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4+ Abstract This paper investigates the mathematical properties of a simplified atmospheric
s system describing vertical air flows with water condensation. We focus on two primary aspects:
6 the long-term equilibrium and the transient oscillatory behavior. First, we provide a rigorous
7 proof for the existence and uniqueness of the stationary solution under specific technical condi-
s tions, establishing a solid theoretical foundation for the model’s stability. Secondly, we analyze
o the oscillatory dynamics of the evolutionary system through numerical simulations. Our results
10 reveal damped oscillations in the air flow intensity «(t) and liquid water content X(¢), which are
1 interpreted as a self-regulating physical cycle driven by latent heat and droplet accumulation. By
12 establishing a qualitative analogy with a Volterra integro-differential equation, we demonstrate
13 that these oscillations are governed by memory effects, particularly the mean droplet residence
1 time b. The convergence of the evolutionary variables toward the calculated stationary values
15 provides a robust validation of the model’s consistency. These findings contribute to a deeper
16 understanding of the physical mechanisms underlying storm formation and atmospheric stability.

7 Keywords: Atmospheric convection, Stationary solution, Volterra equation, Damped
18 oscillations, Existence and uniqueness.
1w MSC (2020): 86A10, 35Q35, 35F50

2 1 INTRODUCTION

2 Atmospheric phenomena such as cumulonimbus clouds, tropical cyclones (Montgomery
» and Smith, 2017), and thunderstorms (Cotton et al., 2011) are primarily caused by upward
3 air flow and water vapor condensation. Accurately understanding and modeling these
2 complex processes is crucial for weather forecasting and climate studies. In previous
s works (Aouaouda et al., 2019; Bourega et al., 2018; Ghomrani et al., 2015; Yashima, 2019),
s researchers have examined systems of differential equations to describe these phenomena.
z These systems typically involve unknown functions representing temperature (77), density
2 (p), vertical velocity (v3), and the total amount of liquid water in the air (X).
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20 A limitation observed in some older models, particularly those assuming a constant
s cylindrical cross-section for air flow, was an unrealistic prediction of vertical velocity
u increasing with altitude (Ghomrani et al., 2015). This behavior is not consistent with
2 natural observations. To address this, an improved model was introduced in (Bourega
1 et al., 2018), which considers air flow in a cylinder with a larger cross-section at higher
s altitudes, effectively being “more open upwards.” In this corrected model, the vertical
s flow velocity varies with time but does not change significantly with altitude.

36 Numerical calculations of this improved evolutionary model in (Bourega et al., 2018)
s revealed an unexpected and significant finding: oscillations in the vertical flow velocity, ac-
;s companied by corresponding oscillations in the amount of liquid or solid water contained
s in the air. Although oscillations of torrential rains have been previously addressed by
« physicists, often in relation to gravitational waves (Plougonven and Zhang, 2014; Richiar-
a done and Manfrin, 2003), our calculation results suggest an alternative mechanism. We
2 propose that the oscillation of rain during a thunderstorm may be caused by the cyclic
s process of ascending moist air. This process leads to water vapor condensation, releasing
u latent heat that warms the air and accelerates its ascent. Subsequently, the accumulation
s of droplets produced by this process slows down the vertical air flow due to their weight.
s This deceleration of air ascent reduces droplet production. The gradual disappearance
« of droplets as they fall then allows the ascending flow of moist air to resume, creating a
s self-sustaining oscillatory cycle.

4 We believe that such a calculation result, suggesting a new mechanism for rain oscil-
so lation, warrants further investigation. This prompted us to focus on the stationary state,
s1 or more precisely, the stationary solution, of this system. Understanding the existence
s2 and uniqueness of stationary solutions is fundamental, especially when the evolutionary
53 system exhibits complex behaviors such as damped oscillations, as observed in (Bourega
s« et al., 2018). Recent advances in the qualitative behavior of such atmospheric mod-
ss els have highlighted the importance of establishing rigorous stationary states (Kouadri,
ss 2022). The mathematical well-posedness of moisture dynamics with phase changes in
52 atmospheric systems has also been rigorously studied (Hittmeir et al., 2017), further mo-
ss  tivating the analysis of stationary solutions in the present work. The stationary state
so represents the physical equilibrium toward which the system tends to gravitate over the
o long term.

61 The main objective of this article is to prove the existence and uniqueness of the
e stationary solution for a simplified version of this system of equations. In this framework,
63 the vertical velocity wvs is characterized by a parameter «, independent of altitude z.
e« Technically, our approach is inspired by the comparison theorem for ordinary differential
s equations. This type of stability analysis for non-linear dynamical systems is essential in
s fluid flow applications to ensure the physical consistency of the model (Mansour, 2021).
e However, its direct application to a system of equations is not straightforward and requires
e specific elaborations, which constitute the core of our mathematical contribution.

69 Beyond this theoretical result, we present numerical examples to illustrate the validity
70 of our proofs. Furthermore, we provide an in-depth analysis of the oscillatory dynamics
n by drawing a qualitative analogy with the Volterra integro-differential equation. By intro-
22 ducing the concept of a memory effect— modeled by the mean droplet residence time — we
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13 offer a deeper mathematical understanding of the mechanisms governing these oscillations
7 and their convergence toward the stationary state.

75 2 THE FULL EVOLUTIONARY MODEL

In our previous article (Bourega et al., 2018), to describe the upward flow of air accompa-
nied by water vapor condensation in the atmosphere, we proposed a system of equations
for density (p), temperature (7'), intensity coefficient («), and normalized velocity (w).
This model was developed by adopting the approximation v(t, z) = a(t)w(t, z), where v
denotes the vertical component of the velocity. We assume quasi-stationary conditions
for the spatial structure, neglecting the time derivatives of w, p, and T"

Oww(t, z) = 0, Op(t, z) = 0, 0T(t,z) = 0.

