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Responses to the Evaluation of Reviewer #1 
General Comments 

This study presents a Bayesian data-driven framework that incorporates multiple 
physical constraints to correct structural errors in groundwater contaminant transport 
models. The two case studies suggest that, compared with the unconstrained and single-
constraint approaches, incorporating multiple constraints can improve parameter 
identifiability, reduce predictive uncertainty, and enhance physical consistency. 
However, several issues need to be clarified or further addressed before the manuscript 
can be considered for publication. Please see the comments below. 

Response: We thank the reviewer for the positive evaluation and insightful comments 
to this manuscript, and we have carefully addressed these comments in below responses 
and revised the manuscript. 
 
Specific Comments 
 
Comment 1: In Bayesian inference, MCMC sampling generally requires the target 
posterior distribution to remain fixed during the sampling process. In this study, 
however, the weights of the sub-likelihood functions are dynamically updated during 
sampling, which may cause the target posterior distribution to vary with iterations and 
thus affect the validity of the Bayesian inference. The authors are therefore encouraged 
to discuss whether the proposed dynamic weight-updating strategy affects MCMC 
convergence. Appropriate convergence diagnostics should also be provided. 

Response: Thanks for pointing out this important issue. We apologize for not clearly 
describing the implementation of the dynamic weight-updating strategy during MCMC 
sampling. It should be noted that the dynamic weight-updating strategy is applied only 
during the burn-in period. During this period, the weights of the sub-likelihood 
functions are updated separately for each Markov chain based on its own evolution. 
Once the stopping criterion for weight updating is satisfied, the weights are fixed, and 
only the subsequent samples generated using these fixed weights are used for posterior 
inference. Therefore, the dynamic updating of the sub-likelihood weights does not alter 
the target posterior distribution used for posterior inference. We have added further 
details on the implementation of the dynamic weighting strategy in the revised 
manuscript (Line 275). 

In addition, we employed the Gelman–Rubin diagnostic to assess the convergence 
of the MCMC chains. This diagnostic is widely used to evaluate MCMC convergence, 
with convergence considered to be achieved when the calculated Rhat values (Gelman–
Rubin statistics) are below 1.2 (Kwon et al., 2025; Vats & Knudson, 2021; Roy, 2020). 
Figs. S1 and S2 show the evolution of Rhat with the number of iterations for all 
parameters in the two case studies under multiple physical constraints. As shown in 
these figures, the Rhat values for all parameters decrease below 1.2 before the end of the 
burn-in period (iteration = 6000), indicating convergence of the MCMC sampling. In 
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addition, we have also marked the iterations at which the weights become stable in Figs. 
10 and 11. 

Line 275: Since multiple Markov chains are employed, the weights of the sub-
likelihood functions are updated separately for each chain during the burn-in period 
based on its own evolution. Once the stopping criterion is satisfied, a common set of 
fixed sub-likelihood weights is used for subsequent sampling across all chains. 
 

 
Figure S1. Gelman-Rubin diagnostics of Markov chains for the synthetic groundwater 
PCE reactive transport simulation under the multiple-constraint scenario. 

 
Figure S2. Gelman-Rubin diagnostics of Markov chains for the sand column Cd-
phosphate cotransport simulation under the multiple-constraint scenario. 
 
Comment 2: The physical constraint strictness, sliding window length, and minimum 
tolerance variance may directly influence the posterior parameter distributions and 
predictive results. The authors should provide a clearer justification for the selected 
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values. 

Response: We thank the reviewer for pointing out this issue. Following this suggestion, 
we conducted a sensitivity analysis of the constraint variance, σc2. For both case studies, 
we evaluated prediction performance and mass conservation errors under different 
constraint variances, i.e., σc2 = 0.01, 0.1, 0.2, and 0.5 (Figs. S3 and S4).  

The results show that when σc2 is relatively small or large, such as σc2 = 0.01 or 
0.5, the agreement between the predictions and observations deteriorates, resulting in 
relatively large RMSE values and mass conservation errors. When σc2 = 0.2, both 
RMSE and mass conservation error are minimized. Therefore, σc2 = 0.2 was adopted in 
this study, consistent with the findings of our previous study (Tian et al., 2026). 

 
Figure S3. Predictions of synthetic groundwater PCE reactive transport simulation 
under different constraint variances (σc2). 
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Figure S4. Predictions of sand column Cd-phosphate cotransport simulation under 
different constraint variances. 
 
Comment 3: The manuscript states that incorporating multiple physical constraints 
makes the structural error simpler and easier to characterize using GPR. However, this 
conclusion is currently supported mainly by qualitative interpretation. Quantitative 
statistics of the structural-error term should be provided to support this claim. 

