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7 Abstract

8 We develop an exact analytical framework for the hierarchical fractional dynamics
9 of interacting many-body systems and apply it to the nonlinear Coulomb stress transfer
10 that governs seismicity in fractally organised fault networks. The framework rests on
1 a scaling relation ay = 2 — 2/(Nj, + 1) that connects the order of a Riemann-Liouville
12 fractional evolution equation at hierarchical level k to the number N} of interacting
13 bodies at that level, derived in a companion paper (Chishtie, 2026, Physics Open)
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14 and applied here to the seismogenic setting. Closed-form solutions are obtained via
15 parametric trigonometric representations oy (f) o sin*6 at each level together with
16 Chebyshev polynomial inversions of the time—parameter relation, and they converge
17 to the classical wave equation as Ny — oco. We embed the framework into the Time-
18 Dependent Stress Response (TDSR) seismicity model of Dahm and Hainzl (2022, J.
19 Geophys. Res.) to describe the hierarchical Coulomb stress cascade through a fractally
20 organised fault network. Three quantitative, falsifiable scaling laws follow from the
21 closed-form solutions with no free parameters: an Omori—Utsu aftershock decay expo-
2 nent p = ag/2 =1—1/(Ng + 1) that stratifies across generations; a spatial Coulomb
23 stress falloff ¢~(+ox) that departs measurably from the classical elastic £~3 law; and
2 a Gutenberg—Richter b-value by ~ Dy Nj/(Nj + 1) that accounts for the longstand-
25 ing discrepancy between the fractal-dimension expectation b = Dy ~ 1.5-2 and the
26 commonly observed b ~ 1 as a finite-Nj fractional correction. Numerical verification
27 using the Griinwald—Letnikov scheme against the Mittag-Leffler exact series solution of
28 the fractional relaxation equation confirms the analytical results. The standard TDSR
29 model is recovered exactly as Np — oo at all hierarchical levels and is therefore a
30 special case of the present framework. We present illustrative qualitative comparisons
31 with the 2023 Kahramanmarag doublet and the 2024 Noto Peninsula earthquake; a sys-
32 tematic generation-stratified analysis across many sequences is set out as the primary
33 observational test of the framework.

u Keywords: fractional dynamics; hierarchical N-body problem; Riemann—Liouville deriva-
35 tive; nonlinear geophysics; Coulomb stress transfer; anomalous diffusion; Omori-Utsu law;

s Gutenberg—Richter relation; fault networks; HFTDSR, model.



https://doi.org/10.5194/egusphere-2026-3498
Preprint. Discussion started: 21 July 2026 G
© Author(s) 2026. CC BY 4.0 License. E U Sp here

+ 1 Introduction

;s Probabilistic seismic hazard assessment depends on seismicity models that can forecast earth-
3 quake rates as functions of time, location, and magnitude. Over the past three decades,
w0 physics-based models have progressively supplanted purely statistical approaches by ground-
a1 ing rate forecasts in the mechanics of stress transfer and fault failure. The two most widely
» deployed physics-based formulations are the Coulomb Failure (CF) model (King et al., 1994)
s and the rate-and-state (RS) model of Dieterich (1994) (see also Heimisson and Segall 2018),
w  both of which operate in the Coulomb stress approximation. A recent synthesis by Dahm and
s Hainzl (2022) demonstrates that both models are special cases of a broader Time-Dependent
s Stress Response (TDSR) framework in which earthquake triggering is characterised by a

s mean time-to-failure

10 =t en(5). o

a

i where ( = Sy— o, is the distance to the Coulomb failure threshold and do is a skin parameter.

s The total seismicity rate is

o= | i .

so where x((,t) is the time-evolving density of fault sources at stress level (. The TDSR
51 model reproduces Omori-Utsu decay, stress-shadow quiescence, and stationary background
52 seismicity within a single concise formulation.

53 A fundamental limitation shared by all three models is that the source distribution (¢, t)
sa is specified by an effective-medium assumption: every fault element in volume V' receives
55 the same Coulomb stress increment and inter-element interactions are absorbed into bulk
ss  moduli. This provides no analytical description of the hierarchical stress cascade governing
s multi-generation aftershock sequences. Natural fault systems are organised hierarchically
ss across many orders of magnitude in scale: tectonic plate boundaries subdivide into ma-
so jor fault zones, which subdivide into individual fault segments, which are resolved further

6 1into asperity patches and micro-crack networks. The fractal self-similarity of this struc-



https://doi.org/10.5194/egusphere-2026-3498
Preprint. Discussion started: 21 July 2026 EG U
sphere

(© Author(s) 2026. CC BY 4.0 License.

s ture is well-documented (Turcotte, 1997; Kagan, 2010), yet neither ETAS (Ogata, 1988) nor
e TDSR provides an exact, closed-form description of how Coulomb stress evolves level by level
63 through such a hierarchy.

