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Abstract. Digital elevation models (DEMs) have reached resolutions and sizes that only parallel computers can efficiently
process. One important application of DEMs is predicting how much water flows where, the so-called “flow routing problem”
(a variation of which is the problem of determining the drainage area upstream of a point in a DEM). The traditional algorithm
for flow routing is sequential, and attempts to parallelize this method have so far only been moderately successful. Herein, we
build on earlier work in Richardson et al. (2014) and propose an algorithm and several variations that can efficiently solve the
flow routing problem on very large models with very large numbers of parallel processes. For the largest model we use, with

1.88 billion points, the best algorithm herein can route water in 4.0 seconds on 12288 processes of a computer cluster.

1 Introduction

Flow routing refers to the problem of determining how much water flows at every point of a landscape, given a digital elevation
model (DEM) and knowledge of how much water originates where, for example through rainfall. (The related problem of
determining drainage area can be stated as seeking the amount of water that results from a spatially constant rainfall rate
because in that case, the amount of water is proportional to the drainage area.) Flow routing has traditionally been solved using
algorithms that either work their way upward in drainages, or work their way downward from mountain tops. The intellectual
basis for the work herein is an algorithm that is a model of elegance because it is not non-obvious yet simple to describe: In a
first phase, one sorts all grid points in the DEM from high to low; in a second phase, points are processed in this high-to-low
order in two steps: (i) The amount of water available at a point equals the amount of rainfall in the area that corresponds to
this point, plus whatever water it has received from previously processed points; (ii) the available water is then, depending
on modeling assumptions, given either to the lowest-lying neighbor of the current point, or partitioned among its lower-lying
neighbors. This algorithm works because the order of processing ensures that when a point in the DEM is visited, all higher-
lying neighbors have already been processed, and because a point can only receive water from higher-lying neighbors, we have
all the knowledge we need about how much water is available at the current point. There can be no cycles, and we never have
to visit points a second time, or do other kinds of iterations.

For a digital elevation model with N points, the sorting phase requires O(N log, N) operations, whereas the processing
phase touches each point exactly once and so requires O(N) operations. It is difficult to imagine a method that would beat this
algorithm, either in speed or elegance. Yet, the algorithm is unusable in today’s environment where digital elevation models

can have N = 10! points or more NASA/METI/AIST/Japan Spacesystems and U.S./Japan ASTER Science Team (2019): For
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models of this size, only algorithms running on many machines in parallel can be meaningfully used to process these amounts
of data; on the other hand, the one outlined in the previous paragraph is inherently sequential because it visits points in a
specific order one after the other.

In order to allow for flow routing in large elevation models, there have been attempts to parallelize the algorithm above on
shared-memory multi-core machines, by keeping track of which points have to be processed before which others. This can
be done through parallel priority queues, or by counting how many unmet dependencies each point still has, but these ideas
do not lead to speed-ups that really make a difference for the largest data sets. Similarly, attempts have been made to utilize
distributed memory machines and the Message Passing Interface (MPI), but these also were not very encouraging: To give just
one example, Wallace et al. (2010) report a speed-up of around 3 when using 8 processes, and no more than 4 when using up
to 128 processes.! Section 2.4 of Richardson et al. (2014) provides a nice overview of many of the attempts made, along with
the unsatisfactory state of affairs.

Moreover, current digital elevation models exceed the memory size of even large workstations, making them unsuitable for
algorithms that require access to all data at once (i.e., “shared memory” algorithms): algorithms that require having the entire
data set in memory on a single machine can no longer be used at the scale of today’s DEMs.

As a consequence of these considerations, algorithms that work with shared memory, or algorithms that only scale to a
handful or perhaps a few dozen processors will not be sufficient in the future. There clearly is a need to look at the problem in
an entirely different way.

One basis for such an alternative perspective is the realization — apparently independently proposed in Eddins (2007),
Schwanghart and Kuhn (2010), and Richardson, Hill, and Perron (see (Richardson et al., 2014, Section 3.1) for the claim
of independent discovery) — that flow routing and drainage area determination can be formulated as solving a system of linear
equations. The main contribution of Richardson et al. (2014) is that there are efficient algorithms for solving systems of linear
equations that can be parallelized and that can be run on large clusters of machines that do not share access to common mem-
ory. The algorithm proposed therein is called Implicit Drainage Area (IDA); the paper does not compare run-times between the
best algorithm on a single process and their parallel implementation, but the authors demonstrate a speed-up of about 3 when
going from 48 to 192 processes. That said, reading between the lines and taking into account (i) the fact that their algorithm
requires hundreds of iterations (see their Fig. 13) and (ii) the fact that each iteration costs about as much as a single high-to-low
solve, one can conjecture that the IDA algorithm is perhaps slightly faster, but likely not substantially so, on 48 cores than the
high-to-low method on a single core.

The contribution of the current paper is to show that the formulation of flow routing and drainage area determination as a
linear system can be used as the basis for a much better algorithm than IDA using insight into which algorithms and precondi-
tioners are suitable for the specific type of linear system we have here. In particular, in the remainder of this paper I will present

an algorithm and several variations with the following properties:

"Herein, I use the term “process” to describe a single program running on a machine, as is common in the literature on parallel programming using the
Message Passing Interface (MPI). A parallel program then consists of multiple processes, each of which has its own memory space. Oftentimes, one runs one
process per processor of a cluster or (on today’s multi-core machines) one process per processor core.
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1. If run on a single process, the methods are all equivalent to the traditional high-to-low sweep, and consequently just as

fast.

2. The algorithms can be run on large numbers of processes, showing a speed-up of 52 compared to the single process case
when run on 128 processes using a digital elevation model with 177 million points, and solving a problem with 1.88

billion points in 4.0 seconds on 12288 processes that could not at all be solved with fewer than 8 processes.

3. The algorithms partition memory requirements equally among all processes, with every process only requiring knowl-
edge of that part of the the digital elevation model that corresponds to those points it “owns” plus one layer of neighboring
points. As a consequence, the methods can efficiently deal with very large DEM data sets that do not fit into the memory

of a single machine, but that can be loaded into the memory spaces of hundreds or thousands of machines taken together.

The remainder of this paper is structured as follows: In Section 2, I will describe the classical “high-to-low” algorithm and
then outline the basic idea of the parallel flow routing algorithm. Section 3 then covers optimizations that lead to identical
results but reduce memory usage or run time, and simplify the set-up of the algorithm; the section then also reformulates the
problem further, allowing for a more sophisticated preconditioner. I will then show experimental results with this algorithm
on some large DEM data sets that have up to 1.88 billion points and using thousands of parallel processes in Section 4; these
results will show that one can attain substantial speed-ups from parallel computing when using sufficiently large models. I will
conclude and consider where this line of research might lead in Section 5. Two appendices will discuss the extension to the
multi-directional flow routing schemes, and outline considerations for implementations of the algorithms described herein.

In general, I will provide slightly more detail than one might when writing for readers with a background in scientific or

parallel computing, in hopes of making the material accessible to those with a background in hydrology.
A note on terminology.

Whereas the term “flow routing” refers to the task of determining how much water flows where based on knowledge of how
much rain fell elsewhere, the related problem of “drainage area determination” asks about the area that lies upstream of a point.
(Or perhaps more correctly: It asks for the area surrounding the nodes that drain through the area surrounding a given node.)
The latter problem is a special case of the former: If one assumes a spatially constant rainfall of, say, one cubic meter of water
per square meter of land, and finds by solving the flow routing problem that through a specific point 10® cubic meters of water
drain, then the drainage area of that point is clearly 108 square meters (100 square kilometers). In other words, determining

drainage area corresponds to the special case of flow routing with spatially constant rainfall.

2 The parallel flow routing algorithm

In this section, let me first outline the sequential algorithm that is widely used (Section 2.1), along with the reformulation of

flow routing as a system of linear equations (Section 2.2), and then the IDA algorithm first described by Richardson, Hill, and
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Perron in Richardson et al. (2014) (Section 2.3). All three of these sections cover material that is well known, but that will

combine to form the the new and much improved algorithm I will outline in Section 2.4 and then further optimize in Section 3.
2.1 Classical flow routing: The sequential ‘“high-to-low”’ algorithm

In order to explain the classical “high-to-low” algorithm, consider the simple elevation model on a grid of N = 3 x 3 = 9 points
shown in Figure 1, and using the numbering of nodes of the left panel. The amount of water w; that flows through node 7 is
given by two contributions: First, the amount of rain r; that falls on the area around node ¢ (with this area defined, for example,
by taking all points that are closer to node ¢ than any other node, which here corresponds to little rectangles around each node).
And second, the amount of water any of the upstream nodes give to node . For the second contribution, we need to determine
for each node which other nodes it gives its water to; typically, in the common D, and Dg schemes O’Callaghan and Mark
(1984); Jenson and Domingue (1988), one finds that one among the 4 immediate or 8 adjacent nodes that (i) is lower than node
i and (ii) to which the downhill gradient is the steepest.”

