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Abstract. The Kalman filter (KF) and the ensemble KF (EnKF) are formulated under the assumption of no cross-correlation
between the forecast and observation errors. However, some data assimilation systems assimilate analysis products such as
optimal interpolation analyses and satellite retrievals, which may contain errors correlated with the forecast errors. The
authors’ previous study extended the KF and the ensemble transform KF (ETKF) to account for the cross-correlation (KFCC
and ETKFCC, respectively) and demonstrated that the ETKFCC significantly outperforms the ETKF using the Lorenz-96
model. However, these experiments assumed that the cross-correlation parameters were perfectly known although they are
unknown in practice. In this study, we extended the previous study by proposing a novel method to estimate the cross-
correlation parameters from innovation statistics. We performed three experiments: (i) ETKFCC with estimated parameters,
(il) ETKFCC with prescribed true parameters, and (iii) ETKF. The results showed that the parameters were estimated well
for positive cross-correlations, but not for unlikely cases of negative cross-correlations. For positive cross-correlations, the
ETKFCC with the estimated parameters significantly outperforms the ETKF and is comparable to the ETKFCC with the

prescribed true parameters when the cross-correlation is 0.2-0.7.

1 Introduction

Data assimilation combines simulations and observations based on statistical methods and dynamical systems theory to find
the optimal analyses, estimate tunable parameters, and evaluate observing networks. There are various data assimilation
methods such as the three- and four-dimensional variational methods (3D- and 4D-VAR, respectively), Kalman filter (KF),
and ensemble Kalman filter (EnKF). These methods assume no cross-correlation between the forecast and observation errors.
However, some practical data assimilation systems assimilate optimally interpolated observations in the ocean (e.g., Kido et
al., 2022; Hirose et al., 2019) and reanalysis data in the atmosphere (Hoover and Langland, 2017). If the optimally
interpolated data and reanalysis data include the same observations assimilated in the systems, the forecast errors may not be

independent of the observation errors. In these cases, the forecast errors might contaminate the observation errors.
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In the authors’ previous study (Ohishi et al., 2025; hereafter simply “OKM25”), we proposed new formulations for the
KF and ensemble transform Kalman filter (ETKF) with the cross-correlation (KFCC and ETKFCC, respectively). Using
perfect-model twin experiments with the Lorenz-96 model (Lorenz, 1996; Lorenz and Emanuel, 1998), we demonstrated that
the ETKFCC is significantly more accurate than the standard ETKF, especially when the correlation coefficients are between
0.2 and 0.8, with negligible additional computational cost. In these experiments, observation errors correlated with the
forecast errors were generated by adding a fraction of the forecast errors to independent random Gaussian noise [cf. eq. (1)
of OKM25; Eq. (1) in Sect. 2a], and the parameters for the fraction of the forecast errors A and the noise variance R*¢ were
assumed to be known. In practice, however, the cross-correlations between forecast and observation errors cannot be
directly estimated because true state values are unknown. To solve this problem, this study extends OKM25 by introducing a
novel method to estimate the cross-correlation parameters from innovation statistics (Desroziers et al., 2005), validating the
estimated parameters, and comparing the analysis accuracy of the ETKFCC with the estimated parameters to that of the
ETKFCC with the prescribed true parameters and the standard ETKF, using the Lorenz-96 model under the perfect model
assumption.

In this paper, Sect. 2 describes the details of the observation errors correlated with the forecast errors, the formulations
of the KFCC and ETKFCC, and the parameter estimation method based on innovation statistics. The experimental settings

are described in Sect. 3. Sections 4 and 5 present the results and discussion, respectively, followed by a summary in Sect. 6.

2 Methods
2.1 Correlated observation errors with forecast errors

This study adopts the method of OKM25 to generate the observation errors €°correlated with the forecast errors €/ as

€ =AH(eM) +1n, (1)
where A = diag(a;) is a diagonal matrix with a; (i = 1, ...,p) being a scalar parameter, p the number of observations, H an
observational operator, and 1 a Gaussian random noise with mean 0 and error covariance matrix R*¢. Since 7 is independent
of the forecast errors €,

(en")=0. ()

Hereafter, the notations of symbols follow Tables A1-A6 in Appendix A.
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2.2 Kalman filter and ensemble transform Kalman filter with the cross-correlation between the forecast and
observation errors

As shown in OKM25, the KFCC is formulated as

x¢ = x/ + K(y — Hx/) , (€)]
K = (pP'H" — C)(pHP/HT — HC — CTHT + R)"! , and 4)
P2 = p(I"™" — KH)P/ + KC" , )

where we note that acutes indicate including the cross-correlation between the forecast and observation errors. From the
correlated observation errors [Eq. (1)] and no cross-correlation between the forecast errors and Gaussian random noise [Eq.

