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Abstract. We consider two very different types of models of precipitating open-cell stratocumulus clouds. The first model type

is a computationally expensive large eddy simulation (LES), that resolves convection and clouds at high temporal and spatial

resolutions. The second model type is the nonlinear cloud and rain (C&R) equation, a scalar delay differential equation (DDE)

that interprets interactions of precipitation and clouds phenomenologically by predator (rain) and prey (cloud) dynamics. We

evaluate the extent to which one may use the C&R equation as a quantitative tool for representing selected aspects of an LES.5

Specifically, we estimate parameters of the C&R equation from a suite of LES via feature-based Bayesian inversions and track

the evolution of posterior distributions over C&R model parameters under changing meteorological conditions in the LES. Our

inversions show that the C&R equation can be calibrated to generate limit cycles that are quantitatively compatible with cycles

of cloud growth and decay across a wide spectrum of meteorological conditions. The successful inversions reiterate the robust-

ness of the predator-prey analogy to the dynamics of precipitating open-cell stratocumulus. When we interpret the inversions10

jointly, however, we observe counterintuitive and partially nonphysical shifts and changes in the posterior distributions over

the C&R model parameters. Our evaluation study thus highlights the challenges one faces when mapping LES dynamics to a

scalar DDE, which can stem either from structural inadequacies in the DDE model, or from the specific feature-based inversion

framework, or a mixture of both.

1 Introduction15

One of the largest sources of uncertainties in computations and projections of Earth’s energy budget is our incomplete under-

standing of clouds and aerosols (Boucher et al., 2013; Schneider et al., 2017; Sherwood et al., 2020; Forster et al., 2007; IPCC,

2021). Stratocumulus clouds play a particularly important role here because they cover large stretches of subtropical ocean

(Wood, 2012), with cloud fields on the scale of thousands of km and annually averaged cloud cover of 34%. Stratocumulus

clouds provide a net cooling effect on the planet (L’Ecuyer et al., 2019; Hartmann and Doelling, 1991), but stratocumulus cloud20
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cover may change as Earth’s climate changes, with commensurate effects on our future climate (Liu et al., 2023). Importantly,

stratocumulus clouds occur in two distinct spatial patterns: Open- and closed-cell (Agee, 1984; Wood and Hartmann, 2006;

Glassmeier and Feingold, 2017). Closed-cell stratocumulus are characterized by honeycomb-like cloudy structures, bounded

by narrow cloud-free regions. Open-cell stratocumulus are the reverse, i.e., narrow cloud walls bound honeycomb-like cloud-

free regions. Aerosols can determine whether stratocumulus appear as bright, reflective scenes (i.e., closed-cell) or low cloud25

fraction scenes revealing the underlying dark ocean (i.e., open-cell) (see, e.g., Stevens et al., 2005; Wang and Feingold, 2009;

Yamaguchi et al., 2017).

Mathematical and computational models are, in addition to observations, one of the tools we have to understand stratocu-

mulus clouds. Such models exist at different levels of accuracy, complexity and computational costs. The end-member of the

model hierarchy with the highest level of detail is a large eddy simulation (LES). An LES is a 3D, time-evolving simulation30

that resolves convection, clouds, and the influence of aerosol particles on cloud microphysical and macro-physical structure

at high spatial (order of 100 meters) and temporal (order of seconds) resolutions. Running an LES requires solving a set of

partial differential equations numerically. In addition, inputs including the boundary conditions and a large number of initial

conditions need to be specified and, hence, the meteorological conditions that are being modeled. Due to their computational

complexity LES are run on high-performance computing (HPC) systems and simulate spatial domains on the order of 50 km35

(although stratocumulus cloud decks can be much larger).

The other end-member of the model hierarchy are delay-differential equation (DDE) models, designed to capture emergent

behavior of stratocumulus, via predator-prey dynamics, with rain acting as a predator of clouds (Koren and Feingold, 2011;

Feingold and Koren, 2013; Koren et al., 2017). The delay in the differential equation model appears naturally as a result of

rain formation physics. DDE models are, in comparison to a LES, simple to use, but they are designed to capture only a40

few important physical processes that govern emergent behavior of the atmosphere. As such, DDE models are an important

conceptual tool to understand the main processes driving atmospheric dynamics and cloud microphysics.

In this model evaluation study, we assess the extent to which the C&R equation can quantitatively describe selected aspects

of large eddy simulations. Specifically, we continue the work started by Lunderman et al. (2020), where a DDE model is

“calibrated” to output variables of an LES, via feature-based Bayesian inversion (see, e.g., Morzfeld et al., 2018). The basic45

idea of Lunderman et al. (2020) is as follows. We select features of an LES and then search for a DDE model that exhibits

similar features as the LES. Since DDE models represent precipitating open-cell stratocumulus by (limit) cycles of cloud

growth, followed by decay due to rain, we, naturally, select cycles of cloud growth and decay as the LES feature. Lunderman

et al. (2020) showed that feature-based inversion can be used to calibrate a DDE model to exhibit cycles of cloud growth and

decay that are similar to the cycles extracted from an LES.50

To evaluate and stress-test the calibration strategy, we consider a suite of 14 LES that simulate strongly precipitating open-

cell stratocumulus under different boundary and initial conditions (different meteorological conditions); these 14 LES are a

carefully selected subset of the set of 127 stratocumulus LES described by Hoffmann et al. (2023). We apply feature-based

inversion with two variants of the nonlinear cloud and rain (C&R) equation of Koren et al. (2017) (see Section 2), for a total

2

https://doi.org/10.5194/egusphere-2026-2871
Preprint. Discussion started: 18 June 2026
c© Author(s) 2026. CC BY 4.0 License.



of 28 inversions. In the process, we adapt the techniques described by Lunderman et al. (2020) to be more robustly applicable55

and with fewer tunable inversion parameters.

With the inversions in place, we can track the evolution of the posterior distributions over the C&R equations’ parameters

under changing meteorological conditions, represented by the suite of LES. Our inversions confirm and extend the results of

Lunderman et al. (2020) in that the DDE models can be calibrated to the 14 precipitating LES with internally consistent and

physically meaningful dependencies across model parameters. When we consider the 14 inversions (for each model) jointly,60

however, the posterior distributions over DDE model parameters shift and change in surprising and partially nonphysical ways.

We discuss possible causes of this unexpected behavior and its implications on the calibration of DDE models to LES.

The rest of this paper is organized as follows. In Section 2, we review the nonlinear cloud and rain equation and introduce

a new variation for which rain generation is dominated by accretion, rather than autoconversion. The LES we invert are

described in Section 3. We briefly review the basic ideas of feature-based inversion in Section 4 and then discuss the details of65

our inversions in Section 5. We present and discuss our results in Section 6 and end the paper with a summary of conclusions

in Section 7.

2 Predator-prey models for precipitating stratocumulus

Emergent behavior of precipitating stratocumulus cloud systems can be described via predator-prey interactions (Koren and

Feingold, 2011; Feingold and Koren, 2013; Koren et al., 2017). Cloud droplets are the prey population and rain drops are70

the predator population. As clouds deepen, the number and size of cloud droplets increases. Eventually, the droplets are large

enough to generate rain, which converts cloud water droplets into rain drops. As more and more cloud water is consumed by

rain, the source of rain is reduced, eventually shutting it off completely. The process repeats once clouds have had enough time

to re-develop.

