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Abstract. Data assimilation (DA) methodologies play a crucial role in integrating observational data with numerical models
to provide accurate state estimates of geophysical systems. A novel ensemble algorithm, the Gauss-Hermite High-Order Sam-
pling Hybrid (GHOSH) filter, aims to improve DA performances by featuring an approximation order higher than in other
ensemble DA filters like SEIK (Singular Evolutive Interpolated Kalman filter) or ETKF (Ensemble Transform Kalman Filter).
Building upon the successful application in idealized twin experiments (Part 1), we propose a parallel implementation of the
GHOSH filter which has been coupled with a realistic geophysical application: the assimilation of surface satellite chlorophyll
in a physical-biogeochemical model of the Mediterranean Sea (OGSTM-BFM).

This application was selected due to its complexity and potential relevance to operational settings, such as those of the Coperni-
cus Marine Service, where the uncertainty of prediction can also be crucial. By assimilating satellite chlorophyll data, GHOSH
aims to improve the accuracy of the state estimation, not only for the assimilated variable but also for other non-assimilated
variables of interest (nutrients), thereby enhancing our understanding of marine ecosystem dynamics.

The simulation results are validated using both semi-independent (satellite chlorophyll) and independent (nutrient concen-
trations from an in-situ climatology) observations. Results show that: i) the GHOSH implementation in a realistic three-
dimensional application is just as computationally feasible as other ensemble assimilation filters, since the integration of a
realistic model is by far more computationally expensive than the assimilation scheme; ii) the GHOSH assimilation algo-
rithm improved the agreement between forecasts and observations without producing unrealistic effects on the non-assimilated
variables. Moreover, a sensitivity analysis revealed correlation between higher order and a key nutrient (nitrate) estimation
improvement, highlighting the importance of the GHOSH enhanced order of approximation in boosting DA performances on

non-assimilated variables.

1 Introduction

The Gauss-Hermite High-Order Sampling Hybrid (GHOSH) filter, introduced in Part 1 (Spada et al., 2024), presents a promis-

ing advancement in data assimilation (DA) methodologies, particularly for addressing the challenges posed by non-linearities
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and model complexity in geophysical systems. Compared to a traditional second-order method, the GHOSH filter improves
the accuracy of the state estimation in systems governed by complex dynamic.

In Part 1, the reliability of the new filter has been proven in a large set of twin experiments based on an idealized model
commonly used to test DA methodologies (Lorenz96 Lorenz, 1996). In the present work, we extend the application of the
GHOSH filter to the much more complex and realistic marine biogeochemical application (the OGSTM-BFM) currently used
in the Copernicus Marine Service (Salon et al., 2019), featuring assimilation of satellite observations.

Biogeochemical data assimilation (DA) is relatively recent both in terms of methods and assimilated variables (Fennel et al.,
2019). Surface chlorophyll concentration, which is estimated by satellite ocean colour observations, is the most commonly
assimilated biogeochemical variable since its relatively high coverage and its near real-time availability make it suitable also for
operational applications (e.g., Song et al., 2016; Tsiaras et al., 2017; Santana-Falcén et al., 2020; Pradhan et al., 2019; Teruzzi
et al., 2018b; Ciavatta et al., 2016). The high non-linearity of the biogeochemical processes makes it difficult to properly
estimate the cross-correlations between variables, thus degradation of non-assimilated variables is often a problematic issue
(see e.g., Santana-Falcén et al., 2020; Ford, 2020; Fowler et al., 2023; Mamnun et al., 2022; Wang et al., 2020).

Hence, given its complexity and relevance in the operational framework, the OGSTM-BFM application serves as a critical
testbed for evaluating the GHOSH filter’s performance in a real-world scenario.

In this work, the GHOSH skill is assessed qualitatively, looking at the dynamics of chlorophyll, nutrients and their correla-
tions, and quantitatively, in terms of improved agreement with observations without degradation of non-assimilated variables.
Moreover, a sensitivity analysis has been designed to highlight the importance of the GHOSH enhanced approximation order
by computing its correlation with the root mean square deviation (RMSD) metric. Finally, the feasibility of a real implemen-
tation of the GHOSH filter is supported also by an analysis of the computational resources needed for the filter solution with
respect to the overall cost of the application.

