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Abstract. Firn densification is commonly modelled using 1D column approaches that neglect the deformation history associ-
ated with ice flow. Here, we present a flowline firn model that explicitly accounts for the accumulation and horizontal strain
experienced by firn along its trajectory and use it to infer density-dependent rheology directly from observations.

Applying the method to two ice-core sites in northeast Greenland with contrasting strain regimes, we constrain both the total
densification response and its partitioning into shear and volumetric components. While steady-state and flowline inversions
agree at large scales, the combined function governing vertical strain is tightly constrained, whereas individual rheological
parameters remain poorly identifiable.

The inferred rheology departs markedly from standard formulations, with enhanced near-surface densification, reduced
viscous Poisson ratios, and pronounced non-monotonic structure. These behaviours are incompatible with a single power-
law rheology and instead require the combined action of multiple deformation mechanisms, including grain-size-dependent
creep and evolving anisotropy. The resulting parameters should therefore be interpreted as effective representations of these
processes.

These results further imply that firn-derived gas proxies such as Aage and §'°N may contain a dynamical component linked

to horizontal strain, with potential implications for the interpretation of ice-core chronologies.

1 Introduction

Firn densification governs the transformation of snow into solid ice in the upper layers of glaciers and ice sheets. As snow
accumulates, increasing overburden stress drives progressive compaction until the density approaches that of incompressible
glacier ice. This process exerts a primary control on surface elevation change and on the trapping of atmospheric gases,
including the close-off depth and the gas—ice age difference (Aage), and thereby strongly influences the interpretation of ice-
core records. It also affects additional archive processes such as isotopic diffusion in the firn column and the thinning and
preservation of annual layers (Arthern and Wingham, 1998; Schwander and Stauffer, 1984; Buizert et al., 2015; Stevens et al.,
2020).

The mechanical response of firn has long been recognized to depend on the full stress state. Early laboratory and theoretical

studies demonstrated that deformation reflects a combination of volumetric compression and shear, and introduced concepts
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such as compressibility, shear viscosity, and viscous Poisson ratio to describe snow as a porous compressible material (Bader,
1962; Mellor and Smith, 1966; Salm, 1967; Mellor, 1974). These formulations emphasize that deformation depends on the
stress invariants rather than on overburden pressure alone, providing a natural framework for separating volumetric and devia-
toric contributions to densification.

Despite this early understanding, most firn densification models remain effectively one-dimensional. Classical formulations,
such as the empirical model of Herron and Langway Jr (1980), relate densification primarily to temperature and accumu-
lation rate, implicitly assuming that vertical compression under overburden stress dominates the process. More physically
based models incorporate mechanisms such as grain-boundary sliding, sintering, and power-law creep (Arthern et al., 2010;
Goujon et al., 2003; Barnola et al., 1991), alongside detailed snowpack formulations that resolve near-surface processes and
grain-scale physics (Bartelt and Lehning, 2002; Vionnet et al., 2012). Earlier work emphasized specific mechanisms such as
grain-boundary sliding (Alley, 1987) and multi-stage physical models (Arnaud et al., 2000). However, these approaches typi-
cally retain a one-dimensional formulation and therefore do not account for the evolving stress state associated with ice flow.
Intercomparisons reveal substantial spread in modeled densification rates under identical forcing, highlighting persistent uncer-
tainties in model formulation (Lundin et al., 2017). Continuum formulations that explicitly couple deviatoric and volumetric
stresses have been developed for firn rheology (Gagliardini and Meyssonnier, 1997), but are not widely used in this context.

Observations from dynamically active regions challenge this simplified picture (Vallelonga et al., 2014; Riverman et al.,
2019). In regions of strong horizontal velocity gradients, such as ice-stream shear margins, shear deformation can enhance
grain rearrangement and creep, leading to accelerated densification that cannot be explained by vertical loading alone. Mod-
eling studies suggest that horizontal strain rates contribute through mechanisms such as strain softening and enhanced creep
deformation (Oraschewski and Grinsted, 2022; Arrizabalaga-Iriarte et al., 2025). At the same time, microstructure-based mod-
els indicate that firn densification cannot be captured by a single rheological law, but instead reflects the combined action of
multiple deformation mechanisms (e.g. Arnaud et al., 2000; Salamatin et al., 2009).

Constraining firn rheology from observations is challenging because a single site provides limited information on deforma-
tion mechanisms. Density profiles from low-strain sites primarily constrain the vertically integrated response to overburden
stress, leaving the partitioning between volumetric and shear deformation poorly resolved. The EastGRIP region of the North-
east Greenland Ice Stream provides a natural experiment to overcome this limitation: sites within the ice stream and its adjacent
shear margins experience similar climatic forcing but contrasting strain regimes. This configuration allows shear and thermo-
dynamic effects to be disentangled, providing complementary constraints on the rheology.

This apparent disconnect between the classical understanding of firn as a stress-dependent, compressible material and its
predominantly one-dimensional, vertically resolved representation in large-scale models motivates the development of frame-
works that explicitly incorporate the full stress state and constrain rheology directly from observations.

Here, we present a flowline firn model based on Gagliardini and Meyssonnier (1997) that accounts for both accumulation
and horizontal strain along ice column trajectories, and use it to infer density-dependent rheology directly from density profiles.
Using observations from two cores in northeast Greenland with contrasting strain regimes but similar climatic forcing, we sep-

arate volumetric and shear contributions to densification. We show that overburden stress alone cannot reproduce the observed
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density profiles and that shear exerts a first-order control on the depth—density relationship. These results demonstrate that
accounting for the full stress state is essential for modeling firn structure and interpreting density observations in dynamically

evolving settings.

2 Data

We use density measurements from two firn cores in the EastGRIP region: one located within the North East Greenland Ice
Stream (NEGIS) at the EastGRIP site, and one located in the adjacent shear margin (Fig. 1). The EastGRIP density measure-
ments were obtained through detailed logging of core dimensions and weight under carefully controlled conditions in a snow
cave, supplemented by pit measurements (Rasmussen et al., 2023). The S5-1 density profile was derived from X-ray computed
tomography (HXCT), as described by Bagherzadeh et al. (2024). To this end, 1-meter-long ice core segments were scanned
using the AWI-iceCT in helical flyby mode at a resolution of 120 pm. The segmentations of the three-dimensional firn recon-
structions were adjusted to match the measured weights; this enables precise density estimates that are independent of core

quality and applicable even to low-porosity ice.
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Figure 1. a) Ice-flow velocities (Joughin et al., 2018) of the Greenland ice sheet showing the location of the EastGRIP ice-core camp within
the Northeast Greenland Ice Stream. b) Effective strain rates calculated from Sentinel-1 InSAR velocities (Andersen et al., 2020) in the
neighborhood of the EastGRIP camp and location of the two ice-core locations. Back-trajectories calculated from the present-day flow field

are shown with a dot per century. ¢) The density measurements and smoothed profiles at the two sites used in this study.

