
PorousLab 1.1: a modular finite element framework for simulation
of fractured porous media
Danilo Cavalcanti1,2,3, Rafael L. Rangel4, Carlos A. Mendes3, Sebastia Olivella1,2, Victor Vilarrasa5, Luiz
F. Martha3, Deane Roehl3, Ignasi de-Pouplana1,2, and Guillermo Casas1

1Centre Internacional de Mètodes Numèrics a l’Enginyeria (CIMNE), Barcelona, Spain
2Universitat Politècnica de Catalunya - BarcelonaTech (UPC), Barcelona, Spain
3Pontifical Catholic University of Rio de Janeiro (PUC-Rio), Rio de Janeiro, Brazil
4University of Twente, Enschede, The Netherlands
5Global Change Research Group (GCRG), IMEDEA, CSIC-UIB, Esporles, Spain

Correspondence: Danilo Cavalcanti (dborges@cimne.upc.edu) and Victor Vilarrasa (victor.vilarrasa@csic.es )

Abstract. Numerical modeling of fractured porous media requires the combined treatment of coupled processes, nonlinear

geomechanical behavior, and strong discontinuities such as fractures and faults. Although several open-source simulators

are available for porous-media applications, many are oriented toward large-scale production analyses and rely on mixed

discretizations or complex software architectures. This paper presents PorousLab, an open-source, object-oriented finite-

element framework implemented in MATLAB for transparent formulation development, verification, and rapid prototyping of5

coupled porous-media models. The current release supports mechanical, single-phase flow, two-phase flow, hydro-mechanical

single-phase, and hydro-mechanical two-phase formulations. Nonlinear geomechanical analyses are supported through differ-

ent constitutive models and solution procedures, including quasi-static continuation schemes and nonlinear transient analyses.

Pre-existing fractures and faults can be represented independently of the background mesh using recent embedded finite-

element formulations, which simplify model generation by avoiding the need for mesh conformity with discontinuity geome-10

tries. The framework stands out for integrating these features within a single FEM-based discretization setting. Furthermore,

the code architecture is developed around abstract OOP classes designed to support modularity and extensibility. Verification

examples covering the implemented features are presented and compared with reference solutions.

1 Introduction

Numerical simulation supports the design, operation, and monitoring of subsurface engineering applications involving geolog-15

ical media. It is used, for instance, to assess CO2 storage (Rutqvist, 2012; Rutqvist et al., 2014; Vilarrasa et al., 2019; Song

et al., 2023; Li and Laloui, 2017; Rutqvist et al., 2016; Ajayi et al., 2019), flow and transport in fractured porous media (Mejia

et al., 2021; Rueda et al., 2021; Cavalcanti et al., 2024a; Berre et al., 2019), geothermal operations (Kivi et al., 2025; Tangirala

et al., 2024; White et al., 2018), nuclear-waste isolation (Birkholzer et al., 2019; Alonso et al., 2024; Vu et al., 2025a, b), dam

stability (Arroyo and Gens, 2021; Karthik et al., 2022; Oberhollenzer et al., 2018), and salt-cavern integrity (Firme et al., 2023;20

Dias et al., 2023; Firme et al., 2024). These applications are often governed by coupled mechanical, hydraulic, thermal, and
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chemical processes (Helmig et al., 1997; Rutqvist et al., 2002; Kolditz et al., 2016; Zareidarmiyan et al., 2020; Ogata et al.,

2022; Pitz et al., 2023). Their complexity is further increased by the presence of strong discontinuities such as fractures and

faults, which create anisotropic, discontinuous pathways that localize flow and deformation (Vaezi et al., 2025).

These discontinuities can be represented in the numerical model with different levels of accuracy and computational cost25

(Cervera et al., 2022; Vaezi et al., 2024). The most simple and computationally efficient strategy is to use equivalent-continuum

or multi-continuum models, in which their effect is incorporated through effective properties or transfer functions (Barenblatt

et al., 1960; Warren and Root, 1963; Sánchez-Vila et al., 1995; Wu and Qin, 2009; Renard and Ababou, 2022). However,

the applicability of these approaches is conditioned by the existence of a representative elementary volume or by assump-

tions on the fracture–matrix exchange process (Berre et al., 2019; Berkowitz, 2002). At the opposite end, discrete-fracture and30

mixed-dimensional models explicitly represent discontinuities within the porous medium (Segura and Carol, 2004; Watan-

abe et al., 2012; Cerfontaine et al., 2015). This explicit representation allows preferential flow paths, hydraulic barriers, and

fracture–matrix exchange to be described more directly (Segura and Carol, 2008; Manzoli et al., 2019; Fabbri et al., 2023).

However, it usually requires the computational grid to conform to the discontinuity geometry, making mesh generation a major

difficulty for complex fracture networks (Jing, 2003; Berre et al., 2019; Raguenel et al., 2025).35

To reduce the meshing constraints, non-conforming approaches have been proposed in both finite volume and finite element

contexts, allowing discontinuities to be introduced independently of the porous matrix discretization. The finite volume method

(FVM) is widely adopted for flow and heat transfer problems due to its local conservation properties. In this context, standard

embedded discrete fracture model formulations are mainly suited to conductive fractures, while projection-based or modified

formulations extend the method to low-permeability barriers (Fumagalli et al., 2016, 2019; Ţene et al., 2017; Rao et al., 2020;40

Olorode et al., 2020; HosseiniMehr et al., 2022; Wong et al., 2021). For problems involving geomechanics, the finite element

method (FEM) is commonly adopted, either for the entire coupled problem or combined with FVM for the flow/heat equations

(Grunwald et al., 2022; Olivella et al., 1996; Cusini et al., 2021). In the FEM context, the generalized/extended finite element

method (GFEM/XFEM) incorporate discontinuities by enriching the primary fields through a partition-of-unity framework

(Babuška and Melenk, 1997; Duarte and Oden, 1996; Moës et al., 1999; Belytschko et al., 2001; Dolbow et al., 2000), and45

have been applied to coupled multiphysics problems (Hirmand et al., 2015; Khoei et al., 2015; Hosseini and Khoei, 2020).

Embedded finite element formulations follow a similar enrichment strategy, but introduce the discontinuity effects through

element-level enhanced modes, which may allow static condensation and a less intrusive implementation in standard FEM

frameworks (Simo and Rifai, 1990; Simo et al., 1993; Wu, 2011; Cavalcanti et al., 2024a, b, 2026).

These modeling choices are reflected in the design of existing porous-media simulators, which differ in the physical pro-50

cesses considered, the treatment of fractures and faults, and the discretization adopted for each governing equation. Table 1

presents representative open-source frameworks with multiphysics capabilities for modeling porous media. The comparison is

restricted to frameworks with publicly available source code and with at least one documented strategy for strong discontinuity

modeling in their current versions. Therefore, commercial software such as COMSOL Multiphysics (COMSOL AB, 2026) and

Abaqus (Dassault Systèmes, 2026), free-to-use but non-open-source multiphysics frameworks such as GeMA (Mendes et al.,55
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Table 1. Representative open-source frameworks for multiphysics modeling of geological systems (M = mechanical, H = hydraulic, T =

thermal, C = chemical).

Software and references Platform Physics Multiphase

flow

Bulk behavior PDE scheme

OpenGeoSys (Kolditz et al., 2012) C++ THMC ✓ General FEM

PorousFlow (Wilkins et al., 2020; Giudicelli et al., 2024) C++ THMC ✓ General FEM

FALCON (Podgorney et al., 2021; Giudicelli et al., 2024) C++ THMC ✓ General FEM

GOLEM (Cacace and Jacquey, 2017; Giudicelli et al., 2024) C++ THM – General FEM

Kratos Multiphysics (Dadvand et al., 2010; de Pouplana and

Oñate, 2018, 2017)

C++/Python HM – General FEM

OPM Flow (Rasmussen et al., 2021) C++/Python HT ✓ - FVM

open-DARTS (Voskov et al., 2024) C++/Python THMC ✓ Linear Elastic FVM

FEHM (Zyvoloski et al., 1988) Fortran THMC ✓ General Hybrid

GEOS (Settgast et al., 2024) C++/Python THM ✓ General Hybrid

DuMux (Flemisch et al., 2011; Koch et al., 2021) C++/Python THMC ✓ Linear Elastic Hybrid

PFLOTRAN (Hammond et al., 2014; PFLOTRAN) Fortran THMC ✓ Linear Elastic Hybrid

Flow123d (Březina and Stebel, 2016) C++/Python THM – Linear Elastic Hybrid

PorePy (Keilegavlen et al., 2021) Python THM ✓ Linear Elastic Hybrid

MRST (Lie et al., 2012; Krogstad et al., 2015; Lie, 2019) MATLAB THMC ✓ Linear Elastic Hybrid

PorousLab MATLAB HM ✓ General FEM

2016) and CODE_BRIGHT (Olivella et al., 1996), and open-source codes without documented fracture-modeling capabilities

such as GeomechX (Yoo and Min, 2025) and JutulDarcy.jl (Møyner, 2024), are not included.

The table summarizes the development platform, supported physics, multiphase-flow capabilities, geomechanical bulk be-

havior, and main PDE discretization strategy of each framework. For geomechanics, we distinguish between codes limited to

linear elasticity and those supporting more general constitutive behavior, such as plasticity or damage. Frameworks adopting60

more than one discretization scheme, for instance FVM for flow and heat transfer and FEM for mechanics, are classified as

hybrid.