Section 2 presents the experimental design and introduces the OGSTM-BFM model, the data used for assimilation and
performance evaluation, and a summary of the relevant GHOSH key elements. Section 3 shows the results of the experiments,

that are discussed in Section 4. Finally, Appendix A contains some specific details of the GHOSH implementation.

2 Material and methods
2.1 The OGSTM-BFM model

The biogeochemical model used in this study is the coupled transport-biogeochemical model OGSTM-BFM, which is the
biogeochemical component of the Mediterranean Copernicus Marine Service (Salon et al., 2019). The OGSTM transport
model resolves the advection, the diffusion and the sinking terms of the biogeochemical variables (Lazzari et al., 2010).

The biogeochemical BFM model describes the biogeochemical cycles of carbon, nitrogen, phosphorus and silicon through
the dissolved inorganic, particulate living organic and non-living organic compartments, and includes nine plankton functional
types, as well as dissolved oxygen, pH and the carbonate system (for a total of 51 tracers as state variables). The OGSTM-BFM
model has been applied to study the chlorophyll and primary production (Cossarini et al., 2021; Teruzzi et al., 2021, 2018b;
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Figure 1. Sub-basins partition of the Mediterranean Sea.

Lazzari et al., 2012), nutrient cycles (Lazzari et al., 2016), alkalinity, carbon cycle and carbon fluxes (Cossarini et al., 2015;
Melaku Canu et al., 2015) and oxygen dynamics (Di Biagio et al., 2022).

The OGSTM-BFM is forced by the output of an ocean general circulation model (i.e., NEMO, from the Copernicus Marine
Mediterranean system in the present application; Salon et al., 2019) that provides fields of physical quantities (i.e., velocity,
temperature, salinity, diffusivity, and solar radiation and wind at the surface from a physical reanalysis) driving the transport
processes, the kinetic rates of chemical reactions, and energy and matter exchanges at the air-sea interface.

The present setup (terrestrial and atmospheric inputs, boundary conditions) is described in Salon et al. (2019).
2.2 Observations

The assimilated observations are satellite chlorophyll maps obtained from the CMEMS multisensor product
OCEANCOLOUR_MED_CHL_L3_REP_OBSERVATIONS_009_073 (Volpe et al., 2017). The original data at 1 km resolu-
tion were checked for spikes, excluding values exceeding by two standard deviations the climatological mean and remapped on
the model grid resolution. Moreover, in order to reduce the effect of cloud coverage, 7 daily satellite observations are averaged
on a weekly basis.

Additionally, in situ climatological datasets for nitrate and phosphate, to be used for validation, are computed from a dataset
that integrates the in situ EMODnet data collections (Buga et al., 2018) and the data sources listed in Lazzari et al. (2016).
The climatology is calculated for the 0-30 m layer on 9 sub-basins represented in Fig. 1 (Salon et al., 2019) and for 4 different

seasons (January-March; April-June; July-September; October-December).
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2.3 The GHOSH filter

The GHOSH filter, described in details in (Spada et al., 2024), is an ensemble DA filter that uses r + 1 ensemble members
to represent the state estimation and its uncertainty. r is the dimension of the uncertainty subspace, i.e., the subspace of the
state space spanned by the ensemble members. The GHOSH filter features an enhanced order of approximation (named h)
in the s-dimensional subspace (included in the uncertainty subspace) where the approximation error may be maximum. This
is realized by partially parameterizing (in the moment tensor u) the prior uncertainty pdf (i.e., probability density function)
and by using a principal component analysis (PCA) to chose the subspace of the best approximation order. Before the PCA
computation, a scaling matrix A is used to rescale the state variables, i.e. to define which variables are of more interest.

In this implementation, p describes (up to order h) a Gaussian distribution, and the scaling matrix A is diagonal. Being
P = LL” the uncertainty covariance matrix, A contains the uncertainty variance (i.e., the diagonal of P), which is computed
as the squared Euclidean norms of the rows of L. In the present application, the A matrix has been chosen valuing simplicity
and generality over skill performance. The implemented scaling matrix is probably a suitable choice for many systems, since
it implies that the PCA is computed on the Pearson correlation matrix and that it is not affected by the different amplitudes of
the variable standard deviations.

During the forecast and assimilation steps, the uncertainty expressed by the ensemble member’s covariance matrix is inflated
by a factor % (p is called forgetting factor, see e.g., Pham et al., 1998) and combined with a covariance matrix Q representing
the parametric uncertainty that is non-dependent by the ensemble (as typically happens in hybrid filters, see e.g., Carrassi et al.,
2018).