We estimate the measurement uncertainty and how it varies with depth from the scatter around a smoothed version of the

observed density profiles (Fig. 1c). The smoothed profiles are obtained by fitting a generalized additive model using pyGAM
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with monotonically increasing concave constraints (Servén et al., 2025). The intuition behind the concave constraint is that the

75 densification rate slows down as the firn becomes more dense.
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Figure 2. Principal strain rates é;, é2 (a,b) and accumulation rates b (c) extracted along the back-trajectories for the EastGRIP and S5-1 sites.
The value of —éj is plotted to facilitate direct comparison with é; and to clearly distinguish flow divergence. Present-day radar+DEM based
regional accumulation rates (thick lines) are compared to those inferred from the EastGRIP icecore timescale (thin blue) (see appendix A).

The ice-core accumulation rate has been smoothed with a 10-year gaussian filter.

Horizontal strain rates (Fig. 2) and particle back-trajectories (Fig. 1) are derived from AWI TerraSAR-X velocity fields
(Hvidberg et al., 2020), supplemented upstream by DTU Sentinel-1 interferometric velocities (Hvidberg et al., 2020; Andersen
et al., 2020). Back-trajectories are shown over a 2000-year period; however, firn at 100 m depth at EastGRIP was deposited
approximately 700 years ago (Sinnl et al., 2022), such that only the more recent portion is relevant for the present analysis. Prior
to strain-rate calculation, the TerraSAR-X and Sentinel-1 velocity fields are smoothed using Gaussian filters with characteristic
length scales of 250 m and 500 m, respectively. These values are guided by previous validation of the velocity products
(Hvidberg et al., 2020), which showed that modest smoothing is required to suppress noise, particularly for lower-resolution
datasets. Because strain-rate estimates involve spatial derivatives and are therefore more sensitive to noise than velocities,
slightly more conservative smoothing is applied here. The chosen values represent a compromise between noise reduction and

spatial resolution, and the results are not sensitive to reasonable variations in the smoothing length scale. The high spatial
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resolution of these interferometric products makes them well suited for resolving strain-rate gradients across the shear margin.
The accumulation history along each back-trajectory is obtained by interpolating positions into the spatial accumulation field
described in appendix A.

The two sites are located within 15 km of each other and are therefore subject to very similar meteorological conditions. We
consequently assume a constant accumulation rate at both sites in the steady-state modelling below, based on the millennial-
average accumulation rate derived from the EastGRIP ice core (Appendix A). Temperature profiles have been measured with
high precision at both sites and exhibit very similar vertical structure. Over the common depth interval of 15-95 m, mean
temperatures are —31.1°C near EastGRIP (measured ~2 km from the drilling site) and —30.9°C at S5-1, corresponding to
a difference of less than 0.3°C. Given this small offset, a constant temperature of —31°C is adopted as a representative
value for both sites. The seasonal amplitude of surface temperature is estimated to be 32 K from a sinusoidal fit to PROMICE

observations at EastGRIP (Fausto et al., 2021; How et al., 2022).

3 Model
3.1 Rheology

We build on the Gagliardini and Meyssonnier (1997) model (GM97), a continuum formulation for porous ice that applies
power-law creep to compressible firn. This describes firn rheology that seamlessly conforms to an incompressible solid-ice
power-law rheology in the limit where the density (p) approaches that of solid ice (picc = 921kgm~3). A starting point for
the model is therefore a reference solid-ice rheology, or flow law, relating the strain-rate € to the deviatoric stress 7 = o + Ip,

where p = —tr(o) /3. Here, we use the canonical Glen rheology for ice (Glen, 1955)

6'ice:‘ATen_l’r 5 (l)

where the fluidity is governed by the effective deviatoric stress (72 = %T : 7) with a flow law exponent n, and a temperature-
dependent rate factor A. We assume a conventional Arrhenius-style rate factor of the form A(T) = Age= /BT where T is
temperature, R is the universal gas constant, () is an activation energy.

Solid ice is incompressible and therefore responds only to deviatoric stresses. In contrast, porous firn can be compressed
under pressure, and this compressive deformation must also affect the fluidity, as recognized in early continuum descriptions
of firn as a compressible viscous material (Bader, 1962; Mellor and Smith, 1966). The GM97 model accounts for this by taking

the effective stress o g to depend on both the deviatoric stress and pressure, consistent with plastic potential theory:

op=ar}+3bp”, 2)

where a is the firn shear enhancement factor, and b is the compressibility', both of which we assume depends only on p. In the

limit of solid ice we would expect ¢ — 1 and b — 0. Assuming a power-law relationship between the effective strain rate and

Note that our definition of b follows Arrizabalaga-Iriarte et al. (2025) which deviates from the convention used in Gagliardini and Meyssonnier (1997) by

a factor 3
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effective stress, the porous rheology can be derived to be (Duva and Crow, 1994; Arrizabalaga-Iriarte et al., 2025)
. n—1 2
é= Aoy aT — §pr . 3)

This rheology ensures that deviatoric stresses produce deviatoric strain rates, while pressure produces compression, and either
influence the fluidity.

Arrizabalaga-Iriarte et al. (2025) derived the corresponding inverse rheology, expressing stress in terms of strain rate:

1/ne(1— 1 tr(é) 3
— A 1/n:(1—-n)/n | = T (eI 4
o el € 3 +5 r(é)I|, “4)
where the effective strain rate depends on the first and second invariants of the strain-rate tensor, tr(é) and € : €, and is
1 1 3
éz = % (é : é — 3tr(é)2) + thr(é)Z . (5)

The coefficient functions a(p) and b(p) can be estimated directly from deformation tests on firn subject to simple shear (con-
straining a) and bulk compression (constraining b). However, a more convenient way is to consider an unconfined compression
test where only o, is non-zero. In this case, it is useful to express the problem in terms of the apparent viscous Poisson ratio

and compressive viscosity (see also Mellor and Smith, 1966; Mellor, 1974; Shinojima, 1967)

[ 9a — 2b
v = T T = T a1 6
Yo = T T 18a+2b 6)
1—n
o ac? boi\ z 27
= zz :Afl 77 77 . 7
=, < 3 27> 18a+2b ™

Thus, an unconfined compression experiment yielding é,, and €,, for a given o,. and p provides exactly the information

needed to determine both a(p) and b(p).
3.2 1D Formulation

We seek to build a Lagrangian column model of firn, based on the GM97 rheology, that can readily be integrated into existing

1D densification modelling frameworks which rely on mass conservation for time evolution (e.g. Stevens et al., 2020)

Dp o
Ft + ptr(e) — 0 . (8)

Horizontal strain and vertical shear strain are typically disregarded in existing 1D models. Here, we relax this constraint by

neglecting only vertical shear, allowing the strain-rate tensor to be written in terms of its horizontal principal strain rates €; and

ég:
€1 0 0

éE=10 & 0. )
0 0 €,

We assume that é; and é; are approximately depth-independent and equal to values derived from remote sensing (satellite-

derived surface velocities). Our objective is therefore to determine the vertical strain rate, €, ., subject to the assumption that
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the vertical stress o, is given directly by the overburden load. The problem is therefore partially constrained: we know the
horizontal strain-rate components and the vertical stress, but neither the vertical strain rate nor the horizontal stresses.