64 A further modelling limitation concerns the choice of fractional operator. Existing frac-
s tional extensions of seismicity models (Michas and Vallianatos, 2023) adopt the Caputo
e derivative, which restricts the temporal order to unit-bounded intervals and imposes initial
e conditions in terms of integer-order derivatives. In a seismogenic system with pre-existing
e deformation history, the physically correct initial conditions involve fractional moments of
e the stress field, and the order of the governing operator need not be confined to a single unit
7w interval. The Riemann-Liouville (RL) derivative, defined for all o > 0, is therefore the more
n  general and physically appropriate choice.

7 The present paper introduces the Hierarchical Fractional Time-Dependent Stress Re-
7 sponse (HfTDSR) framework, which embeds the TDSR formulation within a hierarchical
7 N-body fractional dynamics in which the governing equation at each level carries an RL
s derivative of order ay, > 0. In the companion paper Chishtie (2026), exact analytical solu-

7 tions to the hierarchical N-body problem were obtained using the scaling relation

2

-2 - —
(673 Nk‘i‘].?

3)
7 where Ny is the number of bodies (fault segments) at level k. Solutions are expressed in para-
75 metric trigonometric form o(f) o sin*@ and inverted via Chebyshev polynomial expansions,
7 achieving machine-precision accuracy.

80 We show here that fault segments at level k receiving Coulomb stress from a level-(k — 1)
a1 rupture constitute precisely such an Ni-body sub-system. The RL fractional order oy, controls
&2 the anomalous diffusion of that stress through the surrounding viscoelastic crust, and the
ss parametric solutions provide the exact time evolution of the Coulomb stress increment that
s enters equation (2). The resulting multi-scale seismicity rate reduces to the TDSR rate of

ss Dahm and Hainzl (2022) exactly in the limit N, — oo, confirming that HfTDSR is strictly

4



https://doi.org/10.5194/egusphere-2026-3498
Preprint. Discussion started: 21 July 2026 EG U
sphere

(© Author(s) 2026. CC BY 4.0 License.

s more general than TDSR.

87 The paper is organised as follows. Section 2 establishes the hierarchical fault model and
e the N-body mapping. Section 3 defines the RL derivative and derives the fractional stress
g evolution equation with its exact parametric solution. Section 4 integrates these results into
o the HfTDSR rate formula and derives the three falsifiable scaling laws, each illustrated numer-
o ically. Section 5 presents illustrative qualitative comparisons with recent major earthquake
e sequences. Section 6 discusses implications, limitations, and the systematic observational

o3 test required for falsification.

»« 2 'The Hierarchical Fault System as an N-body Prob-

0 lem

« 2.1 Geometry and definitions

o7 We consider a seismogenic volume V' cut by a hierarchically organised fault network. At level
e k = 0, a single master fault segment of length Ly accumulates tectonic strain until it fails
oo in a mainshock. The coseismic stress redistribution perturbs N; daughter fault segments at
wo level k = 1, each of characteristic length L; < L. Each level-1 segment in turn loads Ny
w1 level-2 sub-segments, and so on to depth K. The characteristic length scale at level k obeys

102 the fractal relation

Ly=LoXt,  A=N"YPs, (4)

s where Dy is the fractal dimension of the fault network (D; ~ 1.5-2.0; Turcotte 1997) and N
4 is the branching ratio, assumed uniform across levels for analytical tractability.
105 The dominant pairwise interaction between fault segments at level k is elastic. In the

s asymptotic far-field, the stress transfer kernel between two point dislocations separated by
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w7 distance r takes the form (Okada, 1992)
Kr,x)~Clr—1|7 as|r—1/| = oo (5)

s Remark 1 (Scope of equation (5)). Equation (5) is the asymptotic far-field elastic Coulomb
w0 stress kernel and is used in this paper only to establish the structural identity between the
wo  gradient of the elastic inter-segment potential and the gravitational 1/r* force of the hier-
u  archical N-body system of Chishtie (2026). It is not the spatial Coulomb stress prediction
n2  of the HFTDSR model. The HfTDSR spatial prediction is derived in Section 3 as the long-
us  range asymptotic solution of the Riemann—Liowville fractional wave-diffusion equation (10)
us and is given by Aagk)(ﬁ) oc £~0%ex) (Section 4.8, equation (16)). For every finite Ny > 2
us  this exponent is strictly less than three, so that the HfTDSR Coulomb stress decays more
us  slowly with distance than the classical elastic kernel of equation (5) and stress is transferred
wr  farther than predicted by purely elastic theory. This anomalous superdiffusion of Coulomb
us  stress is the spatial signature of the underlying fractional dynamics and is the second of the

no three falsifiable scaling laws developed in Section 4.

120 The r— dependence is structurally identical, at the level of the inter-body force (gradient
121 of the potential), to the gravitational 1/r? force of the N-body problem studied in Chishtie

122 (2026), and this structural identity is the physical foundation of the present mapping.

s 2.2 The N-body identification

124 Each fault segment at level k is identified with a body of effective mass my o Ay o, where
125 0, Is the effective normal stress and A; = Lz is the segment area. The separation between
s segments at the same level is r, ~ Lg_;. The inter-body potential is the Coulomb stress
w7 kernel K(r,r"), which plays the role of the gravitational potential.