(2)], C = pP/HTAT and R = pAHP/HTAT + R%¢. Substituting them into Egs. (4) and (5), K and P# can be represented as

K = pP/HT(IP*? — A)T[p(IP*? — A)HP/HT(IP”*? — A)T + R*¢]~! | and (6)

Pa = p[I™" — K(P® — A)H]P/ . ™
Since the KFCC has similar forms to the standard KF, the ETKFCC is derived in the same way as the previous

studies (e.g., Bishop et al., 2001):

x40 =% + 5%/ [BA(6Y)T (1P — A)T(R) " (y — HF) + W], )

P? = [(m — D) I™™/p + (§Y)TAP*P — A)T(R)~1(IP*P — A)SY/]!, and )
) - q1/2

W= [(m - 1)Pa] . (10)

See OKM25 for the detailed derivations. In the case of no cross-correlation (i.e., A = 0), these formulations are consistent

with the standard ETKF as shown below:

x*O =% + §X/[PA(SY)R™(y — HX') + WP, (11
=[(m - D) 1I™™/p + (§Y)TR1SY/]!, and (12)

12 (13)

ﬁa
W = [(m - 1)P®
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2.3 Innovation statistics with the cross-correlation between the forecast and observation errors

In this study, A and R¥¢ are prescribed to generate the correlated observation errors [Eq. (1)], but they are unknown in
practice. To estimate these parameters, we extend the innovation statistics formulation (Desroziers et al., 2005) to include the
cross-correlation between the forecast and observation errors (see Appendix B for details). The estimated parameters are then
substituted into the ETKFCC equations [Egs. (8)—(10)].

The differences among the forecasts, analyses, and correlated observations in observation space are defined as

d°?=y—H(x) =€ —He, (14)
d® b = H(x%) — H(x') = HKd°~? , and (15)
0=t =y — {(x%) = (I — HK)d*™" . (16)

As detailed in Appendix B,

K(R —HC) = PeHT — C, (17)
K(pHP/ — CT) = pP/ — Pa . (18)

Using Egs. (14)—(18), innovation statistics with the cross-correlation are

(d°~(d°~")T) = R — HC — C"H” + pHP/HT, (19)
(d*~2(d°?)T) = —HC + pHP/HT , (20)
(d"_a(d"_b)T) =R - CTHT ,and (21
(do-b(do-)T) — HFHT — HC 22)

Substituting C = pAHP/ and R = pAHP/HTAT + R*¢ into Egs. (19)<(22), the innovation statistics with the cross-

correlation become

(d°=b(do~2)T) = p(IP*P — AYHP/HT (IP*P — A)T + R¥< | (23)
(d%~(d°P)T) = pHP/HT (1P — A)T (24)
(d°-a(d°~P)T) = —pAHPfHT(lep —A)T +R¥ | and (25)
(d*(d°=%)T) = —pHP/HTAT + HP<HT . (26)
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In the case of no cross-correlation (i.e., A = 0), these formulations are consistent with the original innovation statistics
(Desroziers et al., 2005).
Since Egs. (24) and (26) depend on A but not on R¥, the diagonal components of A®t = diag(af**) (i =1, ...,p)

can be estimated as

(da—b do-b T)ﬁ
aget =1 - e (HE, fHT))” and 27)
(HP'aHT)”_(da—b(do—a)T>ii
t — il

o= p(HP/HT),, ’ (28)
respectively. If af** is uniform (i.e., A®St = a®S'IP*P), Egs. (27) and (28) reduce to

st _ g L@
a =1- W and (29)

est _ tr[HPAHT]-tr[(d% P (d°~H7T)]
a = p tr[HPFHT)] ’ (30)
respectively.

To estimate the diagonal components of R“-*5t = diag(r““-**") (i = 1, ...,p), af*'estimated from Eq. (27) is

substituted into Eqgs. (23) and (25). As a result, a single consistent equation is obtained as

(@b b))

T.iest — (do—b(do—b)T>ii — SRPTHT) (31)

uc_est

In contrast, by substituting Eq. (28) into Egs. (23) and (25), two equations to estimate 7; are derived as