There are several variants of predator-prey models for stratocumulus clouds. The first model, proposed by Koren and Fein-75

gold (2011), describes the time evolution and interaction of cloud depth (H in m) and droplet concentration (N in m−3) via

a set of two coupled DDEs. This first DDE model has no spatial scale but subsequently Feingold and Koren (2013) coupled

several H −N oscillators to obtain a system of DDEs with a spatial dimension. Koren et al. (2017) consider a single DDE,

called the “nonlinear cloud and rain (C&R) equation,” derived from the DDE of Koren and Feingold (2011). For all DDE

models, closed-cell stratocumulus are represented by a steady state, for which the clouds rain at the same rate as they replen-80

ish; open-cell stratocumulus correspond to limit cycles (nonlinear oscillations). The bifurcation analysis of Koren et al. (2017)

shows how the model’s parameters define the transition from closed- to open-cell in the C&R equation. Further analysis and

extensions of predator-prey dynamics and nonlinear DDEs have been studied by Chekroun et al. (2020) and Chekroun et al.

(2022).
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2.1 Nonlinear cloud and rain equation (autoconversion)85

For the rest of this paper we focus on, and subsequently modify, the C&R equation of Koren et al. (2017). We summarize the

derivation and some of the stability analysis here so our paper can be read independently and to motivate our modifications of

this model further below.

Let H be the cloud depth with balance equation

dH
dt

=
H0 −H

τ
+ Ḣr(t−T ), (1)90

where t is time. The first term represents an exponential decay of cloud depth to a cloud carrying capacity (H0) at a character-

istic time scale τ (recharge). This exponential decay is caused by a dynamical forcing, including latent heating associated with

phase changes of water, radiative flux divergence, entrainment-mixing, atmospheric instability and mesoscale forcing (Koren

and Feingold, 2011). The cloud carrying capacity H0, thus, represents the environmental potential for cloud development in the

absence of sinks. The sink Ḣr describes the loss of cloud depth due to rain, i.e., as a result of converting small cloud droplets95

to raindrops. Since rain production depends on the past cloud state, the sink term is delayed (with microphysical delay T ).

The loss term can be connected to the rain rate R by

Ḣr =− R

c1H
, (2)

where c1 ≃ 2 · 10−6 mmm−2 (Koren and Feingold, 2011). If rain generation is dominated by autoconversion, the rain rate is,

to first order100

R=
αH3

N
, (3)

where N is the (cloud-mean) droplet concentration (in cm−3) and α≃ 2 mmm−6 day−1. Combining the above equations leads

to the C&R equation 1

dH
dt

=
H0 −H

τ
− α

c1N
H2(t−T ). (4)

In non-dimensional form, the model is105

d
ds

h= 1−h− 1

µ
h2 (s−D) , (5)

where h=H/H0, s= t/τ , D = T/τ , and µ= c1N/(αH0τ).

Koren et al. (2017) study the dynamical behavior of the C&R equation . For closed-cell stratocumulus, cloud depth is

constant in time, so that h(s) = h(s−D) = h̄, for large enough non-dimensional time s. We can find the steady state solution

of the non-dimensional model by solving the quadratic equation110

h̄2 +µh̄−µ= 0, (6)
1Note that our formulation is slightly different from the formulation of Koren et al. (2017) because we separate α and c1, whereas Koren et al. (2017)

absorb c1 in their definition of α. We also note that Koren et al. (2017) use the square root of the droplet concentration instead of the droplet concentration.
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for the steady-state solution

h̄=

√
µ2

4
+µ− µ

2
. (7)

Note that we discard the negative root because cloud depth is non-negative.

To study the dynamical behavior and possible bifurcations, Koren et al. (2017) define δ to be a small perturbation of the115

steady state, i.e., h(t) = h̄+ δ(t). Linearizing around h̄ and neglecting nonlinear terms in δ gives

dδ
ds

=−δ− 2h̄

µ
δ(s−D). (8)

Koren et al. (2017) use the Ansatz δ = eγs to obtain a transcendental equation for the exponent

γ =−1− 2h̄

µ
e−γD, (9)

that has the closed form solution120

γ =
1

D
W

(
−2h̄

µ
DeD

)
− 1, (10)

where W(·) is the Lambert W function. Following the arguments of Koren et al. (2017), γ is real and negative as long as the

argument of the Lambert W function is negative and larger than −e−1:

ξ =−2h̄

µ
DeD >−e−1. (11)

Thus, as long as125

2h̄

µ
≤ 1

DeD+1
, (12)

the solution of the C&R equation will approach h̄ exponentially without oscillations (overdamped). Note that the steady state

solution h̄ depends on the environmental parameters summarized in the non-dimensional parameter µ, but not the delay D, so

that the condition in (12) separates the contributions from the delay and the environmental model parameters.

When ξ <−e−1, the exponent γ in (10) is complex, and the solutions decay exponentially, but with oscillations (under-130

damped), as long as the real part of γ is less than zero, Re(γ)< 0. The transition from real exponential decay (overdamped) to

complex exponential decay, characterized by damped oscillations (underdamped) occurs when Im(γ)> 0. When the real part

of γ is non-negative,

Re(γ)≥ 0, (13)

the C&R equation exhibits limit cycles and, for large values of D (at fixed but small µ), the model generates a period doubling135

route to chaos (Koren et al., 2017). The chaotic regime, however, is characterized by negative cloud depth, which is unphysical.
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2.2 Nonlinear cloud and rain equation (accretion)

We modify the C&R equation to model strongly precipitating stratocumulus for which rain generation is dominated by accre-

tion, rather than autoconversion. In this case, the rain rate is independent of the droplet concentration N and, to first order, we

can assume that140

R= βH4(t−T ), (14)

where β ≃ 0.7 mday−1 km−4. With this rain rate, the C&R equation becomes

dH
dt

=
H0 −H

τ
− β

c1
H3(t−T ). (15)

In non-dimensional form, we obtain

d
ds

h= 1−h− 1

η
h3 (s−D) , (16)145

where h=H/H0, s= t/τ , D = T/τ as before, but where η = c1/(βH
2
0 τ).

We can mimic the stability and bifurcation analysis of Koren et al. (2017) for the C&R equation with accretion. The steady

state cloud depth is the solution of the cubic equation

h̄3 + ηh̄+ η = 0, (17)

which has only one real and positive root that can be found numerically (the other two roots are a complex conjugate pair).150

As in the case of autoconversion, the steady state cloud depth depends only on environmental parameters (summarized in the

non-dimensional parameter η), and not the delay. Figure 1(a) shows the steady state cloud depth for both C&R equations and

we note that both models behave similarly, although the steady state cloud depth of the accretion model increases faster with

its non-dimensional parameter.