128 Under these identifications, the hierarchical configuration assumption of Chishtie (2026)

1o maps onto the empirical observation that aftershock clusters are distributed approximately
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1w  isotropically around the mainshock epicentre at each hierarchical level (Zaliapin and Ben-
w Zion, 2013). The exact analytical solutions of Chishtie (2026) then apply directly, with the
3 fractional order at level k given by equation (3) and the inter-body (inter-segment) separation

133 given by the parametric solution

or(0) = O'(()k) sin*6), (6)

13« where 6 is a dimensionless parameter increasing monotonically with physical time and O'(()k)

135 is set by level-£ initial conditions.

s Proposition 1 (Fractional order hierarchy). For a seismogenic fault system in which each
17 level-k sub-system consists of Ny equally stressed fault segments interacting via an elastic
s Coulomb stress kernel of the asymptotic form (5), the order of the governing RL fractional

o stress evolution equation satisfies a = 2 — 2/(Ny, + 1), with oy, € (1,2) for all N > 2.

140 Figure 1 illustrates the three scaling laws derived from Proposition 1: the RL frac-
1w tional order ay, the Omori exponent pp = a4 /2, and the Gutenberg—Richter b-value b, =
w2 DyNi /(N + 1), all as functions of N,. All three quantities converge monotonically to their
ws  classical limits (o, — 2, pr — 1, by — Dy) as N — oo, and all depart measurably from

s those limits for the small NV, values characteristic of simple fault junctions.



https://doi.org/10.5194/egusphere-2026-3498
Preprint. Discussion started: 21 July 2026 EG U
sphere

(© Author(s) 2026. CC BY 4.0 License.

Figure 1 HfTDSR scaling laws as functions of N (bodies per hierarchical level)
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Figure 1: HfTDSR scaling laws as functions of the number of fault segments per hierar-
chical level, Ni. (a) Riemann-Liouville fractional order ay = 2 — 2/(Ny + 1), with specific
values annotated for N = 2,3,4. The classical elastic limit «y = 2 (dashed) and the pure
diffusion limit oy = 1 (dotted) are shown for reference. (b) Omori-Utsu decay exponent
pr = ag/2 =1—1/(Ni+1). The canonical global mean p = 1 (dashed) is only recovered as
Ny, — o0; the shaded band shows the observed global scatter p € [0.6,1.3]. (c) Gutenberg—
Richter b-value b, = DyNy/(Ny + 1) for fractal dimensions Dy = 1.2,1.5,1.8,2.0. The
observed global mean b &~ 1 (dashed) and typical observed range (shaded) are shown; for
Dy = 1.5 and N, = 2, by = 1.0 exactly.

» 3 The Riemann—Liouville Fractional Stress Equation

» and Exact Solutions

w 3.1 The Riemann—Liouville derivative

us  Definition 1 (Riemann-Liouville fractional derivative). Let f : [0,00) — R be locally inte-
u  grable and let n — 1 < a < n for some positive integer n. The Riemann—Liouville fractional
10 derivative of order o > 0 is

1 dr

oDy f(t) = T(n—a)d"

/0 (t— sy f(s) ds. (7)

151 The RL derivative is adopted throughout HfTDSR, for three reasons. First, it accom-
12 modates any «y > 0 without restriction to a unit-bounded interval, which is necessary for

153 potential extensions of the hierarchy to creep-dominated or dynamically coupled fault con-
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1+ figurations. Second, the RL derivative of a non-zero constant is not zero, which correctly
155 accounts for a pre-existing background stress state. Third, the natural initial conditions for

156 the RL equation involve fractional moments of the state variable,
ap—j k .
FDP o t)] e = 0 (r), =12, (8)

157 which are the physically appropriate conditions for a fault system with pre-existing deforma-

158 tion history. The relationship between the RL and Caputo operators is

n—1

oRLD?f(t)thaf(t)JF;F(j_M

ti—a

f(j)(OJr)’ (9)

159 showing that the Caputo derivative is the special case of the RL derivative in which all

10 integer-order initial values vanish.

w 3.2 The fractional Coulomb stress equation

12 At hierarchical level &, the Coulomb stress perturbation agk)(r, t) induced by the level-(k—1)
163 rupture satisfies

(F){LDI?% Uék) (I‘, t) = Dk: V2U£k) (I‘, t) + Slc(r: t)7 (10)

1« where Dy, is the generalised stress diffusivity at level k£ and Sy, is the source term representing
165 coseismic stress loading from the level-(k — 1) rupture, approximated as a spatially localised
s impulse. Equation (10) interpolates between pure subdiffusion (o, — 01), classical diffusion
w (o = 1), wave-diffusion crossover (ay, € (1,2)), and the classical elastic wave equation
ws (g = 2). For the values oy € (1,2) produced by equation (3) with N, > 2, the equation
10 describes anomalous superdiffusion of Coulomb stress, consistent with observed aftershock
wo diffusion rates exceeding classical predictions (Helmstetter and Sornette, 2002; Metzler and

wm Klafter, 2000).
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i 3.3 Exact parametric solution and numerical verification

3 The spatial problem reduces to a scalar RL ordinary fractional differential equation for the
s stress amplitude at the centroid of each level-k segment. Via the N-body identification of
s Section 2, the exact solution is given by the parametric form (6), with the physical time ¢

s recovered from 6 via the Chebyshev inversion

a? 0 ap — 1
HO) = —* Sin2 <1— k 2>d o0°). 11
Q QD;/Q/Osmas s 26 ) do + O(0) (1)

v Proposition 2 (Asymptotic stress decay). For large times, the Coulomb stress perturbation
ws at level k decays as

AP (t) ~ CLt™ /2t — o0, (12)

c

o where Cy, is fixed by level-k initial conditions. This decay is conveniently expressed by the

180 analytic model
Aa(gk)

A - =%
7 1+ (t/t)o2’

()

c

(13)
w1 which is constant for t < t. and recovers the power-law decay o< t=°%/2 = t7P% for t > t..