Y a-— o—a 2
ue_est _ { qo-b(qo—b\Ty  _ fury, |4 (HPeHT),—d b )Tm]
7 = (d°"b(d°~?)T),, — p(HPTHT); [1 p(APTHT), d (32)
B B , B _ (Hp'aHT)ii_(da—b(do—a)T)ii
reest =(do(do) )y + [(HPQHT)u —(d*(a° a)T>ii] [1 B p(HPFHT),, ] (33)

respectively. If afst and r**-*** are uniform (i.e., A°St = a®S'IP*P and R¥-65¢ = ruc-est[Pxp) Egs. (31)+(33) reduce to
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erl(@a-b(ao-b)") ’
[la @)™

ucest — 1 o- o=
rueest = S trl{de (@) = = "
T aygT|-tr[(d2=P (a0~ 4T 2
puc est %{tr[uo-b(do-bm] —p ertnp/ T 1 - R }’and -
. r[HPOHT|-tr[(d2~P (@O~ H)T
puc_est — %{tr[(do—a(do—b)T)] + [tT[HPaHT] - t?"[(da—b (do_a)T)]] [1 _t [HP Hp] t:[l'EffHT](d ) )]]} , (36)

respectively.

In summary, A®t = diag(a¢*t) and R“-*st = diag(r*>-**") can be estimated from three combinations: Eqs. (27)
and (31); Egs. (28) and (32); and Egs. (28) and (33). In the uniform parameter case (i.c., A®St = a®StIP*P and R¥¢-*5t =
ric-estpxp) Egs. (29) and (34), Egs. (30) and (35), and Egs. (30) and (36) can be alternatively used.

3 Experimental setting

This study used the Lorenz-96 model (Lorenz and Emanuel, 1998) with 40 variables and a cyclic boundary condition:

dxi
dt

= (41 = X)X — X+ F (37)
where i = 1, 2, ..., 40 is the index of the model grid point, t is time, and F = 8.0 is an external forcing parameter. At = 0.05
model timestep corresponds to 6 hours if we consider the typical error-doubling time for the synoptic weather (Lorenz and
Emanuel, 1998). The fourth-order Runge—Kutta scheme with At = 0.01 is applied. These experimental settings follow
previous studies (e.g., OKM25).

In this study, we performed perfect-model twin experiments without system noise or model errors. An 11-year
nature run was conducted after a 1-year spin-up initialized from a standard Gaussian random noise. As discussed in Sect. 1,
some systems assimilate optimal interpolated analysis data, in which background and observation error covariance matrices
are generally fixed in space and time. Consequently, it is reasonable to assume A = al*°**% and H = I1*°%4%, Observations
were generated every 6 hours at all model grid points by adding € = AHe/ + n = ae/ + n [Eq. (1)] to xt™€ from the
nature run. Here, €/ = xf — xt"4€ was calculated online, and we set a = —1.0,—0.9, ..., 0.9 and 1N~N(0, R¥¢ = [40%40),
a >0 (i.e., positive cross-correlation between the forecast and observation errors) arises when the forecast errors
contaminate the observation error, whereas a < 0 (i.e., negative cross-correlation) would be unrealistic in practice.
Nevertheless, a < 0 is included in this study for theoretical completeness.
After a 1-year ensemble spin-up initialized from the different Gaussian random noises with the nature run, we

conducted three types of sensitivity experiments for 11 years: (i) standard ETKF experiments, (ii) ETKFCC experiments
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with the estimated parameters, and (iii) ETKFCC experiments with the prescribed true parameters. The standard ETKF
experiments used Eqs. (11)—(13) derived under the assumption of no cross-correlation, but assimilated correlated

observations. Since R = pAHP/HTAT + R“¢ depends on P/, not only p = 1.00,1.01,...,1.1,1.2,...,2.0,3.0, ..., 5.0 but

alsoR = 1.0,1.1,--+,2.0,3.0,---,10.0 X 10%#0 were tuned. By substituting o/, 0%, d°?, d°=%, and d*~P from the standard
ETKF experiments into Egs. (29), (30), and (34)-(36), we estimated three combinations of parameters a®t and r%c-¢st,
Substituting the estimated and prescribed true parameters into the ETKFCC formulations [Egs. (8)—(10)], we conducted two
kinds of ETKFCC experiments, tuning p = 1.00,1.01, ..., 1.10. We note that filter divergence occurs in both the ETKF and
ETKFCC experiments when p < 1, regardless of the presence or absence of the cross-correlation. Covariance localization in
observation space can be applied to R and R*¢ in the ETKF and ETKFCC, respectively. However, to avoid introducing an
additional tuning parameter, covariance localization is not applied, as a sufficiently large ensemble size of 40 members is
used for the 40-dimensional system.