The step of computing which other node each node gives its water to is called “local flow routing”. The output of local flow

routing is a list of ‘(src—dst)’ relationships that for the example in Fig. 1 reads as follows:

(1—=2), (2—3), (3= x), (4—2), (5—3),
(6 — 3), (7—5), (8 —6), (9 —6).

Note that every node appears exactly once in the s7c position. Node 3 is the lowest one and has no lower-lying neighbor to give
its water to and so the ‘dst> position is denoted by an “invalid” marker x.3

The key realization of the classical algorithm is that we can only determine how much water a node ¢ has if we know how
much it gets from others, but that the only ones we need to care about are the higher-lying neighboring nodes, which must
consequently be processed earlier. In other words, if we process first the highest-lying node (which cannot have any inputs
other than rain), then the second highest node (which either has no higher-lying inputs, or the one just processed), and then
continue in this order, we will be able to process each node in a way that creates no depencies that are not already met by the

time we touch a node. As a consequence, we have to order nodes from high to low and then process them in this order. Given

the flow directions shown above, and sorting nodes from high to low, we can then write the amount of water available at every

2Indeed, what matters for the discussion that follows is that each node gives water to exactly one neighbor (or none, if at the boundary). The D4 and Dg
schemes satisfy this requirement, but so would any other generalization on unstructured, triangular, or hexahedral meshes, or in schemes where water flows
to a neighboring node that happens to not be the lowest one or not the steepest downhill. In the following, I will therefore reference the D4 and Dg schemes
only in the sense of “representatives” of these kinds of schemes. There are of course other schemes in which the water from each node is partitioned among
all of its neighbors in some way; I will comment on the generalization to such schemes in A.

3Nodes without lower-lying neighbors can be at the boundary where they would indicate the presence of a stream flowing out of the domain, or in the
interior of the domain where they would represent local depressions into which water can flow but from which water can not escape without modifying
the model. In flow routing, one avoids the presence of the second kind by pre-processing the digital elevation model in a “depression-filling” step. See also
Section 4.
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one of the 9 nodes of the example as follows:

wr =17,
Wy =Ty,
wg =18,
wy =T1,

ws =715 + Wy,

Wy =Ty,

Wy =13 + w1 + Wy,
We = T + Wg + Wy,

w3 = 13 + w2 + ws + ws. (D

Here, the r; are all assumed to be known rainfall amounts, and the right hand side of the equation for w; contains as inputs all
of the nodes j that give water to node 7 — i.e., all of those ‘(src—dst)’ relationships in which ¢ appears in the ‘dst’ position.
Importantly, in each line, all of the w; that appear on the right hand side have already been computed by one of the previous
equations — because we have sorted the list from high to low. In other words, we can solve for all 9 of the w; in turn, by running
through the list of equations from top to bottom. We will thus call this algorithm the “high-to-low” algorithm.

A simple piece of Python-like code that implements this algorithm — building up the right hand sides of the equations as we

go — might look as follows:

I: l global flow routing r
2: def global_flow_routing (local_flow_routing_list, r):

33 w=rr # Start w vector with rainfall in r

4: h21_local_flow_routing = sorted (local_flow_routing_list, reverse=True)

5: for src,dst in h2l_local_flow_routing: # Handle (src,dst) pairs high—>low

6: if dst != invalid:

7. w(dst) = w(dst)+w(src) # Add 'src's water to 'dst' node

8: return w

It is difficult to imagine a more efficient (or more elegant!) algorithm for flow routing. There are two components to its run
time: First, the cost of sorting all nodes from high to low, which for /N nodes can be achieved in a number of instructions that
is proportional to N log,(IN) (we then say that sorting costs O(N log,(N)) operations). Second, the actual traversal of the N
equations to compute each of the w; comes at a cost that is proportional to /V. This is because there are N equations and on the
right hand side, there can be at most 4 (for the D4 scheme) or 8 (for the Dg scheme) terms, plus the one term for r;, implying

that the total cost is at most proportional to 5N or 9N. Even for large models, log, (V) is a relatively modest number — for
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example, the largest model considered in Section 4 has N = 1.88 x 10°, and consequently N log,(N) ~ 31N. In practice the
two parts of the algorithmic cost are therefore of comparable size.

Various attempts have been made over the years to parallelize this algorithm; Section 2.4 of Richardson et al. (2014) provides
a nice overview of approaches, and it is also worth mentioning Arge et al. (2003); Braun and Willett (2013); Barnes (2016) in
this context. The key issue is that we traverse nodes from high to low, an inherently sequential order. One can try to split the
work onto separate processes by ensuring that each process only works on nodes whose upstream nodes have either already
been worked on, or are also dealt with by that process. Or one can keep track how many dependencies of a node are still unfilled,
and keep a list of “ready” nodes for which all higher-lying neighbors have already been processed; the nodes in this list can
then be worked on in parallel. These approaches have, however, largely not been very successful because (i) they do not scale
to the large number of processes available on today’s workstations and supercomputers, (ii) they introduce synchronization
overhead that negates much of the benefit of parallel computations, and (iii) they typically required all processes to have access
to the entire data set in a shared-memory setting — a major impediment at a time when data sets may have N = 10! points and
require terabytes of memory just to store.

As a consequence, one needs to approach flow routing in an entirely different way to make use of the large numbers of

processor cores available today. The following section provides the conceptual basis for such an approach.
2.2 Writing flow routing as a system of linear equations

The starting point for developing a parallel algorithm is the realization that flow routing can be written as a system of linear
equations. As mentioned in the introduction, this connection has been made multiple times, apparently independently, in the
literature and is not new. Considering the example of the previous section, let us bring all of the unknowns w; to the left side

and sort by index:

w1 =T,

Wz — W1 — Wy =T2,

W3 — W2 — W5 —Wg =1T3,
Wy =Ty,

W5 — Wy =Ty,

W — Wg — W9 = T,

wr =717,
wg =Tg,
W9 =T9
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The set of linear equations above can in turn be written in matrix-vector form as follows, where for clarity we have omitted the

many zeros that fill the remainder of the matrix:

1 w1 1
-1 1 -1 Wo T2
-1 1 -1 -1 w3 r3
1 Wyq T4
1 -1 ws | = |75 |- 2)
1 -1 -1 Weg 6
1 wr 7
1 wg g
1 Wy r9

In the following, we will abbreviate such linear systems as
Aw =r, (3)

where A is an N x N matrix, w is the vector of size N that holds the water amounts of all nodes and that we would like to
determine, and r is the known vector that for each of the IV node stores the local amount of rainfall.

At this point, we have formulated the flow routing problem in a way that allows us to utilize the universe of methods used to
solve systems of linear equations. It is useful to recognize that the matrix is “sparse”, i.e., that the vast majority of entries are
zero. In fact, because each node in the D4 and Dg schemes gives its water to exactly one other node (or to none, if it is a local
depression or a low point at the boundary of the domain), each column has at most two entries; each row % contains a one on
the diagonal and as many minus ones as the number of neighbors of ¢ that give their water to node 7 — i.e., at most 4 or 8 minus
ones per row for the two schemes.

While it is elegant to re-formulate the problem as a linear system, in itself this is not efficient: In general, solving a linear
system in N variables takes a run time that grows proportional to N3 (i.e., we say the algorithm is O(NN?)). In the current case,
one can make use of the sparsity of the matrix and other structural properties of the problem to substantially reduce the cost,
but using a black-box linear system solver will almost certainly not come even close to the sequential algorithm outlined in
Section 2.1 that has a run time that is O(N log, (V). Instead, the value of the reformulation as a linear system will be that we

can solve the problem in parallel on multiple processes at once.
2.3 The IDA algorithm: Solving systems of linear equations in parallel

The innovation of Richardson et al. (2014) is to realize that there are algorithms that can solve linear systems such as (2)—(3)
in parallel, and that implementations of these algorithms are widely available in libraries such as those used in their paper. In

general, these algorithms are iterative in nature, that is they consist of a loop in which the current best guess for the solution
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vector w is improved in each iteration. Iterative algorithms generally only require the computation of matrix-vector products
with the matrix A in (3), which can efficiently be done in parallel. In practice, all of these iterative algorithms require fewer
operations when used in combination with a “preconditioner” — a matrix B that is used to transform the linear system Aw =r
into the equivalent system BAw = Br so that the matrix B A has better properties than A alone. In practice, it is not necessary
to form the matrix product B A; instead, it is enough to form matrix-vector products BAx = B(Ax), i.e., multiply a vector x
first by the matrix A and then by B.