The problem can be closed using the inverse rheology (Eq. 4) to calculate ¢, from o, given the strain-rate tensor in Eq. 9
and setting n = 3 (canonical flow exponent). Rearranging the resulting expression, it can be shown that ¢, is a solution to the

cubic equation
k3€d 4 koé®, + k1€ +ko=0, (10)

with coefficients

P (11)
ko =2 A0 r+3qr? (12)
ki =—Ac3, q—3¢*r (13)
.2 02 . . . . 2
+é&- 3(é1 +
ho= Ao, | T2 02 & 4b62) P, (14)

where 7 = 2 + 2 and ¢ = (¢, + é2) (5= — ;) are convenient shorthands. The vertical strain rate, ¢, is obtained as the real
root of Eq. 10, which can be found analytically using Cardano’s method. The parameter  combines the effects of shear and
compressibility and is expected to be more directly constrained by observations than a and b individually. In the special case
of vanishing horizontal strain, é; = é3 = 0, Eq. 10 reduces to the simple expression

. Ao?,
€2zle;=e,=0 = 9p2 °

(15)
3.3 Parameter choices

The coefficient functions a(p) and b(p) represent relative strain-rate enhancements in firn compared to the reference solid-
ice rheology (Glen’s law with n = 3, Eq. 1). The temperature dependency is asserted to be entirely contained within A(T),

modelled using the conventional solid-ice, two-step Arrhenius rate factor
A(T) = rna'X(Acold e_QCOId/RTa Awarm e_Qwarm/RT) ) (16)

with a transition between the cold and warm regimes occurring at approximately 7"~ 263 K. Here, R is the universal gas
constant, Qeolq = 60 kJ mol ™" and Qyarm = 139 kJ mol " are two activation energies, and Aco1q = 3.985 x 10713 s~ Pa™3
and Ayarm = 1.916x103 71 Pa 3 are pre-factors taken from Greve and Blatter (2009). We consider this a local approximation
to a more physically complete solid-ice rheology (Fan et al., 2025; Goldsby and Kohlstedt, 2001). The enhancements a and b
provide flexibility to partially compensate for biases in the reference ice rheology.

Unconfined laboratory experiments on snow/firn shows that the flow exponent deviates strongly for axial stresses below
~ 25 kPa (Mellor and Smith, 1966). This suggests that the GM97 model with a fixed exponent of n = 3 might struggle to

capture the physics in the top 5 m of the firn column. Indeed, models designed to capture near-surface processes commonly use
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a flow exponent of n = 1 (Bartelt and Lehning, 2002; Vionnet et al., 2012). Interestingly, this is similar to the flow exponents
found for grain-size-sensitive creep in solid ice (Goldsby, 2006; Fan et al., 2025), but we note that the grain-size exponents
used in firn models are incompatible with the exponents found for solid ice.

Several studies have calibrated the coefficients a(p) and b(p) to density profiles from different sites, but have reported
inconsistent estimates (Gagliardini and Meyssonnier, 1997; Zwinger et al., 2007; Arrizabalaga-Iriarte et al., 2025). This incon-
sistency arises because determining both parameters from estimates of ¢, at a single site is ill-posed (see Eq. 10), motivating
the need for incorporating additional physically informed constraints on a and b.

In the solid-ice limit p — pjce, the firn should behave as an incompressible material with a viscous Poisson ratio of v, = 1/2.
Conversely, in the low-density regime (p — 0), firn should compress without horizontal expansion so that v,, ~ 0. Laboratory
experiments on unconfined compression indicate that v, is close to zero for p < 300 kgm~3 (Shinojima, 1967). These con-
straints suggest that v, (p) increases monotonically with density. Classical interpretations, such as Mellor (1974), argue for a
sigmoidal-like transition between these limits as p — pjc.. Rather than prescribing a specific functional form, our approach is

instead to allow the underlying rheological parameters a(p) and b(p) to vary freely, from which v, (p) emerges implicitly.
3.4 Steady-state

In steady state, the mass fluxes into and out of the firn column must balance. The mass flux through the surface is the accu-
mulation rate b, and the column loses mass through its sides under divergent flow. The flux through the bottom immediately

follows from closing the balance, giving

_ b= M(2) (baw +éyy)

w(2) ; a7
p(2)
where the overburden load per area at depth 2 of a firn column is
M(z)= /p(z)dz . (18)
0
The steady vertical density gradient dp/0z then follows from the local mass-conservation equation
0 . . .
w—p+p(em+eyy+ezz):(), (19)

0z
combined with the expressions for w and €, .

We compute the steady density profile by numerically integrating 9p/0z from the surface down to depth. In doing so,
seasonal temperature variability is incorporated through its influence on the densification rate via A(T"), following the approach

described in Appendix B. The full numerical procedure used to obtain the steady-state profile is outlined in Appendix C.

4 Methods

Our aim is to invert the two firn-density profiles for a(p) and b(p). We do that using two separate approaches. In the first

approach, we consider the special case of steady forcing, where every firn parcel has experienced constant horizontal strain
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rates throughout its entire history since deposition. In the second approach, a flowline model is built where every parcel is

tracked since deposition and subject to time-dependent horizontal strain rates, calculated along present-day back-trajectories.
4.1 Steady approach

We determine the coefficient functions a(p) and b(p) without running the model for the full profile, deriving them instead
directly from the gradient of the smoothed density observations. For each site, we identify the depth z corresponding to a given

p, integrate the density profile to obtain M (z) and thus 0. (), and estimate the local density gradient dp/0z|.,). Combined

z(p
with site specific conditions I}, €1, €2, and the depth-average temperature 7, equations 17 and 19 yield w(z) and €., at both
sites. We then determine a and b by minimizing the least-squares misfit between the model (Eq. 10) and the two observational
estimates of ¢, subject to the constraint that v, € [0, %] In this approach, we do not account for temperature variability but
simply assume a constant rate factor, A(T},).