Response: We greatly appreciate the reviewer’s important suggestion and fully agree 
with it. We have added statistical information on the structural error terms for the two 
case studies in Tables S1 and S2, respectively, including the mean, standard deviation, 
range, and RMSE of the GPR predictions. We have also discussed these results in the 
revised manuscript (Line 723). The statistical results show that, after coupling multiple 
physical constraints, the standard deviation and range of the structural error, as well as 
the RMSE of the GPR predictions, are substantially reduced. These results indicate that 
coupling multiple physical constraints simplifies the structural error forms, making 
them easier for GPR to characterize. 

Line 723: In contrast, when multiple physical constraints are coupled simultaneously, 
the posterior distributions of model parameters are further constrained, leading to 
substantially smaller and more stable structural error fluctuations, characterized by 
smaller standard deviation and range (Tables S1 and S2). 
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Table S1. Quantitative statistics of structural errors and GPR prediction performance 
for the synthetic groundwater PCE reactive transport simulation under the three 
scenarios. 

Constraints Species 

GPR 
prediction 

error 
(RMSE) 

Mean of 
structural 

error 

Standard 
deviation of 

structural 
error 

Range of 
structural 

error 

Without 
physical 

constraint 

PCE 0.6653 -1.1629 0.5854 2.2019 

TCE 0.7688 0.0967 0.8372 2.4760 

DCE 0.3763 0.4085 0.5429 1.5274 

VC 0.1118 0.1455 0.1675 0.4985 

With 
single 

physical 
constraint 

PCE 0.3538 -0.9716 0.3812 1.4644 

TCE 0.3326 -0.0809 0.5454 1.6375 

DCE 0.2832 0.2941 0.4461 1.2877 

VC 0.0502 0.0992 0.1201 0.3857 

With 
multiple 
physical 

constraints 

PCE 0.1567 0.0744 0.1774 0.7876 

TCE 0.1444 0.2350 0.2224 0.8359 

DCE 0.0738 0.1262 0.1536 0.5336 

VC 0.0242 0.0248 0.0387 0.1399 

 

Table S2. Quantitative statistics of l structural errors and GPR prediction performance 
for the sand column Cd-phosphate cotransport simulation under the three scenarios. 

Constraints 
GPR 

prediction 
error (RMSE) 

Mean of 
structural error 

Standard 
deviation of 

structural error 

Range of 
structural error 

Without 
physical 

constraint 
0.0984 -0.0050 0.1061 0.4113 

With single 
physical 

constraint 
0.0426 -0.0010 0.0485 0.2104 

With multiple 
physical 

constraints 
0.0396 -0.0021 0.0380 0.1677 

 
Comment 4: The posterior parameter distributions show that some parameters still 
exhibit pronounced multimodality under the multiple-constraint scenario. This suggests 
that parameter equifinality or limited parameter identifiability may still remain. The 
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authors should discuss the possible causes of this phenomenon and its implications for 
the reliability of parameter estimation. 

Response: We thank the reviewer for this important suggestion. We agree that some 
parameters still exhibit multimodal posterior distributions even after coupling multiple 
physical constraints. 

We consider this phenomenon to reflect the inherent parameter uncertainty in 
complex inverse problems. First, although multiple physical constraints provide 
additional information, they primarily constrain the corrected predictions rather than 
individual parameters directly. Therefore, different parameter combinations may still 
produce predictions that simultaneously satisfy the observational data and multiple 
physical constraints, and parameter uncertainty consequently remains. In addition, 
when no physical constraints or only a single physical constraint is coupled, the 
information provided by the observational data and physical constraints may be 
insufficient to adequately constrain parameter uncertainty, resulting in relatively broad 
posterior distributions. After multiple physical constraints are coupled, more effective 
information becomes available for identifying the parameter posterior distributions, 
allowing multiple local regions with high probability density to be more effectively 
identified and thereby resulting in more pronounced multimodal posterior distributions. 

These results indicate that coupling multiple physical constraints does not increase 
parameter equifinality or uncertainty, but instead further improves parameter 
identifiability. Nevertheless, some parameter uncertainty remains because of 
insufficient direct data for parameter identification. 
 
Comment 5: Increasing the number of physical constraints does not necessarily 
improve prediction, and additional constraints may be redundant or even conflict with 
existing constraints. The authors are encouraged to discuss the principles for selecting 
appropriate physical constraints. 

Response: We are grateful to the reviewer for this important recommendation. We 
agree that increasing the number of physical constraints does not necessarily lead to 
continuous improvements in predictive performance, and that inappropriate constraints 
may even introduce redundant information or conflict with existing constraints. 
Following this suggestion, we have added a discussion on the principles for selecting 
physical constraints in the Discussion section (Line 767).  