182 Figures 2 and 3 present numerical verification of these results. Figure 2 compares the
13 Grilnwald-Letnikov (GL) explicit numerical scheme against the Mittag-Leffler exact series
164 solution of the RL relaxation equation {“Dfu = —fu for Ny = 2,3,4 (ap = 4/3,3/2,8/5;
w pr = 2/3,3/4,4/5), and shows the parametric loading branch together with the analytic
186 Proposition 2 PDE tail. We emphasise that the Mittag-Leffler series is the exact solution
17 of the relaxation equation and that the closed-form parametric solution reproduces it to
188 machine precision; the 13-15% figure quoted below quantifies only the discretisation error of
189 the independent explicit finite-difference cross-check, not any error in the analytical result.
100 Specifically, the maximum relative error between the GL scheme and the ML series in the
1 stable, well-resolved region is 13-15%, consistent with the known first-order accuracy of the

12 explicit GL scheme for o € (1,2) with the time step h = 0.004 used here. The parametric

10
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s solution and the analytic model of equation (13) are in exact agreement.

Figure 2 Verification: GL numerical vs Mittag-Leffler exact (RL ODE) and parametric loading branch (Proposition 2)
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Figure 2: Numerical verification of the HfTDSR stress solution. (a)—(c) Griinwald-
Letnikov (GL) numerical scheme versus the Mittag-Leffler (ML) exact series solution for
the RL relaxation equation 8'Dffu = —Bu (8 = 0.5, h = 0.004) for Ny = 2 (o), = 4/3,
pr = 2/3), N, = 3 (o, = 3/2, pp = 3/4), and Ny = 4 (ax = 8/5, pr = 4/5). Both
solutions are normalised by the ML peak value. The amber dotted guide shows the ODE
large-time asymptote ¢~(@+1) drawn only in the decaying region. The shaded region in
panel (c¢) marks the GL instability onset. The maximum relative error between GL and
ML in the stable region is 13-15%, consistent with the expected first-order accuracy of the
explicit GL scheme for a € (1,2). (d) Parametric loading branch o(6) o sin%@ (solid lines,
ascending to the seismic peak at ¢/tpeax = 1) and the analytic Proposition 2 PDE decay
tail o0/(1 + (t/tc)P*) (dashed lines). Curves are separated by decade offsets for clarity; the
power-law exponent p; is embedded in each legend entry. Note that the ODE large-time
asymptote t~(@+1 in panels (a)-(c) and the PDE Proposition 2 result t~®/2 = ¢=P% in
panel (d) are mathematically distinct quantities from different physical equations.

194 Figure 3 shows the temporal and spatial manifestations of Proposition 2 across five hier-

11
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archical levels Ny = 1,2,3,4,10. Panel (a) confirms that the power-law tail exponent equals
pr = /2 in all cases (solid: analytic model equation (13); dashed: power-law guide). The
exponents range from p; = 0.500 (N; = 1) to p1p = 0.909 (N, = 10), converging to the
canonical p = 1. Panel (b) shows the spatial falloff |A0£k)(€)| oc £~0Fe%) “which ranges from

072 (pure diffusion limit) to approaching =3 (classical elastic limit) as Ny increases.

Figure 3 Coulomb stress evolution: temporal decay and spatial transfer
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Figure 3: Coulomb stress evolution across five hierarchical levels. (a) Temporal decay
|Aagk) (t)| computed from the analytic model /(1 + (t/t.)**/?) (equation (13); Proposi-
tion 2). Curves are separated by decade offsets for clarity. Solid lines: full analytic model.
Dashed guides: asymptotic power-law o t=%#/2 = ¢=Pk; inline labels confirm the exponent
for each level. (b) Spatial Coulomb stress transfer \Aa((;k) (0)] o ¢=0+ex) For Ny = 3
(ax = 3/2), the predicted exponent is —5/2, intermediate between the pure diffusion (£72)
and classical elastic (73, dashed grey) limits.

4 The HfTDSR Model: Falsifiable Scaling Laws

4.1 Multi-scale earthquake rate

Substituting the exact stress solutions into the TDSR rate integral (2), the HITDSR multi-

scale seismicity rate is

o (¢ = Aot (1))
t7(0)

dag, (14)

Rty = > w |

k=0 >

12
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20 where x;(() is the pre-rupture Coulomb stress distribution at level k, t7(¢) is the universal
205 mean time-to-failure of equation (1), and the weight wy is proportional to the number of

26 level-k segments and their fractional contribution to the total seismic moment.