Linearizing around h̄ and neglecting nonlinear terms in the perturbations yields a differential equation for the perturbation155

δ:

dδ
ds

=−δ− 3h̄2

η
δ(s−D). (18)

The same exponential Ansatz as before (δ = eγs) gives a transcendental equation for the exponent γ:

γ =−1− 3h̄2

η
e−γD, (19)

which has the closed form solution160

γ =
1

D
W

(
−3h̄2

η
DeD

)
− 1. (20)

The stability and oscillatory behavior of the solutions of the C&R equation with accretion depend, as before, on the argument

of the Lambert W function

ξ =−3h̄2

η
DeD. (21)
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Figure 1. (a) Steady state cloud depth as a function of µ or η for the C&R equations with rain generation dominated by autoconversion (grey,

µ) and accretion (brown, η). (b) Real part of the exponent γ that defines the stability of the C&R equation (with rain generation dominated by

accretion). Highlighted are regions in parameter space for which the C&R equation exhibits real exponential decay (overdamped), damped

oscillations (underdamped) and limit cycles or chaos. This panel should be compared to Figure 1a of Koren et al. (2017), which shows

equivalent information for the C&R equation with rain generation dominated by auto-conversion. (c) System evolution from a stable fixed

point to a limit cycle state for the C&R equation with rain generation dominated by accretion (grey) or autoconversion (brown). Shown are

maximum and minimum values of h after a spin-up period for µ= η = 0.3 (accretion/autoconversion) as a function of the delay D (compare

to Figure 2(a) of Koren et al. (2017)). (d) Three solutions of the C&R equation (accretion) with initial condition h(s) = 0.5 for s≤ 0 and

η = 1. For D = 0.1, the system exhibits real exponential decay (overdamped); for D = 1.5, we observe damped oscillations (underdamped);

and for D = 3 the system exhibits a limit cycle.

If ξ >−e−1, i.e., if165

3h̄2

η
<

1

DeD+1
, (22)
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the exponent γ is real and negative so that the solutions decay to h̄ without oscillations (overdamped). When ξ <−e−1, the

exponent γ is complex and the solutions decay exponentially, but with oscillations, as long as Re(γ)< 0 (underdamped). The

transition from overdamped to underdamped behavior occurs when Im(γ)> 0. The C&R equation with accretion exhibits

limit cycles if Re(γ)≥ 0. Figure 1(b) shows the real part of the exponent γ as a function of the non-dimensional parameters170

η and D and should be compared to Figure 1(a) of Koren et al. (2017), which shows equivalent information for the C&R

equation with rain generation dominated by auto-conversion (see also Section 2.1). We highlighted the regions in parameter

space for overdamped, underdamped and limit cycle states. Figure 1(c) shows the bifurcation diagram of the C&R equation

with accretion for η = 0.3 and we can see the transition from a stable fixed point to a limit cycle state at D ≈ 0.76. We do not

study the behavior for larger delays D, because larger delays lead to negative cloud depth (as in the original C&R equation ) and175

therefore are unphysical. We would not be surprised, however, if this modified C&R equation also follows a period-doubling

route to chaos.

In summary, and perhaps not surprisingly, the small modification of the C&R equation to represent rain processes dominated

by accretion leads to similar dynamics as the C&R equation with autoconversion, and we conclude that our new C&R equation

may be used alongside the original C&R equation to study open- and closed-cell precipitating stratocumulus. In reality, au-180

toconversion dominates the initiation of precipitation, while accretion dominates when precipitation is more fully developed.

This distinction emphasizes the importance for us to consider both rain processes.

3 LES of precipitating open-cell stratocumulus

We consider a total of 127 LES described by Hoffmann et al. (2023). The LES differ in their initial/boundary conditions.

For example, the temperature, moisture, boundary layer height, moisture and temperature jumps, aerosol levels, and surface185

flux variations within the atmosphere vary from one simulation to the next. As such, the suite of LES covers a wide range of

meteorology and microphysical conditions.

The LES numerically solve the anelastic Navier-Stokes equations on an Eulerian spatial grid, resolving convection and

clouds. Cloud microphysical processes are simulated using a bin-emulating, two-moment bulk scheme (Hoffmann et al., 2023),

including the formation of droplets on suspended particles (suspended aerosol particles that act as condensation nuclei), their190

growth by diffusion and coalescence, and their removal by rain. Each LES covers a 48 km× 48 km× 2.5 km domain. Simula-

tions are of 12 hour duration (nighttime). All LES use the same grids in space (200 m× 200 m× 10 m) and time (1 second).

Model output is saved every 2 minutes. All LES are initiated in a quiescent state and turbulence develops during the first

200 minutes. This portion of the simulation is removed as “model spin-up.” At some point after the spin-up, clouds thicken

sufficiently, and/or have low enough drop concentrations that they can form rain and transition to the open-cell configuration.195

We focus on LES with precipitating open-cell stratocumulus, which we identify as follows. First, we require that precipitation

occurs and impose that:

(i) Surface precipitation reaches at least 0.001 mm/day;

(ii) the buildup of surface precipitation does not exceed 10 mm/day during the first two hours of the simulation.
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Criterion (ii) filters for cases where significant rain formation would occur during spin-up but is prevented for technical reasons,200

giving rise to a nonphysically strong rain-out just after the spin-up phase.

If criteria (i) and (ii) are satisfied, we identify the stable formation of an open-cell regime by finding the onset of oscillation in

cloud fraction. Specifically, we first de-trend cloud cover fraction because it gradually decreases over time (for each LES). After

subtracting the mean, we find the onset of oscillation by determining when the cloud cover time series changes sign. We then

shorten the cloud cover time series up to this point and repeat the process, which converges if the simulation develops a stable205

open-cell regime. If we detect convergence, the LES is accepted as a simulation of a precipitating open-cell stratocumulus and

we remove an additional spin-up to the open-cell regime (determined via the above iterative process). All subsequent analysis

is performed after the spin-up process to the open-cell regime, including the development of turbulence (first 200 mins for each

LES) and the additional spin-up to the open-cell configuration (variable across the LES).

With our selection criteria, we obtain a suite of 16 LES of precipitating open-cell stratocumulus. One of these simulations (3-210

011), however, is characterized by a small moisture difference between the cloud and the free troposphere. The small moisture

difference prevents drying of the boundary layer through cloud-top mixing and thus produces more rain when compared to

the other 15 LES, leading to clouds that are more akin to a fog than a precipitating open-cell stratocumulus. Thus, while LES

3-011 (barely) cleared our criteria for precipitating open-cell stratocumulus, we exclude it from subsequent analysis because it

is essentially a simulation of a different type of cloud.215

To further understand the scenarios modeled by the suite of LES, we compute a typical cloud depth H75 and a drop effective

radius re. Typical cloud depth is defined as the 75th percentile of the cloud depth distribution of an LES. Following Wood

(2006), the drop effective radius is defined by

re =

(
ρw

3

4π
· H75Γ

N

)1/3

, (23)

where, ρw = 1 is the density of water (in g/cm3), Γ is the rate at which liquid water content increases with respect to height (in220

cm2/g), and N is the spatial and temporal average of droplet concentration weighted by cloud fraction (in cm−3). Figure 2(a)

shows typical cloud depth H75 as a function of effective radius re. We observe a linear relationship between typical cloud

depth H75 and effective radius re, so that all-else-equal, as expected, deeper clouds generate larger drops. The exception is

LES 3-012, which is an extremely polluted simulation, leading to a relatively high droplet concentration (> 60 cm−3), with an

abnormally high initial liquid water path (LWP) that affects the effective radius.225

In general, deeper clouds tend to rain, and rain leads to washout of aerosols (scavenging). The washout of aerosols decreases

the droplet concentration, meaning deeper precipitating clouds have smaller droplet concentrations. Figure 2(b) illustrates this

effect and shows typical cloud depth H75 as a function of droplet concentration N . We note again that LES 3-012 is different

from the other 14 LES, because it is characterized by a large cloud depth and a large droplet concentration. Thus, although LES

3-012 made it formally through our selection criteria for precipitating open-cell stratocumulus, we remove it going forward230

and consider a suite of 14 LES, each modeling precipitating open-cell stratocumulus for which deeper clouds are associated

with larger droplets and smaller droplet concentrations. This suite of 14 LES will be used to evaluate the extent to which one

may use the C&R equation as a quantitative tool for representing selected aspects of an LES.
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(a) (b)

3-012 3-012

Figure 2. (a) Typical cloud depth H75 as a function of effective radius (re) and associated least squares fit (black line, R2 = 0.72). (b)

Typical cloud depth H75 as a function of droplet concentration N and associated least squares fit (black line, R2 = 0.48). LES 3-012 was

removed for the least squares fits.

