for brevity the notation £’ = % for the tendency, equation (2) can be written

as the convolution (Twyect * £')(t) evaluated at the midpoint of the averaging window, t = ¢4 = (to +t)/2:

oo

§(x,th) — (%, ta) = / TWpect (brmia — ') €' (#) dt

— 00

= (Twrect * €I) (trmid)- (12)

Similarly, a hat average with slope widths of At and width 7 between the midpoints of the slopes (shown in Fig. 2b) is

equivalent to using a trapezoidal window function, w4y, given by

(t+71/2+At/2)/(tAt)  for —7/2—At/2 <t < —7/2+ At/2

—t 24+ At/2 At) f 2-At/2<t 2+ At/2

Weran(ti7, AE) = (=t +7/2+At/2)/(TAt)  for T/ [2<t<T/2+At/ a3)
1/7 for —7/2+At/2<t <7/2—-At/2

0 elsewhere.

Using wyyqp and its symmetry, equation (9) can be written as the convolution (Tw¢yqp * £’)(t) evaluated at the midpoint of the
averaging window, t = t,,;q = (to +t1 + At)/2:

oo

Etl,tlJrAt - gto,thrAt = / TWtrap (tmid — t,) 5/@/) dt’

—00

= (thrap * fl) (tmid)- (14)

Noting that 7wy, (t; 7, At) = Wreet (t+7/2; At) —wyeet (t—7/2; At), equation (9) can be obtained from the derivative theorem
for convolutions, which states wyyap * §' = wy,.q, * €, 50 it follows that Twyyap * § = Wreet (8 At) ¥ E(t — T /2) — Wreer (5 AL) %
&(t+7/2), which becomes equation (14) at t = t,,;4-

Note that wyqp itself can be expressed as the convolution of two rectangular window functions of widths 7 and At as
Wreet (E;T) * Wreet (t; At). The special case of a convolution of two equal width rectangular functions (7 = At) produces a
triangular window function, wy,; (shown in Fig. 2¢), which relates to the epoch difference between two adjacent epochs.

Convolution with a window function wyec¢ Or Wyrqp produces a smoothed version of a timeseries. The impact of window

functions on the frequency content of a time-averaged budget tendency diagnostic f(¢) can be understood using the convolution
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theorem for the Fourier transform, §, given by
Slw(t) = f()} =F{w(®)} - S{f(D)} = W(w) - F(w), (15)

where W (w) and F'(w) are the Fourier transforms of w(t) and f(t), respectively, and w is frequency. The convolution theorem
states that time-averaging a model diagnostic multiplies its spectrum by the Fourier transform of the window function used.
The extent to which time averaging affects the resolved frequencies of the spectrum of the timeseries therefore depends on the

choice of window function. The Fourier transform of the rectangular window function w,..¢(t;7) is given by

1 forwr =0
Wireet(w; ) = sinc(wr) = (16)

sin(rwr)  therwise,
TWT

while it follows from the convolution theorem that the Fourier transform of the trapezoidal window function wyyqy, (¢;7, At) =
Wreet (E;T) * Wreet (t; At) is given by

sin(mwr) sin(rwAt)
m2w?T At

Wirap(w; T, At) = sinc(wT)sinc(wAt) = (17

The Fourier transforms of these window functions are shown in Fig. 2f.

Creating (say) monthly timeseries involves sampling at a monthly period, which cannot correctly represent frequencies
higher than the Nyquist frequency of 0.5 cycles per month. Instead, any variability at higher frequency is aliased, contaminating
the resolved variability below the Nyquist frequency. Saving monthly averages (rather than snapshots) reduces this aliasing
because the Fourier spectrum of the raw data is multiplied by W,...:(w;7) with 7 = 1 mo, which has significantly reduced
amplitude at the Nyquist frequency and above (frequencies exceeding 0.5 in magnitude on the scale of Fig. 2f), falling off as
w1 at large frequencies. However, aliasing is reduced even more effectively when using the trapezoidal filter W;,.q, (w; T, At),
which scales as w™? at large frequencies.

Fig. 2 illustrates the effect of these filtering methods on the globally-averaged sea surface temperature tendency shown
in Fig. 1b. The standard moving average (blue curve in Fig. 2d) exhibits substantial high-frequency variability compared to
the moving averages computed using wy,qp, and wy,;. By Eq. (12), this moving average corresponds to an unfiltered moving
difference of the underlying variable &, which contains substantial variability at frequencies beyond the Nyquist limit. Aliasing
spreads the energy associated with these unfiltered high frequencies into the resolved frequencies. This aliasing is part of the
reason the spectrum decays so much more slowly with boxcar filtering than the other methods in Fig. 2e.