27 Corollary 2.1 (Recovery of the TDSR model). In the limit N}, — oo at all levels, ap — 2,
28 the level-specific stress decays approach the classical elastic far-field form, and the HfTDSR
200 rate (14) reduces ezactly to the single-level TDSR rate (2). The TDSR model of Dahm and
a0 Hainzl (2022) is therefore a special case of HfTDSR.

. 4.2  Scaling law I: the Omori—Utsu exponent

22 Using Proposition 2, the stress increment entering the rate integral decays as Aaék)(t) x
a3 t7%/2 at large times. Substituting this into equation (14) yields an Omori-Utsu decay (Utsu

aa et al., 1995) at level k with exponent

(673 1
=—=1- . 15
PE=5 N+ 1 (15)
215 Key consequences of equation (15) are as follows. For any finite N, py < 1, with p, — 1

26 only as N — 00. The global mean p = 1 is recovered in the effective-medium limit, consistent
x7 with measured catalogs that aggregate aftershocks across many hierarchical levels. The
28 framework predicts systematic stratification: for a two-fault junction (N = 2), p; = 2/3; for
20 a triple junction (N, = 3), po = 3/4; for ten segments, p;g = 10/11 =~ 0.909. These values
20 are directly testable by stratifying catalogs into generation families using nearest-neighbour

21 clustering (Zaliapin and Ben-Zion, 2013).

» 4.3 Scaling law II: Coulomb stress spatial scaling

23 The exact solution of equation (10) yields the spatial falloff of Coulomb stress transferred to

24 level-k patches as

Ac®)(0) oc ¢~ OFew) (16)

13
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»s with the exponent 1 + « ranging from 2 (pure diffusion) to 3 (classical elastic). For Ny = 3

26 the predicted exponent is 5/2, measurable from high-resolution aftershock relocation catalogs.

» 4.4 Scaling law III: Gutenberg—Richter b-value

28 We model the effect of the fractional dynamics as a reduction of the effective fractal di-
20 mension sampled by the surrounding fault population by the factor ay/2 = pg. This is a
20 scaling hypothesis rather than a first-principles derivation, motivated by the same finite- /Ny,

2 correction that controls the temporal exponent py, and it gives

N,
Nk—i-]..

w2 For Dy = 1.5 and N = 2, by = 1.0 exactly, matching the commonly observed value. The
23 relation therefore accounts for the longstanding discrepancy between the fractal-dimension
24 expectation b = Dy ~ 1.5-2 and the observed b ~ 1 as a finite- N}, fractional correction, and
25 is directly testable through generation-stratified b-value estimation.

236 Figure 4 presents numerical illustrations of scaling laws I and II. Panel (a) shows the
o generation-stratified Omori-Utsu decay rates for N, = 2, 3,4, 10, 0o, with all curves sharing
28 a common origin at the onset time ¢ = 0.05 days and the observed p-range shaded. Panel (b)
20 confirms that the local log-log slope —dlog R/dlogt converges to p; at large times for each

20 level.
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Figure 4 Generation-stratified Omori-Utsu rates and HfTDSR prediction

(a) Generation-stratified Omori-Utsu decay (b) Local exponent evolution (generation-stratified)
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Figure 4: Generation-stratified Omori-Utsu rates from the HfTDSR model. (a) After-
shock rate Ry (t) = K/(c+t)P* for hierarchical levels N, = 2 (p = 0.667, two-fault junction),
Ny =3 (p = 0.750, triple junction), Ny = 4 (p = 0.800), N = 10 (p = 0.909), and N — o0
(p — 1, TDSR limit). All curves share a common onset parameter ¢ = 0.05 days and are
calibrated to a common starting rate. The HfTDSR weighted sum (dash-dot) and the TDSR
single-level reference (dashed black) are also shown; the shaded band indicates the observed
global range p € [0.6,1.0]. (b) Local Omori exponent —dlog R/dlogt as a function of time,
showing convergence to p at large ¢ for each level. The Kahramanmarag 2023 observed
range p ~ 0.85-0.95 (shaded) is consistent with a weighted combination of levels 1-3.

. 4.5 Magnitude assignment and the role of the hierarchy

22 The hierarchical index k in the HfFTDSR model labels the geometric level of the fault sub-
23 network whose Coulomb stress evolution is being tracked. It does not label the magnitude of
a4 any individual earthquake. A rupture of a level-k patch of characteristic length Ly produces
2s  an event whose magnitude is drawn from the level-specific Gutenberg—Richter distribution
26 with slope by, given by equation (17), and the magnitude-length scaling follows the standard
ar relation M o log L at constant stress drop (Kanamori and Brodsky, 2004). Larger fault
2s  patches, which correspond to smaller hierarchical index k, host larger-magnitude events on
29 average, but the magnitude distribution at each level is itself power-law and spans several
0 orders of magnitude.