We compute the local density gradient 9p/0z directly from the smoothed density profiles shown in Fig. 1. Because the
inversion relies only on this local gradient and the overburden stress (obtained by integrating the observed density profile),

both a(p) and b(p) can be constrained independently at each density. In particular, the inferred values at a given p do not

depend on the model fit at other depths.
4.2 Non-steady flowline approach

When applying the model along flowlines, each observed density profile reflects the integrated deformation and deposition his-
tory experienced by a firn column. Horizontal strain rates and accumulation histories are prescribed from external datasets, and
the inversion solves for rheological parameters that best reproduce the observed profiles under this time-dependent forcing for
b, ¢, and é, (reconstructed by sampling spatial fields along back-trajectories; Fig. 2). Details of the numerical implementation
are given in Appendix D.

We model log(a(p)) and v, (p) as splines with 14 degrees of freedom each, and calculate b(p) using Eq. 6. Since this model
is very flexible, we regularize the splines to avoid overfitting. Furthermore, because the inversion is weakly constrained at depth
and at low densities, we impose regularization that reflects prior physical expectations about firn rheology. Laboratory creep
and compression experiments on snow and firn consistently demonstrate that material stiffness and effective viscosity increase
monotonically with density. Uniaxial compression tests performed under controlled stress and temperature conditions show
a smooth strengthening of snow and firn with increasing density, with no evidence for local softening or inflection behavior
(Mellor and Smith, 1966; Mellor, 1974; Chandel et al., 2007). These results are supported by modern microstructure-based
simulations, which confirm that firn densification reflects the progressive stiffening of a porous polycrystalline ice matrix
(Fourteau et al., 2024). Local concave curvature in inferred log(a(p)) would therefore imply unphysical weakening with
compaction that is not supported by laboratory observations.

Our imposed regularization term therefore penalizes negative curvature in the spline coefficients describing log(a(p)). This
regularization acts only where the second-order finite difference is concave, while allowing convex curvature where required

by the data. This asymmetric regularization encodes a one-sided physical prior, rather than enforcing smoothness per se, and
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is less restrictive than standard Tikhonov regularization. The total misfit function, minimized by the inversion procedure, is

N

J(m)=>" (p_f(m>> 2 - /\Mz_:lmin(vzca 0)2 (20)

i j=2
where p; are N density observations with uncertainties o;, f;(m) is the forward flowline model evaluated at the corresponding
site and depth, c, are the spline coefficients representing log(a), V? denotes a second-order finite-difference operator acting
on adjacent coefficients, and ) is a regularization weight.

By penalizing curvature rather than amplitude, this formulation preserves flexibility in the absolute magnitude of a(p) while
suppressing non-physical structure that is not consistent with observations. The regularization strength X is chosen such that
the reduced x? of the fit is close to unity, ensuring that the solution explains the observations within their uncertainties without
overfitting. We verified that the inferred rheological paramters (a and v,,) is insensitive to the precise value of ), indicating that
the regularization acts primarily to stabilize the inversion rather than to determine the solution.

Because the forward model employs a simplified, single-mechanism rheology, the inferred coefficient function a(p) and b(p)
should be interpreted as effective quantities that reproduce the observed densification rates within this framework. They do not
necessarily correspond to intrinsic material properties, but may instead reflect the combined influence of multiple deformation

mechanisms and structural effects not explicitly represented in the model.
4.3 Results

The results of the steady and non-steady (flowline) inversions for a(p) and b(p) are shown in Fig. 3a. Both models provide an
excellent fit to the observed density profiles (Fig. 3d,e). The flowline inversion achieves root-mean-square errors of 5 kgm =3
for both cores and yields a combined reduced 2 of 1.15.

Figure 3a compares the inferred rheological parameters with the reference formulation of Zwinger et al. (2007, Z07). Both
inversion approaches require substantially larger enhancement factors than Z07 at low densities, particularly below approx-
imately 500 kgm 3, where both a and b exceed the reference values by more than an order of magnitude. The inferred
enhancement factors decrease strongly with increasing density. At high densities, the inferred a values become smaller than
unity and substantially lower than the Z07 prediction, while b also remains below the reference formulation. The steady-state
and flowline inversions agree closely over most of the density range, although some divergence appears near pore close-off
where constraints weaken.

The corresponding values of the combined parameter r = 3% + % are shown in Fig. 3b. In the limit of no horizontal strain,
r controls the vertical densification rate for a given rate factor and overburden stress (Eq. 15), making it the most direct
point of comparison with conventional one-dimensional densification models such as Herron-Langway. Despite differences
between the individual rheological parameters, the steady-state and flowline inversions yield nearly identical estimates of 7.
Both inversions produce values close to those implied by the classical Herron—Langway densification model over most of the
density range. In contrast, the Z07 formulation predicts considerably larger values of 7 at intermediate and high densities,

implying lower densification rates than required to match the observations.

10
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Figure 3. Results of inversion of the firn profiles with the steady-state and flowline models compared to the reference model (Z07; Zwinger
et al., 2007). a) shows the shear enhancement a(p), and bulk compressibility b(p). b) shows the combined parameter , which controls vertical
densification in the no-horizontal-strain limit (Eq. 15). ¢) shows viscous Poisson ratio v, (p). d,e) shows the resulting fit to the observations

at the two sites.

The inferred viscous Poisson ratio is shown in Fig. 3c. Both inversions yield values that are systematically lower than those
predicted by Z07. The flowline inversion indicates a non-monotonic variation with density, with local maxima near 500—
600 kgm~? and reduced values at higher densities before approaching the incompressible limit. The steady-state inversion
reproduces the same first-order behaviour but exhibits larger variability at high density.

Figures 3d,e compare the modeled density profiles with observations from the S5-1 and EastGRIP sites. Both inversion
approaches reproduce the measured profiles within observational uncertainty over the entire depth range. In contrast, the Z07
parameterization substantially underestimates densification rates, producing density profiles that remain too porous at depth

and fail to reproduce the observed approach toward close-off density.
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5 Discussion

The steady-state and flowline inversions yield consistent results, pointing to the need for a substantial revision of the refer-
ence rheological parameters proposed by (Zwinger et al., 2007, hereafter Z07) in order to reproduce the firn-density profiles
near EastGRIP (Fig. 3). By combining data from cores located in two regions with contrasting horizontal strain regimes, the
inversion is able to independently constrain both the shear and bulk components of the rheology (i.e., a and b).

In agreement with prior work (Arrizabalaga-Iriarte et al., 2025), we find that a strong enhancement of near-surface com-
paction is required to match the observed densification rates (see Fig. 3a). In the present formulation, deformation is described
using a single power-law rheology with exponent n = 3. However, laboratory studies indicate that at low stresses and low den-
sities, firn deformation is more accurately described by a linear, grain-size-dependent viscous mechanism (Mellor and Smith,
1966; Bartelt and Lehning, 2002). This suggests that the total strain rate should be represented as the sum of multiple defor-
mation mechanisms (e.g. Arnaud et al., 2000; Fourteau et al., 2024), with the linear mechanism dominating in the shallow firn
(approximately the upper 5 m).