As shown in Table 1, several open-source frameworks cover broad THMC physics. In addition, many of them provide

advanced capabilities for large-scale applications and benefit from active communities and documentation. However, the com-

parison also shows that frameworks combining broad multiphysics capabilities with general geomechanical behavior are often65

performance-oriented, relying on C++ or Fortran implementations and architectures optimized for scalability and parallel

execution. Although these choices are advantageous for large-scale simulations, they can make small modifications more de-

pendent on build systems, low-level implementation details, and nontrivial framework overhead. Besides, hybrid discretization

schemes are common, requiring proficiency in multiple numerical methods. Exceptions to these limitations are MRST and

PorePy, which offer higher-level environments suited to rapid prototyping and lower entry costs. However, their documented70
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geomechanical capabilities are more limited in scope, particularly with respect to nonlinear constitutive behavior and non-

linear geomechanical analysis procedures, and their coupled formulations with mechanics rely on more than one numerical

discretization strategy.

To address this gap, this paper presents PorousLab, an open-source, object-oriented FEM framework written in MATLAB

for the development, verification, and rapid prototyping of porous-media formulations. The framework is designed around a75

single FEM-based discretization setting and currently covers mechanical, hydraulic, and coupled hydro-mechanical formula-

tions in deformable porous media, including single- and two-phase flow problems. In contrast to prototyping environments

mainly centered on flow and transport, PorousLab gives particular emphasis to geomechanics by including different me-

chanical constitutive models and nonlinear analysis procedures, including transient analyses and quasi-static analyses with

continuation schemes. The contribution of this work lies in integrating coupled porous-media formulations, nonlinear geome-80

chanical analyses, and embedded strong-discontinuity modeling within a transparent, open-source architecture based on a

single FEM discretization. This integration is supported by an object-oriented class structure that separates model definition,

material behavior, element-level formulations, and solution procedures, facilitating code readability, reuse, and extension. The

resulting framework provides a self-contained scripted workflow with built-in pre- and post-processing, reducing the need for

external tools and facilitating model implementation, verification, and prototyping. Beyond these features, PorousLab also85

provides an accessible framework for computational geomechanics researchers interested in understanding additional physical

processes, solution schemes, and implementation aspects within a FEM-based setting.

With respect to fracture and fault representation, the frameworks listed in Table 1 follow different strategies, and the avail-

ability of each strategy is not always uniform across all the physics supported by a given code. The most common approach

is some form of explicit fracture representation, including discrete-fracture, mixed-dimensional, or lower-dimensional fracture90

models, as documented in different forms for OpenGeoSys, PorousFlow, FALCON, GOLEM, Kratos Multiphysics, open-

DARTS, GEOS, DuMux, Flow123d, PorePy, and MRST. Some frameworks also provide alternative representations, including

multi-continuum models, embedded-fracture formulations, discrete-fracture-network models, and phase-field fracture formu-

lations. For modeling pre-existing strong discontinuities in the currently supported physics, PorousLab adopts an Embedded

Finite Element Method (E-FEM) (Cavalcanti et al., 2024a, b). This choice allows discontinuities to be introduced indepen-95

dently of the background finite element mesh, simplifying model generation and avoiding the need for mesh conformity with

fracture or fault geometries.

The paper is structured as follows. Section 2 presents the framework modeling and simulation capabilities, and the main

simplifying assumptions. Section 3 explains the theoretical concepts behind the modeling and simulation procedures, including

the PDE in strong and weak forms, the finite element discretization, and the key aspects of embedded discontinuities. Section 4100

describes the framework’s implementation structure by detailing its class diagrams. Section 5 presents a brief description of the

general simulation workflow. Section 6 provides validation examples, compared against the literature, to demonstrate both the

capabilities and the accuracy of the framework. Finally, Section 7 presents concluding remarks, discusses current limitations,

and suggests directions for future developments.
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Table 2. Available physical models, primary variables, balance equations, and analysis types in PorousLab.

Balance equations Analysis types

Physics types Tag Primary

variables

Linear
momentum

Liquid phase
mass

Gas phase
mass Linear

Nonlinear
quasi-static

Nonlinear
transient

Mechanical M u ✓ ✓ ✓ ✓
Single-phase flow H pl ✓ ✓ ✓
Two-phase flow H2 pl, pg ✓ ✓ ✓
Hydro-mechanical (single-phase) HM u, pl ✓ ✓ ✓
Hydro-mechanical (two-phase) H2M u, pl, pg ✓ ✓ ✓ ✓

2 Framework scope105

This section describes the modeling assumptions and simulation capabilities of the current PorousLab implementation. The

framework is organized around a set of governing equations, each corresponding to a particular physical model, referred to

here as physics types. These physics types share the same finite-element modeling structure, while differing in the primary

variables, governing equations, constitutive relationships, and analysis procedures required by each problem.

The current release includes five physics types, summarized in Table 2—mechanical (M), single-phase flow (H), two-phase110

flow (H2), hydro-mechanical single-phase flow (HM), and hydro-mechanical two-phase flow (H2M)—together with their pri-

mary variables, balance equations, and possible analysis procedures. The mechanical component solves the linear momentum

balance using the displacement field, u, as the primary variable, whereas the fluid-flow components solve phase mass balance

equations using pore-pressure fields as primary variables. In single-phase flow, only the liquid pressure field, pl, is considered,

while in two-phase formulations, both the liquid and gas pressure fields, pl and pg, are used. Linear analysis is available for me-115

chanical and single-phase hydraulic problems. Nonlinear quasi-static analysis is available for mechanical problems and include

several continuation strategies, such as load, work, and arc-length control. All implemented physics types support nonlinear

transient analysis, solved using either Newton–Raphson or Picard iterations.

The current implementation is restricted to two-dimensional problems. Plane-strain and plane-stress assumptions are avail-

able for mechanical and hydro-mechanical models, while axisymmetric conditions are supported for all physics types. The120

spatial discretization is based on isoparametric finite elements, including triangular and quadrilateral elements with linear or

quadratic interpolation: constant-strain triangles (CST), linear-strain triangles (LST), four-node quadrilaterals (ISOQ4), and

eight-node quadrilaterals (ISOQ8). For mechanical physics types, the implemented constitutive models include linear elastic-

ity, isotropic damage, and elastoplastic laws.

Pre-existing fractures and faults can be represented through an Embedded Finite Element Method (E-FEM). In this approach,125

discontinuities are introduced independently of the background mesh and are approximated by polylines whose segments cross

finite elements. This capability is currently available for the M, H, and HM physics types. The present implementation does not

address fracture propagation, and embedded discontinuities are required to fully cross the intersected finite elements.

The current implementation is based on the following modeling assumptions:

5

https://doi.org/10.5194/egusphere-2026-3322
Preprint. Discussion started: 31 July 2026
c© Author(s) 2026. CC BY 4.0 License.



– Kinematics: small displacements and strains.130

– Dynamics: quasi–static conditions with inertial forces neglected.

– Fluid system: two-phase, immiscible, single-component dispersed fluids with no interphase mass transfer (i.e., no dis-

solution or evaporation).

– Embedded discontinuity geometry: the discontinuity surface is smooth, and only the ones that fully cross a finite

element are considered.135

The current release is distributed as an open-source project under the MIT licence and requires only base MATLAB, with

no additional toolbox dependencies. It has been validated on MATLAB R2022a and later versions, and is not compatible

with GNU Octave. The source code, benchmark scripts, documentation, and regression tests are available through the public

repository and the archived release cited in the Code availability section. A simple graphical user interface, developed with

MATLAB App Designer, is also provided for pre- and post-processing; at present, this interface is available only for mechanical140

analyses.

3 Theoretical background

This section begins by presenting the FEM formulation of the hydro-mechanical model with two-phase fluid flow (H2M) (Schre-

fler and Scotta, 2001), as it represents the most general physics currently implemented. The FEM formulations for the other

physics can mostly be derived as specific cases of this general physical model. Subsequently, the E-FEM is formulated for145

modeling embedded strong discontinuities in the physics where it is available (M, H, and HM) (Cavalcanti et al., 2024a, b).

Lastly, it introduces the formulation behind the different analysis types supported by PorousLab.

3.1 General physical model

We consider a deformable porous medium composed of two fluid phases: liquid (l) and gas (g), as shown in Fig. 1.

Solid

Liquid

Gas

Phases

Figure 1. Representative elementary volume of a porous material with two fluid phases

Within the representative elementary volume, the average bulk density is150

ρ= (1−ϕ)ρs +ϕSl ρl +ϕSg ρg, (1)
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where ϕ is the porosity; ρs, ρl, and ρg are the densities of the solid, liquid, and gas phases, respectively; and Sl and Sg are the

corresponding liquid and gas phase saturation, respectively.

The liquid saturation is governed by the capillary pressure, pc, defined as

pc = pg − pl, (2)155

with pg and pl being the gas and liquid pressures, respectively. The saturation condition for the two fluid phases imposes that

Sl +Sg = 1. (3)

3.2 Linear momentum balance equation

By neglecting inertial forces, the linear momentum balance is given by

∇ ·σ+ ρg = 0, (4)160

where g is the gravitational acceleration vector and σ is the total Cauchy stress tensor.

The stress-strain relationship is described in terms of the effective stress tensor, σ′, which, adopting a Solid Mechanics

convention (compression is negative), is expressed as

σ′ = σ+αps I, (5)

where I denotes the identity tensor, α is Biot’s coefficient, and ps is the pore-pressure acting at the solid skeleton, taken as165

ps = Sl pl +Sg pg. (6)

The effective stress evolves according to the mechanical constitutive law, expressed in rate form as

σ̇′ =D ε̇, (7)

where D is the tangent constitutive tensor and ε is the strain tensor, with ˙( ) indicating the rate of change. Assuming small

displacements and strains, the strain rate is given by170

ε̇=∇su̇, (8)

where u is the displacement field vector and ∇ denotes the gradient operator, with superscript s indicating the symmetric part.