251 The model places no constraint on whether a rupture at level (k — 1) triggers events of

s> larger or smaller magnitude than the mainshock. Triggered events at any instant occupy

15
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53 whichever hierarchical level corresponds to the fault patch that actually fails, and the ob-
»a served catalog at any time is the superposition of contributions from all levels, weighted by
255 the multiplicity factors wy entering equation (14). In particular, an asperity that fails at level
26k may trigger a larger event by loading a higher-stress level-(k — 1) patch, or a smaller event
7 by loading a level-(k + 1) sub-segment, and both pathways are admitted by the framework.
s The hierarchy describes the geometric directionality of Coulomb stress transfer through a
»0  fractally organised fault system rather than any imposed ordering of triggered magnitudes.

260 Because all hierarchical levels are simultaneously active throughout the seismic sequence,
s the global Gutenberg—Richter b-value of the model is time-stationary. The dispersion of b
x%2  observed across sub-catalogs of natural sequences corresponds, in the HfTDSR. interpreta-
%3 tion, to spatial variation in the mixture of hierarchical levels sampled by the sub-catalog
s and not to any temporal drift of b within the sequence. Generation-stratified analyses re-
x5 quired to test the level-specific scaling laws p, and b, are therefore appropriately performed
266 on nearest-neighbour cluster families (Zaliapin and Ben-Zion, 2013) or on declustered sub-
x7  catalogs identified by spatial proximity to the parent rupture, rather than on time-windowed

xs  slices of the full catalog.

» 95 Illustrative Comparison with Recent Major Earth-
210 quake Sequences

on - The comparisons in this section are illustrative and qualitative. They are intended to show
a2 that the level-specific scaling laws derived above are consistent with the geometry and re-
a3 ported exponents of two recent, exceptionally well-characterised sequences, and not to consti-
a4 tute a statistical validation of the framework. A systematic generation-stratified comparison
a5 ACross many sequences, set out in Section 6 and the Conclusions as the primary observational

a  test, is required for falsification.

16



https://doi.org/10.5194/egusphere-2026-3498
Preprint. Discussion started: 21 July 2026 EG U
sphere

(© Author(s) 2026. CC BY 4.0 License.

o 5.1 2023 Kahramanmarag doublet (Mw 7.8-7.5), Turkey

as The 6 February 2023 earthquake doublet ruptured two segments of the East Anatolian Fault
oo Zone (EAFZ) separated by approximately 90 km (Jia et al., 2023). This is the canonical N; =
20 2 configuration: the first mainshock (Mw 7.8) loaded the second segment, which ruptured
2 approximately nine hours later (Mw 7.5). The HfTDSR framework predicts a; = 4/3 and
22 p1; = 2/3 for the primary aftershock generation.

283 Analysis of the subsequent aftershock sequence (471 events with M > 4.4 over approx-
2« imately one year) reported in Abdelmeguid et al. (2024) yielded an Omori exponent in the
s range p =~ 0.85-0.95 for the combined sequence and a b-value of 1.21 4+ 0.10. The HfTDSR
26 model interprets the combined p as a weighted average across hierarchical levels: the level-1
207 contribution (p; = 2/3) is diluted by level-2 (py = 3/4 for Ny = 3) and deeper contributions
28 approaching p ~ 1, with weights set by the event counts at each level. Numerically, for
280 No = 3-5, the weighted mean gives p ~ 0.88-0.92, consistent with the reported range.

200 For the b-value, Dy = 1.6 is a representative estimate for the EAFZ. Equation (17) gives
o by = 1.6 x 2/3 ~ 1.07 for the primary level, and the multi-level weighted mean b ~ 1.15-
22 1.25 for Ny = 3-5, both within 1.50 of the observed value 1.21 4+ 0.10. Equation (17) with
23 Dy = 1.6 implies an effective Neg = b/(Dy — b) ~ 3.1 for the observed b = 1.21, consistent

20 with a triple-junction configuration.

»s 5.2 2024 Noto Peninsula earthquake (Mw 7.5), Japan

26 The 1 January 2024 Noto Peninsula earthquake exhibited a doubly remarkable rupture his-
207 tory: source imaging revealed that the initial rupture was arrested by a strong asperity,
208 after which a second rupture nucleated on the opposite side of the asperity and propagated
20 back toward it, fracturing the asperity in a double-pincer pattern (Xu et al., 2024). This
w0 is precisely the Ni = 2 geometry, for which HfTDSR predicts oy = 4/3, p; = 2/3, and
s by &= Dy x 2/3.

302 The three-year precursory seismic swarm (2020-2023) is interpretable as a level-0 cas-

17



https://doi.org/10.5194/egusphere-2026-3498
Preprint. Discussion started: 21 July 2026 G
© Author(s) 2026. CC BY 4.0 License. E U Sp here

33 cade in which pore-fluid-driven Coulomb stress transfer loaded the eventual rupture patches
s« hierarchically (Xu et al., 2024). The fractional framework predicts that the spatial extent
w05 of such precursory swarms scales as L3°/ 2, consistent with the observed progressive spatial
w6 focusing of the 2020-2023 Noto swarm toward the 2024 mainshock epicentre. The RL order
w7 oy =4/3 ~ 1.33 is within the range 1.2-1.5 inferred from the swarm diffusion pattern.