Line 767: In addition, the effectiveness of physical constraints depends on the 
information they provide rather than simply on their number. When multiple physical 
constraints are introduced, emphasis should not be placed solely on increasing their 
number. Instead, the complementarity and potential competition among different 
physical constraints should be carefully evaluated to prevent redundant or conflicting 
constraints from adversely affecting parameter identification, thereby ensuring the 
physical consistency of the predictions. 
 
Comment 6: The proposed method is tested only using a laboratory sand column 
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experiment and an idealized synthetic model. The authors should clarify in the 
Discussion the conditions under which the proposed method can be extended to real 
contaminated sites or watershed-scale applications, as well as its potential limitations. 

Response: We appreciate the reviewer’s insightful comment. We agree that the 
laboratory and synthetic case studies cannot fully represent the complexity of real-
world conditions. Following this suggestion, we have added a discussion of the 
potential limitations and applicability of the proposed method to real contaminated sites 
and watershed-scale applications (Line 775). 

Line 775: Notably, although the effectiveness and generalizability of the proposed 
method have been demonstrated through two case studies, some limitations remain 
when applying the method to real contaminated sites and watershed-scale applications. 
Effective application of the method requires sufficient and representative observational 
data, reliable identification of the sources of model structural error, and strong 
relationships between the introduced physical constraints and structural error. 
 
Comment 7: Since the proposed method introduces additional sub-likelihood functions 
and dynamic weight updating, the computational cost should be discussed. 

Response: We are grateful to the reviewer for highlighting this important concern. 
Following this suggestion, we have added a discussion of the computational cost of the 
proposed method in the Discussion section (Line 666). 

Line 666: However, the dynamic weight-updating strategy introduces additional 
computational overhead. Compared with the DDM without physical constraints or with 
fixed weights, the proposed method requires the weights of sub-likelihood functions to 
be dynamically calculated and updated during MCMC sampling, with the 
computational burden increases as more physical constraints are introduced. 
 
Comment 8: The values of porosity and bulk density appear to be inconsistent between 
the text and the table in Case Study 2. Please check and clarify these values. 

Response: We thank the reviewer for pointing out this issue. We apologize for the 
inconsistency in the reported porosity and bulk density values in Case Study 2. We have 
corrected the erroneous values (Line 354) and carefully checked the manuscript to 
ensure that all parameter values are now reported correctly.  

Line 354: The column was uniformly packed with dry soil, and the average porosity 
(0.4) and bulk density (1.24 g/cm³) were determined using the gravimetric method. 
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Responses to the Evaluation of Reviewer #2 
General Comments 

This manuscript presents a data-driven framework for correcting structural errors 
in groundwater contaminant transport models. Gaussian process regression is used to 
represent systematic model discrepancy, while multiple physical constraints are 
introduced through a combined likelihood function. An adaptive weighting strategy and 
a stopping criterion are proposed to balance the observational likelihood and the 
likelihood terms associated with different physical constraints. The framework is tested 
using a synthetic three-dimensional PCE reactive-transport model with simplified 
preferential pathways and a Cd–phosphate sand-column experiment in which the 
cotransport mechanism is omitted from the physical model. The results show that using 
multiple physical constraints can improve validation-period predictions, reduce mass-
balance errors, and narrow posterior parameter and prediction intervals.  The topic is 
relevant to groundwater modeling and uncertainty analysis. Model structural error is an 
important source of predictive uncertainty but is often treated less explicitly than 
parameter uncertainty. The main contribution of the study is the extension of a GPR-
based structural-error correction method from a single physical constraint to multiple 
constraints, together with an adaptive weighting procedure. The two case studies 
represent different types of model inadequacy and provide a useful first demonstration 
of the method. The manuscript is generally well organized, and the results are 
encouraging. However, several methodological details and interpretations should be 
clarified before publication. These revisions do not require changing the main 
framework, but they would improve reproducibility and strengthen the conclusions. 

Response: We thank the reviewer for the positive evaluation and insightful comments 
to this manuscript, and we have carefully addressed these comments in below responses 
and revised the manuscript. 
 
Specific Comments 
 
Comment 1: Please clarify how adaptive weighting is implemented within the MCMC 
procedure. 
The dynamic weighting strategy is central to the manuscript, but it is not fully clear 
whether the weights are updated independently for each Markov chain or shared among 
all chains. Please also explain how samples generated before and after weight 
stabilization are used in the posterior analysis. A practical approach would be to treat 
weight adjustment as an adaptive or burn-in stage, fix the weights after the stopping 
criterion is reached, and use only the subsequent samples for posterior inference. It 
would also be helpful to report the iteration at which the weights stabilize, together with 
standard MCMC diagnostics such as acceptance rate, R^, and effective sample size. 