The filter is implemented in its localized version, which takes into account only correlations within a certain maximum hori-

zontal distance (the localization radius).
2.4 Experimental design

Implemented in the OGSTM-BFM biogeochemical model system of the Mediterranean Sea at io resolution, the local GHOSH
filter uses 16 ensemble members (i.e., an uncertainty subspace of dimension r = 15) to perform a weekly assimilation of
surface chlorophyll from satellite ocean color (as in Teruzzi et al., 2018a) during the period 1 January 2013 - 1 January 2014.
Consistently, an OGSTM-BFM model run without assimilation (control run) is used as a reference to investigate the GHOSH
filter performances in some different settings.

Given the non-Gaussianity of biogeochemical tracer concentrations, the GHOSH filter is applied to the log-transformed
biogeochemical variables (Ciavatta et al., 2016; Pradhan et al., 2019; Song et al., 2016; Ford, 2020). To avoid instabilities due
to large negative values of logarithms of very small concentrations, a cut-off is applied to state variables, removing values
lower than 10~%. This solution dynamically removes unwanted correlations that can typically occur at deeper layers, where
some tracers (such as, for example, phytoplankton biomass and chlorophyll) tend to very low and negligible concentrations.

The control run initial condition and the starting ensemble were produced based on a 10-year historical simulation of the

OGSTM-BFM model without assimilation. For each year, 31 days centred on the 1st of January were log-transformed after
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applying a 10~* cutoff on concentrations, for a total of 310 simulated multivariate states. The mean of the multivariate states
was used as control initial condition and mean of the starting ensemble, while a PCA of the ensemble of A-scaled states
provided the 15 (i.e., the dimension of the uncertainty subspace ) principal components used in the GHOSH filter’s high-order
sampling method (i.e., the GHOSH sampling method described in Spada et al., 2024) to sample the initial ensemble.

The covariance matrix of the parametric uncertainty Q has been assumed diagonal and invariant in time, with variances

inversely proportional to the height of the cells, in order to represent the lower variability when averaging in a bigger cell
volume. Given that the resolution of the present model setup is not high enough to adequately resolve coastal processes,
assimilating observations in coastal areas could lead to instabilities. Therefore, the Q uncertainty variance in the coastal areas
was reduced by applying a fourth-degree polynomial smoothing function and setting the covariance values at zero in the grid
cells closest to the coast. More precisely, the uncertainty starts to decrease where sea depth is 200 metres and reaches zero in
areas shallower than 50 metres.
Also the covariance matrix R of the observation uncertainty has been assumed diagonal and constant in time. Using the same
fourth-degree polynomial smoothing applied in the Q case, the inverse of the observation uncertainty variances is smoothed
to zero in the coastal areas (i.e., the R variances increase in the coastal areas oppositely to Q). Furthermore, the fourth-degree
polynomial smoothing was used to weight the local version of R™! to gently remove assimilation of observations beyond the
localization radius of 90 km.

In the assimilation experiment, the GHSOH filter is configured to achieve an approximation order A =5 in a subspace of
dimension s = 3. A forecast, which includes inflation (p = 0.9), hybridization with Q and resampling, is performed with daily
frequency. Since a tuning of the parametric uncertainty (represented in Q) and observation uncertainty (R) may be necessary to
produce an effective assimilation when system uncertainties are not fully known (e.g., Cossarini et al., 2019; Ford and Barciela,
2017; Janji¢ et al., 2018; Mattern et al., 2017; Tandeo et al., 2020), the forgetting factor and the uncertainty variances have been
chosen (after many short tests not included in this description) in order to provide effective assimilation increments without
introducing degradation on biogeochemical variables.

As a sensitivity analysis, 17 additional tests (summarized in tab. 1) are carried out varying the polynomial order h, the
forgetting factor p and the forecast frequency. In particular, the polynomial order h (with the corresponding number s of

principal components approximated with order h) varies as follows:
— h =2, 1.e., a second order of approximation in the whole uncertainty subspace (s = 15);

— h =3, i.e., third order of approximation in the top 8 principal components (s = 8) and second order in the remaining 7

components;

— h =25, i.e, fifth order of approximation in the top 3 principal components (s = 3), and second order in the rest (12

components).