76 The system, defined in a cylindrical domain Q3 = {(x,y,2) € R*|0 < 2 < 7y, (22 +9°)7 <
7 S(z)}, is based on the fundamental equations of fluid mechanics (Landau and Lifshitz,
75 1989). The main physical quantities are the vertical velocity v, temperature T, and
7 density p. Pressure P is given by the ideal gas law:

P=RyT, Ri=22 &

Ha

s where Ry is the universal gas constant and p, is the molar mass of air.
81 Before presenting the complete system, we recall the quantities involved in the process
&2 of condensation or inverse sublimation of water vapor in the atmosphere. For simplicity,
s we approximate the latent heat of transition from water vapor to solid state by that from
g vapor to liquid state. Thus, L. denotes the latent heat of phase transition of water from
s gaseous to liquid or solid state. The density of saturated water vapor is denoted 7,s(T).
ss 1ts dependence on temperature plays a crucial role. According to (Matveev, 2000), its

&7 expression is:
Ey 7.63(T—273.15)

“RT 107 7815 | Ey = 6.107 mbar. (2)

ss For physical details on condensation or inverse sublimation (hereinafter simply referred
& to as condensation), see (Matveev, 2000; Prodi and Battaglia, 2004; Kikoine and Kikoine,
w 1979).

o1 The amount of condensation, Hy,, in air containing saturated water vapor and rising
« with a vertical velocity v > 0, is given by:

Tos(T)

H, - <7Tvs(T)0i logp — jzms(T)> . 3)

03 Derivation of the Turbulent Condensation Rate H;,
To maintain saturation, the saturated mass concentration ¢ = 7,s(7)/p must vary
along the vertical motion v. The condensation rate Hy, is defined by the product of the
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mass flow rate pv and the spatial derivative of ¢,: Hy = —vpdz (ﬁff). Applying the

quotient rule for the derivative and factoring out p:

i ﬁvs _ 1 df’l)s = 1@
dz\ p ) p\ dz Tvs pdz )’

e Substituting this result into the expression for H;, and using the identity
os we obtain:

i = &logp,

1 /dx d
Hr:_ - vs_fvs 1
! up ,0( dz 7T'dz ng)

d d
Htr =v (Trvs (T)a logp - dzﬂ-’us(T)) .

By decomposing p into p = p, + pp (dry air density p,, water vapor density pp), and
considering that phase transition only affects water vapor, we have:

O+ V- (pv) = —Hy.

o6 The heat released by condensation is L. Hy.. Let X be the total amount of liquid or solid
ov  water in the air. Neglecting viscosity and thermal conductivity, the air movement in the
¢ “chimney” is described by:

dp 0 B

S8 + == (S(2)pv) = ~S () H, ()
ov ov 0

o(G 05 ) = -RipGn g+l

oT oT dp ap\
PCy <<9t +v 82) RrR\T <6t + Uaz> = (BT + Ly )Hyy, (6)
o where g is the acceleration due to gravity and ¢, is the specific heat. For ¥ in (5), we

100 define:
50 =2 [ ptt=9) [ (Fullls,2) 2 bogp(s,2) ~ ool (s,2)) (s, s, (7)
=z 0<p s ; Tos(T(s,2)) 5~ g (s, z 5, res(L(8,2)) | v(s, 2)dzds,

1 where ¢(7) represents the probability that a droplet remains in the air after time 7 from
02 its creation (Ghomrani et al., 2015).

103 For this model to represent air movement in a thunderstorm, internal and external
ws pressures must be equal at the boundaries. We use a hydrostatic state system as a
s reference for the external environment:

dr dp _ d d_
PCy— e - R T 7 =9 (BT + Ly) (ﬂvs(T)dz log p — dzﬂ'v,,,(T)) , (8)
d
L (oT) = —gp .
By (pT) = —gp (9)
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Following (Ghomrani et al., 2015), we introduce the approximation v(t, z) = a(t)w(t, z).
Substituting (3) into (4)—(6) yields:

S(z )% + aﬁ(S(z)pw) ==5(2) (wvs(T)dd logp — — Ll )w (10)
pcvg - RlT% = (RlT + Ltr) <'/Tvs(T);le) - T di >
(11)
pwD + a(t)pr% + R1P% + RlT% = —g[3(t) + o], (12 )
S0 = = [ olt=9as) [ <ms<T> Drogp- 2
(13)
d
—a(t) = D(t). (14)

The auxiliary unknown D(¢) allows the system to be treated as a control problem. The
memory kernel ¢ is given by:

2
T
=e —— ), 15
or) = e (-7 (15)
where the parameter b represents the mean droplet residence time.

3 THE STATIONARY SYSTEM AND ITS SIMPLIFICATION

This article focuses on the stationary solution of the system. The stationary solution
must satisfy the system derived from (10)—(14) by setting £a(t) = 0 (hence D(t) = 0)
and assuming «(t) = « (a constant intensity coefficient) and X(¢) = ¥ (a constant amount
of total liquid water). Equations (12) and (13) are then replaced by:

dw dr dp
— by 1
apwd +Rlpd + R\ T i —g[E+ ], (16)
b [ d d
Y=a— Tus(T)—1 — — (T dz, 17
oz [ (R rowp = fmm)) wi ()
where b = fo 7)dr. Tt should be noted that ¥ represents a density, so its unit is in
g/m?.

n (Ghomrani et al., 2015), the assumption of a constant cylindrical cross-section S(z)
led to an unrealistic increase in velocity with altitude. To correct this, (Bourega et al.,
2018) proposed choosing S(z) such that the normalized velocity w remains close to 1.
Following this idea, if we assume that S(z) is not a priori given but is determined a
posteriori by the solution (p,T) and by setting w = 1, we can find p, T, « satisfying the
simplified system.