Response: Thanks for pointing out this important problem. We apologize for not 
clearly describing the implementation of the dynamic weight-updating strategy during 
MCMC sampling. It should be noted that the dynamic weight-updating strategy is 
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applied only during the burn-in period. During this period, the weights of the sub-
likelihood functions are updated separately for each Markov chain based on its own 
evolution. Once the stopping criterion for weight updating is satisfied, the weights are 
fixed, and only the subsequent samples generated using these fixed weights are used 
for posterior inference. Therefore, the dynamic updating of the sub-likelihood weights 
does not alter the target posterior distribution used for posterior inference. 

Following this suggestion, we made three main revisions. (1) We explicitly 
clarified in the main text that, during the burn-in period, the sub-likelihood weights are 
dynamically updated separately for each Markov chain based on its own evolution 
(Line 275). (2) We added annotations to Figures 10 and 11 indicating the iterations at 
which the weight updating was terminated. (3) For both case studies, we evaluated the 
evolution of the Gelman–Rubin statistics for all parameters when multiple physical 
constraints were coupled (Figs. S1 and S2), and used these statistics to assess MCMC 
convergence. 

Line 275: Since multiple Markov chains are employed, the weights of the sub-
likelihood functions are updated separately for each chain during the burn-in period 
based on its own evolution. Once the stopping criterion is satisfied, a common set of 
fixed sub-likelihood weights is used for subsequent sampling across all chains. 

 
Figure S1. Gelman-Rubin diagnostics of Markov chains for the synthetic groundwater 
PCE reactive transport simulation under the multiple-constraint scenario. 
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Figure S2. Gelman-Rubin diagnostics of Markov chains for the sand column Cd-
phosphate cotransport simulation under the multiple-constraint scenario. 
 
Comment 2: The formulation and scaling of the physical constraints need further 
explanation. 
In Eqs. (9)-(10), the constrained variable includes the physical-model prediction, GPR 
structural error, and measurement error. Since measurement error is not expected to 
satisfy mass conservation, the authors may consider applying the physical constraints 
to the latent corrected state, f(θ)+b(x,ϕ), rather than to the observation noise. 
Alternatively, the current implementation should be justified more clearly. Please also 
explain why the same constraint variance of 0.2 is used for constraints with different 
units and numerical scales. A short sensitivity test using one or two alternative values, 
or a description of how the constraint residuals were normalized, would be sufficient. 

Response: We thank the reviewer for this important suggestion. In the framework 
proposed in this study, the corrected groundwater model predictions consist of three 
components: the physical model predictions, structural error, and measurement error. 
Since measurement error remains an important component of the corrected predictions, 
we consider it appropriate to impose the physical constraints on the sum of these three 
components.  

In addition, following this suggestion, we conducted a sensitivity analysis of the 
constraint variance, σc2. For both case studies, we evaluated prediction performance 
and mass conservation errors under different constraint variances, i.e., σc2 = 0.01, 0.1, 
0.2, and 0.5 (Figs. S3 and S4).  

The results show that when σc2 is relatively small or large, such as σc2 = 0.01 or 
0.5, the agreement between the predictions and observations deteriorates, resulting in 
relatively large RMSE values and mass conservation errors. When σc2 = 0.2, both 
RMSE and mass conservation error are minimized. Therefore, σc2 = 0.2 was adopted in 
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this study, consistent with the findings of our previous study (Tian et al., 2026). 

 
Figure S3. Predictions of synthetic groundwater PCE reactive transport simulation 
under different constraint variances (σc2). 

 
Figure S4. Predictions of sand column Cd-phosphate cotransport simulation under 
different constraint variances (σc2). 
 
Comment 3: Please provide a more complete assessment of predictive uncertainty. The 
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manuscript mainly interprets narrower 95% prediction intervals as reduced uncertainty. 
Narrower intervals are useful only when they retain adequate coverage. Please report, 
at least for the validation period, the coverage rate and average width of the 95% 
prediction intervals. An interval score could also be included if readily available. For 
the synthetic case, it would be useful to indicate whether the known true parameter 
values fall within the corresponding posterior credible intervals. These additions would 
distinguish improved uncertainty quantification from simple interval contraction. 

Response: We thank the reviewer for this important suggestion. Following this 
suggestion, we have added the coverage rates and average widths of the 95% 
confidence intervals for the simulated results of both case studies (Tables S1 and S2) 
and included the corresponding discussion in the revised manuscript (Lines 577 and 
619). 

Line 577: In contrast, simultaneously coupling multiple physical constraints markedly 
reduces the prediction intervals for all chlorinated hydrocarbons (Figs. 8i-8l), and the 
corresponding average widths of the 95% prediction intervals are substantially smaller 
(Table S1), indicating reduced predictive uncertainty. 