This equation must be supplemented with appropriate boundary conditions to define a well-posed problem. Let Γ = ∂Ω

denote the boundary of the domain, which is partitioned into two disjoint subsets Γu and Γt, such that Γ = Γu∪Γt and Γu∩Γt =

∅. On the Dirichlet boundary, Γu, the displacement field is prescribed as175

u= ū on Γu, (9)

where ū is the imposed displacement vector. On the Neumann boundary, Γt, the traction vector is prescribed as

σ ·n= t̄ on Γt, (10)

where t̄ is the applied traction vector and n is the outward unit normal to the boundary.
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3.3 Solid mass balance equation180

For the solid matrix, the mass conservation is expressed as

∂ (ρs (1−ϕ))

∂t
+∇· (ρs (1−ϕ) u̇) = 0. (11)

By expanding this equation, the porosity rate of change can be defined as

Dsϕ

Dt
= (1−ϕ)

(
∇ · u̇+

1

ρs

Ds ρs

Dt

)
, (12)

where185

Ds (·)
Dt

=
∂ (·)
∂t

+∇(·) · u̇, (13)

is the material derivative with respect to the solid phase.

The material derivative of the solid density is (Schrefler et al., 1990)

1

ρs

Ds ρs

Dt
=

1

1−ϕ

(
α−ϕ

Ks

Ds ps

Dt
− (1−α)∇· u̇

)
, (14)

with Ks being the bulk modulus of the solid matrix.190

Under small strains, we may approximate the material derivative with respect to the solid with its Eulerian form (Olivella

et al., 1996)

Ds (·)
Dt

≈ ∂ (·)
∂t

. (15)

3.4 Fluid mass balance equations

Assuming that each fluid phase, π ∈ {l,g}, consists of a single component, where l and g stand for liquid and gas, repectively,195

the mass conservation equation for each fluid phase is written as

∂ (ρπ ϕSπ)

∂t
+∇· (ρπ ϕSπ vπ) = 0, (16)

where vπ is the absolute velocity vector of phase π, which is decomposed into a relative velocity with respect to the solid

matrix, vπs, and the solid motion itself:

vπ = vπs + u̇, (17)200

Additionally, the advective flux of fluid phase π, defined per unit total cross-sectional area, is given by

qπ = ϕSπ vπs. (18)

By expanding Eq. (16), incorporating Eqs. (12), (14), (15), (17) and (18), and dividing by ρπ , we obtain,

ϕ

ρπ

∂ (ρπ Sπ)

∂t
+Sπ

(
α−ϕ

Ks

∂ps

∂t

)
+∇·qπ +αSπ∇ · u̇= 0. (19)
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The advective flux qπ is governed by the generalized Darcy’s law as205

qπ =
krπ

µπ
k(−∇pπ + ρπ g) , (20)

where k is the intrinsic permeability tensor, µπ is the dynamic viscosity of phase π, and krπ is the relative permeability of

phase π, which is typically a function of the liquid saturation Sl.

By default, the fluids are weakly compressible as

ρπ = ρπ0

(
1+

1

Kπ
(pπ − pπ0)

)
, (21)210

where ρπ0 is the reference density, pπ0 is the reference pressure, and Kπ is the bulk modulus of phase π.

To ensure a well-posed problem, Eq. (19) must be complemented with appropriate boundary conditions for each fluid

phase π ∈ {l,g}. The boundary Γ = ∂Ω is partitioned into two disjoint subsets Γpπ and Γqπ , such that Γ = Γpπ ∪Γqπ and

Γpπ
∩Γqπ = ∅. On the Dirichlet boundary, Γpπ

, the pressure field of fluid phase π is prescribed as

pπ = p̄π on Γpπ
, (22)215

where p̄π denotes the prescribed fluid pressure. On the Neumann boundary, Γqπ , the normal component of the phase-specific

Darcy flux is imposed as

qπ ·n= q̄π on Γqπ , (23)

where q̄π is the prescribed volumetric flux of phase π.

3.5 Weak form220

The weak form of the coupled problem, comprising the linear momentum balance given by Eq. (4) and the fluid mass balances

in Eq. (19), is derived using the standard Galerkin method followed by the application of the Divergence Theorem.

For the linear momentum balance, the weak form is expressed as
∫

Ω

∇sδu : σ′dΩ−
∫

Ω

(∇sδu : I) αSl pldΩ−
∫

Ω

(∇sδu : I) αSg pgdΩ−
∫

Γt

δu · t̄dΓ−
∫

Ω

ρδu ·gdΩ = 0, (24)

where δu is the admissible variation of the displacement field.225

The weak form of the fluid mass balance equation for each phase, π ∈ {l,g}, is expressed as
∫

Ω

δpπ
ϕ

ρπ

∂ (ρπ Sπ)

∂t
dΩ+

∫

Ω

δpπ Sπ

(
α−ϕ

Ks

∂ps

∂t

)
dΩ+

∫

Γqπ

δpπ q̄π dΓ

+

∫

Ω

∇δpπ ·
kkrπ

µπ
∇pπ dΩ−

∫

Ω

∇δpπ ·
kkrπ

µπ
ρπ gdΩ+

∫

Ω

δpπαSπ∇ · u̇dΩ = 0,

(25)

where δpπ is the admissible variation of the pressure field of phase π.
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3.6 Finite element discretization

Following an isoparametric finite-element formulation, the approximated displacement field, uh, is interpolated from nodal230

values using a standard shape function matrix, Nu, as

uh (x, t) =Nu (x) d(t) , (26)

where d is the vector of nodal displacements degrees of freedom (DOFs). The symmetric part of the displacement field gradient

and the divergence of the displacement rate are discretized, respectively, as

∇suh (x, t) =Bu (x) d(t) , (27)235

∇ · u̇h (x, t) =∇su̇h (x, t) : I=m⊤Bu (x) ḋ(t) , (28)

where Bu is the standard finite element strain-displacement matrix and m= [1 1 0]⊤ for bi-dimensional problems.

The pore-pressure fields associated with each fluid phase π ∈ {l,g} are adopted as primary variables for the hydraulic

behavior. These fields and their spatial gradients are approximated using standard finite-element interpolation as240

phπ (x, t) =Np (x) pπ (t) , (29)

∇phπ (x, t) =Bp (x) pπ (t) , (30)

where pπ is the vector of nodal pore-pressure DOFs for phase π, Np is the row vector of shape functions associated with the

pore-pressure field, and Bp is the matrix containing the gradients of the shape functions in Np.245

By substituting the spatially-discretized fields of displacements and pore-pressures into Eqs. (24) and (25), we obtain the

discretized residual vectors for the H2M physical model as

ru(t) =

∫

Ω

B⊤
u σ′dΩ−

∫

Ω

B⊤
u mαSlNpdΩpl −

∫

Ω

B⊤
u mαSgNpdΩpg −

∫

Γt

N⊤
u t̄dΓ−

∫

Ω

N⊤
u ρgdΩ, (31)

rπ(t) =

∫

Ω

N⊤
p

ϕ

ρπ

∂ (ρπ Sπ)

∂t
dΩ+

∫

Ω

N⊤
p Sπ

(
α−ϕ

Ks

∂ps

∂t

)
dΩ+

∫

Γqπ

N⊤
p q̄π dΓ

+

∫

Ω

B⊤
p
kkrπ

µπ
BpdΩpπ −

∫

Ω

B⊤
p
kkrπ

µπ
ρπ gdΩ+

∫

Ω

N⊤
p αSπm

⊤BudΩ ḋ.

(32)250

All these integral expressions are computed using Gaussian quadrature in PorousLab. Furthermore, Appendix A details

additional numerical treatments adopted for the two-phase fluid flow physics (H2).
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3.7 Embedded strong discontinuities

3.7.1 Strong Discontinuity Approach

Strong discontinuities, such as fractures and faults, are modeled through the Embedded Finite Element Method (E-FEM)255

following a formulation based on the Strong Discontinuity Approach (Cavalcanti et al., 2024a, b). It considers the problem

illustrated in Fig. 2, where the domain is crossed by a discontinuity Γd that partitions it into two subdomains, Ω+ and Ω−.

These subdomains are labelled according to the unit normal vector nd to the discontinuity, which points towards Ω+. Assuming

the discontinuity surface is smooth, the unit normal vectors on both sides satisfy n−
d =−n+

d = nd.

n
nd

t0

nd
nd-nd+

s

nd

g0

h

Figure 2. Domain with the presence of a strong discontinuity.

To implicitly represent a discontinuous arbitrary field across the discontinuity surface within a finite-element framework, a260

generic field g(x) defined over the subdomain Ωh surrounding the discontinuity (see Fig. 2) is decomposed as

g(x) = ĝ(x)+ ḡ(x), (33)

where ĝ and ḡ are the regular and enhanced parts of the field, respectively. The enhanced part is (Linder and Armero, 2007;

Wu, 2011)

ḡ(x) =HΓd(x) g̃(x)−
nn∑

i=1

N(i) (x)HΓd(xi) g̃(xi), (34)265

where g̃(x) is a relative field, nn is the number of nodes from the finite element discretization, and HΓd is the Heaviside

function defined as

HΓd(x) =




1, x ∈ Ω+

0, x ∈ Ω−
, (35)

11

https://doi.org/10.5194/egusphere-2026-3322
Preprint. Discussion started: 31 July 2026
c© Author(s) 2026. CC BY 4.0 License.