EGUsphere\

7Tvs (T)) U)dZdS,
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124 We now derive the explicit expression for S(z) by imposing the condition of a uniform
s normalized velocity, w(t, z) = 1. Substituting w = 1 into the quasi-stationary continuity
16 equation (10) yields:

S(2)5; + 55 (S()p) = =S(2)H™, (18)

where H{"! = (7,s(T) L log p — 47,,(T)) is the term in parenthesis in Equation (3). For
the fully stationary case (9;p = 0), the equation simplifies to the conservation law:

a
dz

Expanding the derivative on the Left-Hand Side (LHS) and substituting the expression
for Hmd gives:

(Sp) = S - H™.

ds d
p—+595 P

_ d d_
dz % =-5 <7TvS<T)dZ Ing - dzﬂ—vs(T)> .

7 Dividing by Sp and reorganizing the terms to separate the S dependence leads to:

1dS ldp 1 [_ d d_
—— == T)—logp — —Tys(T
S dz pdz p (st( )dz o8P dZst( >>

d d 1/d d
—1 =——1 — | =T (T) — Tps (T)— 1
dz 083 dz o8P+ p (dzms( ) = s )dz ng>

Using the identity 4 (=) = 1 (40w _ 7 4], derived in Section 2, but without the
g dz p p \ dz dz gp

p factor), the expression simplifies to the logarithmic derivative of the term

d d d (Tus(T)
ZlogS=——logp— — =)
dz 085 dz 8Pz ( p )

WUS .
p

Integrating this equation from z =0 to z:

o (gggi) g <Z8> - [msp((i()z)) B mioTo)} .

s Solving for S(z) finally yields:

Sy 25O (ms<T<z)) } msm)) | 0
p(2) p(2) Po
129 Note on the Choice w = 1: The original full evolutionary system only determines
130 the product v(t, z) = a(t)w(t, 2), not the spatial structure w(t, z) and the temporal
131 intensity «(t) separately. The choice w(z) = 1 in the stationary analysis is therefore
132 a normalization made to disentangle the variables. By fixing w(z) = 1, all variations
133 in the flow velocity are carried by the temporal coefficient «(t) in the evolutionary
134 model, and by the constant « in the stationary system. This normalization is jus-
135 tified because the volume S(z) has been chosen precisely to make the normalized
136 velocity w close to unity, thereby simplifying the study of the remaining equations.

6
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17 Thus, we are interested in the following system of equations for the variables (p, T, ) on
m 0<z<7Zy:

dT dp _ Ldp  dm(T)dT
v— — Ry T— = (R\T + Ly, vs(1T)—— — —, 20
Peds Ry dz (FiT + t)<7r ( )pdz ar  dz (20)

dT dp
Rip— + RiT— = —g|X 21
-+ RT == g[S+ ), (21)
b [ d d
Y=a— Tos(1T)—1 — —T,s(T) | dz, 22
ot [ (Fumfroeo - frum)ds 2
¢ This system is considered with the conditions:

p(z1)T(Z1) = qo- (24)

uo The study of stationary solutions is a common approach in many fields of physics and
w1 engineering to analyze the long-term behavior of systems, as exemplified by works on
w2 glacier dynamics (Bogovskii et al., 2010).

143 4 PRELIMINARIES FOR THE STATIONARY SOLUTION

s In the phenomenon of water vapor condensation caused by upward air flow, the saturated
us  vapor density function 7,s(T) plays a crucial role. Its properties influence the solution of
us  the system of equations (20) (22). We define the expression for 7,s(T) by:

Ey 7.63(T—273.15)

Tus(T) = RT 73135 FEy = 6.107 (mbar). (25)

1z which is given by physics (see for example (Matveev, 2000)). We consider this expression
us only for 7 > 31.25 (K). If, in the problem, we neglect condition (24) and set o = 0 (and
us thus ¥ = 0), then p and 7" can be determined by equations (20), (21) and condition (23).
150 Consider a parameter 9 € [0,1] introduced on the right-hand side of equation (20).
151 We define the problem of the hydrostatic state of partially moist air as follows:

dr dp _ d d_
pcva - RlT@ =1 (RlT + LtT) (WUS(T)dz logp - dzTrU;(T)) y (26)
d
(T = — 2
Bi(pT) = —gp , (27)
p(0) = po,  T(0) = To. (28)

152 We denote by (pg, T}[g]) the solution of problem (26)—(28) with ¥ = 0, and by (pglls], T}[Lls])
153 that of the case ¥ = 1. Before stating Lemma 1, we define ©_ = 31.25 (K),

1 1 2
0, = 31.25+- log10(1845.697)+\/<31.25 + log10(1845.697)> — 976.5625 ~ 1275.9 (K),
(29)
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e and

v+ R
7= @M 3105, (30)
g
155 The condition ©_ < T < © guarantees the inequality 7% log(Tys(T)) > = 2, which

15 is necessary in the proof. Note that T,Eg] (z*) = 31.25.

1z Physical vs. Analytical Significance of the Thresholds The defined thresh-
s olds ©_ = 31.25 K, ©; =~ 66 K, and ©, ~ 1275.9 K are purely analytical bounds
159 derived from the structure of 7,s(7") ((25)). The lower bound ©_ corresponds to the
10 temperature where the denominator of the vapor density expression becomes zero. The
161 bounds ©; and ©, are the analytical limits introduced to guarantee the crucial inequality
w2 T log(7ys(T)) > ¢y/Ry used in the monotonicity lemmata. Since the temperatures of
163 the physical phenomena of interest satisfy 100 K < T < 373.15 K, all analytical condi-
e tions (O_ < T < ©O,) are automatically satisfied. Therefore, these bounds impose no
165 practical restriction on the physical domain of the solution, serving only as a technical
166 requirement for the mathematical proof structure. We now state the following lemma:

17 Lemma 1. We assume that pg > 0 and ©_ < Ty < ©,. Then the system of equations
s (26)—(27) with condition (28) admits a unique continuously differentiable solution (p,T')
w6 on the interval [0,Z*[. Furthermore, the functions p(z) and T'(z) are strictly decreasing,
o and we have