Line 619: In contrast, when the Cd concentration bound constraint is additionally 
coupled, all posterior predictions remain within the physically admissible range, and 
the corresponding 95% prediction intervals exhibit substantially smaller average widths 
(Table S2), indicating a marked reduction in predictive uncertainty. 

In addition, we consider the reviewer’s suggestion to verify whether the true 
parameter values fall within the corresponding posterior intervals to be highly valuable. 
However, the present study adopts an external correction approach for model structural 
error rather than an internal correction approach. Therefore, the identified posterior 
distributions of the parameters should be compared with the true parameter values of 
the simplified model. 

In the first case study, the preferential flow regions differ in shape between the 
true and simplified models. Consequently, the parameter values of the true model 
(hydraulic conductivity and dispersivity) cannot be regarded as the true values of the 
corresponding parameters in the simplified model, and the true parameter values of the 
simplified model are therefore unavailable. The second case study is a real case based 
on a laboratory sand column experiment, in which the physical parameters to be 
identified (the proportion coefficient of equilibrium sorption f, the Freundlich isotherm 
coefficient kd and the isotherm shape parameter β) cannot be directly measured. In 
addition, the GPR hyperparameters in both case studies are statistical parameters used 
to characterize the structural error and lack direct physical meaning. Therefore, their 
posterior distributions cannot be validated against true values. 

It is worth noting that, in the second case study, if hydraulic conductivity were 
selected as an unknown parameter, its experimentally measured value could be used as 
the true value to validate the posterior distribution of the identified parameter. 
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Table S1. Evaluation of predictive uncertainty for the sand column Cd-phosphate 
cotransport model under the three scenarios. 

Constraints Calibration/ 
Validation Species Coverage rate 

of 95% PI 
Average width 

of 95% PI 

Without 
physical 

constraint 

Calibration 

PCE 100.00% 4.8549 
TCE 100.00% 3.3433 
DCE 100.00% 1.7583 
VC 100.00% 0.8372 

Validation 

PCE 100.00% 4.6832 
TCE 100.00% 4.8017 
DCE 100.00% 3.3493 
VC 100.00% 1.0976 

With single 
physical 

constraint 

Calibration 

PCE 100.00% 4.0288 
TCE 100.00% 2.2447 
DCE 100.00% 0.682 
VC 100.00% 0.2225 

Validation 

PCE 100.00% 4.1261 
TCE 100.00% 3.7011 
DCE 100.00% 3.0829 
VC 100.00% 1.0726 

With multiple 
physical 

constraints 

Calibration 

PCE 100.00% 1.1897 
TCE 100.00% 1.1904 
DCE 100.00% 1.1828 
VC 100.00% 1.0828 

Validation 

PCE 100.00% 1.2039 
TCE 100.00% 1.2668 
DCE 100.00% 1.2304 
VC 100.00% 1.0867 

 

Table S2. Evaluation of predictive uncertainty for the synthetic groundwater PCE 
reactive transport model under the three scenarios. 

Constraints Calibration/ 
Validation 

Coverage rate of 
95% PI 

Average width of 
95% PI 

Without physical 
constraint 

Calibration 100.00% 0.4517 
Validation 90.00% 0.2395 

With single 
physical constraint 

Calibration 100.00% 0.3839 
Validation 100.00% 0.2332 

With multiple 
physical constraints 

Calibration 86.67% 0.1260 
Validation 100.00% 0.1195 
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Comment 4: Several case-study details should be checked and clarified. 
The measured bulk density of the sand column is reported as 1.69 g cm^{-3}, whereas 
Table 2 gives 1.24 g cm^{-3}. Please confirm which value was used in the model. The 
upper Cd concentration bound of 0.75 mg cm−3 also appears inconsistent with the 
stated influent concentration of 0.1 mM and may represent a normalized concentration; 
the unit and definition should therefore be verified. In addition, the exponential and 
gamma priors in Tables 3 and 4 should be defined by their distribution parameters, not 
only by ranges. 

Response: We thank the reviewer for pointing out this important issue. We apologize 
for the confusion caused by the inconsistent parameter descriptions. After carefully 
rechecking the model settings, we confirmed that the bulk density of the sand column 
used in the model is 1.24g/cm. We have corrected the corresponding parameter 
description in the revised manuscript (Line 354). 

Regarding the upper-bound constraint on Cd concentration, we carefully 
rechecked the model settings and computational codes and confirmed that both the 
definition and implementation of this constraint are correct. The only error was the y-
axis label in Figure 9. Specifically, Fig. 9 presents the normalized Cd concentration, 
C/C0, rather than the absolute Cd concentration, where C/C0 represents the ratio of the 
Cd effluent concentration to the initial injected concentration. We have therefore 
corrected the y-axis label in Figure 9 and the corresponding description of the physical 
constraint (Line 456). In addition, it should be clarified that the upper-bound constraint 
on Cd concentration was not directly determined from the initial injected concentration. 
Instead, it was specified based on the maximum Cd concentration observed in the 
experiment to constrain the model predictions within a physically reasonable range. 