Figure 3 illustrates the construction of a generic scalar field g(x) in a one-dimensional problem following eqs. (33) and (34).

x

=

x

x+

Figure 3. Construction of the field composed of a regular and an enhanced part (adapted from Wu (2011)). [[g(x)]] denotes the jump at the

discontinuity.

In the present formulation, only discontinuities that fully cross a finite element are considered. Each discontinuity is geo-270

metrically characterized within the element by a reference point, xref, located at the midpoint of the segment, and by a pair of

orthonormal vectors: the normal direction nd and the tangential direction md, as depicted in Fig. 4.

y

x
md

ndxref

xd(1)

xd(2)

ld

Figure 4. Linear quadrilateral finite element with embedded strong discontinuity (dashed line).

3.7.2 Mechanical behavior

In the mechanical physical model (physics M), the displacement jump across the discontinuity, expressed in the local coordinate

system aligned with the discontinuity, is approximated as275

uh
d (s) =


1 0 s 0

0 1 0 s







αm
0

αn
0

αm
1

αn
1



=Nd,u (s)α, (36)
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where s is the local coordinate along the discontinuity. The DOFs αm
0 and αn

0 represent the relative translations in the tangential

and normal directions, respectively, while αm
1 and αn

1 represent the linear variations of the displacement jump along the discon-

tinuity, corresponding to relative tangential stretching and relative rotation, respectively. Based on these DOFs, the enhanced

part of the displacement field over the continuum can be defined as280

ũh(x) = αm
0 md +αn

0nd +αm
1

(
mdmd

⊤)∆x+αn
1

(
ndmd

⊤ −mdnd
⊤)∆x, (37)

where ∆x= x−xref. The additional deformation modes associated with each additional DOF are illustrated in Fig. 5.

ndmd

xref

s

ndmd

xref
md

nd
xref

nd

s

md

xref

Tangential constant mode

Tangential linear mode

Normal constant mode

Normal linear mode

Figure 5. Additional deformation modes in a linear quadrilateral finite element with an embedded strong discontinuity.

In Eq. (37), the enriched displacement field is being discretized with local variables which are attached to the discontinuity

segment inside each element, and represent the deformation modes illustrated in Fig. 5. These local unknowns are discontinuous

across elements and can be condensed at element level. Alternatively, following Dias-da Costa et al. (2009a, b), the nodal285

variant enforces continuity of the displacement jumps across neighboring cut elements by placing the enrichment DOFs at the

mesh nodes where the discontinuity intersects the element edges. Figure 6 compares both choices, and Eq. (38) presents the

relationship between them.
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(a) (b)

Figure 6. Discretizations of the enriched displacement field: (a) local, element-level DOFs; (b) nodal jump DOFs at cut nodes.





αm
0

αn
0

αm
1

αn
1





=




1
2 0 1

2 0

0 1
2 0 1

2

− 1
ld

0 1
ld

0

0 − 1
ld

0 1
ld







md
⊤ 0

nd
⊤ 0

0 md
⊤

0 nd
⊤








wx
1

wy
1

wx
2

wy
2





. (38)

The discretized approximation of the symmetric part of the total displacement field is obtained using Eqs. (33), (34), and290

(37),

∇suh(x) =Bu(x) d+ B̃u(x)α, (39)

where,

B̃(x) =HΓd(x)




0

0

(Mdmd)
⊤

0




⊤

−
∑

i∈Ω+




(
B(i)(x)md

)⊤
(
B(i)(x)nd

)⊤
(
B(i)(x)mdmd

⊤ (x(i) −xref
))⊤

(
B(i)(x)

(
ndmd

⊤ −mdnd
⊤)(x(i) −xref

))⊤




⊤

, (40)

and295

Md =




m1
d 0

0 m2
d

m2
d m1

d


 . (41)

The equilibrium between the Cauchy stresses in the surrounding continuum and the cohesive tractions acting along the

discontinuity is enforced as
∫

Ω

G⊤σh dΩ+

∫

Γd

Nd,u
⊤ thd dΓ = 0, (42)

where σh = {σxx,σyy,σxy}⊤ is the stress tensor in Voigt notation, td = td(ud) denotes the cohesive traction vector as a300

function of the displacement jump, and G is a stress projection operator (Linder and Armero, 2007).
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For elements with embedded strong discontinuities, standard Gauss quadrature is sufficient when only rigid-body enrichment

modes are active. When the linear tangential mode is included, the enrichment introduces a Heaviside term in Eq. (40), yielding

a discontinuous strain field. Consistent integration then requires a sub-cell scheme aligned with the embedded surface. Here,

each cut element is partitioned by a Delaunay triangulation into conforming sub-triangles on both sides of the interface, and305

Gauss points are assigned per sub-cell using the native triangular rule; see Fig. 7.

12/3

1

2/3

1/6

1/6

s

r

Figure 7. Sub-cell integration for an enriched element: the element is split by the discontinuity, and Gauss points are set per sub-triangle

cells.

3.7.3 Fluid flow inside the discontinuity

The strong form of the fluid continuity equation is

ϕd

ρπ

∂ (ρπ Sπ)

∂t
+∇d ·qd,π = 0, (43)

where ∇d = [∂/∂s ∂/∂n]
⊤ is the divergence operator defined in the discontinuity local system, and qd,π is the advective flux310

vector of phase π inside the discontinuity, given by:

qd,π =
krπ

µπ
kd


−∇d pd,π + ρπ


md

⊤

nd
⊤


g


 , (44)

where pd,π is the pore-pressure of phase π inside the discontinuity. Considering that the pressure gradient is negligible in the

normal direction, by taking a zero permeability in the normal direction, the advective flux can be simplified to

qd,π = kL
d
krπ

µπ

(
−∂ pd,π

∂s
+ ρπmd

⊤g

)
1
0


 , (45)315

where kL
d is the longitudinal permeability, defined by the cubic law

kL
d =

w2

12
, (46)

where w is the discontinuity aperture.
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The pore-pressure field of phase π inside the discontinuity is approximated with

phd,π =Nd,p(s)pd,π, (47)320

where Nd,p(s) is a vector with the Lagrange functions in terms of the tangential coordinate of the discontinuity and pd is a

vector with the DOFs corresponding to the pore-pressure at the discontinuity nodes.

The weak form is obtained by applying the Galerkin method followed by the Divergence theorem,

rd,π(t) =

∫

Γd

N⊤
d,pϕd

w

ρπ

∂ (ρπ Sπ)

∂t
dΓ+

∫

Γd

∂N⊤
d,p

∂s
kL

d w
krπ

µπ

∂Nd,p

∂s
dΓpd,π −

∫

Γd

∂N⊤
d,p

∂s
kL

d w
krπ

µπ
ρπmd

⊤gdΓ. (48)

The same numerical treatments described in Appendices A and B are applied.325

To condense these DOFs and compatibilize the fluid flow between the discontinuity and the porous media, we follow the

approach proposed by Mejia et al. (Mejia et al., 2021). Their formulation consists of writing the discontinuity pressure DOFs

and their admissible variation as a linear combination of the porous media pore-pressure DOFs as

pd,π =


N
(
x
(1)
d

)

N
(
x
(2)
d

)


 pπ. (49)

With this reduction of the space of the DOFs, the contribution of the discontinuities to the fluid flow can be directly summed330

to the ones computed from the continuum.

The extension of this formulation to cases in which the pore-pressure field can present a jump across the discontinuity, as

well as the coupling with the mechanical deformations, is presented and discussed in (Cavalcanti et al., 2024a, b).

3.8 Solution process

This section presents the different types of analysis available in PorousLab.335

3.8.1 Linear analysis

In problems with linear constitutive behavior and time-independent conditions, such as linear elasticity in physics M or steady-

state flow in physics H, the finite element formulation reduces to a linear system of the form

Ax= b, (50)

where A is the global coefficient matrix (stiffness matrix from discretized momentum balance in mechanical analyses or340

transmissibility matrix from Darcy’s law in hydraulic problems), x is the vector of unknown DOFs (displacements in physics

M or pore-pressure in physics H), and b is the vector of forcing terms (applied forces, initial stresses, fluxes, and source terms).
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3.8.2 Nonlinear quasi-static analysis

In purely mechanical problems with nonlinear behavior and time-independent conditions, a nonlinear quasi-static analysis is

required. It aims to minimize the residual between the unbalanced internal, fi, and external, fe, force vectors, expressed as345

r(x,λ) = fi (x)−λ fe, (51)

where λ is a load factor. Using an incremental-iterative approach, the vector of unknown DOFs and the load factor are updated

as

x(k)
n = xn−1 +∆x(k−1)

n + δx(k)
n , (52)

350

λ(k)
n = λn−1 +∆λ(k−1)

n + δλ(k)
n , (53)

where subscript n indicates the n-th analysis step, superscript (k) indicates the k-th iteration of that step, δ refers to an iterative

increment, and ∆ refers to the increment accumulated throughout the step.

Linearization of the residual force vector relative to the DOFs vector leads to the system of equations

∂f
(k−1)
i,n

∂x
δx(k)

n = δλ(k)
n fe + r(k−1)

n , (54)355

where the derivatives of internal forces with respect to the DOFs correspond to the tangent stiffness matrix, Kt. By decomposing

the vector of iterative DOF increments into (Batoz and Dhatt, 1979)

δx(k)
n = δλ(k)

n δx(k)
p,n + δx(k)

r,n , (55)

the solution of the linearized system can be partitioned as

K
(k−1)
t,n δx(k)

p,n = fe, (56)360

K
(k−1)
t,n δx(k)

r,n = r(k−1)
n . (57)

Moreover, the iterative increment of the load factor is determined by enforcing a constraint equation, which dictates the

solution algorithm (control method) employed (Rangel, 2019; Leon et al., 2012). Several algorithms adopt a linear constraint

of the form365

δλ(k)
n =

c
(k)
n −a

(k)
n · δx(k)

r,n

b
(k)
n +a

(k)
n · δx(k)

p,n

, (58)

where the parameters a, b, and c vary between algorithms. The linear control methods implemented in PorousLab are listed

in Table 3, along with their respective constraint parameter values (Rangel and Martha, 2019a; Cavalcanti et al., 2022). Other
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Table 3. Constraint parameters used in Eq. (58) for different nonlinear solution algorithms implemented in PorousLab.