The trapezoidal moving average (orange curve in Fig. 2d) is substantially smoother than the boxcar average of the tendency,
which is expected since averaging with Wiyqp = Wrect (t;7) * Wreet (t; At) is equivalent to convolving the time series with two
rectangular window functions (i.e. the orange curve is the blue curve after a second smoothing by w;...:(¢; At)). By Eq. (14), a
moving epoch difference equates to a trapezoidal moving average of the tendency &' (t), which is equivalent to convolving £ ()
with wy.eq¢ (t; At) before differencing (compare equations (17) and (16)), reducing the power of the high-frequency components

by a factor of about 10® (note the log scale in Fig. 2e), or the amplitude by a factor of 10%.
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Figure 2. Window functions for the a) rectangular (boxcar) window wrect, b) trapezoidal window wg¢rqp, €) triangular window wy,;. d)
Moving average of the monthly SST tendency time series (shown in Fig. 1b) under convolution with the boxcar (blue), trapezoidal (orange),
and triangular (green) window functions for 7 = 20 years and A¢ =5 years. e) Power spectrum of d) in the frequency domain. f) Fourier

transforms of the boxcar, trapezoidal and triangular window functions.

3 Ocean model and heat content diagnostics

To demonstrate the utility of the hat average, we apply hat-averaging to the heat budget of the ACCESS-OM2 1-degree global
ocean sea-ice model (Kiss et al., 2020) to analyze the drivers of heat content change over the late twentieth and early twenty-
first centuries. ACCESS-OM2 comprises Version 5.1 of the Modular Ocean Model (MOMS. 1, Griffies, 2012) coupled to the
CICE sea ice model (version 5.1.2, Hunke et al., 2015). The simulation was initialised from the WOA13 temperature and
salinity analysis (Locarnini et al., 2013; Zweng et al., 2013) and cycled three times over a 61 year period from 1958-2018
using the JRAS55-do forcing dataset (Tsujino et al., 2018), following the OMIP-2 protocol (Griffies et al., 2016; Tsujino et al.,
2020).
The heat budget of an ACCESS-OM?2 model grid cell is given by,

Oi(po CpO Az) = poCp[ V. - (Azu®) — 6, (wO) =6, F* + V.- (AzKVO)]| +Q, (18)
— — —4/
A \4 N

where Az is the time and space dependent thickness of each model grid cell (MOMS uses z* generalised vertical coordinates),
u is the horizontal velocity, w is the vertical velocity, © is the Conservative Temperature (McDougall, 2003; McDougall and

Barker, 2011), K is the symmetric neutral diffusion tensor, C}, = 3989.245 J kg~ K~! is the specific heat capacity, and
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po = 1035 kg m~3 is the Boussinesq reference density. Due to being multiplied by po Cj, each term in equation (18) has units
of W m~2, corresponding to the heat content tendency per unit horizontal area within each grid cell.

The first term on the right hand side, A, denotes convergence of advective fluxes, comprised of horizontal and vertical
advective fluxes. Note that the cell integrated vertical flux convergence reduces to the difference in vertical advective fluxes
across the upper and lower cell interfaces, here written as the discrete difference —d;(w©) = —[(W O ), — (W O)y10]. For
our analysis we also include parameterised mesoscale and submesoscale eddy stirring in A, which are parameterised using
a skew diffusive approach in ACCESS-OM?2 (Gent and McWilliams, 1990; Gent et al., 1995; Griffies, 1998; Fox-Kemper
et al., 2008). The second term, V', denotes the cell integrated vertical convergence of subgrid mixing fluxes F'*, parameterized
in ACCESS-OM2 using the K-profile parameterization (KPP) for the surface boundary layer (Large et al., 1994); a bottom-
intensified internal tidal mixing scheme (Simmons et al., 2004); vertical convective adjustment realized by enhancing the
vertical diffusivity (Klinger et al., 1996); a fixed background diffusivity following Jochum (2009); plus the vertical diagonal
portion of the neutral diffusion (Griffies et al., 1998; Redi, 1982). [N contains the remaining portion of the parameterised neutral
diffusion, and @ denotes surface thermal forcing. Both boxcar-averaged and rising weighted averages of these heat budget
diagnostics were computed online and output monthly over the duration of the last cycle of the ACCESS-OM2 simulation.
Details of the numerical implementation of the hat-average in ACCESS-OM2 are described in Appendix B.