T(z) >T%=)  Vvze[0,7. (31)

m Proof . Tt is clear that the system of equations (26)—(27) with initial data pg > 0
w and ©_ < Ty < O, admits a unique C! solution in a sufficiently small interval. To
s prove the existence and uniqueness of the solution in [0,Z*[, it suffices to demonstrate
s that if the solution exists in an interval [0,Z[ with 0 < Z < Z*, then 0 < info<,«z p(2) <
s SUPg<,oz P(2) < 0o and O_ < info<,.3T(2) < supy<,.zT(z) < O. For this, we use the
s properties illustrated in the following lemmas. N

w7 Lemma 2. Assume that pg > 0 and ©_ < Ty < ©, and that (p,T), with p > 0 and
w O_ < T < Oy, is the solution of the system of equations (26)—~(27) with condition (28)
ws in an interval [0,Z], 0 < Z < Z*. Then the functions p(z) and T(z) are strictly decreasing
wo n the interval [0,Z[ and we have

d (ms(T(Z))

=700 > <0 Vzelo,z]. (32)

i1 Proof. It is convenient to transform equation (26) into the form:

d Te B Ly, d (Tos (T)
D) (e B

12 Equation (33) is obtained by dividing Equation (26) by pT and utilizing two key identities:




https://doi.org/10.5194/egusphere-2026-2648
Preprint. Discussion started: 22 May 2026 EG U
sphere

(© Author(s) 2026. CC BY 4.0 License.

183 1. The logarithmic derivative of the left-hand side (LHS):

Te

d d
5(01) IOgT — Rl IOg p) = % 10g <pR1>

184 2. The compact form of the right-hand side (RHS) using q; = T,/ p:

1/_ d | d_ d (Tys
— | Tos=—logp — —Tys | = ——
p vs dz gp dz vs dz p

155 Combining these steps yields Equation (33).
s Furthermore, from equation (27), it immediately follows that:

LT = ~Lp) <0 vzl

w7 Therefore, it is impossible that £p(z) > 0 and £7(z) > 0 simultaneously.

188 Now we show that p and T are both strictly decreasing. Suppose by contradiction that
w “LT(z) > 0 at some zp. Then from < (pT) < 0, we must have £p(z) < 0. But then
wo the LHS of (33) would be strictly positive, while the RHS would be non-positive, which
w1 is impossible. Similarly, if d%p(zo) > 0, then diT(zo) < 0, making the LHS negative while
12 the RHS non-negative. Thus, we must have “p(z) < 0 and £7(z) < 0 for all z € [0,z[.

113 To prove (32), we assume by contradiction that there exists a zy € [0, Z[ such that:
d (Tps(T
4 (L))
=\ o)

1a  This implies that at zp:

1dm,s dT' Ty dp >0 dp p dm,s(T)dT

pdT &= 2 dz 7 T& T TwLT) 4T d

s Substituting this into the LHS of (26) at z, gives:

dT

LHS > p <Cv — RlTi IOg(WUS(T))> dz
Z

dr

ws Under the condition ©_ < T < ©,, the term in parenthesis is negative. Since ‘C% < 0,
w7 the product is strictly positive (LHS > 0).

s Meanwhile, the right-hand side of (26) at zj is:

RHS = ¢ (RyT + Lyy) p {jz C;H <0.

e The contradiction (LHS > 0 and RHS < 0) proves that < (7,s/p) < 0. The lemma is
200 proven. O
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a1 Lemma 3. Assume that pg > 0 and ©_ < Ty < O, and that (p,T), with p > 0 and
0w O_ < T < Oy, is the solution of the system of equations (26)—(27) with condition (28)
203 in an interval [0,Z], 0 < Z < z*. Then we have

T(z) > T (2) Vze 0,7 (34)

200 Proof . Define

rmof (o) (A (D)

25 By virtue of Lemma 2, we have

pi(2) >0  Vzel0,7]. (36)
Furthermore, from equation (26) (or (33)), we deduce

T _ Ty

Y1
pft p ‘

Ry ’
0

206 O /R
I e/, (37)

P = Po
TOC/u/Rl

27 Substituting (37) into (27), we obtain
d

R1£ (T(C'U+R1)/Rl €*<P1/Rl) _ _gTCu/Rl e*@l/Rl. (38)

Justification for the substitution y(z): The variable y(z) is chosen precisely because it
is the exact expression inside the derivative on the Left-Hand Side (LHS) of (38). This
enables the immediate transformation of the LHS into R;dy/dz. Simultaneously, the RHS
simplifies because T/fre=#1/f1 can be fully expressed as a power of y(z), leading to the
compact form (39) in the next step. Indeed, if we set y = T(cv+R/Eig=¢1/F1 - oquation
(38) transforms into

Ry-Ly = _gyerllert i g /(ert i)

dz ’

208 O
d — @
(co+ Ra) Ty ™/ (TR = —gemar/(cotiin), (39)
The solution of equation (39) with initial condition (y(0))%/(c+5) = Ty is
BifeotR) 9 /Z =1/ (et R) g/
Y ’ (co + R1) Jo

20 Therefore, T'(z) has the form

g .
TN =Ty — —L e1/(cvtRi) g, | g1/ (cotBa) 40
(2) < b (61;+R1)/o e 2 e (40)

10
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If ¢, > 0, then we have e~#1/(cotF1) < 1 < gvr/(ewtf) - Therefore, by virtue of (36), we

have
g

(Cv + Rl)
20 The lemma is proven. O

T(z)> Ty — 2 =TY0z).

au Continuation of the proof of Lemma 1 Since T'(z) is decreasing according to Lemma
22 2, and considering (34), we have

0<O6_<T2)<T(:)<Ty<O, Vze[0,7]. (41)

S

a3 Furthermore, since for all 7' > ©_ and for all p > 0, we have ﬁ“’TfT) > 0, from Lemmas 2
au and 3, we deduce that