Based on this realization, Richardson et al. (2014) then proceeded to run tests on a wide range of linear solver algorithms and
preconditioners to solve equations (2)—(3) on multiple processes as well as on Graphics Processing Units (GPUs). How well
each combination of solver and preconditioner worked is then summarized in a table in Figure 3 of Richardson et al. (2014).
They find that the combination of a Richardson solver and the Euclid preconditioner performed the best. They then called this
combination of writing flow routing as a linear system and solving it with Richardson+Euclid the “Implicit Drainage Area”
(IDA) algorithm.*

Richardson et al. do not actually compare their algorithm when run on a single process against the very efficient high-to-low
algorithm of Section 2.1. In fact, reading between lines and based on our own results in Section 4, one might speculate that if a
data set is small enough to be stored and run on a single process, the IDA algorithm is substantially slower than the high-to-low
algorithm. But this does not invalidate the approach: First, an algorithm that on a single process may be slower than the high-
to-low one may still be much faster when run on sufficiently many processes, as we will see in Section 4. Moreover, iterative
algorithms do not require that the matrix or solution vectors are stored on a single machine — on a cluster of computers,
each machine may only store a subset of the rows of the matrix, and the corresponding parts of the w and r vectors. As a
consequence, one can deal with very large digital elevation models that cannot even be stored in memory on a single machine.
In such cases, one would “partition” the domain of interest among the processes as shown in the right panel of Fig. 2; each
process in a parallel computation then “owns” only a subset of the model and will only need to query the DEM for the points
it owns, plus one layer of “ghost nodes” around the ones it owns. There are widely used software libraries that can efficiently

partition domains like the one shown into tens or hundreds of thousands of pieces.
2.4 A better parallel algorithm for flow routing: Optimal preconditioners

Some outcomes of the comparison of solvers and preconditioners in Figure 3 of Richardson et al. (2014) are not a surprise.
That is because many of the solvers tested there — for example, Conjugate Gradients (CG) — require the matrix A in (3) to
be symmetric and positive definite, but it is neither. Others of the methods tested offer flexibility in the choice of operations
that are not necessary here (for example, F-GMRES over GMRES). Similarly, some of the preconditioners require the matrix
to have properties it does not have in the current application. As a consequence, the finding that the Richardson solver works

well is not surprising, though experts in the solution of linear systems would probably have chosen GMRES at first given its

It is perhaps confusing that Richardson et al. find that the Richardson solver is the best method. I will be careful in the following when using the name
to make clear whether I reference the authors of the paper, or the method. The method to solve linear systems was proposed by Lewis Fry Richardson in
Richardson (1911), more than 100 years before the paper I reference frequently herein.
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well understood performance on non-symmetric matrices.’ Euclid as a preconditioner Hysom and Pothen (1999, 2001) is a
more enigmatic — and uncommon — choice but turns out to be a good method because it is fundamentally an incomplete LU
decomposition and, as will become clear throughout the rest of this section, computing matrix decompositions is quite easy if
the matrix is triangular, a property the matrix A herein has when looked at in the right way.

Whereas the choice of the Richardson solver is reasonable, one can do substantially better with the preconditioner. Explain-
ing how requires a short detour. In reformulating the 3 x 3 flow routing problem shown in Fig. 1 as a system of linear equations
in matrix form (2)—(3), we derived the matrix A whose nonzero entries can be visualized as in the left panel of Fig. 3. But we
are not required to enumerate the nodes of the elevation model first in x- and then in y-direction. We could also have enumer-
ated them high-to-low as shown in the right panel of Fig. 1, and in that case we would have obtained a matrix At as shown
in the right panel of Fig. 3. Depending on how we enumerate nodes, we can solve either Aw =r or A*w' =r+ — the two
will lead to identical amounts of water at each node, it is just a matter what number we attach to each node. In fact, different
enumerations of nodes are just permutations of indices, and if we denote the permutation by the matrix P, then w* = Pw,
rt = Pr,and A = PAPT.

Despite the equivalence of the two linear systems, it is much easier to solve A*w' = r*. This is because the matrix A" is
(lower) triangular, i.e., all entries above the diagonal are zero and all nonzeros are on or below the diagonal. Linear systems
with triangular matrices are particularly easy to solve because we can use the first row of At and the first entry of the right
hand side, r%, to solve for w% With wf known, we can use the second row of A to solve for w%, knowing that the entries
A$,3 - ~Ag7  are all zero and so none of the water variables not yet computed appear in this equation. We can continue row
by row to compute w; this step-by-step solve is called “forward substitution”. Of course, it is no surprise that solving the
renumbered linear system is easy: We have numbered nodes high-to-low, and we know that we can easily solve for all water
degrees of freedom in this order: This is what the high-to-low algorithm of Section 2.1 does, after all! In other words, the
simplicity of the high-to-low algorithm corresponds to the fact that, if we enumerate nodes smartly, the matrix we need to solve
with in the formulation as a linear system is triangular and easy to solve with.

Let us now consider how this observation can be used in parallel computations. The basic assumptions we will have to live
with are that (i) we have partitioned the domain among the P processes, such as in the situation shown in the right panel of
Fig. 2 with P =5, where each process “owns” the nodes that are part of its partition; and (ii) that each process p=1,..., P
is responsible for a contiguous block of IV, node indices that it can otherwise freely assign to the nodes it owns. In other
words, process 1 will own indices 1... N that it can assign to its N7 nodes; process 2 will own indices Ny +1...N; + Ny
that it can assign to its No nodes; and so on for a total of Ny 4+ No +--- 4+ Np = N indices. The second assumption ensures
the practical consideration that each process should only have to store contiguous sets of rows of the matrix A and contiguous

sets of entries of vectors w,r. The left panel of Fig. 4 shows the matrix A that corresponds to the Colorado elevation model in

SDespite my initial preference for GMRES over the Richardson solver, my experiments mirror those of Richardson et al. (2014): The two require the same
number of iterations to reach the desired tolerance, but the Richardson solver takes only about 2/3 of the run time. This is because the internal operations of
the GMRES solver — but not those of the Richardson solver — are quite expensive and, given the simplicity of the matrix A, contribute noticeably to the overall
solver time. As a consequence, I agree with the choice of the Richardson solver.
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Fig. 2 when partitioned onto P = 5 processes, using the default numbering of nodes provided by the deal. IT library used
for the computations here Arndt et al. (2021, 2025).

Because of the requirement that each parallel process owns contiguous ranges of nodes, we cannot globally renumber high-
to-low. But each process can independently and in parallel enumerate its own nodes high-to-low. We will call the resulting
matrix APPY (“per-process high-to-low”); for the Colorado model, the nonzeros of this matrix are shown in the right panel of
Fig. 4. This matrix is not triangular because a node might receive water from a higher-lying node that is owned by one of the
later processes; that higher-lying node therefore has a larger index (unlike in the one-process case where it would have received
a lower index) and so leads to a matrix entry to the right of the diagonal.

Coming back to the question of preconditioning the iterative solution of the linear system Aw =r (or APPtwPPt = PPl
let us first recall that a preconditioner is a matrix B that transforms the linear system to BAw = Br. The best preconditioner
would be B = A~ given that that would convert the linear system into w = Br. In practice, of course, computing the matrix
A~ itself cannot be done efficiently, and so one has to balance between B being close to A~! and B also being efficiently
computable. Richardson et al. (2014) use the Euclid algorithm that chooses B to be an incomplete LU decomposition of A to
approximate A1, whereas herein we will make use of the fact that we have a very efficient exact solver, namely the high-to-
low procedure. Second, all iterative solvers do not actually need the matrix B entry-by-entry; rather, they just need the ability
to compute matrix-vector products y = Bx given a vector X.

In the current context, we note that while APP¥ is not triangular, the diagonal blocks of APP* are triangular (see also the right
panel of Fig. 4) because the nodes of each process are individually numbered high-to-low. Let us then write APP* as the sum

of a matrix DPP* composed of the diagonal blocks, and a matrix RPP¥ that contains the rest, that is

N N T
N, '\\ N '\.\
N\ SR
AN L= HNEuN )
\\“ ~.
Aprpl Dppd Rppl

We will then choose our preconditioner B = (DPP+)~!. Computing matrix-vector products y = Bx = (DPP+)~!x is then
equivalent to solving the linear system DPPty = x, which is easy because DPP! is triangular. Moreover, because it only consists
of the diagonal blocks, each parallel process can solve its linear system independently of that of the other processes, and in
parallel. As discussed above, solving these triangular systems corresponds to applying the high-to-low procedure of Section 2.1
on the nodes that are owned by a process.

In summary, our solution approach will then be the following:
1. We use the Richardson method as the iterative solver.