We chose the period between 1990 and 2010 of the third cycle of the ACCESS-OM?2 1-degree global ocean simulation
to demonstrate the benefit of hat-averaged model diagnostics for climate scale variability (see Kiss et al., 2020, Fig. 3a). This
period exhibits a moderate long-term warming trend (the change in “climate”). Furthermore, a moderate El Nifio event is active
in 2010 introducing some interannual variability. We computed the epoch difference using a ten year epoch period, with the
final epoch from 2005 to 2015 and the initial epoch from 1985 to 1995. This choice of epoch length is consistent with that used
by Deser et al. (2012). In contrast, the snapshot difference between midpoints of this epoch on the 1st January 2010 and 1st
January 1990 is strongly affected by the moderate El Nifio event in 2010 and shows a weaker trend.

To demonstrate the effect of the different time-averaging methods, we consider the change in the heat content per unit volume

as vertically integrated from a model depth surface at nominal depth D > 0 to the sea surface 7

n(z,y,t)
Hp(z,y,t) = / p0CpO(x,y,2,t)dz, (19)

—-D

with H p having units of J m~2. Note that we consider the top 100m (H;o) below, with it being understood that the integration
is performed over complete model grid cells and not strictly the top 100m. Additionally, we examine changes in the heat

content as a function of depth as integrated horizontally over the globe.

1
Ha(st) = 57 [ mCoOzt) Axtay. ) dody, 0)

where AZ = [[ Az(z,y,z,t)dzdy/ [[ dzdy is the nominal grid cell thickness used to convert H to units of J m~'.

10
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Integrating the heat budget (Eq. (18)) horizontally over the globe (so that horizontal fluxes disappear) quantifies the processes
that contribute to the vertical profile of heating in the ocean (Griffies et al., 2015), given by

S 11282) = —poC, [[tweraeay —me, [[arasay
Az Vz
—pon//cSk(KV@)-f(da:dy +  poC, /Qdmdy 1)
Ny —

where the units are Watts (we note that the right hand side is thickness weighted on the model timestep). Eq. (21) describes
the balance between surface forcing, (Qz, and vertical advection and mixing within the ocean. The mixing is divided into
parameterized vertical mixing V and the vertical component of neutral diffusion, N, while vertical advection, Az, contains
both resolved advection and parameterised eddy advection and the vertical heat flux from turbulent mixing (Griffies et al.,
2015; Holmes et al., 2022). Horizontal heat advection is negligible in the horizontal integral, since runoff does not carry heat

through the lateral boundary of this model, and the model maintains near-constant volume over long timescales.

4 Results

Fig. 3a shows the epoch difference of Hp over the trend period and over the top 100m, H 199 (2015;2005) — H 100(1995; 1985),
while Fig. 3b shows the equivalent snapshot difference between 1 January 2010 and 1 January 1990. The epoch difference
clearly smooths the transient features associated with weather events and interannual variability that strongly impact the snap-
shot difference. In particular, the snapshot difference is strongly affected by the presence of an El Nifio event in January 2010.
This El Nifio event shows warming in the eastern equatorial Pacific and cooling in the western equatorial Pacific associated
with the flattening of the equatorial Pacific thermocline. As a further demonstration, Fig. 3¢ shows the snapshot difference be-
tween 1 January 2014 and 1 January 1998, highlighting the impact of the extreme 1998 El Nifio (with an opposite signed dipole
in the equatorial Pacific as the El Nifio is at the beginning of the period). These snapshot differences are not representative of
the long-term change in upper 100m heat content. In contrast, the epoch difference reveals the smooth regional background
trend in upper 100m heat content, with warming in the western Pacific, North Atlantic and at the boundary of the Atlantic and
Southern oceans and cooling in the eastern Pacific, which may be associated with the transition from the warm to cool phase
of the Interdecadal Pacific Oscillation during this period (Dong and Dai, 2015).