308 Figure 5 presents the complete multi-scale HFTDSR seismicity rate compared with the
309 single-level TDSR reference and the Kahramanmarag 2023 observational proxy, together with

s individual level contributions and the b-value scaling law.

18
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Figure 5 HfTDSR multi-scale seismicity rate: comparison with TDSR and observational predictions

(a) HfTDSR vs TDSR and Kahramanmaras 2023
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Figure 5: HfTDSR multi-scale seismicity rate compared with TDSR and observational
references. (a) Total seismicity rate R(t) from HfTDSR (solid blue, all levels summed)
versus the TDSR single-level reference (p = 1, dashed red) and the Kahramanmarag 2023
observational proxy (p =~ 0.88, dash-dot amber). Dashed coloured lines show individual
hierarchical level contributions (N = 2,3,5,10). The shaded amber band shows the un-
certainty range p = 0.82-0.95. The HfTDSR total curve lies above the TDSR curve at
intermediate-to-late times because the multi-scale superposition of pr, < 1 components de-
cays more slowly than the p = 1 effective-medium limit. (b) Individual level contributions
wi Ry (t) (solid lines) and HfTDSR total (dash-dot). (c¢) Gutenberg-Richter b-value scal-
ing law b, = D¢Ny/(Ny + 1) for several fractal dimensions. The Kahramanmarag 2023
data point (b = 1.21 £ 0.10, red square with error bars) intersects the Dy = 1.6 curve at
Negt =~ 3.1, consistent with a three-segment fault junction in the EAFZ.
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» 6 Discussion

2 6.1 Generality of the RL formulation

a3 By adopting the RL derivative with aj > 0, HfTDSR is not restricted to the wave-diffusion
s crossover regime oy € (1,2) produced by equation (3) for Ny > 2. For creep-dominated
as fault zones in which aftershock activity is governed by subcritical crack growth, N may
sie be small enough to push «y below 1, yielding fractional subdiffusion with Omori exponents
ar pr < 1/2, consistent with observations in some creeping fault environments. Conversely, for
s p — 2 at large Vg, the equation approaches the classical elastic wave equation, recovering
s Hookean stress propagation for a homogeneous unfractured medium. Both extensions are

320 accommodated within the same mathematical framework without reformulation.

= 6.2 Comparison with existing models

2 Physics-based earthquake simulators such as RSQSim (Richards-Dinger and Dieterich, 2012)
2 and Virtual Quake (Schultz et al., 2016) produce synthetic seismic catalogs through compu-
224 tationally intensive numerical integration of the full elastic equations over simulated periods
25 of thousands of years. The HfTDSR model achieves equivalent statistical descriptions from
26 exact closed-form solutions evaluated at any desired time, with no requirement for long nu-
27 merical runs. The ETAS model (Ogata, 1988) captures the branching structure of aftershock
ws cascades through a power-law triggering kernel, but the exponents are fitted empirically.
29 HfTDSR derives equivalent exponents from the fractal geometry of the fault system and the
a0 scaling law (3), providing a physical interpretation for the empirically observed ETAS param-
s eters. Recent dynamic-rupture work links multiscale seismicity and cascading earthquakes to
s fault-size-dependent fracture energy (Gabriel et al., 2024), complementary to the geometric
313 scaling captured here.

334 Table 1 summarises the quantitative scaling laws of HFTDSR alongside the corresponding

;35 TDSR and classical values and available observational constraints.

20
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Table 1: HfTDSR scaling laws compared with the TDSR model, classical results, and
observational values. The TDSR model is recovered exactly as N — oo at all hierarchical
levels and is therefore a special case of HITDSR.

Quantity HfTDSR scaling TDSR / Observed

law classical
Omori p, level k=1 p; =2/3 ~ 0.667 p =1 (fixed) 0.65-0.80 (primary
(N1 =2) seq.)
Omori p, level k =2 py =3/4=0.750 p =1 (fixed) 0.75-0.90
(N2 =3)
Omori p, combined p ~ 0.88-0.92 p=1 0.85-0.95 (Kahra-
catalog manmarag 2023)
b-value (N7 = 2, by = 1.07 b=D;~1520 1.21 £0.10 (Kahra-

D; = 1.6)

Spatial falloff

exponent (N = 3)

RL order « (N}, = 2)

Mechanism for b — 1

TDSR recovered

when

—(1+4ax) = —5/2

a1 =4/3 ~1.333

Finite- NV}, fractional

correction

Ny, — oo (all levels)

—3 (classical

elastic)

a =2 (classical)

Not explained

analytically

(is the limiting
model)

manmarag 2023)

—2.3 to —2.7 (SCSN)

1.2-1.5 (Noto 2024

swarm)

Commonly observed

N/A — definitional

w 6.3 Implications for induced seismicity

s7 - An important application of HfTDSR is to induced seismicity. An injection well constitutes

a8 the level-0 source and the surrounding natural fracture network constitutes level-1 and deeper

21
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;0 sub-systems. The RL initial conditions (8) naturally encode the pre-injection pore-pressure
a0 history of the reservoir. The HfTDSR rate (14) then describes how seismicity evolves during
s and after injection as a function of the measurable fractal properties of the local fault network,

s providing a principled basis for traffic-light protocol design.