2. We use B = (DPP+)~1 as the preconditioner.

10
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It is worth outlining our expectations how this method works. First, if we compute with only a single process (i.e., we are
performing a “sequential” computation), then all matrices consist of only a single block and so APPY = At DPPd = Arpl
RPPY =0, and finally B = (A*)~!. This means that the preconditioned linear system is BA‘w = I'w = Br. The Richardson
solver converges in one step whenever the matrix in the linear system is the identity matrix I, and so the cost of solving the
linear system is one multiplication by B —i.e., equivalent to one high-to-low solve. This is pleasing: In the sequential case, our
method is as efficient as the best algorithm we have for flow routing.

In contrast, for P > 1 parallel processes, B # (A})~! and we should expect the Richardson solver to take more than one
iteration. In particular, as we add more and more processes, we should expect that RPP+ consists of a larger and larger portion
of the matrix APP*, and consequently that B = (DPP+)~! becomes a worse and worse approximation of (APP¥)~! As a
consequence, for a problem of fixed size, we should expect that the number of Richardson iterations necessary to solve for w?P+
becomes larger and larger. We will show that this expectation is indeed correct in Section 4.1 and provide some theoretical
insight why this is so in Section B1.

Let me end this section by stating that the method described above can be interpreted in the spirit of domain decomposition
(DD) approaches Quarteroni and Valli (1999) in which the subdomain solvers (here: the high-to-low solver for each partition)
are exact. This has no bearing for the remainder of the paper, but could in principle be used to develop better methods if one
could come up with interface transmission conditions that allow for building solvers that work on the skeleton of the domain

decomposition.

3 Further optimization of the algorithm

Having outlined the basic ideas of a better parallel flow routing algorithm above, let us discuss in this section a number of
improvements one can make to algorithm. Some of these are algorithmic in nature (specifically, the ones outlined in Sections 3.1

and 3.2) whereas others modify the mathematical formulation (Sections 3.3 and 3.4).
3.1 Optimization 1: A “matrix-free’” algorithm

As discussed in Section 2.4, the key insight of this paper is that using the per-process high-to-low operation is the optimal
choice as a preconditioner for the formulation of flow routing as a linear problem that can be solved with parallel iterative
solvers. Like all other iterative methods, the Richardson solver does not actually require access to specific matrix entries;
instead, all that it needs is the ability to multiply the matrix by a vector, and similarly to apply the preconditioner to a vector.
In other words, these methods do not actually care about how the matrix and preconditioner are stored, but have a functional
perspective of these operators in that they only need to know how the operators can be applied to a vector.

A common approach optimizing the time to solution in such cases is to not actually store the matrix in one of the common
sparse matrix storage formats (say, in Compressed Row Storage/CSR format), but to work in a “matrix-free” way in which one

implements the action of the matrix on a vector. In the current context, this is easily possible.

11
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To understand how one would do that, note that in building the linear system, we needed to first find for each node which
other node (if any) it gives water to (i.e., perform “local flow routing”). As discussed in Section 2.1, the result of local flow
routing is a list of pairs (src—dst) that for each node ‘src’ says where water is routed to.

The key insight is that each (src—dst) pair corresponds to one column of the matrix: As can be seen in the derivations in
Section 2.2, each node ‘src’ appears with a +1 on the diagonal of the matrix in column ‘src¢’, and with a —1 in row ‘dst’ of
column ‘src’, the latter indicating that ‘src’ is one (of possibly several) sources in the equation for ‘dst’ represented by row
‘dst’ in the matrix. Because in the D4 and Dg schemes, each node only gives water to one other node, these are the only two
entries in column ‘src’ of the matrix. (In the D, and related schemes, each node can give water to several others; we discuss
the extension of the approach outlined here in A.)

Using this column-oriented approach, we can implement the operation y = Ax that forms the core of what iterative solvers

do with the following algorithm (again, written in Python-like syntax):

I: def apply_A (x): l matrix-vector product with A r
2 y =0 # Set output vector to zero

3 for src,dst in local_flow_routing_list: # Loop over (src—>dst) list

4: y(src) = y(src) + A(src,src) = x(src) # Note: A(src,src) equals +1

5 if dst != invalid:

6 y(dst) = y(dst) + A(dst,src) = x(src) # Note: A(dst,src) equals -1

7 return y

Here, we assume that the 1ocal_flow_routing_list variable contains the (src—dst) pairs. As mentioned in the
comments of the listing, one can further optimize the algorithm by noting that the matrix entries are known and need not

actually be stored. The following algorithm is therefore equivalent:

1: def apply_A (x): l matrix-vector product with A; optimized r
2 y = X # Set y = diagonal of A times x

3 for src,dst in local_flow_routing_list: # Loop over (src—>dst) list

4: if dst != invalid:

5 y(dst) = y(dst) — x(src) # Handle the -1 in column 'src'

6 return y

In the parallel context, each process is only responsible for a subset of rows of the matrix (and entries in the output vector);
the algorithm is easily adjusted to that case by limiting 1ocal_flow_routing_list to only contain information about
nodes owned by the current process. Indeed, these are the only nodes about which each process has sufficient knowledge to
compute local flow routing information anyway.

Similarly, one can write the preconditioner as a function without actually storing the matrix in question. Recall that the
preconditioner B = (DPP¥)~! is the high-to-low operation on each parallel process’s diagonal block; these diagonal blocks of

A are triangular. In other words, if we denote a process’s diagonal block by L (to indicate that it is lower-triangular), then we

12
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want to compute y = L~ !x, which is equivalent to solving the linear system Ly = x for y where x is a given vector. Let us

illustrate this with a small 3 x 3 case where we need to solve

Ly O 0 Y1 1
Ly Lo 0 Y2 | = | T2
Lz L3z L3 Y3 T3

Here, we first solve y; = Lm—lll, after which we can use the now known y; value in the second equation to compute yo =

%ﬁ;yl, and finally y3 = w On matrices of arbitrary size n, one would iterate over kK = 1...n and compute

Tp— Z;:ll Ly
yp = —— ==L =
Ly,

While correct, this order of operations requires us to work row-based when computing the sum — Zé:ll Ly because it
accesses the elements of row k of the matrix. However, local flow routing has given us column-based information. It is not
difficult to modify the algorithm for this: We just need to recognize that based on the local flow routing information, only one
entry below Ly, can be nonzero, say Ly, inrow p > k. So, if we introduce a temporary vector z, we can add the term — L,y
that will appear in the equation for y,, to z),.

Applied to the situation where we want to solve with the triangular diagonal blocks of the matrix A instead of a generic L

then results in the following code:

I: def solve_with_diagonal_blocks (x): l triangular solve r
2 y =20 # Set output to zero

3 z =0 # Set temp vector to zero

4 for src,dst in local_flow_routing_list: # Loop over (src—>dst) list

5: y(src) = (x(src)+z(src)) / A(src,src) # Solve for the 'src'th row

6 if dst != invalid:

7 z(dst) = z(dst) — A(dst,src) = y(src) # Update z(dst)

8 return y

This function assumes that the 1ocal_flow_routing_1list issorted in ascending order of src, which because we have
ordered nodes high-to-low means that we process nodes in high-to-low order.

As before, we have excluded the case where a node has no downstream neighbor. Again, we can optimize the code by (i)
noting that we know that the values stored in the matrix A are either +1 or —1; and (ii) noting that based on the high-to-low
sorting of unknowns, we necessarily have dst>src which implies that we write into elements of z further down than the one
we are currently working on in y — i.e., we can use the elements of y as the necessary temporary storage! In consequence, the

following optimized algorithm is equivalent to the one above:

13
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1: def solve_with_diagonal_blocks (x): l triangular solve; optimized r
2 y =0 # Set output to zero

3 for src,dst in local_flow_routing_list: # Loop over (src—>dst) list

4 y(src) = x(src)+y(src) # Solve for the 'src'th row

5: if dst != invalid:

6 y(dst) = y(dst) + y(src) # Update temporary storage in

7 # as—yet unused elements of y

8 # below y(src).

9 return y

As before, it is not difficult to restrict this operation to only that part of the matrix that is actually owned by a process —

i.e., the diagonal blocks in the right panel of Figure 4. The preconditioner discussed in Section 2.4 then applies these diagonal
350 blocks to the sets of nodes stored by each process in a parallel computation.