In the absence of such a linear contribution, the model overestimates the effective viscosity in the near surface. The inversion
compensates for this structural model deficiency by requiring elevated shear and bulk enhancement factors (a and b). Within
the spline-based inversion framework, these parameters are represented as smooth functions of density, allowing the inversion
to introduce enhanced rates of deformation at low densities without imposing a specific functional form. The resulting increase
in a(p) and b(p) at low densities should therefore be interpreted, at least in part, as an effective representation of unresolved
deformation mechanisms rather than a direct reflection of a single-mechanism rheology.

As the density approaches that of solid ice, we expect the rheology to converge towards that of isotropic polycrystalline ice,
with @ — 1 and b — 0, consistent with the reference formulation of Zwinger et al. (2007) and the regime in which the analysis
of Duva and Crow (1994) applies. However, our inversion yields shear enhancement factors below unity (see Fig. 3a), implying
that the inferred firn shear viscosity is higher than that of the reference solid-ice rheology (Eq. 1).

A likely explanation for this discrepancy is that the reference rheology assumes isotropic ice, whereas firn in the shear margin
develops a pronounced crystallographic fabric already at depths of ~ 24 m, as indicated by radar observations showing clear
evidence of birefringence loss (Appendix E). This points to the development of a strongly anisotropic fabric with a pronounced
horizontal alignment. Such fabrics favor horizontal shear while inhibiting vertical shear and compaction, consistent with the
low inferred values of a. This interpretation is consistent with recent microstructure-based studies highlighting the importance
of anisotropy and grain-scale processes in firn mechanics (e.g. Fourteau et al., 2024). More generally, this behaviour highlights
the limitations of describing high-density firn with an isotropic, single-mechanism rheology, as both anisotropy and evolving
pore geometry become increasingly important as pore close-off is approached.

In addition, the inversion becomes increasingly sensitive to data and model uncertainties in this density range. Near pore
close-off, small errors in density translate into large changes in inferred rheological parameters due to the rapid variation in
bulk compressibility b(p). The inferred behaviour at densities above 850kgm 3 should therefore be interpreted with caution,

and is best viewed as an effective response within the present model framework rather than a direct estimate of intrinsic ice
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rheology. Furthermore, the high-density portion of the profiles corresponds to the deepest and oldest firn, where the assumption
of a stationary horizontal flow field (Fig. 1) and a fixed spatial accumulation pattern (Fig. A1) is most likely to break down.
However, we note the strong similarity between the accumulation rates inferred from the ice core and those sampled along
the flowline back-trajectory of EastGRIP (Fig. 2c). Taken together, this provides strong evidence that the EastGRIP ice-flow
velocities and regional accumulation pattern have remained stable over at least the nine centuries.

The viscous Poisson ratio, we determine, is smaller than the Z07 reference rheology across the entire density range (Fig. 3¢),
and more consistent with expectations expressed in Mellor (1974). However, in contrast to the monotonic behavior suggested
in that work, our results indicate a more complex structure.

As shown in Fig. 3c, the viscous Poisson ratio does not increase monotonically with density but instead exhibits pronounced
reversals near p =~ 500 kgm ™~ and p ~ 700 kgm 3. We argue that this likely reflects transitions in dominant deformation
mechanisms. The first of these occurs close to the canonical transition density of p a2 550 kgm~3 which has previously been
identified as a regime shift where the dominant densification mechanisms change from grain rearrangement to deformation of

the ice matrix (Herron and Langway Jr, 1980). At higher densities, the additional reversal near p ~ 750 kgm ™3

is expected
as the material must become incompressible (v, — 0.5) as p — pice. The exact shape is influenced by fabric development,
evolving pore geometry, and uncertainties in the deepest part of the profiles.

The steady-state and flowline inversions yield qualitatively similar viscous Poisson ratio profiles, although they differ in
detail, indicating that v, (p) is only weakly constrained by the available data. In contrast, the inferred values of r(p) from the
two inversions are nearly identical (Fig. 3b). This reflects the central role of r in the vertical strain-rate solution: in the no-
horizontal-strain limit it directly controls the relationship between overburden stress and vertical strain rate (Eq. 15), while in
the general case it enters the cubic expression for ¢, (Eq. 10). Notably, the inferred r(p) is also in close agreement with values
implied by the classical Herron and Langway Jr (1980) densification model, despite the fundamentally different formulations.
This consistency indicates that r captures the effective bulk response of firn densification, while the present framework provides
additional insight into its partitioning between shear and volumetric contributions.

This behavior can be understood from the no-horizontal-strain limit of the model (Eq. 15); in regions with negligible hori-
zontal strain, densification and vertical strain depend primarily on r, making it the dominant rheological control on the model
response. Consequently, r(p) is tightly constrained by the observations, whereas trade-offs between a and b permit greater
variability in the inferred viscous Poisson ratio.

In summary, our results emphasize that the inferred rheological parameters (a,b,v,) should be interpreted as effective pa-
rameterizations of firn deformation within the present model framework. In particular, they capture the combined influence of
processes such as grain rearrangement, grain-size-dependent creep, and evolving anisotropy, which are not explicitly repre-
sented. The inversion therefore diagnoses where the assumed rheology is incomplete, rather than directly recovering a unique,
physically complete constitutive law. This perspective is consistent with classical phenomenological approaches to snow me-
chanics, in which the material is described in terms of effective viscous properties that depend on density and structure rather

than a single fundamental mechanism (Salm, 1977).
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Figure 4. Effect of accumulation and horizontal strain variability on firn densification and gas-age proxies. (a) Accumulation rate, (b) shear
strain, (c) Aage, and (d) bubble close-off (BCO) depth. Strain modifies both the mean state and variability of Aage, and regime changes

produce shifts comparable in magnitude to climatic signals.

5.1 Impact of strain variability on firn proxies

To assess the implications of the inferred rheology for observable quantities, we consider a set of idealized experiments in
which accumulation rate and horizontal strain are varied independently relative to a steady baseline case, while temperature
and horizontal flow divergence are held constant (here fixed at 5 x 10~4yr—1!). The forcing varies on millennial timescales
comparable to Dansgaard—Oeschger variability observed in ice-core records (Svensson et al., 2026) (Fig. 4). Bubble close-off
(BCO) is defined here as the depth at which the firn density reaches 830kgm—2, and Aage is calculated accordingly from the
age difference between ice and air at this level.