The forecast frequency refers to how often the GHOSH filter’s forecast phase and the corresponding high-order resampling

phase (see part 1, Spada et al., 2024) are performed. Since at every forecast step the forgetting factor is applied and the
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Test name Order () | Forgetting factor () | Forecast frequency
ctrl Free model
T_h2_rhol_d 2 | |
| T_h3_rhol_d I ! | |
| T_h5_rhol_d s | |
| T_h2_rho0.9_d |2 | daily |
| T_h3_rho0.9_d |3 0-9 | |
| T_h5_rho0.9_d s | |
| T_h2_rho0.8_d o2 | |
| T_h3_rho0.8_d I 08 | |
| T_h5_rho0.8_d | 5| | |
| T_h2_rhol_w 2] | |
| T_h3_rhol_w I ! | |
| T_h5_rhol_w s | |
| T_h2_rho0.7_w |2 | weekly |
| T_h3_rho0.7_w |3 0.7 | |
| T_hS_rho0.7_w s | |
| T_h2_rho0.5_w o2 | |
| T_h3_rho0.5_w |3 05 | |
| T_h5_rho0.5_w s | |

Table 1. Experimental setup: control run, assimilation experiment (in bold) and sensitivity analysis tests.

covariance matrix Q of the parametric uncertainty is added to the forecast covariance, a daily forecast differs substantially

from a weekly forecast, even if the observation (and assimilation) frequency remains weekly.

Appendix A reports additional technical details specific of the GHSOH filter settings.

The tests are carried out in the GALILEO cluster at the Italian HPC centre CINECA, mounting 2 Intel Broadwell CPU

(Intel(R) Xeon(TM) E5-2697 v4 @2.3GHz, 18 cores each) per each node. The parallel Fortran 2003 implementation of the

GHOSH algorithm ran on 46 nodes (corresponding to 1656 cores).
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3 Results

In the assimilation experiment, the GHOSH performances have been evaluated by considering several metrics: the forecast
skill of the assimilated variable (chlorophyll, Section 3.1) and of the non-assimilated variables (nutrients, Section 3.2), and the
quality of the system state uncertainty estimation (Section 3.3). The results are discussed in detail through a qualitative and
quantitative comparison with the control run (i.e., a free run with no assimilation). The RMSD between simulation (before as-
similation) and observations (Section 2.2) is used as a quantitative performance indicator. More in detail, when an observation
is available, the square distance between the available observations and the forecast before assimilating those observations, is
computed. Then, the observations are assimilated, and the model is integrated in time, up to the next available observations.
The procedure is repeated during the whole experiment length, with all the computed square distances concurring to the final
RMSD score.

The approximation order impact on DA performances has been studied comparing the scores of 18 tests in different configura-
tions (sensitivity analysis, Section 3.4).

Finally, the GHOSH applicability in a real complex marine biogeochemical application with assimilation of ocean color obser-

vation has been assessed by measuring the impact of the assimilation routines on the total computational cost.
3.1 Surface chlorophyll

The surface chlorophyll estimated by the control run and the GHOSH filter has been compared with satellite data from January
to December 2013. A detailed analysis of a specific relevant event (winter bloom, end of March - beginning of April 2013) is
shown in Fig. 2. The RMSD time series is shown in Fig. 3.

The sequence of ocean color maps (a row of Fig. 2) describes a typical winter bloom in the western Mediterranean, with the
northernmost part still under the convective phase (i.e., blue hole surrounded by high chlorophyll concentration patches during
the first phase (maps of 5 and 19 March, Fig. 2a), the start of the surface bloom in the whole area of the northern western
Mediterranean (map of 26 March) and its continuation in the following weeks (maps of 2 and 9 April in Fig. 2). Additionally,
high chlorophyll levels are present along the Algerian Current from the beginning of March as a result of the active mesoscale
dynamics. The high concentration of chlorophyll along the Algerian Current decreases in the second half of March. On the
other hand, with the exception of few coastal river-influenced areas, the eastern Mediterranean Sea has a much lower chloro-
phyll concentration due to the lower intensity of the winter vertical mixing (Fig. 2a).