The end result of these considerations is that we have two functions that implement the action of the matrix and precondi-
tioner — which is all that iterative solvers require. It is not necessary to actually allocate memory to store the sparsity pattern
and the entries of the matrix A. As we will see in Section 4, this “matrix-free” scheme may be faster or slower than the matrix-
based approach, depending on the characteristics of the machine one runs on. However, the matrix-free framework will allow

355 us to consider additional optimizations in Sections 3.3 and 3.4 that are better or comparable to the matrix-based approach on

all platforms tested.
3.2 Optimization 2: Not enumerating degrees of freedom high-to-low

The description of the previous sections assumed that nodes are numbered high to low, and thatthe 1ocal_flow_routing_list
variable that appears in the listings above contains the (src—dst) pairs sorted in ascending order of src. In that case, working
360 through the pairs of the list guarantees that we are traversing the domain high-to-low.
On the other hand, in typical DEM models, nodes are ordered in some other order — for example, using a lexicographic
latitude-longitude scheme; or in computational models that work on something that is not a rectangular grid, the order may not
have any geometric basis. Numbering nodes in a high-to-low order therefore requires attaching another index to each node, and
storing the high-to-low order in it. However, all of that is not necessary: In the code snippets shown above, what is required
365 is that we process the Local_flow_routing_list in high-to-low order; nodes need not be sorted in that order, and this
assumption was only used in previous sections to illustrate that if one did it that way, the matrix would have triangular structure.
As a consequence, we will no longer assume that node indices are sorted by elevation in the sections below, and correspond-
ingly drop the pp | superscript on all symbols from here on out. The only assumption we make is thatthe local_flow_routing_list
variable is sorted in high-to-low order of the src part of the pairs, guaranteeing that we only ever process nodes whenever all

370 higher neighbors have been processed.
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3.3 Optimization 3: Combining matrix and preconditioner — the “I + X’ scheme

Conceptually, using a (left) preconditioner B when solving a linear system Aw = r can be understood as solving the linear

system
BAw = Br )

instead. This is mathematically not entirely equivalent to what some iterative algorithms — say, GMRES — actually do with
preconditioners, but close enough for our purposes. In the current context, recall that A has a structure as shown in Fig. 4 and
that in (4) we have written it as A = D + R where D corresponds to the diagonal blocks and R to the off-diagonal blocks. R
has very few entries: in a parallel setting, each entry in R corresponds to an off-process node that gives water to an on-process
node. If we are working on only one process, then of course we have A =D and R = 0.

Next, consider that the preconditioner introduced in Section 2.4 is B = D~ and so BA= D~}(D+R) = I+ D~ 'R where

1 is the identity matrix. That is, the preconditioned linear system B Az = Bb is really
(I+X)w=D"'r with X = D7'R. (6)

Instead of the preconditioned system (5), we might as well solve (6), obtaining the same solution as before. At first, one might
think that for this it is necessary to form the matrix X, but as outlined in Section 3.1, this is not actually necessary: All we have

to do is provide a procedure that implements the action of I 4+ X. This is not difficult, using the following function:

1: def apply_IplusX (x): l multiply by I+ X r
2:  tmp = apply_R(x) # compute tmp=Rxx

3: y = solve_with_diagonal_blocks (tmp) # compute y=DM{—1}«tmp

4 y =y +X # add I+x=x

5 return y

Here, apply_R is a function similar to apply_A discussed in Section 3.1, just restricted to matrix entries in off-diagonal
blocks of A. The reformulation in this way — while otherwise entirely equivalent — has two advantages: First, compared to the
original formulation where we needed to multiply by A and solve with triangulation systems D (for the preconditioner) in each
solver iteration, we now only need to multiply by R and solve with D. But R has many fewer entries than A, so multiplying
with R is substantially cheaper than with A. In the extreme case, where we work with only one process, we have A = D and
R =0, so X =0. Second, we can understand why the scheme described in Section 2.4 converges in relatively few iterations:
We should think of X as a “small” correction, and so we are solving a linear system (I + X )w = D~ !r with a matrix that is

not substantially different from the identity matrix for which any iterative scheme should hopefully converge quickly!
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3.4 Optimization 4: A preconditioner for the combined system — the “(I — X)(I + X)” scheme

If we solve the reformulated linear system (I + X )w = D~ 'r of the previous section with an iterative solver, then it would be
nice if we could precondition this linear system in some way. The question is what a good preconditioner for the matrix I + X
might be, i.e., what matrix Y ~ (I + X)~1.

The perspective of the previous section, namely that X is a “small” correction to the identity matrix / suggests an answer
to this question: Based on the identity 1-&-% =(1+z)t=1-x+2?—2%+2*— ., true for all x with |z| < 1 and with an
obvious extension to matrices, one can approximate (I +X)~! ~ I — X =: Y. Indeed, the preconditioned matrix Y (I + X) =
(I — X)(I+X)=1I— X? should be seen as being even closer to the identity matrix than the one in the previous section, and

solving the preconditioned linear system
(I-X)I+X)w=(—-X)D'r @)

should be possible in even fewer iterations than before.

Indeed, as we will show below, this is so: The number of iterations using the I — X preconditioner compared to using no
preconditioner at all on the I + X matrix is reduced by a factor of about 2. On the other hand, applying I — X costs as much
as applying I 4 X, and so each iteration is twice as expensive, and in balance, the run times of the schemes using/not using
I — X as a preconditioner are comparable.

One could presumably further reduce the number of iterations by using Y =1 — X + X2 = — X(I — X) or even higher

order schemes that require several applications of D! per preconditioning step. We leave this for future experimentation.

4 Numerical evaluation of the parallel algorithm

In the following, then, let us evaluate the four schemes for solving flow routing in parallel discussed in previous sections:
1. The matrix-based scheme in which we build APP+ and precondition with (DPP+)~1; see Section 2.4.

2. The matrix-free scheme with the same APP+ and (DPP+)~!, but in which instead of storing the matrix, we only implement

their action; see Section 3.1.
3. The “I+X” scheme in which we combine matrix and preconditioner; see Section 3.3.

4. The “(I-X)(I+X)” scheme in which we scheme in which we precondition the combined I + X matrix by I — X; see
Section 3.4.

All four methods have been implemented in a code that is based on the widely used open source library deal.IIArndt
et al. (2021, 2025) that provides the infrastructure for handling and partitioning meshes in parallel, as well as many of the
linear algebra building blocks used here (such as the Richardson solver). We build the parallel algorithms on the frame-

work described in Bangerth et al. (2011). To facilitate easier dissemination of the methods described herein, the code itself
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along with extensive documentation is freely available as part of deal.II’s “code gallery”, a collection of contributed
codes that typically accompany published papers; the code is available under the name “Parallel flow routing” at https:
//dealii.org/developer/doxygen/deal .Il/CodeGallery.html.

The program computes the water flow rate for the elevation model of Colorado — the home state of the author — shown in the
left panel of Fig. 2, assuming a spatially constant amount of rain of 7 = 375liter/m? /year, the approximately correct rainfall
rate of Colorado’s eastern plains. The digital elevation model (DEM) was obtained from OpenTopography and is based on the
Copernicus Global Digital Elevation Models 90 meters, downsampled to 1800 meters, and then interpolated onto whatever
resolution necessary for our numerical experiments. The data set was collected by the European Space Agency (ESA) through
the Copernicus Programme, and in particular using data from the German TanDEM-X satellite. Specifics of this data set can
be found at https://portal.opentopography.org/datasetMetadata?otCollection]D=0T.032021.4326.1, see also European Space
Agency (2026).

Based on this elevation model, we then create test cases at three different resolutions, resulting in meshes with N = 3585 x
2049 ~ 7.34 x 105, N = 14337 x 8193 ~ 117 x 105, and N = 57345 x 32769 ~ 1.88 x 10° node points,® corresponding to
surface resolutions of approximately 160m, 40 m, and 10m, respectively. These models, which were originally given as
elevation over a longitude-latitude grid, are then projected onto the three-dimensional surface of the earth to ensure that areas
are correctly computed. Before using the three meshes as the basis of evaluating the algorithms described herein, the program
fills in depressions in the DEM via the priority-flood algorithm Barnes et al. (2014) to ensure that all water reaches the boundary
of the domain.

As with every software, it is useful to verify that what it computes is correct. Fig. 5 shows the computed water flow rate,
illustrating that at least qualitatively the computed solution is correct. To verify this also quantitatively, we note that the area
covered by the model is @ = 2.69016 x 10! m? = 2.69016 x 105km?.7 At the given rainfall rate, and since our model does
not have a mechanism to remove water otherwise, we therefore expect the streams that cross the boundary to carry r-a =
1.0088 x 10! m? /year of water. Indeed, the computations show that the computed outflow rate equals this number to better
than a relative error of 101!, Moreover, the program checks that the solutions computed with the four different methods agree;
they are in fact all equal to a relative difference of less than 1079 in all experiments. Taken together, these are good indications
for the correctness of the program.

In the following, let us then evaluate the four algorithms by two metrics: (i) The number of Richardson iterations it takes
to compute the solution of the routing problem, in Section 4.1; and (ii) the run time to solve the problem, in Section 4.2. In
both cases, the interesting question is how these numbers depend on the problem size and the number of processes used in the

parallel computations.