4 Review of feature-based Bayesian inversion

Below, we will use feature-based Bayesian inversion to compute model parameters of the C&R equations from LES outputs,235

but we first briefly review the basics of this method. We start with the “traditional” (not feature-based) Bayesian inversion,

which amounts to computing a Bayesian posterior distribution that describes the probability of model parameters θ given data

y (see, e.,g., Sanz-Alonso et al., 2023). Model parameters may be boundary or initial conditions, or parameters of the C&R

equations, such as H0, τ , T , N , and β. The posterior distribution is the product of a prior and a likelihood

p(θ|y)∝ p0 (θ)pl (y|θ) . (24)240

The prior, p0(·), contains information about the model parameters independent of the data y, e.g., positivity constraints or

parameter bounds. The likelihood, pl(y|θ) connects the model with the data. The model is abstractly written as M(θ), so that

the model parameters θ are inputs and the output of the model can be compared to the data:

y =M(θ)+ ε. (25)

Here, ε is a random variable with known statistics, e.g., Gaussian, that models discrepancies between the model M(·) and245

the data y. Since the statistics of ε are known, equation (25) defines the likelihood pl(y|θ). With prior and likelihood in

hand, the posterior is proportional to their product and one can use optimization or sampling techniques to obtain a numerical

approximation of the posterior distribution and, hence, a numerical solution of the Bayesian inverse problem. Below, we use
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Markov chain Monte Carlo (MCMC) to draw samples from a posterior distribution. In short, the basic idea of MCMC is to set

up a Markov chain whose stationary distribution is equal to the posterior distribution. Running the Markov chain sufficiently250

long then yields (correlated) samples of the posterior distribution. We use a tried-and-true MCMC sampler that is known to be

robustly applicable (see Section 5.3).

Feature-based inversion is a variation of Bayesian inversion with more general interpretations of “data” y and model M(·)
(Morzfeld et al., 2018; Maclean et al., 2017; Haario et al., 2015; Hakkarainen et al., 2012). Specifically, y could be a vector that

represents selected aspects of a larger data set, and the model M(·) may be a model for only some selected aspects, or features255

of the larger data set. Below we will explain in detail how we construct a feature model M(·), based on the C&R equations,

and how we extract features from the LES. For other successful feature-based inversions in the context of chaotic systems, see,

e.g., Kazarnikov and Haario (2020); Springer et al. (2021, 2019); Maraia et al. (2021); Srivastava et al. (2023). Numerically,

feature-based inversions can be performed with the same MCMC methods that apply to other Bayesian inversion problems.

5 Feature-based inversion of a suite of LES260

We now apply feature-based inversion to compute parameters of the C&R equations based on output variables of the suite of

14 LES of precipitating open-cell stratocumulus. In short, feature-based inversion means that we define a prior distribution to

enforce constraints on the parameters of the C&R equations (Section 5.1), and a feature-based likelihood to connect an LES

with the C&R equations (Section 5.2). As a feature, we select cycles of cloud growth and decay that we extract from an LES

and then set up a feature-based likelihood to compare the LES cycles to limit cycles of the C&R equations. Jointly, the prior265

and likelihood define a feature-based posterior distribution which we sample via MCMC (Section 5.3).

We will consider both versions of C&R equations and estimate all of their parameters. For the C&R equation with rain gen-

eration dominated by autoconversion, we estimate droplet concentration N , along with the model’s environmental parameters

(H0 and τ ) and the microphysical delay T , summarized in the parameter vector

θacon =
(
H0, τ, T, N

)
. (26)270

Note that here we deviate from the approach described by Lunderman et al. (2020), where N was retrieved directly from

the LES and where the scaling factor α was treated as a model parameter. We decided to fix α and invert for the droplet

concentration because Koren et al. (2017) defined the scaling factor α to be fixed and suggest that N is a model parameter, and

because inverting for the droplet concentration is physically more meaningful.

For the C&R equation with rain generation dominated by accretion, the rain rate is independent of the droplet concentration275

N and we estimate the scaling factor β instead, leading to the parameter vector

θaccr =
(
H0, τ, T, β

)
. (27)

Selecting β as a model parameter, rather than a fixed constant, is reasonable as β now controls the rain generation in the C&R

equation equation with accretion instead of the droplet concentration N . The feature-based inversions will explore a wide range

of model parameters with bounds listed in Table 1.280

11

https://doi.org/10.5194/egusphere-2026-2871
Preprint. Discussion started: 18 June 2026
c© Author(s) 2026. CC BY 4.0 License.



Parameter Description and units

0<H0 ≤ 4 Cloud depth (km)

0< τ ≤ 720 Recharge timescale (min)

0< T ≤ 720 Microphysical delay (min)

0<N < 100 Droplet concentration (cm−3, autoconversion)

0< β ≤ 4 Scaling factor (day−1 mkm−4, accretion)

Table 1. Model parameters of the C&R equations and their bounds.

As already noted, we consider two variants of C&R equations and estimate their parameters from 14 LES. This means that

we perform a total of 28 inversions (two models, 14 data sets). In terms of distributions, we have two prior distributions for the

two variants of the C&R equation and 14 likelihoods defined by the 14 LES. Below, we largely follow the inversion process

outlined in Lunderman et al. (2020), but the details of our implementation are more flexible and automated, minimizing the

number of tunable inversion parameters, which allows us to process and invert the suite of 14 LES for both variants of the C&R285

equation.