The baseline case yields a steady-state close-off depth of approximately 62 m and a Aage of 440 yr. When only accumulation

is varied, the model shows strong sensitivity to burial rate, producing substantial variability in both zgco and Aage. Increased
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burial reduces the time available for densification at shallow depths, shifting the balance between burial and compaction
timescales and tending to push the close-off depth deeper. As a result, Aage varies between approximately 380 and 440yr. The
response in Aage is also phase-shifted relative to the forcing, reflecting the fact that densification integrates the deformation
history over time rather than responding instantaneously to surface conditions.

Including horizontal strain variability fundamentally changes the system response. Although the range in Aage remains
large, variability in close-off depth is strongly reduced and the mean state shifts toward lower Aage. This reflects the distinct
roles of the two forcings: accumulation alters the burial history, whereas strain directly modifies the densification rate through
the full stress tensor. As a result, the response is governed not only by burial but also by deformation.

This effect is most clearly illustrated by an idealized regime-change experiment, in which the strain rate transitions from
high to low shear while accumulation remains constant. The transition produces an increase in BCO depth of ~ 24m and a
decrease in Aage of ~ 200yr, reflecting the change in densification rates associated with the evolving stress regime. These
changes are comparable in magnitude to those typically attributed to climatic forcing, despite the absence of any change in
accumulation or temperature.

A useful perspective on the magnitude of this effect can be obtained from its impact on §5N through gravitational frac-
tionation in the firn column (e.g. Schwander and Stauffer, 1984; Buizert et al., 2015). A shift in close-off depth of 20 m at
T ~ —31°C corresponds to a change in 6'°N of approximately 0.1 %o. Interpreted purely in terms of temperature, this would
correspond to an apparent change of roughly 3-5 K, based on typical firn sensitivities of §1°N to thermal fractionation of order
0.02-0.03%0K~! (Grachev and Severinghaus, 2003).

Such behavior is consistent with evidence for past changes in ice dynamics. In northeast Greenland, Franke et al. (2022)
identify a paleo—ice-stream system that has since been deactivated and replaced by a different drainage configuration, demon-
strating that strain regimes can change substantially over time at fixed locations within an ice sheet. These results suggest that
such transitions would leave a pronounced imprint on firn structure and gas-age proxies.

An intriguing implication is that firn-derived gas proxies may encode information about past deformation history. In regions
affected by changes in ice-flow regime, measurements of 6'°N and related proxies could, in principle, be combined with
independent accumulation constraints to infer aspects of past strain variability. Although inherently non-unique and model
dependent, this highlights a pathway for using ice-core data to constrain both past climate and ice dynamics.

Because Aage and related gas-derived quantities are widely used to infer past surface conditions (Buizert et al., 2015;
Buizert, 2021), this sensitivity has important implications for the interpretation of ice-core records. Our experiments show how
changes in horizontal strain alone could produce shifts in Aage comparable to those associated with accumulation variability,
implying that firn-derived proxies such as Aage and §!°N may contain a dynamical component linked to ice-flow evolution.

Estimates of the interhemispheric phasing of Dansgaard—Oeschger cycles are larger when based on gas synchronization than
when derived from volcanic matching (Svensson et al., 2026), with differences on the order of ~150yr. Because gas-based
synchronization depends on Aage, it is sensitive to firn processes. The results presented here show that plausible changes

in strain regime can produce variations in Aage of similar magnitude, potentially contributing to discrepancies in inferred
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phasing. This highlights the potential for horizontal strain to influence gas-derived chronologies independently of atmospheric

forcing and underscores the need to account for ice-dynamical effects when interpreting firn-derived climate proxies.

6 Conclusions

We develop a pseudo-steady-state firn column model and a Lagrangian flowline formulation to describe firn densification under
horizontal strain. The steady-state model represents constant forcing, whereas the flowline model accounts for time-dependent
accumulation and strain along particle trajectories, linking density profiles to deformation history within a one-dimensional
framework. In this form, the rheology can be written in closed form and readily implemented in existing firn models (e.g.
Stevens et al., 2020).

Combined with a spline-based inversion, this approach allows rheological parameters to be inferred as smooth, density-
dependent functions without prescribed forms. The use of two sites with contrasting strain regimes but similar climatic forcing
provides complementary constraints, reducing the degeneracy inherent to single-site inversions.

As aresult, 7(p) is robustly constrained, whereas a(p), b(p), and v, (p) remain less well resolved. This reflects a fundamental
limitation that firn-density profiles primarily constrain effective parameter combinations rather than their unique decomposi-
tion. The two inversion approaches agree in first-order behaviour but differ in detail due to these identifiability limits.

The inferred rheology departs from prior models (Gagliardini and Meyssonnier, 1997; Zwinger et al., 2007), indicating that
firn deformation reflects multiple mechanisms rather than a single power-law description (e.g. Arnaud et al., 2000; Fourteau
et al., 2024). Horizontal strain emerges as a first-order control on densification, implying that rheological parameters inferred
from density profiles represent effective quantities.

The results further demonstrate that firn-density profiles cannot be interpreted independently of deformation history. Changes
in strain regime alone can produce Aage variations comparable to climatic signals, suggesting that firn-derived proxies such as
Aage and §'°N may contain a dynamical component linked to ice-flow evolution.

These findings highlight the need to account for ice dynamics when interpreting firn structure and gas-age proxies.

Code and data availability. Code and data products generated for this study are available at: github.com/grinsted/grinsted_firn_model-
publication-package. We intend to archive a final version of these materials upon manuscript acceptance. This study additionally relies
on the following publicly available datasets: accumulation radar data from CReSIS (2014, files IRACC1B_20140515_02_099-107); East-
GRIP density measurements from Rasmussen et al. (2023); the EastGRIP timescale from Sinnl et al. (2022); the ArcticDEM v3 elevation
model (Porter et al., 2022); ice velocity products from TSX and DTU (Hvidberg et al., 2020; Andersen et al., 2020); and density profiles

from Riverman et al. (2019).
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Appendix A: Regional accumulation rates

A simple, externally constrained accumulation model is used to prescribe upstream variability. Spatial variability in accumula-
tion upstream of EastGRIP is influenced by surface topography, with accumulation preferentially enhanced on windward slopes
and reduced on leeward slopes. Vallelonga et al. (2014) showed that accumulation rates in the Northeast Greenland Ice Stream
vary systematically with surface undulations at wavelengths of a few kilometers, consistent with wind-driven redistribution
and preferential deposition (see also Dattler et al., 2019).

To quantify this variability along the upstream flowline, we trace a clear but shallow (~15 m depth) radar isochrone in Op-
eration IceBridge accumulation radar data acquired on 15 May 2014 (CReSIS, 2014). The shallow depth minimizes sensitivity
to firn compaction uncertainties while preserving sufficient spatial coherence to resolve accumulation gradients.