©These are all uniform subdivions by factors of 2 of an original 7 x 4 cell mesh, given Colorado’s extent of 7 by 4 degrees.

"The true area of Colorado slightly deviates from this: For the computations herein, we have chosen a domain that is delineated by 109 and 102 degrees
West, and 37 and 41 North, as originally intended by the Colorado Organic Act of 1861 that created the territory. The actual boundaries of the state, however,
are defined by survey markers laid down in the 1860s and 1870s and deviate from the ideal boundary, sometimes by hundreds of meters, due to surveying
errors.
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4.1 Number of iterations for the algorithms

Let us first evaluate how many iterations are needed to solve the flow routing problem with the Richardson solver. This number
is relevant because each iteration for the first three methods costs approximately as much in total CPU cost as one high-to-low
sweep in the sequential algorithm.® However, this cost is now spread across multiple processes running in parallel. In other
words, if the algorithm requires n iterations to converge on P processes, and assuming that communication between processes
is negligible, we would expect a computation to take % as much time as one high-to-low sweep on a single process. In order
to see a speed-up in terms of the elapsed time required to solve the problem (the “wall time”, referring to the clock hanging on
the wall), we require that n < P.

Fig. 6 then shows the number of iterations required for solving the flow routing problem using the Colorado DEM and the
three meshes of different resolutions. The plots illustrate that all methods — as expected — solve the problem in one iteration
when using a single parallel process; this must be so because in that case, the per-process high-to-low preconditioner D~ is
the exact inverse of the matrix A, leaving us to solve the trivial linear system Iw = D~ 1r for w. On the other hand, the more
parallel processes we use, the larger the number of iterations becomes. This should not come as a surprise: The preconditioner
performs a high-to-low sweep over the nodes of each partition of the mesh only, and so gets the water flow rate at every node
of the domain correct assuming that the inputs are correct. But the inputs include nodes on neighboring partitions that are not
yet correct. Intuitively, one would expect that in the worst case, one needs to do as many iterations as the largest number of
partitions a single stream crosses (see also the discussion in B). Algorithms like GMRES — but not Richardson — perform global
corrections that might alleviate this issue, but as mentioned above are in practice slower than using the Richardson solver.

A separate observation is that Methods 1 through 3 all use almost exactly the same number of iterations. This is not a
surprise either, given that they are all reformulations of each other, but using the same underlying structure. Method 4 (the
I — X preconditioner applied to the I + X matrix) requires pretty much exactly half as many iterations; that, too, is not overly
surprising given that it is about twice as expensive, requiring two instead of one application of D~! per iteration.

Regardless of the growth of iterations, the graphs in Fig. 6 clearly show that for large numbers of processes P, the number
of iterations n stays well below the number of processes used, and as a consequence we can expect a speed-up in the (wall)

time to solution when using a sufficiently large number of processes.
4.2 Run times for the algorithms

Given the considerations of the previous section, we expect that at least if sufficiently many processes P are used, the solution
of the flow routing problem should be substantially faster than on a single process. Fig. 7 assesses this claim on the three test

cases, and using three different machines. Indeed, one can draw a number of conclusions from the data shown there:

1. For sufficiently large process counts, say 20 or more, parallel flow routing is indeed substantially faster than the compu-

tations on a single process. For example, in the middle panel, the fastest method on 128 processes is 14 times faster than

8This is not quite correct. A high-to-low sweep routes water from all nodes to their respective neighbors, whereas the majority of the cost of one Richardson
iteration is the application of the D~ preconditioner that only routes water between nodes within each partition. In other words, it does marginally less work
because it neglects routing across partition interfaces.
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485 the fastest method on a single process (9.0 vs. 127 seconds). The largest model in the right panel can only be solved with
P > 8 processes because of memory restrictions, but comparing the rightmost data point to the estimate provided for
P =1, it is clear that we would obtain much more significant speed-ups; the speed-up between the largest and smallest
problem size computed with the best method (the I + X method) is more than 100; compared to the estimate for P = 1,
the expected speed-up for the matrix-based method would be approximately 2500. In absolute terms, being able to solve

490 a flow routing problem with 1.88 billion points in 4.0 seconds is clearly impressive.

2. With the exception of the matrix-based method, for small numbers of processes, parallel computations cannot compete
with the classic high-to-low algorithm of Section 2.1. This is because for small P, the number of Richardson iterations
satisfies n > P, and so the expected run time 3 (in multiples of the high-to-low algorithm on one process) is greater

than one —i.e., a slow-down. Fig. 7 indeed bears that out.

495 3. For the matrix-based method, the cost of setting up and assembling the matrix (which is independent of the number of
Richardson iterations and moreover parallelizes well) substantially exceeds the cost of actually solving the linear system
(which does depend on and grows with the number of Richardson iterations). As a consequence, for this method, even

small numbers of processes can help reduce the run time.

4. Comparing the three panels of Fig. 7, computed on three different machines, it is clear that each machine is better suited

500 to one or the other of the methods. For example, the laptop on which the data for the leftmost panel was generated,
clearly does better with the matrix-free methods than the matrix-based one. This is presumably because the processor

(an Intel Core 19-13900H) has quite a small cache: 24 MB last-level cache per processor, shared between all of its

cores. Consequently, the matrix-based method that requires storing much more data in memory to perform matrix-vector

products than the matrix-free ones is severely affected by how slow main memory is compared to cache memory. On

505 the other hand, the workstation used for the middle panel (an AMD EPYC 7773X) has 768 MB for each of the two
processors per 128-core machine, and so can store most of the matrix in its caches, substantially accelerating the matrix-

based compared to the matrix-free methods. The Xeon Platinum 8160 of the rightmost panel falls in a middle ground

with 33 MB of cache for each of the two processors per 48-core machine.

Conversely, the laptop processor has a much higher clock frequency (typically 4.1 GHz, with boost up to 5.4 GHz)
510 compared to the other two machines (typically 2.2 GHz, with boost up to 3.5 GHz for the workstation; and 2.1 GHz with

boost up to 3.7 GHz for the cluster nodes) and so, in absolute terms, is substantially faster.

5. Finally, it may be of interest to compare the results herein with those of Richardson et al. (2014). To this end, note that

Fig. 5 of Richardson et al. (2014) shows results for a case with 182M unknowns and up to 192 processes. Both numbers

are approximately 1.5 times those of the middle panel of Fig. 7, and so one would expect run times to be about the same.

515 In fact, Richardson et al. (2014) report a run time of approximately a hundred seconds, whereas our program solves the

problem in about nine.
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The results of this section suggest that the methods we have described herein can equally be applied to much larger problems

as well, as long as sufficiently many processes are available.

5 Conclusions and outlook

The methods described herein build on previous work by Richardson et al. (2014) but provide substantial improvements using
insight about how solvers and preconditioners work and the fact that we have an exact per-process solver available (namely, the
high-to-low procedure) that can serve as a very good preconditioner. The results shown in Section 4 illustrate the performance
of these methods on very large and realistic data sets with up to 1.88 billion nodes, and make clear that our algorithms scale
well to many thousands of MPI processes.

From the perspective of algorithm design, an algorithm that “only” achieves a speed-up of 52 on 128 processes (like the
matrix-based method on the medium-sized problem, see the center panel of Fig. 4.2) is disappointing. Ideally, one would hope
to see run times that decrease proportional to %, but that is not achievable here because the number of iterations increases with
P. At the same time, the following two arguments show that the methods developed herein clearly are successes given the

original motivation for this work laid out in Section 1:

1. Our goal was to support flow routing on very large data sets. These data sets can often not even be loaded on a single
process — as in the case of the large model —, but they do fit into memory when one has hundreds or thousands of
machines available. All of the algorithms described herein almost perfectly distribute memory, i.e., if it takes M bytes
to do the work on one process, then the methods we describe require % bytes on each process to store the local routing
data, each process’s matrix rows and vector components, etc., perhaps plus a small amount of memory related to the fact
that we also need to know information about one layer of nodes around the perimeter of the process’s own nodes. M
bytes may be too large to store on one machine, but we can often choose P large enough to make % bytes fit on every

machine of a cluster.

2. Moreover, the best-performing methods are all “matrix-free” in which the action of the operators are described by
functions that, as input, only require the local routing information. This information is extremely compact: We only need
to store a list of two integers for each node, describing pairs (src—dst) of who gives water to whom, sorted high to low
with regard to the elevation of the src node. Not only is this data structure small and compact, it is also cache-efficient

and readily available in every programming language.

3. A speed-up of 52 translates into a reduction of run time from 472 seconds to 9.0 seconds (again considering the matrix-
based algorithm on 117 million nodes). If flow routing is a component in a bigger computation — say, in time stepping
the evolution of a landscape in erosion model simulations — then a reduction by a factor of 52 is often the difference

between a component that is a bottleneck of a simulation, and one that is not.