The control run anticipates the start of the bloom in the north-western region by 2-3 weeks, with the peak of chlorophyll con-
centration being reached in the map of 19 March. The evolution of chlorophyll in the Algerian current is quite well reproduced
in the winter period, even if it is somewhat overestimated in the first weeks. Finally, the control run tends to slightly overes-
timate the chlorophyll concentration in the entire eastern basin in March (Fig. 2b). The maps of the pre-assimilation for the
March 5 and 12 dates of the GHOSH run (Fig. 2, panels ¢l and ¢2) show that the BFM model tends to predict surface bloom
formation in the northwestern region as in the control run (i.e. too early bloom start). However, the assimilation on March 12

corrects this tendency, allowing the model to maintain a low concentration in the following forecast periods until the correct
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Test name Order Chlorophyll Phosphate Nitrate
(h) RMSD (mmg/m®) RMSD (mmol /m®) RMSD (mmol/m®)

ctrl no 0.084 0.036 0.99
T_h2_rhol_d 2 0.068 0.035 0.93
T_h3_rhol_d 3 0.068 0.035 0.85
T_h5_rhol_d 5 0.068 0.035 0.83
T_h2_rho0.9_d 2 0.059 0.033 1.50
T_h3_rho0.9_d 3 0.060 0.033 1.14
T_h5_rho0.9_d 5 0.059 0.033 0.83
T_h2_rho0.8_d 2 0.059 0.033 1.96
T_h3_rho0.8_d 3 0.058 0.032 2.15
T_h5_rho0.8_d 5 0.058 0.032 1.76
T_h2_rhol_w 2 0.071 0.035 0.94
T_h3_rhol_w 3 0.071 0.035 0.89
T_h5_rhol_w 5 0.071 0.035 0.91
T_h2_rho0.7_w 2 0.063 0.034 0.94
T_h3_rho0.7_w 3 0.063 0.035 0.93
T_h5_rho0.7_w 5 0.063 0.034 0.91
T_h2_rho0.5_w 2 0.060 0.033 1.35
T_h3_rho0.5_w 3 0.060 0.032 1.02
T_h5_rho0.5_w 5 0.060 0.033 0.91

Table 2. Summary of the root mean square deviation (RMSD) indicators. Results for control run, assimilation experiment (in bold) and

sensitivity analysis tests.

onset of bloom on March 26 (Fig. 2, panels d2 to d4). In fact, the assimilation on March 12 has changed the nutrient conditions
in the surface layer so that the condition remains unfavorable for rapid phytoplankton growth and no major correction takes
place in the following week (e.g. small differences between the map before and after the assimilation on March 19). During the
bloom period (after March 26), assimilation corrects some spatial mismatch of the bloom pattern, and essentially the phenology
of the event is well captured. While the corrections to chlorophyll dynamics along the Algerian current appear marginal (i.e.
difference between before and after maps), the GHOSH corrects the state of phytoplankton and nutrients in the euphotic zone
in the eastern Mediterranean as early as the first week of March and no further significant corrections are necessary thereafter.
In fact, the before assimilation maps show correctly low concentrations for the entire period.

Time series of RMSD computed between satellite and model before the assimilation are plotted in Fig. 3. Since the val-
ues of surface chlorophyll can vary considerably during the year, the relative root mean square deviation (RRMSD, i.e., the

RMSD divided by tracer concentration) is also provided, as a normalized proxy of the skill. Figure 3 shows that the GHOSH
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Figure 2. Surface chlorophyll (mg/ m?) comparison: satellite (a), control run (b) and data assimilation (before and after assimilation, ¢ and
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Figure 3. Surface chlorophyll RMSD (1mg/m?®) and RRMSD over time.

assimilation produces an improvement in the assimilated variable (i.e., surface chlorophyll) with respect to the control run.

190 The RMSD of the control run follows a seasonal cycle, with maximum values in late winter-early spring, corresponding to the
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bloom period, and minimum values during summer when the surface layer is mostly nutrient depleted and chlorophyll is at its
lowest level.

The winter-spring RMSD is significantly reduced by the GHOSH filter whereas the RMSD reduction results fairly small during
summer, due to a general smaller values of modelled surface chlorophyll in that season. In fact, when the RRMSD is consid-
ered, the summer improvement due to assimilation is more detectable.

As a proxy of the overall performance of each 1-year experiment, the RMSD between the simulation and observation, aver-
aged in space and time, is summarized in Tab. 2: the chlorophyll RMSD for ctrl (control run) is 0.084, while it is 0.059 for the
GHOSH test, resulting in a 30% reduction.