Constraint parameters

Algorithm (control

method)

a
(k)
n b

(k)
n c

(k)
n

Load 0 1




∆λ̄n, k = 1

0, k > 1

Work δλ
(k)
n fe 0




∆W̄, k = 1

0, k > 1

Arc-length with fixed

normal plane*

δx
(1)
n δλ

(1)
n fe · fe 0

Arc-length with updated

normal plane*

δx
(k−1)
n δλ

(k−1)
n fe · fe 0

Minimum norm* δx
(k)
p,n 0 0

Orthogonal residual* 0 ∆x
(k−1)
n · fe −∆x

(k−1)
n r

(k−1)
n

Generalized displacement δλ
(1)
n δx

(1)
p,n−1 0





(
δλ

(1)
1

)2

(
δx

(1)
p,1 · δx

(1)
p,1

)
, k = 1

0, k > 1

∆λ̄n and ∆W̄ are prescribed load and work increments, respectively.

* Applies when k > 1, while the cylindrical arc-length constraint of Eq. (59) is used when k = 1.

widely used solution algorithms implemented are the cylindrical and spherical arc-length methods, which introduce a nonlinear

constraint of the form370

(
∆x(k−1)

n + δx(k)
n

)
·
(
∆x(k−1)

n + δx(k)
n

)
+ η

(
∆λ(k−1)

n + δλ(k)
n

)2
− s2 = 0, (59)

where s denotes the arc length and η defines the constraint region: η = 0 for cylindrical and η = 1 for spherical.

In addition, to automatically adapt the load ratio increment according to the degree of nonlinearity of the solution, the

increment of the first iteration of each step, δλ(1)
n , can be multiplied by the adjustment factor proposed by Ramm (Ramm,

1981) as375

J =

√
Nd

Nn−1
, (60)

where Nd is the desired number of iterations for each step and Nn−1 is the number of iterations performed in the previous step.
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3.8.3 Nonlinear transient analysis

Under time-dependent conditions, the residual vector can be written as

r(x(t), t) = fi (x(t), t)+K(t)x(t)+C(t) ẋ(t)− fe(t), (61)380

where C is the global capacity matrix.

To obtain the solution over time, we employ a fully implicit time discretization. Therefore, the residual vector of Eq. (61)

can be written in the n-th analysis step as

rn = fi,n +Knxn +
1

∆t
Cn (xn −xn−1)− fe,n, (62)

where ∆t is the time step size. To minimize the residual iteratively, two schemes are implemented in PorousLab: Newton-385

Raphson and Picard.

In the Newton-Raphson scheme, the vector of unknown DOFs is updated in each iteration with the solution of a linear system

as

J(k)
n δx(k)

n =−r(k)n → x(k+1)
n = x(k)

n + δx(k)
n , (63)

where Jn is the Jacobian matrix, which is computed as390

Jn =
∂fi,n
∂x

+Kn +
1

∆t
Cn. (64)

For the purpose of completeness, Appendix B presents the Jacobian matrix of the most general physics currently implemented,

i.e., the hydro-mechanical model with two-phase fluid flow (H2M).

In the Picard scheme, nonlinear coefficients are frozen at the previous iteration. This avoids forming the exact Jacobian and

gives only linear convergence. At iteration k one solves395

A(k)
n x(k+1)

n = b(k)
n , (65)

where

An =Kn +
1

∆t
Cn, (66)

bn =
1

∆t
Cnxn−1 + fe,n. (67)400

4 Software architecture and design

PorousLab was developed as a modular MATLAB framework for rapid prototyping and verification of finite-element for-

mulations for fractured porous media. The implementation uses object-oriented programming to separate model definition,
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material behavior, element-level formulations, and solution procedures. This architecture supports code reuse across the im-

plemented physics while keeping formulation-specific operations localized in specialized classes. The choice of a high-level405

MATLAB implementation, with no additional toolbox dependencies, is intended to reduce the entry barrier for users interested

in inspecting, modifying, and extending the implemented formulations.

Following the work in (Martha et al., 1996; Martha and Parente Jr, 2002; Rangel and Martha, 2019b; Wang and Kolditz,

2007), the object-oriented class organization of PorousLab is built around three abstract superclasses: Model, Material,

and Analysis. These superclasses define the main responsibilities of the framework: finite-element model construction, ma-410

terial and constitutive behavior, and solution procedures, respectively. This organization provides a common structure for the

implemented physics while allowing formulation-specific operations to be specialized in derived classes. The following sub-

sections describe the main class families of PorousLab, with UML class diagrams (Booch, 2005) being used to summarize

their relationships and to clarify how the framework separates model definition, material behavior, and analysis procedures.

4.1 Model-related classes415

Figure 8 shows the UML class diagram for the model-related classes in PorousLab. This class family is built around the

abstract superclass Model, which defines the common structure required to construct finite-element models independently of

the physics being solved. The derived subclasses Model_M, Model_H, Model_H2, Model_HM, and Model_H2M specialize

this structure for the physics types described in Section 2.

RegularElem

RegularElement_M

RegularElement_HM

RegularElement_H

Material _H2

Material _H2M

Material _HM

Material _M

Material_H

intPoint

Model_HM

RegularElement_H2

EnrichedElement_H

EnrichedElement_M

EnrichedElement_H2

DiscontinuityElement

1
1

1..*

1..*

1..*

1..nip

RegularElement_H2M

EnrichedElement_HM

EnrichedElement_H2M

1..*

1..*

1..*

Shape

Shape_CST Shape_LST Shape_ISOQ4 Shape_ISOQ8

Anl

Types of relationship

Generalization

Composition

Dependency

DiscontinuityElement_M

DiscontinuityElement_H2

DiscontinuityElement_HM

DiscontinuityElement_H2M

1..2

MaterialDiscontinuity _H2

MaterialDiscontinuity _H2M

MaterialDiscontinuity _HM

MaterialDiscontinuity _M

MaterialDiscontinuity_H

Model_M

Model_H

Model_H2M

Model_H2

Model

Discontinuity

1..*
DiscontinuityElement_H

0..*

Figure 8. UML diagram of model-related classes in PorousLab (faded classes are not currently available).
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The Model superclass centralizes operations that are common to all formulations, including mesh handling, DOF initializa-420

tion, material assignment, boundary and initial condition management, incorporation of embedded discontinuities, assembly

of global matrices and residual vectors, and post-processing of field results. Physics-dependent operations are implemented in

the derived subclasses, mainly through the definition of the active DOFs, the validation of material properties, and the initial-

ization of the appropriate element objects. This design follows the physics abstraction used in GeMA (Mendes et al., 2016),

while avoiding a monolithic model class with extensive conditional logic.425

This specialization is first reflected in the DOF layout. Model_M defines mechanical models with two displacement DOFs

per node, whereas Model_H and Model_H2 define hydraulic models with one and two pore-pressure DOFs per node, respec-

tively. The coupled classes Model_HM and Model_H2M combine the corresponding displacement and pore-pressure DOFs

to define hydro-mechanical single- and two-phase models.

The same specialization appears at the element level. Each Model_X subclass initializes element objects consistent with its430

physics type, either as standard continuum elements derived from RegularElement_X or, when embedded discontinuities

are present, as enriched variants derived from EnrichedElement_X. The RegularElement_X classes implement the

formulation-specific element matrices and residual vectors, which are later assembled into the global system. Integration-

point objects store local state variables and provide access to the material response evaluated by the corresponding material

classes. Geometric and interpolation operations are separated into the Shape class hierarchy, whose subclasses define the435

finite-element interpolation for CST, LST, ISOQ4, and ISOQ8 elements.

Pre-existing strong discontinuities are represented by instances of the Discontinuity class. This class stores the geo-

metric and physical properties associated with a fracture or fault, including its curve, initial aperture, cohesive law, normal and

shear stiffnesses, and contact-penalty parameters. It also computes the intersections between the discontinuity geometry and

the finite-element mesh, providing a linearized representation of the discontinuity as a polyline, consisting of segments gener-440

ated during the intersection step and aligned with the underlying mesh. When necessary, a node-repelling procedure slightly

perturbs mesh nodes located too close to the discontinuity path, reducing numerical artifacts associated with intersections near

mesh vertices. Figure 9 illustrates this procedure, showing how a smooth discontinuity curve is intersected with the background

mesh to generate the corresponding embedded segments.
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(a) (b)

Figure 9. Finite element mesh over a 3m× 3m quadrilateral domain containing a discontinuity defined by y = 0.7sin
(
2π
3
x
)
+1.5. (a)

Original discontinuity geometry. (b) Linearized approximation of the discontinuity obtained after its intersection with the mesh. The zoomed-

in views highlight the node-repelling procedure.

Elements crossed by a discontinuity are defined as enriched element objects derived from EnrichedElement_X. These445

classes extend the corresponding RegularElement_X formulations with additional operations required by the embedded

representation. The local contribution of each discontinuity segment is handled by DiscontinuityElement objects, which

store segment-level geometry and evaluate the discontinuity terms to be added to the element residuals and tangent matrices.