The horizontally integrated heat content change reveals the vertical structure of the heat content change (shown for the upper
800 m in Fig. 3d). The epoch difference over the trend period, H z(2015;2005) — H z(1995;1985) (shown in the blue curve
in Fig. 3d) is non-negative over the entire water column, which reflects the accumulation of heat in the interior ocean due to
increased radiative forcing over the period 1990 to 2010. The snapshot difference between 1 January 2010 and 1 January 1990
(orange curve in Fig. 3d) reveals the impact of the high-frequency variability on heat content change, with a warming anomaly
over the upper 100 m and a cooling anomaly between 100 m and 300 m associated with the flattening of the thermocline during

the 2010 El Nifio (e.g. Roemmich and Gilson, 2011; Holmes et al., 2022). This dipole of upper ocean heat content change is
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Figure 3. The spatial pattern and vertical profile of heat content change (divided by elapsed time) in the third cycle of the inter-annually
forced ACCESS-OM2 simulation. a) Epoch difference of upper 100m ocean heat content H 100(2015;2005) — H100(1995;1985), divided
by the elapsed time between the midpoints of the two epochs. b) Snapshot difference (divided by elapsed time) over the equivalent period
H100(2010-01-01) — H100(1990-01-01) showing small scale transient features and upper ocean warming from the moderate El Nifio in
2010 in the eastern Pacific. ¢) An alternate snapshot difference between 2014 and 1998, H100(2014-01-01) — H100(1998-01-01), showing
the impact of a strong El Nifio event in 1998. d) The vertical profile of globally-integrated heat content changes showing both the epoch
difference in blue and snapshot difference in orange for the trend period. The dashed green curve shows the vertical profile over the same

period as c).
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further highlighted by the vertical structure of the snapshot difference between 1 January 2014 and 1 January 1998 (dashed

green curve in Fig. 3d), emphasizing the extreme 1998 El Nifio event.
4.1 Process contributions to heat content change

The contrast between epoch and snapshot differences illustrated in the previous section is not surprising. These techniques are
widely used in climate science. However, what this difference means for analyses of the processes that drive these changes (i.e.
the heat budget) is more subtle, as we now illustrate.

We begin by examining the horizontally integrated heat budget (Eq. (21)) under both hat-averaging, weighted over the 10
year epochs 01-01-1985 to 01-01-1995 and 01-01-2005 to 01-01-2015, and standard boxcar-averaging, between 1 January
2010 and 1 January 1990 (shown in Fig. 4, where we have divided each term by the mean grid cell thickness). All processes
are dominated by a long-term mean balance irrespective of the time-averaging method. For example, the surface forcing term,
(Qz, is dominated by shortwave heat penetration between the surface and a depth of about 20 m, which is balanced by strong
vertical mixing (Fig. 4 c). Below the surface, vertical advection and mixing transport the surface heat downward. Here, vertical
advection includes the contribution from parameterised eddies, which have been shown to partially balance downward heat
transport (Gregory, 2000; Griffies et al., 2015).

Fig. 4 highlights a difficulty in attributing changes in ocean heat content to particular processes in the presence of large
compensating balances between terms. As the flux convergences that contribute to the mean balance in Eq. (21) are much
larger than the total tendency, the difference between hat-averaging and boxcar time-averaging of the budget is small relative to
the budget terms themselves. Only a small difference is visible between A 7 and Az in Fig. 4a and Fig. 4b, while no difference
is visible in the mixing terms between the two time-averaging methods.

To address this issue, we consider the budget for a property, £, given by Eq. (1). The boxcar time-average of each process,

. . . ol . —A
fi» can be decomposed into a component associated with a long-term budget balance, fic, and an anomaly in each process, f ,

() N=D7.= Zf +£9). 22)

The overline on the superscript in the control term, f? , denotes a standard boxcar average computed over the “control”, or
“climatology”, period (a different averaging period to f,). In the ACCESS-OM?2 heat content example, for the control period
we use a period starting 5 years before the end of the second cycle and ending 5 years before the end of the third cycle.
The choice of a full cycle ensures that this boxcar average is not overly affected by high-frequency variability, as the ocean
model experiences forcing from the same atmospheric state at the start and end of the period in each cycle. The choice of
starting/ending 5 years before the end of the cycles is made in order to compare with the hat-averaged budget as described

next.
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Figure 4. Depth profiles of the terms of the horizontally integrated heat budget over the full ocean depth (Eq. (21)) under the two averaging
methods, with the hat-averaging period weighted over the 10 year epochs 01-01-1985 to 01-01-1995 and 01-01-2005 to 01-01-2015, and
the boxcar average taken between 01-01-1990 to 01-01-2010. The hat-averaged flux convergences of advection (A\ z, blue curve) and neutral
diffusion (]V 7, orange curve) and equivalent boxcar-averaged Az (dashed red curve) and N 7 (dashed cyan curve) shown between Om-100m
depth in a) and between 100m-700m in b) (shown in units Watts/m). The convergence of surface fluxes and vertical mixing for @ z (orange
curve) and Vz (blue curve) with hat averaging, and QZ (dashed cyan curve) and V z (red dashed curve) with boxcar averaging are shown