5.1 Prior distribution

Recall that the prior distribution imposes constraints on model parameters that are independent of the data. In the context

of inverting LES features to compute parameters of C&R equations, this means that the prior enforces the following three

constraints (Lunderman et al., 2020):290

1. The parameters are within the bounds listed in Table 1.

2. The recharge time scale τ is larger than the microphysical delay T .

3. The parameters lead to limit cycles with positive cloud depth.

The 3rd condition can be imposed using the results of the stability analysis presented earlier. Specifically, the C&R equation

with rain generation dominated by autoconversion exhibits limit cycles if the real part of γ in (10) is positive. Similarly, the295

C&R equation with rain generation dominated by accretion exhibits limit cycles if the real part of γ in (20) is positive. Thus, we

impose condition (3) by first checking if Re(γ)> 0 and, if it is, we numerically integrate the C&R equation. If we encounter

negative cloud depth, we discard the parameter set – because the limit cycle is not physically meaningful. Note that condition

(3), and in particular the requirement that Re(γ)> 0 couples all four parameters of the C&R equation (see the definitions of γ

in (10) and (20)).300

We visualize the prior distribution and, hence a priori dependencies between model parameters via a triangle plot, which

contains histograms of all one and two-dimensional marginals of a multivariate probability distribution. Figure 3(a) shows the

triangle plot of the prior for the C&R equation with rain generation dominated by autoconversion. To understand the triangle
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(a) (b)

(c) (d)

Figure 3. (a) Triangle plot of the prior distribution over the parameters of the C&R equation with rain generation dominated by autocon-

version. Each parameter’s histogram is plotted on the diagonal and the lower triangle contains histograms of every combination of any two

parameters. Warm colors (yellow and pink) represent regions of high prior probability and cold colors (black and purple) represent lower

prior probability. White regions contain few or no samples and, therefore, correspond to regions of very low prior probability. (b) Histogram

of the two non-dimensional parameters of the C&R equation with rain generation dominated by autoconversion. The top and right sides also

show histograms of µ and D. (c) Triangle plot of the prior distribution over the parameters of the C&R equation with rain generation domi-

nated by accretion. (d) Histogram of the two non-dimensional parameters of the C&R equation with rain generation dominated by accretion.

The top and right sides also show histograms of η and D.

plot, we note that peaks in the diagonal panels define regions of high prior probability for each model parameter and that ridges

of warm colors in the off-diagonal panels indicate high prior probability among two parameters. We can thus conclude that the305

three basic assumptions that define the prior (parameter bounds, τ > T , limit cycles with positive cloud depth) render some

parameter values more likely than others (peaks in diagonal panels) and also impose correlations/dependencies among the
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model parameters (ridges of warm colors in off-diagonal panels). We note in particular strong dependencies between droplet

concentration N and the delay T , between N and the cloud carrying capacity H0, as well as a strong relationship between H0

and the delay T .310

There is also a preferred linear relationship between the time scale τ and the delay T , but there are only weak dependencies

between N and τ or H0 and τ . The prior for the C&R equation with rain generation dominated by accretion is very similar, as

shown in Figure 3(c). The diagonal and off-diagonal plots corresponding to the model parameters H0, τ and T are qualitatively

similar to the prior for the C&R equation with rain generation dominated by autoconversion. The prior over the scaling factor

β of the C&R equation with rain generation dominated by accretion explores a wide range of values, but favors smaller values315

of β. We also note that there are strong correlations between the scaling factor β and the cloud carrying capacity H0 and the

delay T , while we do not detect an obvious relation between β and the recharge timescale τ .

One may also collapse all physical (dimensional) parameters into the non-dimensional parameters D and µ (or D and η, for

accretion) and consider the prior in non-dimensional parameter space. We show a histogram for the prior of the C&R equation

with rain dominated by autoconversion in Figure 3(b), with an equivalent figure for the C&R equation with accretion shown320

Figure 3(d). We note a strong correlation between µ and D (or η and D for accretion), but this correlation is contaminated by

spurious correlations caused by the common denominator τ (see, e.g., Davis, 2002). We also see how the prior constraint of

limit cycles with positive cloud depth (i.e. behavior associated with precipitating open-cell stratocumulus clouds) cuts across

the much larger limit cycle/chaotic regime shown as a red region in Figure 1(b) for the C&R equation with rain generation

dominated by accretion (or Figure 1(a) of Koren et al. (2017) for the C&R equation with rain generation dominated by auto-325

conversion). Comparing the prior in non-dimensional and dimensional parameter spaces shows how tight constraints on µ and

D (or η and D) map to a wide range of dimensional parameters, with preferred regions of high prior probability. As noted by

Koren et al. (2017), it may be difficult to go from the non-dimensional parameters to physical parameters and, for that reason,

we will invert for the physical parameters directly.

5.2 Feature-based likelihood330

Defining the feature-based likelihood requires that we specify an LES-feature and a corresponding model feature, along with

an error model that describes discrepancies between the C&R equation and the LES.

5.2.1 LES-feature

Following Lunderman et al. (2020), the LES-feature is a typical cycle of cloud growth and decay, defined as follows. We apply

a spatial smoothing to the LES cloud depth field to reduce the effects of noise, while retaining the main aspects of the cellular335

cloud structure. After spatial smoothing, we obtain, for each LES, 900 time series of cloud depth (one time series per spatially

smoothed grid point). Each time series is smoothed in time and we then determine local extrema of the temporally smoothed

time series via finite differencing. Two consecutive local minima define one cycle and each cycle is stored (without temporal

smoothing). We only consider cycles that start below, grow above, and end below the typical cloud depth H75 (defined in

Section 3) to ensure that the cycle formation is from local cloud growth and decay, not from nearby clouds. The LES-feature is340
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(a) (b)

Figure 4. Illustration of the LES-feature. (a) Cycles of growth and decay of one LES (aligned at their maxima). The light blue lines represent

all cycles extracted from an LES. The purple, orange, yellow, and brown lines highlight a few examples. The dark blue line is the LES-feature

(the average of all LES cycles). (b) LES-features of the 14 LES we consider.

the average of all cycles extracted from an LES. We note that the cycles have different periods, which we address by padding

shorter cycles with zeros (following, again, Lunderman et al. (2020)).

An example of an LES-feature is shown in Figure 4(a) (adapted from Lunderman et al. (2020)). In Figure 4(a), the light blue

lines represent all cycles we identified within an LES. The dark blue line is the average of all cycles (the LES-feature). The

yellow, pink, purple, and brown cycles are examples of LES cycles. Figure 4(b) shows the LES-features of the suite of 14 LES345

we consider. We note a large spread in both period and amplitude of the LES-features across the suite. The large spread arises

because the suite of LES covers a wide range of meteorological conditions of precipitating open-cell stratocumulus and the

LES feature we define is sensitive to these changing conditions.

5.2.2 Model-feature

The model-feature (M(θ) in (25)) is a limit cycle of the KTF model. We compute limit cycles iteratively as described by350

Lunderman et al. (2020). We first simulate the KTF model for a duration of one-day and compare the last two cycles. If the

cycles are different, as described by a normed error exceeding a threshold, we continue the simulation for another day and

compare the last two cycles of the extended simulation. This process is repeated until we reach convergence and, hence, can

extract a limit cycle. The feature-model M(·) is thus the computer code that executes the above steps to extract a limit cycle

from a C&R equation.355
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5.2.3 Modeling uncertainties in the feature

With model and LES-features in hand, we still need to define the random variable ε that describes discrepancies between the

limit cycles of a C&R equation and an LES. As is common, we assume Gaussian errors with mean zero and covariance matrix

R. With these choices, we obtain a feature-based likelihood of the form

pl(y|θ)∝ exp

(
−1

2

∥∥∥R−1/2(M(θ)− y)
∥∥∥
2
)
, (28)360

where vertical bars denote the two-norm and R1/2 is a matrix square root of the symmetric positive definite matrix R. We com-

pute the covariance matrix R directly from the variations in the cycles extracted from an LES (light blue lines in Figure 4(a)).

However, the variation is low towards the beginning and end of the average cycle, which is an artifact of padding the LES

cycles when averaging. We address this issue by inflating the covariance diagonal by 10% of the maximum variance, σ2
max (i.e.

we add 0.1×σ2
max to each value along the covariance diagonal).365

Finally, we note that the construction of the feature-based likelihood depends on a few ad hoc choices, e.g., with respect to

the spatial and temporal smoothing of the LES cloud depth fields and also on how the cycles of different periods are handled.