Following the reviewer’s suggestion, we have also added the parameter values of 
the exponential and Gamma prior distributions in Tables 3 and 4 to explicitly define 
these priors. 

Line 354: The column was uniformly packed with dry soil, and the average porosity 
(0.4) and bulk density (1.24 g/cm³) were determined using the gravimetric method. 

Line 456: The experimental breakthrough curve indicates that the upper bound of Cd 
concentration does not exceed 75% of the initial influent concentration C0. 
 
Comment 5: A simple comparison would help isolate the value of the adaptive 
weighting strategy. 
The current scenarios compare no constraint, one constraint, and multiple constraints. 
It is therefore difficult to determine how much of the improvement comes from adding 
physical constraints and how much comes from dynamically updating their weights. 
Please consider adding one simple baseline using multiple constraints with fixed equal 
weights or fixed weights after residual normalization. This comparison could be limited 
to one representative case if computational cost is a concern. The discussion should also 
slightly moderate statements such as “general framework” and “physical constraints 
function analogously to additional observations.” More precise wording would be that 
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the framework has been demonstrated in two cases and that physical constraints provide 
additional prior or regularization information. Because the remaining mass-balance 
errors are not negligible, “reduces violations of mass conservation” would also be more 
accurate than implying that conservation is fully satisfied. 

Response: We thank the reviewer for this important suggestion. We agree that it is 
necessary to compare the simulation results obtained using the dynamic and fixed 
weighting strategies. Following this suggestion, we have added the simulation results 
using the fixed weighting strategy when multiple physical constraints are 
simultaneously coupled (Figs. S5–S8), together with the corresponding performance 
metrics (Tables S3 and S4), and discussed these results in the revised manuscript (Line 
659). In addition, we have revised several statements in the manuscript (Lines 703 and 
790) to more accurately describe the applicability of the proposed method and avoid 
overstatement. 

Compared with the dynamic weight-updating strategy, the fixed weighting 
strategy results in relatively large carbon and chlorine mass conservation errors in Case 
Study 1 (Fig. S5), and substantially poorer predictive performance for all four 
chlorinated hydrocarbons (Fig. S6). Similarly, in Case Study 2, the fixed weighting 
strategy results in a substantially larger Cd mass conservation error (Fig. S7) and greater 
bias in the predicted Cd concentrations (Fig. S8). These results demonstrate that 
although multiple physical constraints can provide additional information, 
appropriately balancing the contributions of different physical constraints is critical for 
improving predictive performance and physical consistency, further supporting the 
effectiveness and necessity of the dynamic weight-updating strategy. 

Line 659: In contrast, the proposed dynamic weight-updating strategy is well suited to 
combined likelihood functions that integrate multiple sub-likelihoods associated with 
distinct physical mechanisms, resulting in substantially improved predictive accuracy 
and physical consistency compared with the fixed weighting strategy (Figs. S5-S8). 

Line 703: Within the Bayesian uncertainty analysis, these physical constraints provide 
additional information for parameter identification, thereby further reducing parameter 
uncertainty。 

Line 790: This study proposes a structural error correction framework capable of 
coupling multiple physical constraints, which has been demonstrated through two case 
studies. 
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Figure S5. Variation in the carbon/chlorine mass balance error rate for the synthetic 
groundwater PCE reactive transport model under the multiple-constraint scenario with 
fixed weights. 

  
Figure S6. Variation in the cadmium mass balance error rate for the sand column Cd-
phosphate cotransport model under the multiple-constraint scenario with fixed weights. 
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Figure S7. DDM predictions of chlorinated ethenes concentrations under the multiple-
constraint scenario with fixed weights. 

Table S3. Evaluation of predictions for the synthetic groundwater PCE reactive 
transport model under the multiple-constraint scenario with fixed weights. 

Constraints Calibration/ 
Validation Species NSE MAE RMSE 

With multiple 
physical 

constraints 
(fixed 

weights) 

Calibration 

PCE 0.3562 1.3212 1.6362 
TCE 0.6518 1.0199 1.2937 

DCE 0.8649 0.2452 0.3297 
VC 0.9274 0.0381 0.0492 

Validation 

PCE -2.1390 0.1848 0.2252 
TCE 0.9921 0.0253 0.0328 

DCE -3.5710 0.7924 0.8078 
VC -1.0849 0.2150 0.2324 
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Figure S8. DDM predictions of cadmium concentration under the multiple-constraint 
scenario with fixed weights. 

Table S4. Evaluation of predictions for the sand column Cd-phosphate cotransport 
model under the multiple-constraint scenario with fixed weights. 