Ly, Tos (1 L\ Tos (T
0<pi(z) < | Bu+ [O]t Tos(To) < <R1+ ' ) TuslTo) =K, <oo. (42)
T, (2) Po o- Po

a5 Consequently, from (37), (42), and Lemma 2, we obtain

cv/R [0] Cy
R1 - /B —Kyp, /R1 S pé%l <Ths (Z)) /B

0< K, =p e
P 0 TOCv/Rl TOCU/Rl

e Ker/fr < p(2) < pg<oo  (43)

ze for all z € [0,z]. Inequalities (41) and (43) allow us to extend the solution (p,T") with
a7 its properties of strict decrease and inequality (34) over the entire interval [0,z*[. The
218 proposition is proven. O

20 5 EXISTENCE AND UNIQUENESS OF THE STATIONARY SOLUTION

20 We will prove the existence and uniqueness of the solution to problem (20)-(24), under a
21 technical condition:
T> @1, (44)

2 where O is defined by the following relations:

co+ Ri_ Tos(T)  dmys(T) .

_— T) — — fT 4
7 Tos(T) T T >0 i > Oy, (45)

o+ Ri_ Tos(T)  dmys(T) .

_— T) — — f ©_<T : 4
o Tws(T) T 7 < 0 if O_<T <06y (46)

23 we estimate the value of ©; to be 66.09 (K). Condition (44) simplifies the proof of exis-
24 tence and uniqueness of the solution. It is possible to study the existence and uniqueness
25 of the solution in a more general case, but this would require much more complicated
2 arguments. Furthermore, the case T' < 07 (07 ~ 66.09 (K)) is infrequent (at least con-
27 cerning Earth’s atmosphere). For this reason, in the present article, we will show the
»s  existence and uniqueness of the solution under condition (44).

220 Then for problem (20)-(24) we have the following result (in the statement, pgi and

230 T}[é] are the functions defined by problem (26) (28) and condition (44)).

11
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a1 Proposition 5.1. Consider two real numbers py > 0 and Ty €]01,04.[. Let Z; €]0,Z%[
22 (where Z* is the number defined in (30)) under the condition T,Ei] (Z1) > ©4. Then there
2 erists a number Q, with 0 < Qy < pg (Zl)T}EIS} (Z1), and for each qo E]Qo,pg(él)T}[;] (z1)]
au there exists a unique solution (p, T, «) to problem (20) (24) such that

nf{T(z) | (p,T) = Sol(g)} = O, (47)

us where Sol(qo) is the solution of problem (20)—(24) with go E]@O,pg(fl)TE (z1)])-
26 Proof . To prove the proposition, consider the auxiliary equation:

dP

d —gp — ¢ (48)

a7 with a constant ¢ > 0. We therefore have the following lemma:

2s Lemma 4. Consider the numbers po, Ty, Z1 as in Proposition 5.1. If (p,T) is a solution
29 in the interval [0,Z1] of problem (20), (48), (23) with some co > 0, then p(z) and T(z)
a0 are decreasing functions.
On the other hand, let ¢ and ¢ be two numbers such that 0 < ¥ < @, If
(pD, TDY and (p), T are the solutions in the interval [0,%,] of problem (20), (48),
(23) with co = ¢V and co = ™ respectively, solutions that satisfy the relations:

pD(2) >0, pi(z) >0, 0, <TW(2)<0O,, O, <TW(:)<6,.

21 Then we have

T (2) < TO(2)  Vz€]0,7], (49)
P ()T (2) < p@(2)T(2) Vz €10, 7]. (50)
22 The proof of Lemma 4 will be given in Section 6. In this section, we assume it to be

23 true and continue the proof of Proposition 5.1.

2« Continuation of the proof of Proposition 5.1 Let (p.,,7.,) be the solution (p,T')
25 of problem (20), (48), (23) with ¢p. The strict monotonicity of the solution v(c) is
us guaranteed by Lemma 4. Specifically, the ordering of the solutions (70 < T® for
ar ¢ > ) is established by the sign of the derivative 9,D; > 0 (proven in Section 6
x5 under the condition 7> ©;), which prevents the crossing of the temperature profiles 7
29 and T(ii).

250 By virtue of the strict inequalities (49), (50), and the continuous dependence of the
1 solution on ¢y, we define the domain of ¢y as [0, Cy], where C| is a finite value such that:

lim TCO(Z) = @1 (51)

co —)65

22 The finiteness of C is guaranteed by the lower bound of the temperature domain, T > ©;.
253 Since T'(z) must remain above ©; for the solution to exist (otherwise the rate of decrease
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s would become singular), the rate of dissipation (proportional to ¢p) cannot increase in-
s definitely.
The relation (51), the decrease of functions p(z) and T'(z), and (49), guarantee that,
for any ¢y € [0,Cy|[, we have

0< pco(z) < P0o, 61 < /TL'O(Z) <Tp < @-‘r

s6 for z < z;. This implies that for any ¢y € [0,Co[ the solution (pe,,T.,) exists over the
27 entire interval [0,Z;].
258 Now, we define the function v(cy) representing the value of the product pT at the
20 top boundary z = Z;. This quantity is directly proportional to the pressure P(Z;) =
w0 Rip(Z1)T(Z1) at that height:

V(o) = pea(Z)Tea(31). (52)

21 By virtue of the continuous dependence of the solution on the data, the function v(cp) is
%2 continuous in ¢y and, according to Lemma 4, it is strictly decreasing. Therefore, if ¢qq is
%3 given in the admissible interval, then there exists a unique ¢y given by:

co = v qo). (53)

¢ With the determined value of ¢y, we can solve problem (20), (48), (23) and obtain the
265 solution (p,T) = (pey, Te,)- We can then determine the value of the integral:

=1 d d
Tos(T)—1 — — s (T . 4
[ (e fronr— L)) a: (54
%6 By setting:
CoZ1 21 d d -
_ Q5 Foa(T) S log p — o, (T) ) dz| |
o= D [ (Fur) L towp - 7D i (55