Lunderman et al. (2020) present a thorough study of the sensitivity of the inversion results to such choices and conclude that

the various choices have only minor effects on the inversion results. Going forward, we thus only consider the “default” setup

described by Lunderman et al. (2020).370

5.3 Numerical solution via MCMC

We numerically solve the feature-based inverse problems via MCMC, using the affine invariant ensemble sampler of Goodman

and Weare (2010) in its robust and well-tested python implementation called emcee (Foreman-Mackey et al., 2013). Emcee is

an ensemble sampler, which means that it runs several interacting Markov chains. The use of an ensemble is important here,

because it ensures affine-invariance (Goodman and Weare, 2010), which is critical for problems with strong correlations across375

model parameters. Specifically, we use emcee with a 20-member ensemble, each taking 105 steps, to generate 2×106 posterior

samples.

To ensure accurate sampling, we need to ensure that the Markov chain is long enough to account for two effects: (i) a transient

period, or burn-in, during which the Markov chain transitions from an arbitrary initial state to its stationary distribution; and

(ii) how quickly the chain de-correlates, because samples would ideally be uncorrelated. To measure the de-correlation, we380

compute the integrated auto correlation time (IACT) of the chains for each parameter and obtain maximum values of about

103 (meaning only every 1000 samples are effectively independent). A good guideline is to remove about 10 IACTs worth

of samples as burn-in, but we are overly cautious and consider the first 25,000 steps as burn-in (and hence these steps are

removed). We thus have 20 chains, each producing 7.5 ·104 samples after burn-in. Dividing by the largest IACT means that we

have about 20 · 7.5 · 104 · 10−3 = 1500 effectively independent posterior samples.385
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Auto conversion
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Figure 5. Feature-based inversion results for LES-4-023 with the C&R equation with rain generated by autoconversion. (a)-(j) Triangle plot

of the feature-based posterior (based on 1.5× 106 MCMC samples). Each parameter’s histogram is plotted on the diagonal and the lower

triangle contains histograms of every combination of any two parameters. Warm colors (yellow and pink) represent regions of high posterior

probability and cold colors (black and purple) represent lower posterior probability. White regions contain few or no samples and, therefore,

correspond to regions of very low posterior probability. (k) LES-feature (dark blue), error model (light blue), and limit cycles of the C&R

equation (autoconversion) corresponding to draws from the posterior (orange). The green line is the limit cycle corresponding to the MAP

estimate.

6 Results and discussion

We interpret the inversion results and report how the 14 LES create dependencies among model parameters of the C&R

equations. First we consider how any one of the LES imposes parameter dependencies and then trace how variations in mete-

orological variables of the suite of LES causes variation in the 14 posterior distributions for a C&R equation.

6.1 Variation in the parameters of C&R equations390

We describe how the parameters of the C&R equations vary and co-vary within a posterior distribution corresponding to one

of the LES.

We first consider the C&R equation with rain generation dominated by autoconversion and show in Figures 5(a)-(j) a triangle

plot of one of the 14 posterior distributions, which are all qualitatively similar (see Figure A1, which shows equivalent plots

for all 14 posterior distributions associated with this C&R equation). Figure 5(k) illustrates how the posterior distribution over395

model parameters maps to cycles of cloud growth and decay. Specifically, the figure contains the LES-feature (dark blue) and

the expected variation around the LES-feature (light blue), along with a few limit cycles of the C&R equation with parameters
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drawn from the posterior distribution (orange). The green line in Figure 5(k) corresponds to the limit cycle produced by the

maximum a posteriori (MAP) estimate. The MAP estimate is the set of parameters that gives the largest posterior probability

value. We note that most limit cycles lie close to the LES-feature and within the assumed errors. Again, this is true for all 14400

inversions we performed.

Studying the triangle plot of the posterior distribution in more detail reveals how the various model parameters vary and

co-vary:

1. The delay T is well-constrained by the LES-feature, resulting in a tight, nearly Gaussian posterior distribution with a

small variance (Figure 5(f)).405

2. The marginal distributions of the cloud carrying capacity (H0) and recharge timescale (τ ) have a larger variance and more

non-Gaussian features (Figures 5(a) and (c)). Compared to the prior (see Figure 3), the variance in the recharge timescale

τ is reduced, suggesting that the LES constrains this parameter beyond the prior assumptions (as already reported by

Lunderman et al. (2020)). The constraint on the cloud carrying capacity is less strong, but the inversion has “shifted”

from a prior favoring relatively small values of H0 to a posterior that tends to favor larger cloud carrying capacities.410

3. The marginal posterior distribution of the droplet concentration N in the C&R equation is tightly constrained and vari-

ance in N is reduced compared to the prior, again indicating that the LES imposes constraints on the droplet concentration

of the C&R equation.

4. For all 14 inversions, we find that the recharge timescale τ increases with cloud carrying capacity H0 (Figure 5(b)),

which is expected, because deeper clouds are characterized by a longer recharge time.415

5. All 14 inversions exhibit a strong correlation between the droplet concentration N and the microphysical delay T (Fig-

ure 5(i)), with larger drop concentrations typically resulting in larger delays. This is expected because, microphysically,

a larger droplet concentration delays the formation of rain via collision-coalescence (the sink term in the C&R equation).

6. The 14 inversions are consistent in that other pairs of model parameters (H0-T , H0-N , τ -T , τ -N , Figures 5(d), (e), (g),

(h)) do not exhibit obvious relationships. The marginals of the posterior distributions are either nearly uniform (H0-T ,420

H0-N , Figures 5(d), (g)) or “blobs” of high posterior probability (τ -T , τ -N , Figures 5(h), (e)).

We now consider the C&R equation with rain generation dominated by accretion. A representative triangle plot of a posterior

distribution, along with how well the model fits the LES data is shown in Figure 6 and all 14 posterior distributions associated

with that model are shown in Figure A2. The two versions of the C&R equation share the parameters H0, τ and T and we

see from Figures 5 and 6 that these three parameters vary and co-vary similarly in both models. This is reassuring, and we425

focus our attention on how the scaling factor β varies and covaries with other model parameters. First, we note that there is no

obvious relationship between the scaling factor β and the cloud carrying capacity H0 or the recharge timescale τ (Figures 6(g)

and (h), similar to how N covaries with H0 and τ in the C&R equation with rain generation dominated by autoconversion).
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Figure 6. Feature-based inversion results for LES-4-023 with the C&R equation with rain generation dominated by accretion. (a)-(j) Triangle

plot of the feature-based posterior (based on 1.5×106 MCMC samples). Each parameter’s histogram is plotted on the diagonal and the lower

triangle contains histograms of every combination of any two parameters. Warm colors (yellow and pink) represent regions of high posterior

probability and cold colors (black and purple) represent lower posterior probability. White regions contain few or no samples and, therefore,

correspond to regions of very low posterior probability. (k) LES-feature (dark blue), error model (light blue), and limit cycles of the C&R

equation (accretion) corresponding to draws from the posterior (orange). The green line is the limit cycle corresponding to the MAP estimate.