For mechanical discontinuities, the enrichment can reproduce different variants of the Strong Discontinuity Approach by

selecting the corresponding set of enhanced deformation modes and numerical treatments. The default formulation includes450

the constant normal and tangential displacement-jump modes, following Oliver (1996) and subsequent works (Wells and Sluys,

2000; Cazes et al., 2016; de Borst et al., 2001; Oliver et al., 2003; Jirásek, 2000). Additional modes, such as tangential stretch-

ing and relative rotation, can be activated to recover other formulations proposed in the literature. Table 4 summarizes the

combinations currently implemented and the validation tests used to verify each configuration.

Table 4. Implemented configurations of mechanical embedded strong-discontinuity formulations and corresponding validation tests.

Reference formulation

Formulation feature
Linder and Armero

(2007)
Dias-da Costa et al.

(2009a)
Dias-da Costa et al.

(2009b)

Tangential stretching mode ✓ ✓ ✓
Relative rotation mode ✓ ✓ ✓
Symmetric formulation ✓ ✓
Nodal enrichment DOFs ✓ ✓
Sub-cell integration ✓
Validation test Partial tension Oblique mixed-mode Stretching
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4.2 Material-related classes455

The material-related classes define the physical properties and constitutive models. For each physics type, PorousLab pro-

vides a corresponding Material_X class for continuum elements and, when embedded discontinuities are considered, a

MaterialDiscontinuity_X class for discontinuity contributions. This separation allows continuum and discontinuity

behavior to be specified independently while preserving a common material structure across the implemented physics. Fig-

ure 10 shows the UML class diagram for the continuum material classes.460

Fluid IdealGas

Material _HM Material _H2MMaterial _HMaterial_M

CapillaryPressureRelativePermeability

PorousMedia

1 1 1 1 1

1 1 12 1

RelativePermeabilityBrooksCoreyGas

RelativePermeabilityBrooksCoreyLiquid

RelativePermeabilityPolynomialGas

RelativePermeabilityPolynomialLiquid

RelativePermeabilityUMAT

RelativePermeabilityLiakopoulos

CapillaryPressureBrooksCorey

CapillaryPressureUMAT

CapillaryPressureLiakopoulos

Types of relationship

Generalization

Composition

1 2

MechanicalLaw

MechanicalLinearElastic

MechanicalElastoPlasticVonMises

MechanicalElastoPlasticMohrCoulomb

MechanicalElastoPlastic

MechanicalIsotropicDamage

MechanicalElastoPlasticDruckerPrager

MechanicalNonlinearAsymptotic

Material _H2

Figure 10. UML diagram of continuum material-related classes in PorousLab.

All continuum material classes contain a PorousMedia object, which stores the basic properties of the porous matrix,

including porosity, intrinsic permeability, Biot’s coefficient, solid bulk modulus, Young’s modulus, and Poisson’s ratio. For

mechanical formulations, the porous-media object is associated with a constitutive law derived from the abstract superclass

MechanicalLaw. The implemented laws include linear elasticity, isotropic damage, and elastoplastic models such as von

Mises, Drucker–Prager, and Mohr–Coulomb. The elastoplastic models share a common return-mapping structure through the465

abstract class MechanicalElastoPlastic, while the specific yield functions, flow directions, and derivatives are defined

in derived classes.

For hydraulic and hydro-mechanical formulations, the material classes include fluid properties and, in two-phase flow mod-

els, additional constitutive relationships for capillary pressure (retention curve) and relative permeability. These relationships

are represented by dedicated class hierarchies, allowing analytical laws, polynomial expressions, and user-defined tabulated470

curves to be used within the same material structure.
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A similar organization is used for discontinuity materials, as summarized in Fig. 11. For the physics types that support em-

bedded discontinuities, the MaterialDiscontinuity_X classes define the constitutive behavior of fractures and faults.

In mechanical and hydro-mechanical models, this includes cohesive laws relating displacement jumps to tractions. The cur-

rent implementation provides a linear elastic law and an elastoplastic Mohr-Coulomb law with tensile cutoff. For hydraulic475

discontinuities, the material definition includes aperture, longitudinal permeability, leak-off parameters, and fluid properties.

Fluid IdealGas

MaterialDiscontinuity _HM

MaterialDiscontinuity _H

MaterialDiscontinuity_M
1

Types of relationship

Generalization

Composition

MechanicalCohesiveLinearElastic

MechanicalCohesiveMohrCoulomb

1

MaterialDiscontinuity _H2

MaterialDiscontinuity _H2M

1

2
Material _H2

1

Figure 11. UML diagram of discontinuity material-related classes in PorousLab (faded classes are not currently available).

4.3 Analysis-related classes

Figure 12 shows the UML class diagram for analysis-related classes, which are structured around the abstract superclass Anl

and its specialized derivatives corresponding to the analysis types supported by PorousLab, namely linear, nonlinear quasi-

static, and nonlinear transient.480

Anl_NonlinearQuasiStatic

Anl_Linear

Anl_Transient

NonlinearScheme

Anl

1

NonlinearScheme_Newton

NonlinearScheme_Picard

Model

Types of relationship

Generalization

Composition

Dependency

ControlMethod
1

ControlMethod_Load

ControlMethod _Displ

ControlMethod _ArcCyl

ControlMethod _ArcSph

ControlMethod _ArcFNP

ControlMethod _ArcUNP

ControlMethod _Work

ControlMethod _MinNorm

ControlMethod _GenDispl

ControlMethod _OrtResidual

Figure 12. UML diagram of analysis-related classes in PorousLab.

A relevant feature of this class family is the support for nonlinear quasi-static mechanical analyses with different continua-

tion strategies. These strategies are represented through the ControlMethod hierarchy and include load, work, generalized
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displacement, minimum-norm, orthogonal-residual, and arc-length-type controls. This capability is particularly useful for ge-

omechanical problems involving material nonlinearity, softening, or limit-point behavior, where simple load control may be

insufficient.485

For nonlinear transient analyses, the iterative solution is handled through the NonlinearScheme hierarchy, which cur-

rently provides Newton-Raphson and Picard schemes. In all analysis types, the resulting global linear system is solved using

MATLAB’s built-in direct solvers.

5 Simulation Workflow

The use of PorousLab follows a scripted workflow consistent with the object-oriented organization described in Section 4.490

A simulation is defined through a model object, which stores the mesh, material data, initial conditions, boundary conditions,

and physics-specific finite-element information, and an analysis object, which controls the solution procedure. This separation

makes the same workflow applicable to the different physics types implemented in the framework.

Algorithm 1 summarizes the main steps required to define and execute a simulation. The model is first instantiated according

to the selected physics type. The mesh is then generated internally or imported from an external meshing tool, and material495

objects are assigned to the corresponding element sets. Boundary and initial conditions are prescribed at the model level,

while the analysis object defines the type of solution procedure, nonlinear scheme, time-stepping parameters, and convergence

tolerances.

Algorithm 1 Workflow for setting up a simulation in PorousLab.

1: Create and configure the model object mdl:

2: Instantiate model class (e.g., Model_M, Model_H)

3: Load or generate mesh data: node, elem

4: Set mesh with mdl.setMesh(node, elem)

5: Define and configure material objects (e.g., PorousMedia, Fluid)

6: Assign materials using mdl.setMaterial(...)

7: Apply boundary and initial conditions

8: Create and configure the analysis object anl:

9: Instantiate class (e.g., Anl_Linear, Anl_Transient)

10: Set solver parameters

11: Run the simulation: anl.run(mdl)

12: Post-process results: Use built-in tools such as mdl.plotField(...) for field visualization.

The workflow covers the complete sequence of a simulation within a single MATLAB environment. In the pre-processing

stage, the framework provides built-in utilities for mesh generation or import, material assignment, initial condition definition,500

and boundary condition prescription. The analysis object then executes the selected linear, nonlinear quasi-static, or nonlinear

transient procedure. After the solution, built-in visualization and extraction tools allow primary and secondary fields to be
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inspected directly from the model object. Since all modeling choices are explicitly defined in MATLAB scripts, the workflow

is reproducible and reduces the dependence on external pre- and post-processing software.

Additional details on the pre-processing, post-processing, and graphical user interface tools are provided in Supplement505

Sect. S1.

6 Verification examples

This section presents selected verification examples used to assess the formulations implemented in PorousLab. The exam-

ples cover the main physics currently available in the framework, including mechanical, single-phase flow, two-phase flow,

and coupled hydro-mechanical problems. They demonstrate the correctness of the implementation by comparison with ana-510

lytical, semi-analytical, or reference solutions from the literature. The complete scripts required to reproduce the examples

are included in the archived PorousLab release cited in the Code availability section and are also maintained in the public

GitHub repository. The corresponding input scripts and the main PorousLab commands used to reproduce these examples

are documented in Supplement Sect. S2. Additional benchmark documentation is provided in the project wiki linked from the

repository.515

6.1 Strip footing bearing capacity

The elastoplastic implementation is verified with the classical strip-footing problem in plane strain (de Souza Neto et al., 2011).

The soil is weightless, and a rigid footing applies a uniform vertical pressure over a finite width at the ground surface. Geometry

and boundary conditions are given in Fig. 13.

5.0 m

5.0 m

0.5 m

7.269 kPa

Figure 13. Strip footing: geometry and boundary conditions.