3.2 Nutrients

The effect of DA on non-assimilated variables has been assessed using independent observations to validate phosphate and
nitrate (Tab. 2), which can both act as limiting nutrient for phytoplankton growth in the Mediterranean Sea (Lazzari et al.,
2016).

The Hovmoller diagrams of phosphate and nitrate in the DA and the control runs show the effects of the assimilation on the
two nutrient compartments (Fig. 4). Both nitrate and phosphate show lower concentrations in the 150-400 m layer from April
in the simulation with satellite assimilation, with highest impact at the beginning of April. At the surface (0-100 m layer), the
assimilation slightly enhances the phosphate concentrations, particularly between April and July, while it reduces the nitrate
concentrations. However, these effects do not degrade the typical vertical distribution of nutrients in the Mediterranean Sea,
and the seasonal sequence of late-spring/winter mixed conditions and of summer stratification is preserved.

Interestingly, the Hovmoller diagrams of Fig. 4 show that the DA is able to correct the profiles of the nutrients down to 300—
400 m by changing the shape of the nutricline (i.e., deepening and creating a gentler shape) during the month of the deep

chlorophyll maximum formation (from April to June) and by re-setting the nutricline to a shallower level after summer.
3.3 Uncertainty estimation

In the GHOSH filter, a weighted ensemble is used to estimate the uncertainty of the forecast and analysis states. The standard
deviation of the weighted ensemble is used to quantify the uncertainty, whereas a comparison of the standard deviations before
and after assimilation is calculated to evaluate the uncertainty reduction produced by the assimilation. Moreover, the ensemble
correlation matrix is analyzed to investigate the relationships between variables. The standard deviation and correlation are
shown for the assimilated variable and one of the nutrients during a bloom event in winter.

During the winter bloom (March 26), the spatial patterns of chlorophyll and phosphate standard deviations at the surface
(second row of Fig. 5) reflect those of their concentration maps (first row of Fig. 5): areas with high surface concentrations
in the western Mediterranean Sea are associated with the highest values of the ensemble standard deviation given the high
variability of the surface bloom dynamics.

As an effect of the assimilation, the areas with the highest standard deviation for both variables in the western Mediterranean

Sea decrease, proving the effectiveness of the surface assimilation in constraining the surface phytoplankton bloom dynamics.

11
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Figure 4. Hovmoller diagrams of nutrients (phosphate and nitrate, mmol /m®): comparison between the control run ctrl (up) and the

assimilation experiment (bottom)
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Figure 5. Maps of chlorophyll and phosphate (a and b) and maps of their uncertainty (ensemble standard deviation) before assimilation (c

and d) and after assimilation (e and f) for the day 26.03.2013.

Moreover, a relevant reduction in the standard deviation, in relative terms, is also observed in the less productive eastern
Mediterranean Sea.
On average, the assimilation reduces the standard deviation at the surface by 33% and 22% for chlorophyll and phosphate,
respectively.
A few spots of high standard deviations remain only in some coastal areas in the western Mediterranean Sea for both variables.
The system has been tuned to focus on open sea and the assimilation in shallow waters is less effective due to imposed higher
observation uncertainties in the coastal areas (see Section 2.4 for details).

A multivariate correlation matrix (Figure 6) of the north western region shows that the assimilation of satellite chlorophyll

influences mostly the chlorophyll in the upper 50 m layer and can impact the phosphate profile to a depth up to 400 m, with
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Figure 6. Post-assimilation multivariate (chlorophyll and phosphate) correlation during winter (19.03.2013). Horizontally averaged vertical

profiles in the western (left) and eastern (right) Mediterranean Sea.

correlation values between the surface chlorophyll and phosphate decreasing with depth. In the more oligotrophic conditions
of the Eastern Mediterranean Sea, chlorophyll and phosphate are less correlated than in the western Mediterranean, whereas
the impact of surface assimilation on chlorophyll is deeper (i.e., correlations with surface chlorophyll is high down to nearly
400 m).