Second, we note in Figure 6(i) that, in each LES, the scaling factor β decreases with the microphysical delay T . This is to be

expected because a more efficient rain process (larger β) is equivalent to a smaller microphysical delay.430

Finally, we note that the scaling factor is well constrained if it takes on small values, but the variance of this model parameter

is larger when the parameter β itself is larger (see Figure A2). Physically, large β values would be associated with conditions

of co-occurring large cloud water (H) and large rain water (R). Generally speaking, the value of β is uncertain (Geoffroy et al.,

2008) and therefore it is not surprising that it might vary significantly in heavily raining clouds.

In summary, the variation in the model parameters driven by any one of the LES is as expected and highlights the strengths435

of this simplified model – the model parameters vary and covary in a physically meaningful way, while generating limit cycles

that are comparable with the cycles of cloud growth and decay in the LES. The above holds true for both variants of the C&R

equation (autoconversion or accretion) and for all 14 LES, highlighting the robustness of the C&R equation and the underlying

predator-prey analogy.
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(a) (d)(c)(b)

(h)(g)(f)(e)

Figure 7. Marginal posterior distributions of the C&R equations with rain generation dominated by autoconversion (a-d) or accretion (e-h).

The posterior distributions are colored by the typical cloud depth of the LES that is being inverted, with darker colors corresponding to a

higher typical cloud depth.

6.2 Variation of model parameters across the suite of LES440

We now consider the inversions jointly, i.e., we study how the posterior distributions over model parameters change across

the suite of 14 LES. This approach allows us to investigate if the model parameters represent changes in the micro- and

macro-physics, as represented by the suite of LES, in a physically meaningful way.

We show all 28 posterior distributions in the appendix (Figure A3) and note that there is a large overlap between the 14

posterior distributions of each model and that all 14 posterior distributions are qualitatively similar for each model (and in line445

with what was already reported in Lunderman et al. (2020)). The discussion and interpretation of the results, however, can be

streamlined by considering only the one-dimensional marginals over the four model parameters shown in Figure 7.

First, we note that the posterior distributions of the microphysical delay T exhibit a large overlap across the 14 inversion

(for both variants of the C&R equation ) and each distribution is tightly constrained (Figure 7(c) and (g)). Thus, our inversions

indicate that the microphysical delay does not vary much across the suite of LES. Estimating the delay in the LES more450

directly by the lag between cloud water path (CWP) and rain water path (RWP) indeed confirms this result. The delays of

the 14 LES are between 9 minutes and 16 minutes (average delay across the 14 LES is 11 minutes with a standard deviation
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of 2 minutes). The C&R equations have posterior means ranging from 24-37 minutes (autoconversion) and 22-31 minutes

(accretion). The posterior means of the C&R equation (rain generation dominated by autoconversion) average to 31 minutes

with a standard deviation of 3 minutes. The posterior means of the C&R equation (rain generation dominated by accretion)455

average to 25 minutes with a standard deviation of 2 minutes. Our results suggest that the inversion results across the 14 LES

are self-consistent and physically meaningful for the delay parameter T for both variants of the C&R equation.

The posterior distributions of the cloud carrying capacity H0 also show a large overlap (Figure 7(a) and (e)). Comparing the

posterior to the prior, cloud carrying capacity is perhaps the parameter that is least constrained by the LES, indicating a limited

sensitivity of the limit cycles of the C&R equation to H0. We do find, however, that the posterior average of the cloud carrying460

capacity correlates well with the typical cloud depth H75 of the LES. There are positive linear relationships between H75 and

the posterior averages of H0 for both C&R equations, with R2 values of 0.88 and 0.75 for rain generated by autoconversion

and accretion, respectively. This reiterates that the inversion is self-consistent and physically meaningful for the cloud carrying

capacity H0.

Considering the recharge time scale τ , we note that the distributions shift towards smaller values as the typical cloud depth465

H75 of the LES increases (Figure 7(b) and (f)). This is counterintuitive because deeper clouds typically tend to take longer

to recharge, i.e., we would expect that the distribution over the recharge time scale τ should shift towards larger values with

increasing typical cloud depth. On the other hand, one may also argue that deeper clouds occur in a more dynamic environment,

where updrafts are stronger and clouds grow faster, giving rise to a faster recharge.

The distributions over the droplet concentration N (C&R equation with rain generation dominated by autoconverion) cover470

the range of values we computed from the LES (Figures 7(d) and 2(b)), however the values of the model parameter N tend to

be smaller than in the LES. Moreover, we note that the distributions over N tend to shift towards larger values when the typical

cloud depth increases, but we would expect the opposite. In the LES, typical cloud depth decreases with droplet concentration

N because of the washout of aerosols (Figure 2b), but in the C&R equation (autoconversion), cloud depth, as represented by the

cloud carrying capacity, increases on average with droplet concentration. This issue further causes the droplet concentration of475

the C&R equation (autoconversion) to correlate negatively with the droplet concentrations of the LES. Physically meaningful

changes in the posterior distributions over model parameters within the suite of LES, however, would require that an increase

in the (average) droplet concentration in an LES causes a larger droplet concentration in the C&R equation.

The distributions over the scaling factor β of the C&R equation with rain generation dominated by accretion (Figure 7(h))

tend to cover a very large range of values, especially if β itself is large. This happens for LES with thinner clouds with a480

smaller typical cloud depth. For deeper clouds (larger typical cloud depth), β is somewhat within the range of the nominal

value (0.7m day−1 km−4). The fact that β tends to decrease with increasing cloud depth is the opposite of what we would

expect based on the LES, where deeper clouds generate rain more efficiently (see Figure 2). The scaling factor β controls the

sink term in the C&R equation and, hence, a larger β corresponds to more efficient rain generation. We would thus expect that

β should increase with typical cloud depth, but our inversions suggest the opposite.485
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6.3 Synthesis

Our feature-based inversions are successful in the sense that we can always find model parameters that lead to C&R equations

that exhibit limit cycles similar to the cycles of cloud growth and decay of an LES. The fact that the C&R equation can

quantitatively emulate limit cycles across a wide variety of individual LES runs (Figures A1 and A2) confirms the robustness

of the predator-prey analogy for stratocumulus dynamics.490

When we consider all inversions jointly, however, the variations and shifts in the posterior distributions over the model

parameters are partially nonphysical. For both C&R equations, our results suggest that the recharge time scale decreases for

deeper clouds, which is the opposite of what happens physically. For the C&R equation with rain generation dominated by

autoconversion, we find that cloud carrying capacity correlates positively with droplet concentration, while the suite of LES is

characterized by the opposite trend (deeper clouds have smaller droplet concentrations (i.e., larger droplets), Figure 2(a) and495

(b)). For the C&R equation with rain generation dominated by accretion, we find that rain generation becomes less efficient for

deeper clouds, which is also the opposite of what happens in the LES (Figure 2(a)).

The nonphysical variation of the posterior distributions over C&R equation parameters can occur due the following reasons.