Using €/ = xf — xtrue d = x@ — xtTie apd €° at each analysis timestep, we calculated spatiotemporally averaged
forecast and analysis ensemble spreads over the entire domain and the last 10 years, as well as the corresponding forecast,

analysis, and observational root-mean-square errors (RMSEs), and then compared them among the three experiments. Since

analysis RMSE

————————  and
observational RMSE’

observational RMSEs are different among the sensitivity experiments, we defined RMSE ratio =

RMSE ratio in ETKFCC
RMSE ratio in ETKF

improvement ratio (%) = 100 X (1 - ) We applied the bootstrap method to the spatially averaged

RMSE ratio differences among the three experiments at a 99% confidence level, resampling 100,000 times from the last 10-
year experiments. We also estimated the cross-correlation coefficients between the forecast and observation errors for each
model grid point and then spatiotemporally averaged them over the entire domain and analysis period. In this study, we
defined filter divergence as the spatiotemporally averaged analysis RMSE being larger than the corresponding observational
RMSE.

4 Result
4.1 Parameter estimation

Figure 1 shows the spatiotemporally averaged analysis RMSEs in the standard ETKF experiments. The results show lower

true true

true as consistent with OKM25. For large positive a‘™¢,

accuracy for more positive a*"™*¢, and vice versa for negative a

large inflation parameters are required to achieve the best analysis accuracy.
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Figure 1: Spatiotemporally averaged analysis RMSEs in the standard ETKF experiments. White hatches indicate the

true

minimum analysis RMSEs for each a'"*¢, and white color indicates filter divergence.

Using the results from the optimal ETKF experiments, we estimated a®S¢ and r“¢-¢t (Fig. 2). a®* from both Egs.
(29) and (30) are well estimated for positive a*™*¢, while they deviate substantially from a‘™*¢ for negative a'™¢ (Fig. 2a).
However, this discrepancy is not critical because observations are unlikely to have negative a (i.e., negative cross-correlation
between the forecast and observation errors) in practice as discussed in Sect. 3. For positive a'™¢, a®s* from Eq. (29) with
(d*P(d°~P)T) is closer to at™¢ than that from Eq. (30) with (d°~¢(d°~?)T).

From Egs. (34)—(36), we estimated three types of r*“-5t (Fig. 2b). Among these, r¥¢-¢5t from Eq. (34) is the closest
to r#e-t4e while r#¢-¢st from Egs. (35) and (36) are exceedingly far from r*¢-f"*€ for g'™#¢ > 0.7.

According to Eq. (29), the accuracy of a®St depends on that of the forecast ensemble spread. When a®™“¢ < 0 and
0.7 < at™€ < 0.9, a®st > a'™¢ because the forecast ensemble spread is overestimated (blue line in Fig. 2¢). Conversely, for
0.1 < at™€ < 0.5, the spread is underestimated, resulting in a®* < at"*€. The accuracy of a®s* in Eq. (30) is influenced by

both analysis and forecast ensemble spreads. From Eq. (30) in scalar form,
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st = (5.?12 _ (da—bdo‘a))/(pg-?z)’ and (38)

at™e = (MSE® — (d%~bd°=2))/MSE/, (39)

—2 —2
where MSE/ and MSE® are forecast and analysis mean square errors (MSEs), respectively. Let MSE + §6/ = pa/ and

) —2 —2 . . .
MSE® + §6%” = g%”, where 66/ and §a2" denote errors in the forecast and analysis ensemble spreads relative to the

corresponding MSEs. The estimation error §a®St = a®t — a'™ is then given by

_ —~2 _ 2
5qest = MSES 55%° ~(MSE?~(d®2a0=%)soS 552" —atTuesq]

— = — (40)
MSES (MSEf +6cf 2) MSEf +8af 2

true

For negative a'™¢, both forecast and analysis ensemble spreads are overestimated (blue and red lines in Fig. 2c,

respectively), resulting in a®st > a'™*¢. The underestimation of the analysis ensemble spread for 0.1 < a'™¢€ < 0.7 and the
overestimation of the forecast ensemble spread for 0.8 < a'™¢ < 0.9 are the primary causes of a®t < a'™¢. Thus, the

est

accuracy of a®** is determined by the accuracy of both forecast and analysis ensemble spreads.
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230  Figure 2: (a) a®t and (b) r¥¢-#t estimated from standard ETKF experiments optimally tuned for each a*"*¢. Solid and dotted
lines in (a) correspond to a®* from Egs. (29) and (30) with (d*~?(d°?)T) and (d°~%(d°~?)T), respectively. In (b), the red

solid, red dotted, and blue dotted lines represent r*°-¢st estimated from Egs. (34), (35), and (36), respectively. (c)
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Differences of the spatiotemporally averaged forecast and analysis ensemble spreads with the corresponding forecast and
—2 —2 —2 =
analysis MSEs: §a/ = po/ — MSE' and 550’ = ga’ — MSE® (blue and red lines, respectively). In (c), green line

. —2 S . . . —2 .
indicates a®™¢ 5o/, which is shown for direct comparison with §%” in Eq. (38).