between Om-100m in ¢) and between 100m and 700m in d).
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A similar approach can be applied to the hat-average diagnostics to isolate the processes contributing to the epoch difference,

given by
1 _ B n n
E(f(h +At;t1)—§(to+At;to))=Z Z fA‘f'fC (23)
i=1 im1

Here, once again the hat symbol on the superscript in the control term, fié, denotes a hat average computed over the control
period - a different averaging period to fi, For this “control” period in the ACCESS-OM?2 heat content example, we use a
difference in 10 year epochs, with the initial epoch as the final ten years of the second cycle and the final epoch as the final ten
years of the third cycle. This epoch period was chosen so that the boxcar average of the control is taken between the midpoints

of the epochs.
4.2 Application to upper 100m heat content

We now apply the mean/anomaly balance decomposition described in the previous section to the specific example of the upper
100m heat content of ACCESS-OM2. Figs. 5a-5c¢ show the hat average of the spatial pattern of budget processes over the
upper 100 m in the Pacific Ocean computed over epochs 01-01-1985 to 01-01-1995 and 01-01-2005 to 01-01-2015, while Figs.
5d-5f show the corresponding boxcar averages, computed between between 1 January 2010 and 1 January 1990. Here we have
combined surface fluxes and vertical mixing in Figs. 5a and 5d, and advection and neutral diffusion in Figs. 5b and Se.

While the subtraction of the long-term mean control budget balance reduces the degree of cancellation between processes,
the total heat content change (Figs. Sc and 5f) is still substantially smaller than the individual process contributions. Despite this
cancellation between the processes, there is a substantial difference in the budget terms under the two time-averaging methods.
This difference is most evident in the eastern equatorial region near 120W where the magnitude of the sum of the surface
forcing and vertical mixing is smaller under hat time-averaging than boxcar-averaging (compare Figs. 5a and Fig. 5d). The
difference between hat-averaging and boxcar-averaging is even larger for the combined advection and neutral diffusion terms
than the surface forcing and vertical mixing terms (compare Figs. 5b and Fig. 5e). This result suggests that the heat anomaly
throughout most of the central and eastern equatorial Pacific highlighted by the snapshot difference (Fig. 5f) is driven largely
by advection and neutral diffusion, with some significant compensation by surface fluxes and vertical mixing. This is consistent
with the vertical heaving of the equatorial Pacific thermocline that occurs during El Nifio events. However, this vertical heaving
is not relevant for the long-term trend in heat content; it is instead associated with high-frequency variability. This high-
frequency advective process is smoothed out when analysing the epoch difference (Fig. 5¢) and its process contributions using

hat averaging.
4.3 Application to horizontally-integrated heat content

A hat-averaged budget of the anomalous tendency in the horizontally integrated budget (Eq. (21)) can be computed by sub-

tracting the hat-averaged control budget from the hat-averaged budget over the trend period, given by

7 _ _— A ~ ~ ~
—; (H(2015;2005) — H 7(1995; 198504 =0,H; = A3+ Nj+V4+Q3, (24)
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Figure 5. Surface forcing and vertical mixing compared to advection and neutral mixing in the upper 100 m (denoted by the subscript for
integration above a model depth level of approximately 100 m as in Eq. (19)) of the Equatorial Pacific of ACCESS-OM2 under the two
time-averaging methods, with the long-term average control removed (denoted by superscript A). Hat averages of the a) anomalous surface
forcing plus vertical mixing @ﬁ)o + \71‘30, b) advection plus neutral diffusion g‘foo +N 1%0, ¢) total tendency. Boxcar averages of the d) surface
forcing plus vertical mixing @11400 + Vfoo and e) advection plus neutral diffusion Zfoo + Nﬁ)o. f) boxcar-averaged total tendency. The time
periods considered are the same as in Figs. 4a and 4b - corresponding to the epoch difference between 2005-2015 and 1985-1998 (for panels
a-c) and the snapshot difference between 2010-01-01 and 1990-01-01 in panels d-f.
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where At is 20 years (the elapsed time between the midpoints of the epochs). Similarly, the boxcar-averaged budget of the
anomaly is computed by subtracting the respective terms of the boxcar-averaged control budget from the boxcar average over

the trend period of interest, given by

%(HZ@OlO-OI-Ol) — H(1990-01-01)A =8, H," = Ay + Ny + Vo + 0, (25)

where At is 20 years (the elapsed time between the snapshots).