3.4 Sensitivity analysis

Performance sensitivity to the approximation order h has been evaluated by looking at RMSD scores in the tested configura-
tions. Table 2 shows that the performance of the assimilated variable is substantially unaffected by the approximation order,
whilst h demonstrates a relevant impact on a non-assimilated variable, namely the nitrate. In particular, when the order h is
5, nitrate RMSD between GHOSH and independent observations improves up to 45% with respect to order h = 2 (scored in
the set of tests with p = 0.9 and daily forecasts). Every h =5 test has a smaller RMSD than every corresponding i = 2 and,
in general, data clearly show that increasing h implies an improvement in RMSD. In fact, the nitrate’s RMSD values, centred
and normalized over their standard deviation, present a strong negative correlation with h (Pearson’s correlation coefficient is

—0.80).
3.5 Computational cost

Each 1-year assimilation test, consisting of 16 ensemble members, needed approximately 4 hours to be computed in the

CINECA’s GALILEO super computer, running in parallel on 46 computational nodes (1656 cores).
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The computational cost of the GHOSH filter itself is marginal compared with the model integration time and the I/O operations,

being less than 1% of the total computational time.

4 Discussion

In the realistic 3D high-dimensional parallel implementation with assimilation of real satellite data, the GHOSH filter proved
(in Section 3) to be a reliable data assimilation scheme with 30% RMSD reduction for the assimilated variable compared to the
control run. Moreover, the GHOSH assimilation did not degrade non-assimilated variables, actually improving their RMSDs
with respect to independent observations (Fig. 3 and Fig. 4). Consistently, the GHOSH assimilation results allowed catching
some relevant system dynamics (e.g. formation of the winter bloom in the North Western region) and spatial and inter-variable
covariances (Fig. 5 and Fig. 6). Further, a sensitivity analysis underlines the role of the high-order sampling in improving
performances in a non-assimilated variable (Section 3.4).

The results obtained from coupling the GHOSH filter to the OGSTM-BFM model show a major improvement in the nitrate
performance when increasing the approximation order h. However, chlorophyll and phosphate RMSDs are not substantially
affected by h. Consistently with the twin experiments results in Part 1 (Spada et al., 2024), this behaviour may depend on the
relatively low number of ensemble members (16, = 15), which imply that only a limited number of principal components
(s = 3) takes advantage of the higher order h = 5. Indeed, with the normalization rules chosen in this experiment (i.e., A
in Section 2.3), the marginal effects of the higher approximation order on chlorophyll and phosphate could be motivated by
the fact that they possibly slightly contribute to the first 3 principal components of the state uncertainty. A larger number of
ensemble members (i.e., bigger r) would allow a larger s-subspace, probably extending the high-order effects on further state
variables. This view is consistent with the generally observed benefits of a larger ensemble in data assimilation based on EnKF
(ensemble kalman filter) (see e.g., Edwards et al., 2015; Nerger et al., 2005; Sacher and Bartello, 2008).

The scaling matrix A used in the sampling procedure plays an important role in the filter, since it defines which variables
are of more interest in the computation of the most relevant components of the state uncertainty. When implementing GHOSH
in the realistic OGSTM-BFM application, we used a normalization matrix to represent A (Section 2.3) in order to properly
scale the different biogeochemical variables. However, this strategy implies that the principal components are composed by
variables that have a high correlation with as many other variables as possible, including processes that can be less relevant for
an analysis that is more interested in the photic layer (e.g., processes/dynamics occurring in deep layers). Alternative options
can be investigated to optimize the assimilation among the model variables. For instance, similarly to scaling strategies applied
in sampling methods proposed in literature (Dovera and Della Rossa, 2012), A could be designed to focus on the most relevant
processes. In particular, A can be a sparse matrix with non-zero coordinates corresponding to variables and regions of interest
(as the photic layer) based on information derived by a climatology or a multi-annual simulation.

As with A, a preliminary approach is applied for the definition of the parametric uncertainty covariance matrix Q (Section
2.3). The diagonal matrix Q can not be very representative in the relatively complex OGSTM-BFM application. A more

advanced parameterization of Q deserves to be further investigated for future applications, e.g., using a non-diagonal low rank
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matrix as in 3D-variational methods (Teruzzi et al., 2014), or applying methods already used in numerical weather prediction
(e.g., Gustafsson et al., 2018, and the works cited therein).

However, even in its basic implementation, the adopted hybrid approach (together with the GHOSH’s lower need of inflation
proved in Spada et al., 2024) prevented the “collapse into the mean” effect (not shown), which can affect ensemble algorithms
(e.g., Anderson, 2007). Indeed, the hybridization adopted in each forecast phase has the beneficial effect of maintaining a
reasonable spread, even in tests without forgetting factor (i.e., p = 1).