Both a®t and the forecast ensemble spread appear in the first term on the right-hand side of Eq. (23), which leads to
Eq. (34) for estimating r“c-¢st. Since the overestimation and underestimation of a®® from Eq. (29) arise from the
corresponding errors in the forecast ensemble spread, respectively, these errors tend to offset each other in Eq. (34), resulting
in accurate %“-5t_ In contrast, such error cancellation does not occur in the estimation of r*¢-¢5t ysing Egs. (35) and (36).

Therefore, the estimated parameters a®st and r“¢-¢st from Egs. (29) and (34), respectively, are the most accurate

and are exclusively used in the ETKFCC experiments with the estimated parameters.

4.2 Sensitivity experiments

We conducted the ETKFCC experiments using a®* and r*<-¢5t from Egs. (29) and (34), respectively (Fig. 3). The results

show lower accuracy and larger ensemble spread for more positive a™#¢

, and vice versa for negative a™*¢ (Fig. 3a—c). The
cross-correlation coefficients between the forecast and observation errors are positive and negative for positive and negative
a'™e_ respectively, theoretically consistent as Eq. (2) of OKM25 (Fig. 3d). The optimal inflation parameters range from 1.00
to 1.08 and do not show the exceedingly large inflations seen in the standard ETKF experiments (cf. Fig. 1). For a®™*¢ = 0.9,
filter divergence occurs in all the ETKFCC experiments, likely because a®st estimated from Eq. (29) is nearly 1.0, leading to

K=0andx® = x/.

11
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Figure 3: Spatiotemporally averaged (a) analysis RMSEs, (b) RMSE ratios, (c) analysis ensemble spreads, and (d) cross-
correlation coefficients between the forecast and observation errors in the ETKFCC experiments with estimated parameters

est

a®st and r*c-est, White hatches indicate the minimum analysis RMSEs for each a®™¢, and white color indicates filter

divergence.

The optimal ETKFCC with the estimated parameters was compared with the standard ETKF and the ETKFCC with
the prescribed true parameters (Fig. 4). Although the RMSE ratios in the ETKFCC with the estimated parameters are
comparable to those in the standard ETKF for "¢ < 0.4, they are significantly and 5% more accurate than the standard
ETKF for 0.5 < a'™*¢ < 0.7 (Fig. 4a). From a line plot in which with the cross-correlation coefficient between the forecast
and observation errors is shown on the horizontal axis (Fig. 4b), the ETKFCC with the estimated parameters is more
accurate than the standard ETKF when the cross-correlation coefficients are between 0.2 and 0.7. Therefore, the ETKFCC
with the estimated parameters outperforms the standard ETKF but does not outperform the ETKFCC with the prescribed true

parameters.
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Figure 4: Spatiotemporally averaged analysis RMSE ratios of the optimal standard ETKF experiment (gray) and the
ETKFCC experiments with the estimated (red) and prescribed true (black) parameters, relative to (a) at™¢ and (b) the cross-

correlation coefficients between the forecast and observation errors.

5 Discussion

It is difficult to optimally tune parameters, such as covariance inflation and observation errors, in practice because the huge
computational costs might be required. In this section, we estimated a®® and r“¢-®s¢ from all the standard ETKF
experiments, intentionally including suboptimal experiments. Although the standard ETKF experiments have two tuning

parameters (p and R), we show the results where R is optimally tuned but p is not, for clarity. Figure 5 shows the differences

13
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est

of a®st and r*c-st estimated from the optimally R tuned standard ETKF experiments with the prescribed true parameters.

When p approaches its optimal values (i.e., white hatches), a®st is close to a™¢ for positive a®™¢, while a®t is not

estimated accurately for negative at™¢ (Fig. 5a). As p approaches its optimal values, r*“¢-¢st approaches r*c-t"#€ | but

280 compared with a®st, r#c-¢st i less sensitive to the tuning (Fig. 5b).

(a) a®' in ETKF

(b) r*-="" in ETKF

‘ | i
"
;
"

Inflation parameter p in ETKF

Inflation parameter p in ETKF

1.00¢

1 0.5 0 05 09 1 0.5 o 05 09
True parameter a'™¢ True parameter o'
AT
-0.4 -0.2 o 0.2 0.4 -0.2 -0.1 0 0.1 0.2
ae.sl _ aﬁ,m.f: T,ur:_r),s‘f —p we_irue

Figure 5: The differences of (a) a®* and (b) r*“-¢5¢ estimated from the standard ETKF experiments using optimal R with the
prescribed true parameters at”*€ and r*°-!"%¢, White hatches indicate the standard ETKF experiments with the minimum

285 analysis RMSE for each a™¢, and white color indicates filter divergence.