The value of uniform pressure prescribed over the footing region corresponds to Prandtl’s analytical bearing-capacity solu-520

tion. The soil is modeled with Young’s modulus of 107 kPa, Poisson’s ratio of 0.48, cohesion of 490 kPa, and friction and

dilation angles of 20◦. The problem is analyzed with both the Drucker–Prager and Mohr–Coulomb plasticity models. Spatial
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discretization is performed with a 30×30 mesh of eight-noded quadrilateral elements, graded toward the loaded region to pro-

vide a finer resolution beneath the footing. A quasi-static nonlinear analysis is performed using the Generalized Displacement

control method.525

Figure 14a presents the collapse mechanism through the visualization of the plastic strain magnitude over the domain. The

load-displacement curves of the upper left node’s vertical DOF obtained using both Drucker-Prager and Mohr-Coulomb are

presented in Fig. 14b. They provide the same results, converging to the limit pressure estimated by Prandtl’s solution.

(a)
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Figure 14. Strip footing collapse: (a) Plastic strain magnitude at the final step using the Drucker-Prager plasticity model; (b) Load-factor

evolution concerning the vertical displacement at the top left point.

6.2 Stress changes along a fault in a pressurized reservoir

This example verifies three aspects of the mechanical formulation: the pore-pressure loading, the initialization of an in-situ530

stress state, and the recovery of cohesive tractions along an embedded fault. A two-dimensional elastic domain containing

an inclined pre-existing fault with a dip angle of 60◦ is considered, as shown in Fig. 15. The model represents a horizontal

reservoir subjected to a pore-pressure increase. The initial pore-pressure is P0 = 35 MPa, and an increment ∆P = 20 MPa is

applied within the reservoir layer.
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70 MPa

4000.0 m

1000.0 mdip

P0

P0 + P

P0

Figure 15. Pressurized reservoir: geometry and boundary conditions.

The continuum is modeled as a linear-elastic porous medium under plane-strain conditions, and the embedded fault is535

represented with the mechanical E-FEM formulation, allowing the normal and shear cohesive tractions to be extracted directly

along the discontinuity. The simulation is performed in two stages. First, an initial equilibrium problem is solved using the

prescribed boundary conditions and the initial pore-pressure field, providing the in-situ effective stress state. The displacement

field is then reset while retaining this stress state as the initial condition for the subsequent loading stage. Second, the pore-

pressure increment is applied only inside the reservoir layer, and the model is solved again to obtain the incremental stress540

changes caused by reservoir pressurization.

The numerical solution is compared with the elastic at-rest relations for an isotropic medium under laterally constrained

deformation (Fjær et al., 2008; Novikov et al., 2023),

σ′
h =

ν

1− ν
σ′
v, ∆σ′

h =
ν

1− ν
∆σ′

v, ∆σ′
v = α∆p.

The corresponding tractions acting on the fault are obtained by projecting the effective stress tensor onto the local normal and545

tangential directions of the discontinuity,

ts

tn


=


m⊤

d

n⊤
d




σ

′
h 0

0 σ′
v


nd.

Figures 16 and 17 compare the continuum stress profiles and the cohesive tractions along the fault with the analytical values.

The results show close agreement, confirming the implementation of pore-pressure loading in the mechanical formulation and

the stress components along embedded discontinuities.550
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(a) (b)

Figure 16. Continuum effective stresses along y at x= 2000 m: (a) vertical component, σ′
y; (b) horizontal component, σ′

x.

(a) (b)

Figure 17. Cohesive traction along the fault: (a) normal component, tn; (b) shear component, ts.

6.3 Fluid flow through the foundation of a dam

This example verifies the single-phase hydraulic formulation and the embedded representation of hydraulic discontinuities in

a steady seepage problem. A gravity-dam foundation is analyzed under prescribed upstream and downstream hydraulic heads,

as shown in Fig. 18. The porous matrix has intrinsic permeability 1.0194× 10−14 m2 and porosity 0.3.
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4.0 m8.0 m 12.0 m

12.0 m

6.0 m

6.0 m

p = 120.0 kPa p = 60.0 kPa

Figure 18. Fluid flow through a dam foundation: geometry and boundary conditions.

The porous medium domain is discretized with a structured mesh of 48× 12 linear quadrilateral elements. Three configura-555

tions are considered using the same background mesh: an intact foundation, a foundation crossed by a regular set of parallel

discontinuities, and a foundation containing an irregular set of discontinuities. This comparison illustrates one of the main ad-

vantages of the embedded formulation: different discontinuity geometries can be introduced without modifying the background

mesh.

A linear analysis is performed to obtain the steady-state pore-pressure field. For the intact configuration, the numerical solu-560

tion is compared with a structured-grid finite-difference solution of the same Laplace problem (Smith, 1985). For the regular

set of parallel fractures case, the results are compared with reference solutions obtained using discrete-fracture models based

on zero-thickness interface elements (Segura and Carol, 2004). Figure 19 shows that the pore-pressure profiles obtained with

PorousLab agree closely with the reference solutions, confirming the implementation of the single-phase flow formulation

and the hydraulic embedded-discontinuity contribution.565
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(a) (b)

(c) (d)

(e) (f)

Figure 19. Fluid flow through a dam foundation: pore-pressure fields (left) and horizontal profiles along x at y = 3m (right). (a)–(b) intact

domain (no fractures); (c)–(d) domain with parallel fractures; (e)–(f) domain with random fractures.
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6.4 Fluid injection into a single fracture

This example verifies the coupled hydro-mechanical formulation with an embedded hydraulic-mechanical discontinuity. The

problem is based on the semi-analytical solution derived by Wijesinghe (1986) for fluid injection into a single fracture embed-

ded in an elastic porous medium. The geometry and boundary conditions are shown in Fig. 20.

50 MPa

1.0 m

25.0 m

11 MPa11.9 MPa

Figure 20. Wijesinghe problem: geometry and boundary conditions. The fractured is represented by the red dashed line.

The porous medium is modeled as linear-elastic following the parameters adopted by Watanabe et al. (2012): Young’s570

modulus of 60GPa, Poisson’s ratio of 0.0, intrinsic permeability of 1.0× 10−21 m2, and porosity of 0.001. The embedded

fracture is represented with an elastic cohesive law, normal and shear stiffnesses of 100GPa/m, and initial aperture of 1.0×
10−5 m. The domain is discretized with a structured mesh of 50×21 linear quadrilateral elements, with finer refinement in the

vicinity of the fracture.

The analysis is performed in two stages. First, an initial equilibrium problem is solved with a uniform pore-pressure of575

11.0MPa, providing the initial stress and deformation state of the porous medium and fracture. Second, the hydraulic boundary

conditions are modified to impose fluid injection at the left fracture mouth, with a pressure of 11.9MPa, while the right

boundary is kept at 11.0MPa. During this transient stage, the fracture aperture is updated from the mechanical deformation.

The numerical solution is compared with the semi-analytical profiles of Wijesinghe (1986). Figure 21 shows the pore-

pressure and aperture profiles along the fracture at t = 500 s. The results show good agreement with the reference solution,580

thus verifying the hydro-mechanical coupling between fracture pressure and aperture variation in PorousLab.
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Figure 21. Wijesinghe problem: solution at t= 500 s for (a) pore-pressure and (b) aperture.

6.5 McWhorter-Sunada infiltration problem

This example verifies the two-phase flow formulation using the classical McWhorter-Sunada infiltration problem (McWhorter

and Sunada, 1990). Figure 22 shows the 2.6 m × 0.5 m domain and boundary conditions.

2.6 m

Sl (t) = 0.8 Sl (0)= 0.05
0.5 m

pg (t) = 100 kPa pg (0) = 100 kPa

Figure 22. McWhorter and Sunada infiltration problem: geometry and boundary conditions.

The porous medium has intrinsic permeability of 1.0× 10−10 m2 and porosity of 0.15. The capillary-pressure and relative-585

permeability curves follow Brooks-Corey laws, with residual liquid saturation of 0.02, residual gas saturation of 0.001, gas-

entry pressure of 5.0 kPa, and curve-fitting parameter of 3.0. The domain is discretized with a structured mesh of 100×1 linear

quadrilateral elements.

Although the initial and boundary conditions of the benchmark are defined in terms of liquid saturation and gas pressure,

the implemented two-phase formulation adopts the liquid and gas pressures as primary variables. Therefore, the prescribed and590

initial saturation values are converted into liquid pressures through the capillary-pressure relation given in Eq. (2).

A nonlinear transient analysis is then performed using Newton iterations with adaptive time stepping. The numerical solution

is compared with the semi-analytical reference solution of Fučík (Fučík, 2021). Figure 23 shows the liquid-saturation profile

along the bottom boundary at t= 1000 s. The results show good agreement with the reference solution, thus verifying the

implementation of the two-phase flow in PorousLab.595
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Figure 23. McWhorter and Sunada infiltration problem: (a) liquid saturation profile at 1000.0 s and (b) zoomed view.

6.6 Liakopoulos test

This example verifies the coupled hydro-mechanical formulation with two-phase flow using the Liakopoulos vertical column

test. The benchmark consists of a deformable porous column subjected to gravity drainage, as shown in Fig. 24.

pl (0) = 101225 Pa

pg (0) = 101325 Pa

pl (t) = 101225 Pa

pg (t) = 101325 Pa

pg (t) = 101325 Pa

Figure 24. Liakopoulos test: geometry and boundary conditions.