First, the C&R equations are parsimonious, conceptual models with few parameters – both variants of the C&R equation have

at most four free parameters. It may not be possible to fully capture the variation of meteorological conditions in the suite of500

LES with this model. If the model is indeed structurally deficient, then model parameters tend to “compensate” for model error

during an inversion. As a result, the model parameters may need to be interpreted as “effective parameters” that depend on the

large-scale meteorological forcing. Second, we use simplified assumptions about the rain rate and assume that the rain rate is

either dominated by autoconversion (sensitive to N ) or accretion (insensitive to N ). The actual physics modeled by the suite

of LES is more complex, with precipitation initiated by autoconversion but later dominated by accretion. Lastly, the inversion505

setup may be flawed. While we detect variation in the LES features, the associated errors are also large (large error covariance

matrix R). We follow Lunderman et al. (2020) to construct the observation error covariance directly from the variations in

the LES cycles, meaning we are reasonably capturing all the various cycle variations in each LES. However, these variations

may overpower the variations in the LES cycles due to the changing meteorology and, then, the inversion cannot detect the

variations in the meteorological conditions. A robust investigation of our inversion approach was also done in Lunderman et al.510

(2020), but it is possible that a different approach to inversion can incorporate the cloud physics across LES that is currently

not being captured by the parameter variations.

What we encounter here may be interpreted as an occurrence of “Simpson’s paradox” (Simpson, 1951). Broadly, Simpson’s

paradox is a statistical phenomenon where trends appear within groups but disappear or reverse when the groups are considered

jointly. In the case of inverting a suite of LES for parameters of C&R equations, we find that, for each inversion, deeper clouds515

(larger H0) take longer to recharge (larger τ ), see Figures A1 and A2. Considering the 14 inversions (for each C&R equation)

jointly, however, reverses this trend, i.e., distributions over τ tend to smaller values as H0 (or H75 in the LES) increases.

Similarly, we find for each inversion with the C&R equation with rain generation dominated by autoconversion that cloud

carrying capacity H0 correlates positively with droplet concentration, but the trend reverses when the inversions are considered
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jointly across the suite of 14 LES (with similar results for the C&R equation with rain generation dominated by accretion, see520

just above).

7 Conclusions

Summary and conclusion We consider the nonlinear cloud and rain (C&R) equation for precipitating open-cell stratocumulus

clouds (Koren et al., 2017). The model was originally proposed as a phenomenological model but it has since also been used

for quantitative modeling of selected aspects of a large eddy simulation (LES) (Lunderman et al., 2020).525

We explore the potential of the C&R equation as a quantitative tool for understanding precipitating open-cell stratocumulus

for a range of conditions. To that extent, we consider two variants of the C&R equation. In one variant, rain generation is

dominated by autoconversion (small cloud droplets form larger rain droplets through collisions and coalescence). In the other

variant, rain generation is dominated by accretion (larger rain drops grow by collecting smaller cloud droplets as the rain drops

fall through the cloud). Along with the C&R equations, we consider a suite of 14 LES of precipitating open-cell stratocumulus530

cloud systems for which (i) deeper clouds generate rain more efficiently; (ii) larger droplet concentrations lead to less efficient

rain processes; and (iii) the microphysical delay does not vary much across all 14 LES. These 14 LES are a carefully selected

subset of the LES described by Hoffmann et al. (2023).

We set up and perform a feature-based inversion that is capable of inverting a suite of 14 LES to estimate model parameters

of both C&R equations. The feature-based inversions show that both C&R equations are capable of self-consistently producing535

limit cycles that match the cycles of cloud growth and decay observed in the 14 LES.

When we consider the 14 LES and corresponding C&R model parameters jointly, however, the results are less consistent. For

both C&R equations and all 14 LES, we find that the delay of the C&R equations does not vary much across the 14 LES, which

we also observe when we estimate the delay directly from the LES. Moreover, the cloud carrying capacity parameter of the

C&R equation correlates well with a typical cloud depth of the 14 LES. These two aspects of the “across-LES” inversions are540

physically meaningful and self-consistent. The cloud carrying capacity parameter however correlates positively with droplet

concentration, while the suite of LES is characterized by the opposite trend (deeper clouds have larger droplets). Moreover, a

recharge time scale parameter of the C&R equations decreases for deeper clouds, while deeper clouds typically take longer to

recharge.

The nonphysical behavior of some of the model parameters may be an instance of Simpson’s paradox, where we observe a545

trend in subgroups, but the trend may disappear or reverse if the subgroups are considered jointly. Here, the subgroups are the

14 LES we invert – taken separately, the C&R equations emulate cycles of cloud growth and decay within the LES well and

the model parameters vary self-consistently and meaningfully. When we consider all 14 LES and implied variations in model

parameters jointly, however, some physically meaningful trends disappear.

The nonphysical variations may be due to structural inadequacies of the C&R equations, the inversion process, or both.550

In light of imperfections in the model and the inversion process, one may view the C&R equation parameters as “effective

parameters,” rather than physical constants. Effective here means that the parameters absorb structural model errors: The
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inversions prioritize matching the data, but they do not account for the physical meaning of the model parameters. Instead, the

inversions essentially use the model parameters as “knobs to turn” to match the data. For example, the C&R equations may

not be able to faithfully represent a complex dry air entrainment feedback, but the inversion can make up for it by increasing555

an “effective” recharge time to force the model to match the data, even if physical intuition suggests that the recharge time

should decrease. Interpreting the model parameters as effective parameters also connects to Simpson’s Paradox: The effective

parameters retain physical and intuitive behavior for any single LES (subgroup) because the model error is constant. Model

error, however, is likely not constant across the suite of LES and different errors across the various LES can explain the

counter-intuitive evolution of some of the model parameters. Consequently, the effective nature of the model parameters implies560

that their values are conditioned not only on the microphysics but also on the meteorological conditions. The emergence of

Simpson’s paradox in our results highlights that while effective parameters can faithfully emulate cycles of cloud growth and

decay in specified atmospheric conditions, they may lack the dynamical completeness required to maintain physical scaling

across different atmospheric conditions.

Code availability. The software and post-processed LES data used to generate the results in this paper are uploaded to both Github and565

Zenodo (Gjini, 2026).

Appendix A: Additional figures
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Figure A1. Feature-based inversion results for all 14 LES with the C&R equation equation with rain generation dominated by autoconversion.

(a)-(n) Triangle plots of the feature-based posteriors (based on 1.5× 106 MCMC samples). Each parameter’s histogram is plotted on the

diagonals and the lower triangle contains histograms of every combination of any two parameters. Warm colors (yellow and pink) represent

regions of high posterior probability and cold colors (black and purple) represent lower posterior probability. White regions contain few or

no samples and, therefore, correspond to regions of very low posterior probability.
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Figure A2. Feature-based inversion results for all 14 LES with the C&R equation with rain generation dominated by accretion. (a)-(n)

Triangle plots of the feature-based posteriors (based on 1.5× 106 MCMC samples). Each parameter’s histogram is plotted on the diagonals

and the lower triangle contains histograms of every combination of any two parameters. Warm colors (yellow and pink) represent regions of

high posterior probability and cold colors (black and purple) represent lower posterior probability. White regions contain few or no samples

and, therefore, correspond to regions of very low posterior probability.
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Figure A3. Triangle plots of all 28 feature-based posteriors. (a)-(j) 14 posterior distributions for the C&R equation with rain generation

dominated by autoconversion. (k)-(t) 14 posterior distributions for the C&R equation with rain generation dominated by accretion. The color

transitions from a light green to a dark blue as the typical cloud depth of the LES (H75) increases. The transparency allows us to identify

overlap among the posterior distributions. The filled circles correspond to the posterior means. (Note: (t) - Inset with truncated y-axis included

in top-right corner.)
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