Applying a®st and r*c-¢st estimated from all the standard ETKF experiments to the ETKFCC [Egs. (8)—(10)], we conducted
the ETKFCC experiments by tuning p. Figure 6b shows the analysis RMSE ratios of the optimally tuned ETKFCC
experiments, and Fig. 6¢ indicates the RMSE ratio differences between the ETKFCC and standard ETKF experiments (i.e.,
290 Fig. 6b minus Fig. 6a). The RMSE ratios are smaller in the ETKFCC experiments than in the standard ETKF experiments in
most parameter settings (Fig. 6¢), and therefore the results suggest that the offline parameter estimation approach proposed

in this study can improve analysis accuracy even if tuning parameters are suboptimal.
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(b) ETKFCC using a®' and r"-st

(a) ETKF from ETKF (c) Difference
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Figure 6: Analysis RMSE ratios in (a) the standard ETKF and (b) the optimally tuned ETKFCC experiments with a®s¢ and

T.uc_est

estimated from the standard ETKF experiments shown in (a). (c) Difference between (b) and (a). In (b) and (c), the
vertical axes are inflation parameters used in (a) the standard ETKF experiments. In (a) and (b), white hatches indicate the
ETKF and ETKFCC experiments that are optimally tuned for each at™¢, respectively. In (c), red and blue colors represent

higher accuracy in the (a) standard ETKF and (b) ETKFCC experiments, respectively. White color indicates filter divergence.

6 Summary

In this study, we extended the innovation statistics of Desroziers et al. (2005) to include the cross-correlations between
the observation and forecast errors and proposed an offline approach to estimate the cross-correlation parameters a and r*¢
To investigate the feasibility of the proposed method, we performed a series of the Lorenz-96 perfect-model twin
experiments. First, we conducted standard EnKF experiments assimilating observations whose errors were correlated with
the forecast errors. We applied our proposed approach to the optimal results of the standard ETKF experiments and
estimated the cross-correlation parameters. Next, we performed ETKFCC experiments using the estimated parameters and
compared with the standard ETKF and the ETKFCC using the prescribed true parameters. The results showed that the
innovation statistics combining (d%?(d°~?)T) [Eq. (29)] with either (d°~?(d°~?)T) or (d°~%(d°~?)T) [Eq. (34)] well
estimated both a and % for the positive cross-correlations between the forecast and observation errors (i.e., positive at™€)

(Fig. 2). In contrast, all innovation statistics failed to estimate a for the negative cross-correlations (i.e., negative at"™*¢);
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however, this is not a crucial issue because observations negatively correlated with the forecast errors would not exist in
practice.

The validation results demonstrated that in the standard ETKF experiments, exceedingly large inflations were required
to achieve optimal accuracy for a*™#¢ > 0.5 (Fig. 1), whereas in the ETKFCC experiments using the estimated parameters,
such inflations were not necessary (Fig. 3). When the cross-correlation coefficient between the forecast and observation

errors was 0.2-0.7 (i.e., at™#¢

= 0.5 —0.7), the optimal ETKFCC with the estimated parameters was significantly more
accurate than the optimal standard ETKF, but did not surpass the optimal ETKFCC experiment with the prescribed true
parameters (Fig. 4). For the other cross-correlation coefficients, the optimal ETKFCC with the estimated parameters showed
comparable accuracy to the optimal standard ETKFCC.

Since in practice it would require high computational costs to optimize the tuning parameters of the standard ETKF, we
also investigated the ETKFCC that uses the cross-correlation parameters estimated from suboptimal ETKF experiments. We
obtained robust results, so that the ETKFCC with the suboptimally estimated parameters outperformed the standard ETKF
(Fig. 6).

In this study, we assumed that optimal interpolation analysis data were assimilated and that the estimated parameters
were spatially uniform (i.e., A = alP?*Pand R¥¢ = r*“IP*P), If multiple types of observations are assimilated, we need to use

innovation statistics with non-uniform parameters [Egs. (27), (28), and (31)—(33)] or estimate parameters serially for each

observation type. In our future research, we plan to apply the ETKFCC to practical data assimilation systems.