27 we will have constructed the solution (p, T, «) of problem (20)-(24). The uniqueness of
268 the solution follows from the strict monotonicity of the function v(cp) and the uniqueness
2 of the local solution of the system of equations (20), (48). Characterization (47) is also
a0 justified by Lemma 4. The Proposition 5.1 is proven. O

211 6 PROOF OF LEMMA 4

»2 Lemma 5. If the functions p(z) and T(z) satisfy equations (20) and (48) in the neigh-
az borhood of z, then

drT dp
i T 2 _D T 56
g dz 1(/07 aCO)a dz 2(/07 aCO)7 ( )
oD T
D Toco) g T 0, (57)
dp
s where
<7R1RT1:£”ﬁvs(T) + 1) (9p + co)
Dl(p7T7 CO) = - (58)

[p(cy + Ry) + (R T + Lyy) <LST(T’ - Ly}”)}

13
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<R1T + Ly d7s(T) ¢y

Rop Fra Rl) (9p + co)

[T(CU +Ry)+ (RiT + L) (wUS;T) n %1 dﬁ;,;T) ﬂ .

Dy(p, T, o) = — (59)

Proof. Since equations (20) and (48) are linear with respect to = and d” , by substituting

dp  pdl'  gp+co

dz  Tdz R,T

and
dar — Tdp gp+co

dz  pdz Rip
2z which are obtained from (48) into (20), we obtain (56) with (58) and (59).

278 We also have
8D1 (p7 T7 CO) . E(p? T7 CO) (60)
o Tos(T)  d7(T)\ ]
’ R RT I, . Vs Vs
[p(c+ 1)+(1+t)( T + a7 >]
20 Where
R\T + Ly _
E(p, T, = vs(T) + 1 + v+ R
(0. Tc) = (P T 41) G+ el + )
Tos(T) — d7ys(T)
v+ R R\T + Ly,
+[p(c+ 1)+(1+t)< T + aT
Ri\T + Ly _ Ri\T + Ly _
X | —=—=—Tus(T — ————Ts(1) + 1 .
(B (D) ap + o) - (o) +
Now, since
RlT + Ltrf RlT =+ Ltrf
—————Ts(T +co) — _ T +1) > —g,
e T(Dap+ o) g (D) y
200 we have
R\T + Ly _ Tws (T
E(p,T,co) < IR T Tue(T) + 1) gp(co+Ry) —yg [p(cu + Ry) + (BT + Ly, < D)
1
cy+ Ri_ Tos(T)  diys(T')
R T+ L T vs T)— - 5
1T+ Lur) { e -—7 dT
21 Therefore, considering condition (45), we obtain (57). O
282 Note on the Latent Heat L;: It is important to highlight that the factor g(R1 T+
283 Ly,) remains strictly positive. This holds true regardless of whether Ly, is treated
284 as a constant (as simplified in some analytic proofs) or as a temperature-dependent
285 function L (T) (as used in the numerical scheme), provided that 7' remains within
286 its physical domain. Crucially, the dependence of Ly on T does not alter the sign
287 of the derivative 0,D; which is essential for establishing the monotonicity of the
288 solution and thus the uniqueness (Lemma 4).

14
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289 We recall the behavior of the solution in the neighborhood of z = 0.

w0 Lemma 6. If 0 < ¢ < ¢ then there exists a number e, > 0 such that
P(2) < pW(2), TW(2) <TY(2) Vzelo,e.|. (61)
Proof . According to condition (23), we have
p(0) = pD(0) = po,  TW(0) =T(0) = Tp.

On the other hand, from the expressions for Dy (p, T, co) and Ds(p,T,co) given by (58)
and (59), we can see that

Di(po, Ty, ) > Di(po, T, ™), Ds(po, Ty, V) > Dy (po, Ty, ),
201 which implies that (61) is satisfied in the neighborhood of z = 0. The lemma is proven.[]

202 Now, we will prove Lemma 4.

Proof of Lemma 4 The functions p(z) and T(z) that satisfy equations (20) and (48)
are decreasing; this follows immediately from (56), (58) and (59). Suppose that relation
(50) is not satisfied. This is equivalent to assuming that there exists a z > 0 such that

P ()T (2) > pV ()T (2).
23 This hypothesis implies that there exists a z; > 0 such that

P )T () = P ()T (), p()TW () < pO ()T (2) ¥z €]0,2]

(62)

d d s
o (zz)T(u) I (Z)T(Z) . 63
T Jomz = —(pVTW)ozsy (63)

This implies that B . -~ ,
p(n)(zl) < p(z)(zl) _ (C(“) _ C(z))
s and according to (62) we conclude that

p(ii)(zl) < Io(i)(Zl)7 T(ii)(zl) > T(i)(zl). (64)

25 Relations (64) and (62), in addition to Lemma 6, imply that there exists a zy €]0, 21|
26 such that

P (20) < pD(2), T (2) = T (), TW(2) < TY(2) Vzel0,z[. (65)

27 The last two relations give

Ay > L) _
dzT (2) > dzT (z) at z = z. (66)
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2s By virtue of (57), the inequality p((z5) < p@(z) implies that inequality (66) cannot be
o satisfied. Therefore, our hypothesis of the existence of a z > 0 satisfying p(¥) (2)T(z) >
w0 pW(2)TW(z) cannot be satisfied. Thus, inequality (50) is proven.

We have already proven that there is no zy > 0 for which

T (29) = T (), T (2) < TO(2) Vz€]0, 2], P (20) < p@(20).
It
T (29) = T (), T (2) < TW(2) Vz€]0, 2], P (20) > p9(20),
there would exist a 2’ €0, zo] such that
pTO () = pONTO),
s which contradicts (50), thus establishing (49). Lemma 4 is proven. O

302 7 NUMERICAL METHOD FOR THE STATIONARY SOLUTION

s3 This section details the numerical methodology employed to determine the stationary so-
soa  lution of the model, building upon the theoretical framework established in the preceding
35 sections.

w6 Robustness and Efficiency The numerical resolution of the parameter ¢ is performed
s using a numerical root-finding function, such as fsolve from Python’s scipy.optimize
ws library. As defined by the model’s physics, cg is directly related to the total stationary
we  quantity of liquid/solid water X by the relation co = g¥. This function seeks the root
s of an objective function, i.e., the value of ¢y for which the pressure condition at the top
i (p(Z1)T(Z1) — qo = 0) is satisfied.