The vertical profiles of the hat-averaged and boxcar-averaged budget processes (blue and orange, respectively, in Fig. 6)
reveal larger differences from interannual variability than for the upper 100m heat content example considered in the previ-
ous subsection. The warming anomaly that is present in the upper 100 m of the total tendency anomaly under boxcar time-
averaging, mA (orange line in Fig. 6d), occurs through a combination of positive anomalous surface fluxes (in the upper
few meters), vertical mixing (above 25m), upward heave from advection (20-60m) and neutral diffusion (60-100m). Under hat
averaging (i.e. the epoch difference) this upper 100m warming anomaly is largely absent (compare blue and orange lines in
Fig. 6d). Below the upper ~ 20m (where the contribution of surface forcing is weak), the difference between hat averaging and
boxcar averaging is largely attributable to the advection, as neutral diffusion is similar and vertical mixing differences are of the
wrong sign acting to compensate for the advection-driven differences. Below 100m the cooling evident in the snapshot differ-
ence is also driven by advection, consistent with vertical heaving leading to a cooling below 100m and a warming above 100m,
as expected during a flattening of the thermocline in the equatorial Pacific during El Nifio events. The epoch difference instead
isolates the longer term changes associated with ocean warming, with advection redistributing excess heat accumulating in the

top 100m of the ocean downwards to deeper depths (consistent with Gregory, 2000; Griffies et al., 2015).

5 Discussion: When is hat averaging needed?

Climate change is characterised by changes in the long term mean state of the earth system. In this study we have shown that in
order to precisely quantify the contribution of individual processes to climate change in numerical climate models, thoughtful
treatment of model based tendency terms is required. We have shown that how these terms are time averaged can influence
how we interpret their contribution to ocean heat content trends. In this section we explore where the hat average method is
important.

To aid this discussion we consider a two-layer model of the climate system consisting of a shallow mixed layer ocean
which experiences higher frequency temperature variability, and a deep ocean layer below the mixed layer whose temperature

variability is weaker and lower frequency (e.g., Gregory, 2000; Held et al., 2010). This two-layer model is given by

dT;

CUdTU =BTy —v(Ty — Tp) + F, (26)
aT

Cp— =Ty ~Tp). @7

where T7; is the temperature of the upper layer and CY; is its heat capacity, F is the atmospheric forcing, S is the coefficient of

the upward surface heat flux and -y is the coefficient of the heat exchange between the two layers. T is the temperature of the
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Figure 6. Comparison of the horizontally integrated heat budget anomalies in the upper 250m (where the long-term control has been sub-

tracted) of the hat-averaged (=) and boxcar-averaged ( =) oceanic processes for the ACCESS-OM?2 model. Hat averages are computed with

the rising weighted period between 01-01-1985 and 01-01-1995 and falling weighted period between 01-01-2005 and 01-01-2015. Standard

boxcar averages computed between 01-01-1990 and 01-01-2010. Comparisons of a) advection (A\é and Z;), b) neutral diffusion (]\A/ ‘Z4 and

N;‘), ¢) vertical diffusion (XA/ZA and VQ) and d) total tendency of the anomaly under both averaging methods (including the contribution from

surface fluxes, Q% , which is not plotted separately).
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deep ocean layer and C is the heat capacity of this layer (Eq. (27)). An important assumption is that the surface layer has a
significantly smaller heat capacity than the deep layer, Cy < Cp.

Increased concentration of greenhouse gases perturbs the radiation impacting the ocean surface which leads to an imbalance
between the incoming and outgoing fluxes, i.e. an anomaly in F. The small heat capacity of the surface ocean layer means that
it quickly warms and adjusts, so that F will be balanced by the outgoing heat, 57y +v(Ty — Tp). If F varies over longer
time-scales than the relaxation time of the upper ocean layer then the tendency term on the left hand side can be ignored
altogether. In this sense, changes in mixed layer temperature (or air temperature) are more appropriately explained by a change
in the quasi-equilibrium balance of tendency terms rather than as an integral of the net tendency (e.g. Laliberté et al., 2015).

Unlike the upper ocean, the larger heat capacity of the deep ocean below the mixed layer means that heat storage is not
negligible and the tendency term on the left hand side cannot be ignored and, indeed, may be of primary interest. Since, in
this simplified model, the transfer of heat is proportional to the difference between the two layers, the deep ocean heat content
will fluctuate according to temperature changes in the upper layer. Any perturbation from equilibrium due to changes in F
will result in a nonzero transfer of heat between the layers. This heat transfer will contain components associated with natural
variability as well as any component associated with a long-term deviation from equilibrium.