Appendices
Appendix A: Notations

Table Al: Notations for scalars

Symbol | Definition
a Scalar parameter for correlated observation errors
r Scalar parameter for correlated observation errors
F Forcing parameter in Lorenz-96
m Ensemble size
n Model dimension
p Observation dimension

16
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t Time

At Model timestep

x State variable

€ Error

o Error standard deviation

p Multiplicative inflation parameter (p = 1)

Table A2: Notations for superscripts

Symbol | Definition

(e Analysis

ou Forecast

()@ | jth ensemble member (i = 1,2, ..., m)

()e Observation

() true True

(-)est | Estimation

()T | Transpose

(1)¥¢ | Uncorrelated with the forecast errors

()71 | Inverse

©) Including the cross-correlation between the forecast and observation errors
[©) Ensemble mean
©) Ensemble-based sample estimate

17
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335 Table A3: Notations for subscripts

Symbol | Definition

(); ith element for vectors, ith diagonal element for matrices

()ij | Element for matrix in ith row and jth column

Table A4: Notations for vectors

Symbol | Definition Dimension
x State vector R"™
y Observation RP
R™ for €/ and €*
€ Error
RP for €°
n Gaussian random noise: 7~N (0, R¥¢) RP

d Difference among state vector and observation in .
R
observation space

Table A5: Notations for matrices

Symbol | Definition Dimension

A A = diag(a;) RP*P

Covariance matrix between the forecast and observation nxp
C R
errors: C = (e/(e°)T)

H Linear observation operator R™XP
™™ | m-by-m identity matrix RMXM
™™ | n-by-n identity matrix RXM
IP*P | p-by-p identity matrix RPXP

18
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K Gain matrix R™*P
P Error covariance matrix: P = (€€’) R™*™
_ Error covariance matrix in ensemble space:
Pa — Rmxm
P¢=(m—-1)"'ww’
R Observation error covariance matrix R = (€°(e°)T) RP*P
Error covariance matrix of i:
Ru¢ RPXP
RY¢ = (nnT>
Ensemble perturbation matrix in model space:
6X Rnxm
5X = (x(l) -, x(Z) -X, ..., x(m) — f)
Ensemble perturbation matrix in observation space:
&Y RP*™
6Y = H6X
w Transform matrix RMXm

Table A6: Notations for operators and normal distributions

Symbol | Definition
H(") Non-linear observation operator
M() Model temporal evolution operator
tr[-] Trace
() Expected value
N(u,Z) | Normal distribution in multiple dimensions with mean g and covariance matrix X
6() Difference from the reference
6ij Kronecker delta
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Appendix B: Detailed formulation of innovation statistics with the cross-correlation between the forecast and
observation errors

345 Using Eq. (5), K [Eq. (4)] is represented as a different form as follows:

K(pHP'HT — HC — C"H"T + R) = pP/H" — C, and therefore, (B1)
K(R — HC) = —pKHP/HT + KCTH™ + pP/HT — C
= [p(I™*" — KH)P/ + KCT|H" - C
350 =PaHT - C. (B2)

From Eq. (5),

K(pHP/ — CT) = pP/ — Pa . (B3)
355

Therefore, using Eqs. (14)—(16) and (B2)—(B3), innovation statistics with the cross-correlation is derived as

(d°~2(d°~")") = ({e° — H(e)}{e® — H(eN}T)
=R—HC—-C"H" + pHP'H" , (B4)
360 (d4b(do~b)T) = HK(do—b(do—b)T>
= HK(R — HC) + HK(pHP/ — CT)HT
= H(P*H" - C) + H(pP/ — P2)H"

= —HC+ pHP/HT , B5)
(d°=2(d°?)T) = (1P*P — HK)(d°?(d°~?)T)
365 = (d°~b(d°b)T) — (d%=b(do~b)T)
=R - CTHT, and (B6)

(A=t (d°=)T) = HR(d°~> (d°~2)")(1P? — HK)'
= HR(d°~%(d°~?)T)T
= HK(R — HC)
370 = HP*H" — HC. (B7)

From €’ = AH(€/) + 1 [Eq. (1)] and (¢/nT) = O [Eq. (2)], through the linearization of the observation operator, R and C

are represented as
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R =(e°(€>)™) = ((AH(¢") + n){AH(¢/) + n}T) = pAHP/HTAT + R¥*¢ and (B8)

C=(e/(e)T) =(¢/{AH(¢/) + n}T) = pP/HTAT. (B9)

Therefore, Eqs. (B4)—(B7) become

(do~b(d°~P)T) = p(IP*P — A)HP/HT(IP*? — A)T + R , (B10)
(do=(d°~P)T) = pHP/HT(IP*? — A)T , (B11)
(d°~2(d°~?)T) = —pAHP HT (I?*? — A)T + R¥¢ | and (B12)
(d2=?(d°=)T) = —pHP/HTAT + HP*HT . (B13)

Appendix C: Estimation of the parameters associated with the cross-correlation between forecast and observation
errors

A diagonal element of Eq. (24) is represented as

(d*~"(@d°~")"); = X, p(HP/HT);;(1 - A*O)",

=X, p(HPTHT);;6,;(1 - af*")

= p(HP'HT);(1 — af") , and therefore, (Ch)
@ = 1=, (C2)