4. In absolute terms, the methods described herein can solve a flow routing problem with 1.88 billion points in 4.0 seconds.

This is clearly impressive.
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As a consequence, we believe that the methods described herein are in fact successful and present a substantial advance over
the state of the art.

Looking beyond the results of this paper, it may also be interesting to ask where one might go from here. First, it seems
reasonable to believe that a good starting guess would substantially reduce the number of Richardson iterations necessary — in
fact, Richardson et al. (2014) describe exactly this in their Figure 13 where they use the previous time step’s solution vector as
the starting guess for the current time step in a time-dependent simulation. It should be possible to generalize this principle in
a multilevel scheme: Compute the solution on a coarse DEM, and then use this solution as the starting guess on a finer DEM,
perhaps recursively. Because solving on a coarser DEM is much cheaper, the effort there will have little impact on the overall
cost, but the reduction in iterations on the finer DEM will. The key question one will have to answer is how to create a starting
guess on one DEM from the solution on a coarser DEM, a question made more difficult by the fact that the water flow field is
not a smooth function of space.

Second, in the computations shown herein, the depression filling step that was necessary before flow routing (see Section 4)
is a substantial bottleneck. The program that accompanies this manuscript uses the priority-flood algorithm Barnes et al.
(2014), which is sequential. What is needed is a parallel method in which no process has access to the entire DEM. Barnes
(2016) presents a parallel depression-filling algorithm; it subdivides the domain into rectangular tiles and scales well to 48
cores. The limitation to tiles (rather than the arbitrarily-shaped subdomains used herein) is likely immaterial, but the use of a
single-producer, multiple-consumer design (or join-fork) algorithm will need to be revisited to allow the algorithm to scale to

the much larger number of processes we use here.
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Code and data availability

The code that corresponds to the algorithms described herein are available as part of the “code gallery” of the deal . IT project,
see the entry named “Parallel flow routing” at https://dealii.org/developer/doxygen/deal.Il/CodeGallery.html. The code is dis-
tributed under the “Apache-2.0 WITH LLVM-exception” license, a very liberal open source license that allows others to do
almost everything with the code. Moreover, an archived version of the code is available at Zenodo via the DOI 10.5281/zen-
0d0.21315879, see Bangerth (2026).

Hardware requirements: Anything that runs the deal Il library, which can be a laptop or a national supercomputer.

Program language: C++ (specifically: the C++17 language standard).

Software required: deal.Il, PETSc.

Program size: Approximately 2500 lines of code, including extensive commentary.

Appendix A: Extension to multiple flow direction (MFD) routing schemes

The algorithms outlined in the main part of the paper have all assumed that each node gives its water to exactly one of its
neighbors — in the case of the D, scheme, one among its east, west, north, or south neighbors; in the case of the Dg scheme
also perhaps one of the diagonal neighbors; on any kind of mesh, one would typically use the neighboring node to which the
gradient from the current node is the most negative.

On the other hand, there are “multiple flow direction” (MFD) schemes such as the the ones discussed in Freeman (1991) or
Tarboton (1997) in which the water from each node is partitioned among its lower-lying neighbors; Li et al. (2022) contains
an excellent discussion of the many schemes of this kind that have been proposed. In that case, the algorithms outlined in
Section 2.4 do not immediately apply. However, they are easily generalized.

The starting point of the generalization is that instead of a list of pairs (src—dst), the local flow routing information is given

by a list of objects of the form

(src — [(dsty, f1), (dst1, f2),-..]),

where dst,, is the nth node receiving water from src and f, is the fraction of src’s water dst,, receives. As before, one
easily convinces oneself that each of these objects corresponds to one column of the matrix, and so the generalization of the

matrix-vector product function from Section 3.1 would now look as follows:

1: def apply_A (x): l matrix-vector product with A; multiple water receivers r
2 y = X

3 for src,dsts_and_fractions in local_flow_routing_list:

4: for dst,f in dsts_and_fractions:

5 y(dst) = y(dst) — f=xx(src)

6 return y
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Note that we no longer have to check whether the dst element of a pair is invalid, as in Section 3.1: If a source node has no
destination node, then the list that forms the second part of the 1local_flow_routing_list objects is simply empty, and
the inner loop never executes.

It is clear how the other functions outlined in Section 3 generalize in the same way to the case where each node may give

water to more than one neighbor.

Appendix B: Implementing the algorithms in practice

An important consideration in Richardson et al. (2014) was that the algorithms described therein can be implemented based on
one of the large and widely-used parallel linear algebra packages — in their case, on the PETSc library Balay et al. (2025, 2026).
That mattered in order to test the many solver and preconditioner options provided by PETSc. In a similar vein, the program for
the current manuscript is implemented using another widely used library, namely deal.II Arndt et al. (2021, 2025), using
PETSc for the underlying linear algebra.

At the same time, having figured out in Sections 3 and 4 that matrix-free algorithms can effectively solve the problem, it
turns out that no dedicated linear algebra library is actually necessary. This is due to two reasons: (i) We do not need to build
matrix or preconditioner objects as it is enough to provide functions that implement the actions of these objects; indeed, these
functions all have no more than a handful of lines of code and can easily be implemented in any programming language. (ii)
The Richardson iteration we use is quite trivial to implement by hand, without the need to build on a large library that may
be difficult to learn. In the following two subsections, let us therefore discuss the specifics of the Richardson solver, and what

other software pieces are necessary to implement the methods of this paper.
B1 The Richardson solver

Recall from Section 2 that we want to solve the linear system Aw = r using an iterative solver with the matrix B = D~ as

preconditioner. Richardson’s iteration repeatedly computes
wl*D = w® L D7 — Aw(®), (B1)

which only requires storing the previous and current vectors, w©) and w1 two temporary vectors, and applying the matrix
and precondition operations A and D~ for which Section 3 provides implementations. The iteration is stopped whenever the
vector in parentheses on the right hand side is sufficiently small, i.e., whenever the residual satisfies ||r — Aw(®)|| < tol. It is

clear that implementing this method is straightforward, even without relying on large existing libraries.
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It is perhaps interesting to see how the iteration would look like for the I+X method of Section 3.3. There, we want to solve

(I +X)w = D~ 'r. If we recall that X = D~ R, then the Richardson iteration reads as follows:

w ) = w® 1 (D7 r — (I + X)w®)
=D '(r+Rw!), (B2)

which is even simpler. Recall that the iterations (B1) and (B2) are identical from a mathematical perspective and will lead to
the same iterates w(®) if performed in exact arithmetic.

The representation (B2) also allows for an interpretation of what the algorithm actually does. To this end, recall that D~ =
(DPPH)~1 corresponds to the action of transporting water from nodes owned by the current parallel process to all the downhill
nodes also owned by the current process. Now, first, r corresponds to the water that falls onto the areas that surround each
node. Second, R is a matrix that only consists of the off-diagonal blocks of A; applying R to the vector w(*) corresponds to
the action of passing the water from nodes not owned by the current process but adjacent to it, to nodes owned by the current
process. We can then think of r 4+ Rw (%) as a vector that describes the amount of water each node owned by the current process
receives either through rain or from neighboring uphill off-process nodes. The subsequent application of D! then transports
this water downstream.

As a consequence, if the amount of water w() is correct for all the upstream nodes surrounding the current process’s
subdomain, then w(*1) will be correct for all the nodes within the current process’s subdomain. It is easy to see that if the
domain contains streams that cross boundaries between subdomains C' times, then it takes C' 4 1 iterations to get the amount
of water correct on all processes that have part of this stream: The first iteration from the headwaters to the first subdomain
boundary crossing; the second iteration from that point to the second subdomain crossing; and so on. The argument also
supports the claim made at the end of Section 2.4 that we should expect the number of iterations to increase as we add
more and more processes: Because splitting the domain into smaller and smaller chunks must surely increase the number of
subdomain crossings C' streams have to undergo. On the other hand, it is not necessary to run as many iterations as there are
subdomain crossings: The solution on a stream with C' subdomain crossings will be exact after C' + 1 iterations, but in many
cases, the residual ||r — Aw(®) || will be small enough for practical purposes to terminate the iteration earlier.

Along similar lines, one can understand the (I — X)(I 4+ X) scheme of Section 3.4 as a variation in which one takes the
equivalent of rwo of the steps above within each Richardson iteration. It is, then, not a surprise to see that the number of
iterations for this scheme is reduced by pretty much exactly a factor of two, see Fig. 6, compared to the (I + X) scheme of

Section 3.3.
B2 Software components necessary for parallel flow routing

As discussed above, the methods described herein are simple enough not to require external parallel linear algebra packages:
One can get away with only storing vectors, implementing the application of matrices A, R, D~" in the form of functions, and

implementing the Richardson iteration itself. As input, these functions only require knowledge of the list of (src—dst) pairs
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that results from the local flow routing step and which is both easy to compute and store. There are, however, two non-trivial
pieces for which the use of external tools is useful for parallel implementations: (i) partitioning the domain, and (ii) the “ghost
exchange” of vector elements; I will detail both briefly in the following.