312 The root-finding algorithm efficiently converges to the required value of ¢q. For ex-
sz ample, for the partially humid state, the algorithm identifies a value of ¢y that makes the
su  objective function very close to zero, ensuring precise satisfaction of the physical condition
a5 at the top boundary.

sis Interpretation of the Process: The convergence process is robust and rapid. The
sz algorithm progressively adjusts the value of ¢y until the objective function is minimized
ais to a value very close to zero. This ensures that the final calculated profiles of density and
sie  temperature satisfy the top boundary pressure condition with high precision.

320 This process illustrates the robustness of the numerical method used to determine
a1 the parameters of the stationary solution, ensuring a precise convergence to the imposed
s2  physical conditions.
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23 Description of the solveStationary Implementation The solveStationary.py
24 file implements the methodology for finding the stationary solution of the model, as
w5 described in Proposition 5.1 of the article. The objective is to determine a set of sta-
26 tionary profiles for density p(z), temperature T'(z), as well as constants « (intensity co-
o efficient) and ¥ (total quantity of liquid/solid water), satisfying the stationary equations
28 and boundary conditions.

a0 The key steps of the process, as coded, are as follows:

a0 Initialization of constants and boundary conditions at z =0 The code begins by
s defining the physical constants (g, R1, cv, z_bar_1, b_phi) as well as the initial conditions
s at the base of the "chimney" (z = 0): the initial density py and the initial temperature
sz Tp. These values serve as a starting point for the spatial integration towards z = z;.

s Automated calculation of the top boundary condition (¢y) A crucial aspect is the
15 automation of the gy calculation, defined as gy = p(z1)T'(21) for the external hydrostatic
136 state. The code uses the getHydrostaticProfiles.py function, which models this state
s with ¥ = 2/3 (partially humid case), by receiving the same initial values (pg, Tp) as input.
338 This automatically provides the target value qgarget (external top pressure at z; =

139 10000 m), to which the internal solution must be adjusted.

s Search for ¢y via a numerical root-finding function The resolution relies on finding
s the parameter ¢ (such that ¢y = gX) that satisfies the pressure condition at the top
sz boundary. This condition ensures that the calculated product p(z;)T'(Z;) matches the
w3 target value g, where Ryp(Z1)T(Z;) represents the pressure P(Z;) of the internal solution.
su The stationary system (equations (20) and (48)) leads to the following formulation:

fleo) = p(z1)T'(Z1) — g0 = 0.

us A numerical root-finding function is used to solve this equation. It relies on an objective
us function, get_rhoT_at_z1.py, which calculates p(z1)T'(Z;) for each proposed ¢y value.
sz This process numerically implements the theoretical relation ¢y = v~(qo) by identifying
us the ¢y value that makes v(co) equal to the target go.

us  Resolution of solveSpatialProfileshelper The solveSpatialProfiles_helper.py
30 function performs an explicit numerical integration (Euler type) of the system equations
s from z = 0 to z = Zy, for a given ¢y value. At each spatial step, a 2 x 2 linear system is

ar
32 solved (matrix M and vector V' derived from equations (20) and (48)) to obtain - and
2

d,
353 d—p, and update the profiles.

z
354 This function also calculates the integral necessary for the evaluation of o, namely:

S d d _
/0 <7TVS(T)dz log p — dZWVS(T)) dz.
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s Robustness tests are integrated to detect singular matrices, negative densities, or non-
36 physical values (Nal, Inf), and to interrupt the procedure with a failure signal for the
s7 root-finding function.

s Calculation of stationary > and o Once ¢ is determined by the root-finding func-
9 tion, the stationary value of 3 is obtained by the defining relation ¢y = g:

Estat — @

9

30 The value of « is then calculated from equation (55):

stat
stat 2

= [ d d .
% fol (WVS(T)CZZ log p — dZTrVS(T)> dz

s This final step uses the X% value derived from ¢y and the integral evaluated from the
w2 (p,T) profiles obtained with that c.

3 Advantages of the Approach This method provides a stationary solution in a
4 robust and automated manner. The use of a numerical root-finding function en-
w5 sures precise satisfaction of the pressure condition at the top. The automation of
w6 qo calculation, as well as the modularity of the functions (getHydrostaticProfiles,
37 solveSpatialProfiles_helper), allows flexible exploration of different initial condi-
s tions, facilitating model validation.

369 8 NUMERICAL EXAMPLES

s This section presents examples of numerical solutions obtained for the systems of equations
an studied in this article. We first illustrate the results for the stationary solution, whose
s existence and uniqueness have been established in the preceding sections. The numerical
sz implementation of these models can benefit from specialized scientific computing software
s packages (Petrov et al., 2018). Then, we revisit the full evolutionary model to highlight
a5 the observed oscillatory behaviors, providing insight into the temporal dynamics of the
376 System.

sw Numerical Results for the Stationary Solution We present examples of numer-
ws ical solutions for the system (20)—(22), whose existence and uniqueness have been es-
s tablished. For the physical coefficients, we use: g = 9.8m/s?, Ry = 8.314J/(mol K),
s fig = 28.96 g/mol, and the temperature-dependent latent heat Ly, (T) = (3244 —2.72T) x
s 10 J/kg. We recall Ry = Ro/pa, ¢, = 2Ry, and the expression for 7,,(T) specified in
w2 (25). The value ¢, = 2Ry is consistent with the standard value for a diatomic gas.