We do not date the radar isochrone or apply a density correction correction to convert layer two way travel times to accumu-
lation rates. Rather, the inferred accumulation history is scaled such that the mean accumulation rate over the past 1000 years
along the profile matches an independent estimate derived from the EastGRIP ice core. This estimate is obtained by calculat-
ing the mass of each annual layer using the chronology of Sinnl et al. (2022) together with the density record of Rasmussen
et al. (2023). Layer masses are converted to accumulation rates by accounting for the inferred layer-thinning from accumulated
upstream flow divergence.

Spatial variability in accumulation is related to surface topography derived from ArcticDEM (Porter et al., 2022) using a
linear regression model. Guided by earlier studies (Vallelonga et al., 2014), the predictors include surface slope, local elevation

anomalies, and large-scale spatial gradients. The fitted model takes the form

b=108+41.4x 1073 (S, — S) (A1)
+1.6 x 10° V.S, + 7.5 x 10% VS, (A2)
+1.0x 107  (z —20) = 5.9 x 1072 (y — yo) (A3)

where b is the accumulation rate, S is the surface elevation, and S, is smoothed with a 2500 m Gaussian kernel. The terms
V.Ss and V,.Ss denote surface slopes in the x and y directions, and (o, yo) is the location of EastGRIP. All quantities are
expressed in units of kg, m, and yr.

Regression coefficients are estimated by minimizing the misfit between modeled and radar-derived accumulation rates along
the IceBridge profile, after advecting observations 50 years upstream along back-trajectories. The resulting accumulation field
(Fig. A1) captures the dominant variability associated with kilometer scale topographic steering of snowfall and wind driven
redistribution, while remaining sufficiently simple for application along the reconstructed flowline. The model reproduces the
radar-derived accumulation estimates with a root mean square misfit of 3.2 mm ice equivalent per year and explains a large

fraction of the observed variance (R? = 0.87), indicating that the primary spatial patterns are well represented.
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Appendix B: Seasonal temperatures in a steady-state model

The implication of the non-linear rate factor is that compaction will be much faster during summer than during winter near
the surface where temperatures at some sites can vary by more than 50 K over the year. As a consequence A(T) < m for
temporally changing temperatures, where the overbar indicates the average over a year. Because of the nonlinear Arrhenius
dependence, this approximation leads to a systematic underestimation of the effective rate factor in the presence of seasonal
temperature variability. This is a concern for steady-state models, as most physically based firn densification models evaluate
the rate factor at the mean annual temperature (e.g. Arthern et al., 2010; Goujon et al., 2003; Barnola et al., 1991), and

might explain why Herron-Langway (Herron and Langway Jr, 1980) performs poorly when driven by temporally varyin,
g P y gway gway p poorly y P y varying
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temperatures (Arthern et al., 2010). We account for this effect in the steady-state model. We therefore first derive how the
seasonal temperature amplitude decays with depth and use this to estimate m

The implication of the non-linear rate factor is that compaction will be much faster during summer than during winter near
the surface where temperatures at some sites can vary by more than 50 K over the year. As a consequence A(T) < m
for temporally changing temperatures, where the overbar indicates the average over a year. This is a concern for steady-
state models and might explain why Herron and Langway Jr (1980) performs poorly when driven by temporally varying

temperatures (Arthern et al., 2010). We account for this effect in the steady-state model. We therefore first derive how the

seasonal temperature amplitude decays with depth and use this to estimate A(T").

The advection-diffusion equation for temperature can be written as
pc% = %k‘g—f (B1)
where c is the specific heat capacity, and the conductivity, k, is a function of p. Several parameterizations for k(p) are available
in the literature. Here, we adopt a standard formulation consistent with Arthern et al. (2010), noting that the precise choice
has only a minor influence on the attenuation of seasonal temperature signals at depth. For the specific heat capacity we use

(Fukusako, 1990) For 1D flow, this becomes

oT 0T ok\ 0T

— =k — — ) = B2
P or =" oz2 < “w az> 9z (B2)
For convenience, we define v = pcw — %.

We seek to describe how the amplitude of the seasonal temperature signal decays with depth. Rather than assuming a global
solution to Eq. (B2), we adopt a local approximation in which material properties and vertical velocity vary slowly with depth.
In this limit, the temperature field at a given depth can be expressed as a harmonic seasonal signal with a slowly varying

amplitude,
T(t,z) =Ty +R{Ts(z)e™"}, (B3)

where T(z) is a complex amplitude that varies with depth and encodes both attenuation and phase shift. We further assume

that the complex amplitude varies locally as
Ts(z) ~exp(—e,z +ik,2),

where e, represents amplitude decay and k, encodes the vertical phase shift.
To describe the attenuation of the seasonal signal, we introduce a local decay rate e, (z), defined through

oT,
5 —e.(2)Ts(2). (B4)

Substituting this form into Eq. (B2) and assuming that coefficients vary slowly with depth yields a local algebraic relation

for the complex amplitude. Inserting Eq. B3 into Eq. B2 yields:

ipcw = (e, + ki) (y+ ek + kk,i) . (B5)
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Separating the real and imaginary parts, we get:

k2: 2 Vez
e, + A

pew = k(v + 2e,k)

Isolating e, from the second equation and substituting into the first yields a quadratic equation for k2, which can be solved
analytically to give

_ 214 2
2 7+\/’Y4]:‘ (pew) . (B6)

z

The positive root is taken to ensure k2 > 0 and physically meaningful attenuation of the temperature signal with depth. With

k. determined, the seasonal amplitude decay with depth becomes

4(kk:)* +9* —v

L= B7
e o7 (B7)
We can now calculate the decay of the seasonal amplitude with depth using equation B4.
The annual average value of A for a sinusoidal temperature is
- 1 7
A=— | A(Ty +Tscos(t))dt (B3)
71'
0

We have not found an analytic expression for this integral. However, a good approximation can be found by making a third-
order Taylor expansion of the Arrhenius exponent (Eq. 16) around ¢ = 0. L.e. at the summer peak which dominates the annual

average for large amplitudes. We write

_ 1 7 T 2
AzA(Tm—i-TS)—/eXp —Q—St2 dt (B9)
™) 2R (T +T})

, VARTIT. 2
C AT+ Tt Ty (TVRET T (B10)
V2T QR-1T, Ty +Ts

Often the form of A(T') is chosen to be more complicated than a simple Arrhenius relationship, e.g. with an increased

activation energy above —10°C (Greve and Blatter, 2009). Such formulations are commonly used in modern firn and ice-flow
models (e.g. Arthern et al., 2010; Ligtenberg et al., 2011). Eq. B10 is still a good approximation if we use an effective activation
energy Q' = % RT?. In practice, for an arbitrary rate factor function, we recommend calculating QQ’ using finite differences

over the summer half of the seasonal cycle. Alternatively, A can be calculated by numerical integration.