Constraints Calibration/ 
Validation NSE MAE RMSE 

With multiple 
physical 

constraints 
(fixed weights) 

Calibration 0.9112 0.0408 0.0499 
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Responses to the Evaluation of Reviewer #3 
General Comments 

This manuscript presents a physics-informed data-driven framework for correcting 
structural errors in groundwater reactive transport models. The topic is timely and 
relevant, and the proposed framework has the potential to improve predictive accuracy 
in groundwater models. I recommend publication after the following points are 
addressed. 

Response: We thank the reviewer for the positive evaluation and insightful comments 
to this manuscript, and we have carefully addressed these comments in below responses 
and revised the manuscript. 
 
Specific Comments 
 
Comment 1: (Section 2.3) The authors introduced a dynamic weight-updating strategy 
to improve parameter identification and prediction accuracy when coupling multiple 
physical constraints. However, this is somewhat expected because additional physical 
constraints introduce more information into the inverse problem. Would similar 
improvements be obtained if fixed weights were assigned to multiple constraints? A 
comparison between constant-weight likelihood formulation may better demonstrate 
the necessity of the proposed adaptive weighting scheme. 

Response: We thank the reviewer for this important suggestion. We agree that it is 
necessary to compare the simulation results obtained using the dynamic and fixed 
weighting strategies. Following this suggestion, we have added the simulation results 
using the fixed weighting strategy when multiple physical constraints are 
simultaneously coupled (Figs. S1–S4), together with the corresponding performance 
metrics (Tables S1 and S2), and discussed these results in the revised manuscript (Line 
659). 

Compared with the dynamic weight-updating strategy, the fixed weighting 
strategy results in relatively large carbon and chlorine mass conservation errors in Case 
Study 1 (Fig. S1), and substantially poorer predictive performance for all four 
chlorinated hydrocarbons (Fig. S2). Similarly, in Case Study 2, the fixed weighting 
strategy results in a substantially larger Cd mass conservation error (Fig. S3) and greater 
bias in the predicted Cd concentrations (Fig. S4). These results demonstrate that 
although multiple physical constraints can provide additional information, 
appropriately balancing the contributions of different physical constraints is critical for 
improving predictive performance and physical consistency, further supporting the 
effectiveness and necessity of the dynamic weight-updating strategy. 

Line 659: In contrast, the proposed dynamic weight-updating strategy is well suited to 
combined likelihood functions that integrate multiple sub-likelihoods associated with 
distinct physical mechanisms, resulting in substantially improved predictive accuracy 
and physical consistency compared with the fixed weighting strategy (Figs. S1-S4). 
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Figure S1. Variation in the carbon/chlorine mass balance error rate for the synthetic 
groundwater PCE reactive transport model under the multiple-constraint scenario with 
fixed weights. 

  
Figure S2. Variation in the cadmium mass balance error rate for the sand column Cd-
phosphate cotransport model under the multiple-constraint scenario with fixed weights. 
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Figure S3. DDM predictions of chlorinated ethenes concentrations under the multiple-
constraint scenario with fixed weights. 

Table S1. Evaluation of predictions for the synthetic groundwater PCE reactive 
transport model under the multiple-constraint scenario with fixed weights. 

Constraints Calibration/ 
Validation Species NSE MAE RMSE 

With multiple 
physical 

constraints 
(fixed 

weights) 

Calibration 

PCE 0.3562 1.3212 1.6362 
TCE 0.6518 1.0199 1.2937 
DCE 0.8649 0.2452 0.3297 
VC 0.9274 0.0381 0.0492 

Validation 

PCE -2.1390 0.1848 0.2252 
TCE 0.9921 0.0253 0.0328 
DCE -3.5710 0.7924 0.8078 
VC -1.0849 0.2150 0.2324 
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Figure S4. DDM predictions of cadmium concentration under the multiple-constraint 
scenario with fixed weights. 

Table S2. Evaluation of predictions for the sand column Cd-phosphate cotransport 
model under the multiple-constraint scenario with fixed weights. 

Constraints Calibration/ 
Validation NSE MAE RMSE 

With multiple 
physical 

constraints 
(fixed weights) 

Calibration 0.9112 0.0408 0.0499 

 
Comment 2: (Section 4.1) The physical constraints considered in the synthetic case are 
based on carbon and chlorine mass conservation, which can be accurately quantified in 
the example. In practical applications, however, physical constraints are often subject 
to uncertainty, e.g., boundary fluxes or source terms. Can the authors discuss how the 
proposed framework would handle situations when the physical constraints themselves 
are uncertain? 