Similarly, from Eq. (26),

(dvb(d°~)T); = —21};1 P(HPfHT)ijAJe‘iSt + (HljaHT)ii

= —X)_, p(HP/H") &;af* + (HPH"),,

= —p(HPfHT)iiafSt + (HF“HT)ii , and therefore, (C3)
vor _ (HPOHT) —(@o=b(@o-0)Ty,
aft = (C4)
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400 If A®St = q®StIP*P, Egs. (C1) and (C2) originated from Eq. (24) become
q g q
tr{d*=2(d°=")")] = p(1 — a®")tr[HP/HT] and (C3)
erf@a-b(ao-2)")
t — -—_
st = p tr[HPSHT| (C6)
405 respectively, and Egs. (C3) and (C4) from Eq. (26) become
tr[(d*2(d°~*)T)] = —pa®sttr[HP/HT] + tr[HP*H"| and (ChH
¢ _ tr[APHT|-tr[(d* P (a°~H)T)]
afst = > TP . (C8)
410 A diagonal element of Eq. (23) is represented as
<do_b(do_b)T>ii — 25-;1 z=1p(lp><p _ Aest)ij(HPfHT)jk(Ipxp _ Aest)Tki + R¥,
= ?:1 Z=1 paij(l - azeSt)(HPfHT)jk5ik(1 - afSt) + ﬁuc‘e“
= p(1 — aft)?(HP/HT);; + r““-*** , and therefore, (C9)
415 T_iuc,est — (do—b(do—b)T>ii _ p(l _ afSt)z(HPfHT)u- . (ClO)
Substituting afst in Eq. (C2) into Eq. (C10),
(da—b(do—b)T) z (da_b(do_b)T) ’
t - - ii - - il
= s () O, = s~ b

420

Similarly, from Eq. (25),
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(do—@ (do_b)T)u’ = — 25;1 ZZ=1 PA;; (HPfHT)jk (APxp — A)Tki +RYC,
= =20 Yo, p8y;af (HPTHT) 6 (1 — af**) + 1%t
425 = —paft(HP'HT); (1 — af**) + r*>-**" , and therefore, (C12)

pucest (do_a(do_b)T)u + pafSt (prHT)u.(l — afSt) . (C13)

1
Substituting af*t in Eq. (C2) into Eq. (C13),

(da_b(do_b)T)ii
p(HPSHT),,

da_b(do_b)T>ii

B ~ (
430 riuc_est = (d°~e(d°P)T),; + (1 — )p(HPfHT)u' p(HPTHT)

2
(da_b(do_b)T)ii

— (do—a(do—b)T>ii + (da—b (do_b)T)ii _ p(HPfHT)..

2
(da_b(do_b)T)ii

— (do-b(go-b\TY.. _
= (do (do ) )ii p(HPfHT)u- (C14)
Therefore, ;“°-*** of Eqs. (C11) and (C14) are consistent with each other.
435 Substituting a¢** in Eq. (C4) into Egs. (C10) and (C13), two kinds of r;“*-*** are derived as
~ _ (Hp'aHT)ii_(da—b(do—a)T)ii 2
et = (o7 (d° ")), — p(HPHT),, [1 B p(HPFHT),, ] d (>
. . ) ) ) (HP,aHT)ii_(da—b(do—a)T)ii
oot = (dom (d°") )y + [(HPQHT)u ACCY a)T)”] [1 B p(HPTHT) _ ] ’ (€16)
respectively.
440
If A®St = q®StIP>P and RUC-65t = pucest]pxp Egs. (C10) and (C13) become
puc.est — %{tr[(do‘b(d"‘b)T)] —p(1 — a®t)?tr[HP'H"]} and (C17)
pucest = %{tr[(d"‘a(d"‘b)T)] + pa®st(1 — a®t)tr[HP HT]} . (C18)
445

Substituting a®st of Eq. (C6) into Egs. (C17) and (C18), a single consistent r*¢-¢¢ is estimated from
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tr|(da-b(ao-v)") ’
[i@+-v@e-n)"]

ruc_est — % tT[(do_b (do—b)T>] _ . tr[prHT] (C19)
Substituting a®s* of Eq. (C8) into Egs. (C17) and (C18), two types of 7*¢-#St are derived as
uc_est — i t [(do—b(do—b)T>] _ t [HPfHT] 1— tr[HP’aHT]_tr[(da_b(do_a)T)] 2 d C20
r Tp r pr p tr[HPfHT| an ( )
_ _ , _ _ HPeHT]- (da—b(do—a)T)
rucest — %{tr[(do a(do b)T)] + [tT[HPaHT] _ t?"[(da b(do a)T)]] [1 _ tr| p]t:[rl_EprT] ]]} , (C21)

respectively.
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