The implemented statistical moments p (Section 2.3) describe a Gaussian uncertainty pdf (see also Discussion in Spada

et al., 2024). However, the log-transformation of the tracers before applying the assimilation filter implies a log-Gaussian un-
certainty pdf on concentrations, which is well-suited for non-negative biogechemical variables (see e.g., Ciavatta et al., 2016;
Pradhan et al., 2019; Song et al., 2016; Ford, 2020).
On the other hand, the transformation has the side effect of changing also the observation operator (that is represented by
the sum of the chlorophyll components of different phytoplankton species), which becomes non-linear. In this context, the
resampling after forecast featured by the GHOSH filter is beneficial, since it exploits the high-order sampling’s enhanced ca-
pability of managing non-linearity (showed in Part 1) not only with the model operator but also with the non-linear observation
operator.

From a computational point of view, the negligible (less than 1%) amount of time spent on DA operations in our tests, is
compliant with literature results (see e.g., Nerger et al., 2005). Indeed, the main source of computational cost is the integration
of the model scaled by the ensemble size. This behaviour is also in line with the GHOSH asymptotic computational complexity

that is the same as in EnKF second-order schemes (see Part 1 Spada et al., 2024).

5 Conclusions

GHOSH is a novel DA ensemble filter that was introduced in Part 1, and features an enhanced approximation order. In this
work, it has been tested in a 3D parallel implementation of a state-of-the-art Mediterranean physical-biogeochemical model
with assimilation of ocean color observations. Testing a GHOSH implementation in a computationally demanding realistic
application was a mandatory step to assess the suitability of the novel filter in the geosciences context. Moreover, the challenge
of tracking inter-variables covariances in the complex processes characterizing biogeochemical applications represents an
interesting benchmark.

Our results show that, from a computational point of view, the cost of the GHOSH filter is comparable to other second-order
deterministic filters (e.g., SEIK, ETKF), since the computational cost chiefly depends on the ensemble size that proportionally
expands the model integration cost.

Furthermore, GHOSH improved the agreement between the forecast and observations without producing unrealistic effects on
the non-assimilated variables. Considering relevant marine ecosystem dynamics, GHOSH filter successfully constrained the
uncertainty of the phytoplankton winter bloom events while assimilating ocean color. Moreover, a sensitivity analysis indicates

that the use of a higher order has positive impacts on the performance of a non-assimilated variable (e.g., nutrients).
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Code availability. A GHOSH python implementation is available from the GitHub page: https://github.com/Sword-Code/PythonDA under
the licence GNU GPLv3. The FORTRAN implementation of the GHOSH filter is based on the OGSTM model (available at https://github.
com/inogs/ogstm) coupled with the BFM model (available at https://bfm-community.github.io/www.bfm-community.eu/). The exact version
of the OGSTM-BFM-GHOSH system used to produce results and plots described in Section 3 is archived on Zenodo (https://doi.org/10.
5281/zenodo.12819521).

Appendix A: High-order sampling solutions

Given a certain maximum approximation order  and the dimension s of the subspace in which the h"-order approximation is
achieved, the GHOSH filter (during its initialization) needs a solution of a specific non-linear system to encode the moments
information (1) in the GHOSH sampling matrix 2" and in the vector v of the square roots of the ensemble weights (Spada et al.,
2024). Most of the time, the non-linear system admits more than one solution, hence different Q" matrices (and corresponding
v vectors) are possible. Since 2" and v have a central role in the GHOSH sampling strategy, this appendix reports their values
used in the GHOSH configurations explored in this work (Section 2.4).

In the case with h =2 and s = 15, the high-order sampling method reduces to the traditional second-order-exact sampling
(Pham, 2001). The solution is easily obtained starting from a constant vector v and adding orthonormal columns in order to

form an orthogonal matrix.

In the case with h = 3 and s = 8, a solution with constant weights (v,,, = % for each m € {1,...,16}) is chosen, namely,
1 1 T
5T 0 0 0 0 0 0
1 1
0 0 7 T 0 0 0 0
e T T S A

In the case with h = 5 and s = 3, the chosen solution is

—( 1 1 1 1
“—(ﬁﬁmﬁm 26 /6 26 26

and
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