The domain is discretized with a structured mesh of 1×100 linear quadrilateral elements. The liquid phase (water) is modeled

as nearly incompressible, with bulk modulus of 1.0×1025 Pa. The gas phase is modeled as an ideal gas, with dynamic viscosity600

of 1.8×10−5 Pa s, molar mass of 0.028949 kg/mol, and temperature of 300K. The porous medium has intrinsic permeability

of 4.5× 10−13 m2, porosity of 0.2975, solid bulk modulus of 1.0× 1025 Pa, Young’s modulus of 1.3MPa, Poisson’s ratio

of 0.4, and density of 2000 kg/m3. The capillary-pressure curve and the liquid relative-permeability law follow the empirical

relations adopted in the Liakopoulos benchmark. The gas relative permeability is represented by a Brooks-Corey law, with

residual liquid saturation of 0.2, curve-fitting parameter of 3.0, and minimum gas relative permeability of 1.0× 10−4.605
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Figure 25. Liakopoulos test: comparison between PorousLab and OGS-6 results. Profiles of (a) capillary pressure, (b) gas pressure, (c) liquid

saturation, and (d) vertical displacement.

The initial stress state is prescribed before the transient calculation, so that the subsequent response represents the coupled

evolution of pressure, saturation, and deformation during drainage. A nonlinear transient analysis is performed using Newton

iterations with adaptive time stepping.

The numerical solution is compared with reference results obtained with OGS-6 (Grunwald et al., 2022). Figure 25 presents

the profiles of capillary pressure, gas pressure, liquid saturation, and vertical displacement along the column at selected610

times. The results show close agreement with the reference solution, thus verifying the implementation of the coupled hydro-

mechanical two-phase formulation in PorousLab.
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7 Conclusions

This work presented PorousLab, an open-source, object-oriented finite-element framework implemented in MATLAB for the

simulation of porous-media problems involving coupled hydromechanical formulations with two-phase flow. The contribution615

of the framework lies in integrating these formulations, nonlinear geomechanical analysis procedures, and embedded strong-

discontinuity modeling within a single FEM-based and scriptable computational environment. In this sense, PorousLab

is intended as an accessible platform for computational geomechanics researchers interested in formulation development,

verification studies, and transparent implementation of coupled porous-media models.

The architecture is organized around model, material, and analysis classes, which separate model definition, constitutive620

behavior, and solution procedures. This organization supports code readability, reuse, and extension, while preserving a com-

plete workflow within the MATLAB environment, including model construction, solution, orchestration, and post-processing.

Embedded discontinuities are represented independently of the background mesh through an E-FEM formulation, allowing

pre-existing fractures and faults to be introduced without requiring mesh conformity.

The implemented formulations were verified through benchmark examples covering the main physics currently available in625

the framework. The comparisons with reference solutions showed good agreement, supporting the correctness of the imple-

mented formulations.

The current implementation is intended primarily for transparent formulation development, verification, and small- to

medium-scale prototyping studies rather than large-scale production simulations. Its main limitations are the restriction to

two-dimensional problems, the absence of fracture propagation, the requirement that embedded discontinuities fully cross the630

intersected elements, and the limited computational performance.

Future developments will focus on extending the range of coupled processes and improving computational capability while

preserving the transparent structure of the framework. Relevant directions include the incorporation of thermal effects and the

extension of the two-phase flow formulation to a two-component/two-phase version.

Code and data availability. The current development version of PorousLab is available from GitHub at https://github.com/dbcavalcanti/635

porousLab/ under the MIT licence. The exact archived release of PorousLab v1.1.0 is available from Zenodo at https://doi.org/10.5281/

zenodo.15624961 (Cavalcanti, 2026). The archive includes the source code, benchmark scripts, documentation, and regression tests.

Appendix A: Residual numerical treatments in physics H2

To guarantee the mass conservation in time, we follow the same numerical treatments done by CODE_BRIGHT (Olivella

et al., 1994, 1996) and OGS-6 (Grunwald et al., 2022). In their formulation, the time derivatives in Eq. (32) are approximated640

numerically with a fully-implicit scheme:

∂()

∂t
≈ ()n − ()n−1

∆t
(A1)
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where ∆t is the time step size.

We assume that the solid grains are incompressible, which implies Ks →∞ and α= 1. The porosity is taken from the

previous converged step, ϕ= ϕn−1, and is considered an element-wise variable, having a constant value over the domain of645

each finite element. The residual is then written as

rπ(tn) = rm
π (tn)+ ra

π(tn)+ rv
π(tn)+ rs

π(tn), π = l,g, (A2)

where rm
π corresponds to the mass storage terms,

rm
π (tn) =

∫

Ω

N⊤
p
ϕn−1

ρπ

(ρπSπ)n − (ρπSπ)n−1

∆t
dΩ, π = l,g, (A3)

ra
π to the advective fluxes,650

ra
π(tn) =

∫

Ω

B⊤
p
kkrπ

µπ
BpdΩpπ −

∫

Ω

B⊤
p
kkrπ

µπ
ρπ gdΩ, π = l,g, (A4)

rv
π to the volumetric strain terms,

rv
π(tn) =

1

∆t

∫

Ω

N⊤
p Sπm

⊤Bu (dn −dn−1) dΩ, π = l,g, (A5)

and rs
π to the sink/source terms,

rs
π(tn) =

∫

Γqπ

N⊤
p q̄πdΓ, π = l,g. (A6)655

A1 Treatment of the mass storage terms

To guarantee local mass conservation, the saturation degree and the density are treated as cell-wise variables (Olivella et al.,

1996). However, they are not strictly cell-wise, since they depend not only on pore-pressure, but also on material properties,

such as permeability, which are defined element-wise. Figure A1 illustrates the concept by showing the node-centered cells

associated with a finite element mesh. This cell-wise definition does not alter the assembly procedure, which is still carried out660

by looping over the elements. For instance, the cell associated with node 6 receives contributions from elements 1, 2, 4, and 5

(Fig. A1).
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Figure A1. Cell-definition: (a) Finite-element mesh (node labels in black and element labels in blue); (b) Cells with a highlight to the cell

associated with node 6.

For an element with nen nodes with a linear geometry, rm
π is

rm
π (tn) =

ϕn−1
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1
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2
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n −(ρπ Sπ)
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π





=
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(ρπ Sπ)
1
n−(ρπ Sπ)

1
n−1

ρ1
π

(ρπ Sπ)
2
n−(ρπ Sπ)

2
n−1

ρ2
π
...

(ρπ Sπ)
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n −(ρπ Sπ)
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π


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, π = l,g, (A7)

where Ni is the shape function associated with node i, ρiπ is the density of phase π at node i, and Si
π is the saturation of phase π665

at node i. For a finite element with linear geometry, the integral of the shape functions over the element domain is the volume

of the element, Ve, divided by the number of nodes. This integral represents the area of influence the element has in the cell.

For example, it corresponds to the blue area in element 1 associated with the cell of node 6.

The Jacobian associated with this residual is naturally diagonal, since the storage term in node i is only a function of the

pore-pressures of that node, as presented in Appendix B.670

A2 Treatment of the advective and volumetric strain terms

We consider the relative permeabilities and the densities to be element-wise variables (Olivella Pastallé, 1995), being calculated

using the mean nodal liquid saturation degree.

ra,p
π =

krπ
(
S̄l
)

µπ

∫

Ω

B⊤
p kBpdΩpπ =

krπ
(
S̄l
)

µπ
Kpπ, π = l,g. (A8)

675

ra,g
π =−krπ

(
S̄l
)

µπ
ρ̄π

∫

Ω

B⊤
p k gdΩ =−krπ

(
S̄l
)

µπ
ρ̄π fG, π = l,g. (A9)
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rv
π(tn) = S̄π

∫

Ω

N⊤
p m⊤Bu

(dn −dn−1)

∆t
dΩ = S̄π fv, π = l,g, (A10)

with,

S̄π =
1

nen

nen∑

i=1

Si
π, (A11)680

ρ̄π =
1

nen

nen∑

i=1

ρiπ. (A12)

Appendix B: Jacobian matrix of physics H2M

The following expressions correspond to the Jacobian of the implemented H2M physics after applying the numerical treatments

described in Appendix A. The Jacobian matrix of this system is obtained by differentiating the residual equations in Eqs. (31)685

and (32) with respect to the DOFs:

J(k)
n =




∂ru(tn)
∂d

∂ru(tn)
∂pl

∂ru(tn)
∂pg

∂rl(tn)
∂d

∂rl(tn)
∂pl

∂rl(tn)
∂pg

∂rg(tn)
∂d

∂rg(tn)
∂pl

∂rg(tn)
∂pg




(k)

. (B1)

B1 Auxiliary derivatives

To define and compute the derivatives that compose the Jacobian matrix, it is useful to define some auxiliary derivatives

beforehand. In the following equations, π and β are used as phase indices, denoting either the liquid (l) or the gas (g) phase.690

∂ pπ

∂ pβ
= δπβ =




1, π = β

0, π ̸= β
, (B2)

∂pc

∂pl
=−1, (B3)

∂pc

∂pg
= 1, (B4)695

∂Sg

∂pc
=−∂Sl

∂pc
, (B5)
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(B8)

B2 Derivatives of the mechanical equilibrium equation residual

The derivative of Eq. (31) with respect to the displacement DOF vector is705

∂ru

∂d
=

∫

Ω

B⊤
u DBudΩ, (B9)

where D is the tangent constitutive matrix.

The derivative with respect to the pore-pressure DOFs vector is

∂ru

∂pβ
=Qpc

(
∂ S̄l

∂pβ

)⊤
− δlβ S̄lQ− δgβ S̄gQ, (B10)

with,710

Q=

∫

Ω

B⊤
u mNpdΩ. (B11)

B3 Derivatives of the fluid continuity equation residuals

The derivative of Eq. (32) with respect to the displacement DOF vector is

∂rπ

∂d
=

∂ rv
π

∂d
=

S̄π

∆t
Q⊤. (B12)
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The derivative of Eq. (32) with respect to the pore-pressure DOFs vector is715
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∂ rv
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. (B17)
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