The total change in the tendency terms of Eq. (26) and (27) over any period is given by the accumulation of processes
on the right-hand side of each equation. If the period of interest is an integer multiple of modes of variability in F then the
temperature change in the surface layer will be close to zero, and the heat transport between layers will be proportional to the
accumulated heat in the deep layer. In practice, however, the modes of variability of F are rarely integer multiples of the period
of interest, so the averaged change in the surface layer will be non-zero, and the energy transfer between the layers will contain
a component associated with the natural variability as well as the long term heat-content change.

The two-layer model shows why hat-averaging is needed to quantify process contributions to accumulated heat content
changes, particularly when these changes are small relative to natural variability in the system. However, since variability
affects the heat transfer between the layers, hat-averaging provides a robust method to quantify the mean contribution of
different processes in any system with natural variability. For example, if the long-term change in the lower layer is negligible
(Tp is near constant over time), variability in the surface forcing may still affect the heat transport between layers under
standard boxcar averaging. If, in addition to variability in the surface forcing, the temperature in the layers is subject to
variability (for example, if there are volume changes due to heaving of the interface between the upper and deep layers),
additional noise will be present in the heat transfer between the layers under standard averaging. In such cases, temperature
changes should be quantified using epoch differences. The hat-averaged budget therefore provides a natural method to quantify

the contributions of different processes when a system is subject to high-frequency variability.

6 Conclusions

We have presented a time-averaging method, the hat-average, which relates tendencies of a property to the property’s long-

term change characterised by an epoch difference. As well as yielding an exact relationship between property change and
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processes of interest, the hat average filters out noise from high-frequency variability that affects conventional time-averaging
of budget tendencies. The hat-averaged budget is easily implemented in simulations as linearly weighted integrals, which can
be combined to relate the budget to epoch differences of any length and interval (provided they are multiples of the model’s
sampling period; see B for details).

The heat content of the inter-annually forced ACCESS-OM2 model 1° ocean model provided an illustrative example of
the benefit of hat-averaging model budgets. In this model we expect a long-term build up of heat in the interior ocean due to
increased thermal forcing from anthropogenic climate change. The heat content change computed using the snapshot difference
between January 1st 1990 to January 1st 2010 was contrasted with an equivalent epoch difference which was computed using
a 10 year epoch with the final epoch between 2005 to 2015 and the initial epoch between 1985 and 1995. The impact of
variability on the boxcar-averaged tendency was highlighted by the presence of a moderate El Nifio event at the end of the
period of analysis. The snapshot difference over this period was strongly influenced by the El Nifio event and a noisier spatial
pattern of heat content change than that of the epoch difference, with substantial warming in the eastern Pacific. The vertical
profile of the snapshot difference also showed a considerable warming anomaly in the upper 100 m of the ocean.

The benefit of hat-averaging is clear when we horizontally integrate the heat budget and remove a long-term control balance.
Using a standard boxcar time-average, the change in heat content is strongly influenced by anomalous advection associated
with vertical heaving of the equatorial Pacific during El Nifio events, as advection varies strongly on short time-scales. In
contrast, the impacts of this anomalous advection are reduced when considering the hat-averaged heat budget relating epoch
differences that average over the ENSO cycle.

The application to the heat budget of an ocean model has shown hat-averaging to be appropriate for integrated quantities,
particularly where we are interested in the contribution of various terms to a budget in the presence of a long-term trend.
However, our results have also highlighted the difficulties and potential ambiguities involved in attributing changes in a property
to changes in individual processes in the presence of large balances between processes. This constitutes a key area for future

research.

Code and data availability.

Model code, configuration files, data processing scripts and processed data used in this study is available at
https://doi.org/10.5281/zenodo.20798892 (Bladwell et al., 2026). Code for the hat averaging diagnostics implemented in
MOMS is available at
https://github.com/cbladwel/MOMS5/commit/d25e3fbb553a4f4cc985f7f58d44ca8cf213721. Implementation of the hat aver-
age algorithm in MOMS is contained in https://github.com/cbladwell/MOMS5/blob/7e3b647/src/shared/diag_manager/diag_

manager.F90.
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Appendix A: Proof of double integral formula

In this appendix we show equality between the double integral and the weighted integral used to define the hat average. This

formula originates from Cauchy (1823). For a function g, the double integral formula is given by

/z/tg(s)dsdt:/x(x—t)g(t)dt. (A1)

where ¢ is within the interval (a,x). To show equality, we begin with the left hand side of equation (A1). The Fundamental