Conceptually, a digital elevation model (DEM) can be seen as a set of nodes that are connected by edges if we want to
consider routing water between two nodes. In other words, a DEM is a graph. This is true if the DEM is given as a rectangular
grid of nodes (perhaps at fixed latitudes and longitudes, or in an x-y coordinate system), but also if it is an unstructured finite
element mesh. For the parallel algorithms herein, we need to partition this graph into subdomains, preferably without requiring
a single node to have to store the entire DEM because we expect no node to have enough memory to store the entire DEM.
This can be facilitated in a variety of ways. For the work herein, we use the deal . IT library Arndt et al. (2021, 2025) that
internally uses p4est Burstedde et al. (2011) for mesh partitioning. Another widely used option is the ParMETIS package
Karypis and Kumar (1998). All commonly used partitioning packages then present each parallel process with that sub-graph
that is owned by that process, and if necessary one or more layers of nodes owned by other processes that are connected by an
edge to the locally owned sub-graph — so-called “ghost nodes”. This is enough, then, for each process to request the elevation
data from the DEM for all of its own nodes as well as ghost nodes. If the DEM is stored in formats such as NetCDF or HDFS5,
supporting libraries can then provide this elevation data without having to load all of the data.

The second component is that one needs to store the w and r vectors, along with temporary vectors for the operations in
(B1) or (B2). One should think of these as global vectors, i.e., as a single vector defined on the graph of nodes, where each
process then only stores those vector entries that belong to nodes owned by that process plus perhaps the values that correspond
to that process’s ghost nodes. The vector entries that correspond to ghost nodes are called “ghost entries”; they may be stored
on a process, but are owned by another. Most of the operations discussed in previous sections only operate on a process’s
locally owned vector entries; this is particularly true when multiplying a vector by D~'. On the other hand, multiplying by
the R matrix (or by X = D~!R) requires reading ghost entries. Many libraries — including deal.IT and PETSc — provide
data structures for parallel vectors that also allow access to ghost entries and that allow a process to import the values of ghost

entries from their owning processes.
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List of Figures

1

2

A simple 3 x 3 digital elevation model. Left: Nodes are numbered left-to-right and bottom-to-top. Right: Nodes
are numbered high-to-low, as indicated by the | symbol next to eachindex. . . . . ... ... ... ... ...
Left panel: A digital digital elevation model with N = 897 x 513 = 460161 points of the state of Colorado,
USA, the home state of the author. The model is shown projected onto the surface of Earth in three dimensions
and clearly shows the Rocky Mountains in the western half of the state, and the valleys of the South Platte river
existing at top right, of the Arkansas river existing at bottom right, and of the Colorado river exiting center left.
Right panel: A partition of the node points among five processes, each indicated by a separate color. Note that
partitions do not have to be neatly shaped or even to be contiguous. . . . . . . . .. ... ... ...
A visualization of the nonzero entries of the matrix that appears in the reformulation of flow routing as a system
of linear equations (2)—(3). Diagonal matrix entries have a value of +1, all other nonzero entries are —1. Left:
The matrix A we obtain if we enumerate nodes as in the left panel of Fig. 1, namely first in z- and then in
y-direction. Right: The matrix A* we would have gotten instead if we had enumerated nodes high-to-low as
shown in the right panel of Fig. 1. Note that At is triangular. . . . . . .. .. ... ... ... ... ......
The matrices A (left) and APP* (right) that correspond to the Colorado elevation model of Fig. 2 with N =
460161 points, partitioned onto P = 5 processes. Horizontal gray horizontal lines indicate the blocks of rows
stored by each of the processes. In the right panel, vertical light gray lines also indicate the corresponding
partitioning of columns, though this has no effect on how matrices are builtor stored. . . . . . . ... ... ..
Computed water flow in m? /year based on the digital elevation model shown in Fig. 2. Colorado’s three large
rivers — the South Platte, Arkansas, and Colorado rivers — are clearly visible. . . . . . . . ... ... ... ...
Number of Richardson iterations required to solve the flow routing problem. The three panels show results for
digital elevation models of the Colorado topography with 7.3 x 105, 117 x 10°, and 1.88 x 10° node points. The
first three formulations result in nearly identical numbers of iterations. For the rightmost panel, computations
are too large to be run with P < 12 (matrix-based) or P < 8 processes (for the three matrix-free variants). . . .
Run times required to solve the flow routing problem. The three panels show results for digital elevation models
of the Colorado topography with 7.3 x 106, 117 x 105, and 1.88 x 10? node points, respectively solved on a
laptop with an Intel Core i9-13900H processor (6 performance plus 8 efficiency cores); a workstation with two
AMD EPYC 7773X processors (a total of 128 physical cores); and a cluster with two Intel Xeon Platinum 8160
(“Skylake”) processors per node (for a total of 48 cores per node). Note the different vertical scales. For the
rightmost panel, computations are too large to be run with P < 12 (matrix-based) or P < 8 processes (for the
three matrix-free variants); the crosses shown for P = 1 are estimates obtained by extrapolating from P =8
or P =12, taking into account how many iterations were needed there and knowing that for P = 1 one would
need only One iteration. . . . . . . . . . L L. e e e e e e e e e e e e e e
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Figure 1. A simple 3 x 3 digital elevation model. Left: Nodes are numbered left-to-right and bottom-to-top. Right: Nodes are numbered
high-to-low, as indicated by the | symbol next to each index.
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Figure 2. Left panel: A digital digital elevation model with N = 897 x 513 = 460161 points of the state of Colorado, USA, the home state
of the author. The model is shown projected onto the surface of Earth in three dimensions and clearly shows the Rocky Mountains in the
western half of the state, and the valleys of the South Platte river existing at top right, of the Arkansas river existing at bottom right, and of
the Colorado river exiting center left. Right panel: A partition of the node points among five processes, each indicated by a separate color.
Note that partitions do not have to be neatly shaped or even to be contiguous.
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Matrix A with row-based numbering Matrix A * with high-to-low numbering

"

Figure 3. A visualization of the nonzero entries of the matrix that appears in the reformulation of flow routing as a system of linear equations
(2)—(3). Diagonal matrix entries have a value of +1, all other nonzero entries are —1. Left: The matrix A we obtain if we enumerate nodes as
in the left panel of Fig. 1, namely first in 2- and then in y-direction. Right: The matrix A* we would have gotten instead if we had enumerated
nodes high-to-low as shown in the right panel of Fig. 1. Note that A" is triangular.
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Parallel matrix A with default numbering Parallel matrix APP * with high-to-low numbering per processor
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Figure 4. The matrices A (left) and APP* (right) that correspond to the Colorado elevation model of Fig. 2 with N = 460161 points,
partitioned onto P = 5 processes. Horizontal gray horizontal lines indicate the blocks of rows stored by each of the processes. In the right

panel, vertical light gray lines also indicate the corresponding partitioning of columns, though this has no effect on how matrices are built or
stored.
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Figure 5. Computed water flow in m® /year based on the digital elevation model shown in Fig. 2. Colorado’s three large rivers — the South
Platte, Arkansas, and Colorado rivers — are clearly visible.
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Figure 6. Number of Richardson iterations required to solve the flow routing problem. The three panels show results for digital elevation
models of the Colorado topography with 7.3 x 10°%, 117 x 10°, and 1.88 x 10° node points. The first three formulations result in nearly
identical numbers of iterations. For the rightmost panel, computations are too large to be run with P < 12 (matrix-based) or P < 8 processes
(for the three matrix-free variants).
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Figure 7. Run times required to solve the flow routing problem. The three panels show results for digital elevation models of the Colorado
topography with 7.3 x 10°, 117 x 10, and 1.88 x 10° node points, respectively solved on a laptop with an Intel Core i9-13900H processor
(6 performance plus 8 efficiency cores); a workstation with two AMD EPYC 7773X processors (a total of 128 physical cores); and a cluster
with two Intel Xeon Platinum 8160 (“Skylake”) processors per node (for a total of 48 cores per node). Note the different vertical scales. For
the rightmost panel, computations are too large to be run with P < 12 (matrix-based) or P < 8 processes (for the three matrix-free variants);
the crosses shown for P =1 are estimates obtained by extrapolating from P = 8 or P = 12, taking into account how many iterations were
needed there and knowing that for P = 1 one would need only one iteration.
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