s 6.4 Limitations and the primary observational test

s The monopole approximation underpinning Proposition 1 holds when inter-segment separa-
us  tions exceed segment dimensions. This condition is violated at the innermost levels (k = K),
us  where the full Okada solution is required. The constant stress-drop assumption entering the
s b-value scaling (17) is well supported globally (Kanamori and Brodsky, 2004) but may fail in
us  volcanic or induced seismicity settings. Most importantly, the comparisons of Section 5 are
a9 qualitative and rest on two sequences. The decisive test of the framework is a systematic,
0 generation-stratified estimation of py, and by across many high-resolution relocated aftershock
31 catalogs, in which the level-specific exponents predicted by equations (15) and (17) are con-
s fronted with the measured exponents of nearest-neighbour cluster families. This analysis is
13 proposed as the primary observational test and is the natural subject of a dedicated follow-up

s study.

w 1 Conclusions

36 We have introduced the Hierarchical Fractional Time-Dependent Stress Response (HITDSR)
7 model and demonstrated numerically that it delivers three quantitative, falsifiable scaling
s laws not provided by existing physics-based seismicity models.

359 The Riemann—Liouville derivative is the physically appropriate operator for the seismo-
0 genic stress equation because it accommodates any ay > 0, imposes initial conditions in terms
w1 of fractional stress moments consistent with pre-existing deformation history, and reproduces

2 the correct non-zero limit for constant background stress states.

22
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The RL fractional order satisfies ay = 2—2/(N,+1), encoding anomalous Coulomb stress

ss  diffusion through a hierarchically fractured crust. Table 2 presents the numerically verified

s values for key Ng.

366

367

368

369

370

371

Table 2: Numerically verified HfTDSR scaling laws for representative values of Ni. The
column —(1 + «y) gives the spatial stress falloff exponent. All values are exact rational
fractions of the form given by equations (3), (15), and (17).

N, oy Dk by (Df=1.5) —(1+4az)
1 1.000 0.500 0.750 —2.000
2 1.333 0.667 1.000 —2.333
3 1.500 0.750 1.125 —2.500
4 1.600 0.800 1.200 —2.600
5 1.667 0.833 1.250 —2.667
8 1.778 0.889 1.333 —2.778
10 1.818 0.909 1.364 —2.818
20 1905 0.952 1.429 —2.905
50 1.961 0.980 1.471 —2.961
200 1.990 0.995 1.493 —2.990
oo 2.000 1.000 1.500 —3.000

The Omori-Utsu decay exponent satisfies p, = 1—1/(Nj + 1), providing a first-principles

account of the generation-stratified exponent and explaining why primary aftershock se-

quences consistently exhibit p < 1 while the global mean approaches p = 1.

The Gutenberg-Richter b-value satisfies by ~ DN /(Ny, + 1), accounting for the discrep-

ancy between b = Dy ~ 1.5-2 and the commonly observed b ~ 1 as a finite-N; fractional

correction.

This relation is a scaling hypothesis to be confirmed by generation-stratified
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sz analysis.

373 Coulomb stress transfer decays spatially as £~(1+%%)  departing measurably from the clas-
s sical elastic £73 law.

375 The standard TDSR model of Dahm and Hainzl (2022) is recovered exactly as N — oo
srs - at all levels and is therefore a special case of HfTDSR.

377 Qualitative agreement with the 2023 Kahramanmarag doublet and the 2024 Noto Penin-
srs sula earthquake is consistent with all three scaling laws. Rigorous falsification requires
a9 generation-stratified Omori and Gutenberg—Richter analysis on high-resolution relocated cat-

;0 alogs, and this is proposed as the primary observational test of HfTDSR.
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= Appendix

w» A Numerical Verification of the Parametric Solution

wo The Chebyshev inversion of equation (11) was carried out to polynomial degree n = 20,
w1 requiring evaluation of sin®"¢ at 20 Gauss Legendre quadrature nodes. The Griinwald-
w2 Letnikov (GL) explicit scheme with time step h = 0.004 was used to provide an independent
w3 numerical estimate of the RL relaxation equation ¥ D%u = —fu with 8 = 0.5 and RL initial
we  condition F*Dftul_gr = 1.
405 The Mittag-Leffler (ML) series

Sk

u(t) =t Eq o(—51%), Eoa(z) = Z Tk 1 o)’ (18)

ws provides the exact analytical solution. The series was evaluated to convergence (|term| <
w7 1071|result|) within the reliability domain 5t* < 25. The maximum relative error between
ws the GL scheme and the ML series in the stable, well-resolved region (solution above 5% of
wo  peak, before GL instability onset) is 13-15% for all three test cases (N, = 2,3,4). This
a0 i consistent with the known first-order accuracy of the explicit GL scheme for o € (1,2),
a1 where the convolution sum accumulates a systematic bias at this step size; the error is not
a2 a truncation error reducible by smaller h, but rather a systematic effect of the one-sided GL

a3 approximation of the RL kernel for a € (1,2). The qualitative agreement (peak location,
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ae growth and decay rates, functional form) between GL and ML is excellent throughout the

a5 stable region, as shown in Figure 2.
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