Theorem of Calculus (FTC) tells us for all y in an interval (a,b), if

then
G'(y) = 9(y), (A2)
and
b
/g(t)dt =G(b) — G(a). (A3)

Applying the FTC to the left hand side of Eq. (A1), we obtain

T t x

/ /g(s)ds dt:/[G(t)—G(a)] dt (A4)
- / G(t)dt — 2G(a) + aG(a), (AS)

where we note that the integrand G(a) is constant in ¢. We now apply integration by parts to the right hand side of Eq. (Al),

which gives

/ (x— ) g(t)dt = / G ) (z — 1) dt (A6)
_ / G+ [@-nGw]’ (A7)
- / Gt)dt — 2G(a) + aGla), (AS)

which shows equality with the left hand side of equation (A1).
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425 Appendix B: Combining multiple hat averages

In this appendix we discuss the implementation of the hat average for a typical numerical model. To compute the hat-average
either a rising or falling weighted average must be computed ‘online’ during the simulation at the model timestep, in addition
to the standard unweighted average. Changes to the model’s code are required to realize this functionality. As we show in
this appendix, once both rising averages and conventional box-car averages of budget diagnostics are saved over the model
430 diagnostic period (e.g. typically days or months), appropriate hat averages for longer periods (e.g. months or years, as long
as those periods are simple combinations of the model diagnostic period) can be computed as a post processing step. In this
section we describe how to combine multiple weighted integrals over the shorter model diagnostic period into a weighted
integral over a longer period.
An example of this computation is illustrated in Figure B1. We consider a long epoch of interest ¢ € (tg,to + AT') split into
435 N shorter diagnostic periods of length At (e.g. the month of January consists of IV = 31 sections of length At =1 day, with
AT = NAt). For simplicity we consider these shorter diagnostic periods of equal length, however, the method can be applied
even when the diagnostic periods have different length. The rising linearly weighted integral over the epoch ¢ € (to,to + AT)
(i.e. the first term in Eq. (9), blue in Fig. Bla) is given by,

to+NAt " to+NAL ( ( |AY) "
t—to t—(to+(n—1)At n—1
—dt = —dt B1
/ NAt ot / [ NA? TN o G1)
t() t(J
Y Y ek - nan e
t—(to+(n— t
440 =) o, dt
2N M
=l (n-1)At
N (n—1) to+nAt ot
n—
—dt. B2
2y / ot (B2)
n=1 to+(n—1)At
The first term on the right hand side of Eq. (B2) is the sum of 1/N times the short rising difference over the short period (e.g.
grey in Fig. Bla), and the second term is (n — 1)/ times the short standard difference over the short period (e.g. the red boxes
in Fig. Bla).
445 The boxcar and falling integrals over the long epoch can be constructed similarly. The boxcar integral over the long epoch

is trivially,

to-‘y—]\fAta5 N to+nAt ag
—dt= —dt B3
ot Z / ot "’ (B3)
to nzltg—i-(n—l)At

while the falling linearly weighted integral over the long epoch is equal to the difference between Eqgs. (B3) and (B2).

to+NAtL NA o t0+NAta§ to+NAt o
to + t—t t— tO
DAt — >t — - B4
/ NAt ot di ot dt NAt ot dt (B4)
to to to
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450 Equation (B4) shows that the falling average can be computed by subtracting the rising average from the boxcar average
multiplied by the elapsed time of the averaging period, as shown by the red and blue triangles between (to,tx + At) in Fig.
B1b. This means that only the rising average and the standard average over the short diagnostic period (At) are required to
construct hat averages (e.g. Eq. (9)) for any epoch length which is an integer multiple of the model output period (as shown
by the blue region in Fig. B1b). We therefore recommend developers of climate models include the rising average as an option
455 in addition to the boxcar average. This would also permit low-pass filtering with any form of truncated triangle convolution

kernel.

1.0 L1.0
a)

0.8 L0.8
0.6 L0.6
0.4 L 0.4
0.21 L0.2
0.0 L0.0

to to + At to+ 20t to+ (N—2)At  to+ (N —1)At to + NAt
1.0

b)

0.81
0.6
0.4
0.2
0.0

to to + NAt

Figure B1. Schematic showing a) the weighting of multiple rising weighted averages over short periods (shown in grey), which can be
combined into a single weighted average over a long period (shown in blue, where the diagonal lines indicate a break in the axis). b) Shows
how an equivalent weighting to the hat-average can be constructed from two falling averages, which is given by Eq. (8) (the red shaded

region is subtracted from the blue region).
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