Response: We thank the reviewer for this important suggestion. We agree that physical 
constraints are often difficult to define appropriately in real-world groundwater systems. 
In the proposed framework, the confidence on the accuracy of each physical constraint 
is represented by the constraint variance of each physical constraint (σc2 ). A smaller σc2 

indicates lower uncertainty in the physical constraint and therefore imposes a stricter 
constraint. In addition, the physical constraints incorporated into the proposed 
framework must be expressed in a quantifiable mathematical form, such as equality or 
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inequality constraints. 
 
Comment 3: (Section 5.1) It is expected that the posterior distributions contract 
compared to the case with single constraint or without physical constraint. I suggest 
plotting the reference distributions in Figures 4 and 5. This would allow readers to 
assess whether they converge toward the correct parameter values. 

Response: We thank the reviewer for this important suggestion. We consider the 
reviewer’s suggestion to verify whether the true parameter values fall within the 
corresponding posterior intervals to be highly valuable. However, the present study 
adopts an external correction approach for model structural error rather than an internal 
correction approach. Therefore, the identified posterior distributions of the parameters 
should be compared with the true parameter values of the simplified model. 

In the first case study, the preferential flow regions differ in shape between the 
true and simplified models. Consequently, the parameter values of the true model 
(hydraulic conductivity and dispersivity) cannot be regarded as the true values of the 
corresponding parameters in the simplified model, and the true parameter values of the 
simplified model are therefore unavailable. The second case study is a real case based 
on a laboratory sand column experiment, in which the physical parameters to be 
identified (the proportion coefficient of equilibrium sorption f, the Freundlich isotherm 
coefficient kd and the isotherm shape parameter β) cannot be directly measured. In 
addition, the GPR hyperparameters in both case studies are statistical parameters used 
to characterize the structural error and lack direct physical meaning. Therefore, their 
posterior distributions cannot be validated against true values. 

It is worth noting that, in the second case study, if hydraulic conductivity were 
selected as an unknown parameter, its experimentally measured value could be used as 
the true value to validate the posterior distribution of the identified parameter. 
 
Comment 4: (Section 5.4.1) The proposed framework iteratively updates the weights 
of the sub-likelihood functions. I have two questions regarding this procedure: (1) In 
case 1, the sub-likelihood values differ by several orders of magnitude. Does this imply 
that certain physical constraints are inherently more informative than the others? (2) 
Since one of the motivations of the framework is its application to practical problems, 
the computational cost of the adaptive weighting procedure needs to be addressed. 

Response: We thank the reviewer for raising this important issue. 

(1) We consider that differences in the orders of magnitude among the sub-
likelihood functions do not necessarily indicate that certain physical constraints contain 
more information. Rather, these differences mainly arise from the different 
formulations of the physical constraints. Because different physical constraints are 
constructed based on different physical quantities and physical relationships, their 
corresponding constraint error terms generally differ in numerical scale and range of 
variation, resulting in different orders of magnitude among the sub-likelihood functions. 
For example, in Case Study 1, carbon and chlorine account for different mass fractions 
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in the four chlorinated hydrocarbons. Consequently, the mass conservation error terms 
for carbon and chlorine differ in numerical scales, leading to different orders of 
magnitude in their corresponding sub-likelihood functions. This further highlights the 
importance of the proposed dynamic weight-updating strategy. 

(2) Following the reviewer’s suggestion, we have added a discussion of the 
computational cost of the proposed method in the Discussion section (Line 666). 

Line 666: However, the dynamic weight-updating strategy introduces additional 
computational overhead. Compared with the DDM without physical constraints or with 
fixed weights, the proposed method requires the weights of sub-likelihood functions to 
be dynamically calculated and updated during MCMC sampling, with the 
computational burden increases as more physical constraints are introduced. 
 
Comment 5: (Section 5.4.3) This study does not compare the developed framework 
against other physics-informed machine learning approaches. As such, it is difficult to 
evaluate how much improvement comes from this model compared with existing 
approaches, such as PINNs. I understand implementing these methods is beyond the 
scope of this work; can the authors include a discussion comparing the proposed 
framework with existing physics-informed approaches? 

Response: We thank the reviewer for this important suggestion. Following this 
suggestion, we have added a comparative discussion of the proposed method and PIML 
approaches in the Discussion section (Line 745). 

Line 745: The proposed method primarily focuses on structural error correction and can 
adaptively correct structural error based on the discrepancy between physical model 
predictions and observations, providing a reasonable mechanism for structural error 
compensation. Unlike PIML approaches, which typically require the calculation of 
partial differential equation (PDE) residuals or modification of machine learning model 
architectures for specific problems, the proposed method can flexibly incorporate 
multiple physical constraints within a Bayesian framework. Moreover, it avoids the 
limitation of applying PIML to structural error correction, where physical constraints 
are imposed only on the error correction model rather than on the entire corrected 
prediction. 
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