Appendix C: Steady-state implementation

The steady-state firn-density profile can be calculated given the following material constants: a(p), b(p), k(p), ¢, and n = 3,

along with the site-specific parameters: b, é,, éa, T}y, Ts|2—0, and p|.—o.
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We obtain the steady-state density profile by integrating the governing equations downward from the surface using a finite-
difference scheme with vertical step size Az. At each depth level j, we track the evolution of density, overburden load, and

seasonal temperature amplitude. The numerical procedure proceeds as follows:
1. Calculate the vertical stress o, ., from the overburden load
2. Calculate the seasonal averaged A using Eq. B10
3. Calculate the vertical strain rate ¢, by solving Eq. 10
4. Calculate the vertical velocity w using Eq. 17.

5. Calculate the density gradient % using Eq. 19

6. Calculate the thermal conductivity gradient using the chain rule, % = g—’;g—’z) (or estimate using upstream finite differ-

ences).
7. Calculate the seasonal temperature decay coefficient e, using Eq. B7.

8. Update the state variables for the next layer (5 + 1):

. ) j @A
(a) Density: p/ ™! = pice — exp |10g(pice — p7) — ﬁ

(b) Overburden load: M7*+! = M7 + 1(p7 + p/ 1) Az

(¢) Temperature amplitude: 77! = TJe=¢=4%

The density update rule (8a) ensures that p asymptotically approaches but never exceeds the ice density pjce, regardless of
the step size Az. This is in contrast to a plain forward Euler scheme (p?*! = p/ + %Az), which can produce unphysical
overshoots. The particular logarithmic transformation is motivated by empirical observations showing that the evolution of the
density becomes approximately linear after a suitable nonlinear transformation (Herron and Langway Jr, 1980), improving
both numerical stability and physical realism.

The explicit finite-difference scheme is stabilized by a natural negative feedback mechanism: if a density is overestimated
at any depth, the resulting viscosity increase reduces the densification rate, naturally minimizing the impact of the error.
Consequently, the numerical solution is relatively insensitive to the vertical step size Az.

We note that the above scheme for computing steady-state profiles, accounting for both seasonal temperature variability
and flow divergence, can be readily adapted to other densification models (such as Arthern et al., 2010) by modifying steps
3-5. Models formulated solely in terms of overburden stress can be further improved with the shear thinning correction of
Oraschewski and Grinsted (2022) to better capture densification in high-shear environments, or by calculating the ¢, ,-ratio

with and without horizontal shear (é; and é5) using Eq. 10.
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Appendix D: Flowline model implementation

The flowline firn model extends the steady-state column formulation by solving the firn compaction equations in a time-
dependent, Lagrangian framework. Firn layers are tracked as material volumes that evolve under time varying accumulation,
overburden stress, and horizontal strain rates prescribed along a flowline.

Time is discretized at fixed intervals At, here chosen to be annual. At each time step a new surface layer is added repre-

senting one accumulation increment. Each layer ¢ is characterized by the mass per unit horizontal area M;, the density p;,

and its thickness H; = ]X{ L. Layer depths are diagnostic quantities computed from cumulative thickness. At each time step (t),
we prescribe the accumulation rate (b(t)), the surface density (ps(t)), the horizontal principal strain rates (¢1(t), é2(t)). The
temperature is kept constant.

At each time step, overburden stress (o,.) is computed from the cumulated overburden load. Given o, the prescribed
horizontal strain rates, and the density-dependent rheological parameters (a and b), the vertical strain rate €., is obtained by
solving the inverse Gagliardini flow law (Eq. 10).

Horizontal strain rates modify the mass per unit area of each layer through lateral convergence or divergence according to

DM .
EZ—M(QL—FEQ) . (Dl)

This update is applied uniformly to all existing layers at each time step and represents the change in horizontal area of a
material control volume. In practice, we use the following update rule: M7 = M7 exp (—(é1 + éo)At).

Density evolution follows the material form of mass conservation (see Eq. 8). Following the steady-state scheme (step 8a),
density is updated using an implicit Herron-Langway-style transformation that ensures numerical stability and preserves the

upper bound pjce.

Appendix E: Inferred fabric from birefringence-induced loss

The first occurrence of a birefringence-induced loss, or beat, arises at the depth where the phase difference between the fast
and slow waves reaches . Young et al. (2021) provide a relation between phase difference and birefringence, here modified

slightly to express it in terms of the eigenvalue difference A\ and adapted for firn conditions,

¢

d(x)
< 27 f,, / Ae' AX(z, z) iz, (ED)
0

Co &(x

where ¢y is the speed of light in free space and f. =750 MHz (Rodriguez-Morales et al., 2014) is the radar center fre-

quency. Here = denotes along-track distance and d(z) the depth of the birefringence-induced loss. The quantity &(x) =

ﬁ Od(x) e(x,z)dz is the depth-averaged relative permittivity, and Ae’ = 0.034 (Matsuoka et al., 1997) is the birefringence

of a single ice crystal.
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In firn, the permittivity depends on density. We therefore estimate ¢(x, z) using density profiles derived from Riverman
et al. (2019), combined with the DECOMP mixing model of Wilhelms (2005) to convert two-way travel time to depth and to
compute ().

Setting ¢ = 7 and assuming that £(x) is approximately constant over the integration depth, Eq. El yields an estimate of the
depth-averaged horizontal eigenvalue difference,

d(x)
! / —
o 27 fe A’ AX(z, 2) oy — 2md(x) foAe AN(x) = BA(x) = cov/E(x)

Co VE(T) cor/E(2) 2d(z) f.Ae'

0

(E2)

The inferred birefringence signal and corresponding estimates of A\ are shown in Fig. E1. Assuming a linear increase of
A from an isotropic surface (AX(0) = 0), the observations imply values approaching A\ = 0.8 at a two-way travel time of

0.26 s (= 24 m), indicating a strongly developed fabric at shallow depths.
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Figure E1. CReSIS accumulation radar data (CReSIS, 2014) and inferred fabric derived from birefringence-induced loss. (a) Radar data
from the CReSIS accumulation radar (2014_Greenland_P3: “Northeast Grid 067, 20140515_02_100), showing clear evidence of fabric-
induced birefringence loss. (b) Picked depths of birefringence loss, colored by the inferred depth-averaged horizontal eigenvalue difference.
(c) Inferred depth-averaged eigenvalue difference (red), compared with the profile obtained assuming a linear increase of AX(z) from an

isotropic surface (AX(0) = 0).
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