383 Note on the Latent Heat L;.: The analytic proofs (notably Lemma 4.3 and the
384 existence proof) treat the latent heat Ly as a constant parameter for simplification,
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385 which is sufficient to establish the necessary monotonicity and uniqueness. However,
386 in the numerical implementation, we utilize the temperature-dependent expression
387 L4 (T), as defined above, for enhanced physical realism and precision in the com-
388 puted profiles. This approach ensures the robustness of the theoretical proof while
389 maintaining the accuracy of the numerical results.

390 We set z; = 10000m, py = 1.2055kg/m?® and T, = 293K. Two cases are ana-
w1 lyzed: a dry state (0 = 0) with ¢o = 85.51kgK/m?® and a moist state (J = 2/3)
1 with go = 94.08kg K/m3. For these cases, the values of ¥ obtained are respectively
03 2 = 0.0562kg/m? and ¥ = 0.0153kg/m>. Each ¢y value corresponds to the product
s p(Z1) - T(Z1) derived from the solution of the hydrostatic state problem (26)—(28). The
ws  distribution of p(z) and T'(z) is consistent with natural observations. The temperature
36 profile for the humid case deviates significantly from the dry case due to latent heat re-
s7 lease, while density profiles remain nearly identical as the atmosphere stays in hydrostatic
s equilibrium. Figure 2 illustrates the continuity and strict decrease of the function v(X)
ws  defined in (52), which is crucial for the existence proof.

Density Profile p(z) (Stationary)

1.2 —— p(z) (Humid, 0 = 2/3)
=== p(z) (Dry, ¥ = 0)

“U 2000 1000 6000 8000 10000
= (m)
Temperature Profile 7'(z) (Stationary)

—— T(z) (Humid, ¥ = 2/3)
=== T(z) (Dry, ¥ = 0)

(K)

Temperature

0 2000 1000 6000 8000 10000

Figure 1: Distribution of density and temperature for the stationary solution (dry case,
¥ = 0 and humid case, ¥ = 2/3).
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0 Dependence of p(z)T'(Z1) on ¥

95 X:0.015, Y: 94.08

-_— ()
> === ¢ (Humid, 9 = 2/3)
=== q (Dry, 9 =0)

60 X Intersection (Humid)

X Intersection (Dry)

55
” 0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16
3 (kg/m?)

Figure 2: Dependence of p(z1)T(%z1) as a function of 3.

w0 Numerical Results of the Evolutionary Model: Oscillations As discussed in
a1 the motivation, the stationary solution’s existence is vital when the evolutionary system
a2 (10)-(13) exhibits oscillations. Following the finite difference method detailed in (Bourega
w3 et al., 2018), we illustrate a damped oscillatory behavior using b = 450, 9 = 2/3, and
was discretization steps h; = 10s and h, = 10m. This value of b, representing the mean
w5 droplet residence time, ensures the numerical stability and the damping of the oscillations
w6 toward the stationary state.

407 Figure 3 presents the results for a(¢) and X(¢) with py = 1.2055 kg/m?, Ty = 293 K, and
a8 2z1 = 10000 m, showing damped oscillations over 7400s. The strong correlation between
wo  ot) and X(¢) suggests a cyclical mechanism: ascending humid air produces water, which
a0 accumulates and slows the ascent; the resulting decrease in water production then allows
a1 the air to resume a faster ascent.
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Evolution of (1)
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Time (s)

Evolution of (1)
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0.015
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0.000

0 1000 2000 3000 1000 5000 6000 7000
ime (s

Figure 3: Damped oscillations of «(t) and X(¢).

a2 A significant finding is that X(¢) and «(t) stabilize at constant values remarkably
s consistent with the humid stationary solution (¢ = 2/3). This agreement provides a robust
ae validation: the variables converge precisely toward S, &~ 0.0153 and agay = 32.87 (Table
as 1). Furthermore, the comparison highlights the role of latent heat: in the dry case, the
a6 coupling parameter ag,, must be significantly higher (= 120.03) to sustain the convective
a7 cell, whereas moist processes facilitate upward motion with a lower forcing threshold.

Table 1: Summary of Stationary Solution Parameters.

Case Co Ystat (kg/mS) Ostat
Humid (¢ =2/3) 0.150241 0.015331 32.872555
Dry (¢ = 0) 0.550882 0.056212 120.034341

21



https://doi.org/10.5194/egusphere-2026-2648
Preprint. Discussion started: 22 May 2026
(© Author(s) 2026. CC BY 4.0 License.

Normalized Velocity Profile w(z) at Final Time

1025
1020
s
1010
1005

1.000

0 2000 1000 6000 8000 10000

(a) Normalized velocity profile w(z) at
final time.

Temperature Profile T'(z) at Final Time

re (K)

Temperatur

0 2000 1000 6000 8000 10000
2 (m)

(c) Temperature profile T'(z) at final
time of the evolutionary simulation.
This profile demonstrates the conver-
gence of the evolutionary model to-
wards a stable state.

Section Profile S(z)

EGUsphere\

Density Profile p(=) at Final Time

0 2000 1000 6000 8000 10000

(b) Density profile p(z) at final time
of the evolutionary simulation. This
shows the convergence of the evolu-
tionary model to a stable density dis-
tribution, consistent with the humid
stationary state.

Evolution of Normalized Velocity w(f) at Mid-Height

1010

1004

1.002

(d) Evolution of normalized velocity
w(t) at mid-height.

(e) Section profile S(z).

Figure 4: Results of the evolutionary simulation of the model. These figures complement

the oscillation analysis presented in Figure 3.
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a18 9 OSCILLATORY DYNAMICS: THE VOLTERRA MODEL

a0 As indicated in the introduction, the oscillatory behavior observed in our mathematical
220 thunderstorm model, particularly for the variables a(t) and X(t), exhibits striking analo-
a1 gies with the solutions of Volterra integro-differential equations. These equations are
s fundamental for describing dynamic systems that incorporate "memory" effects, where
w23 the future state depends not only on the current state but also on the entire past history
w20 of the system. The phenomenon of oscillation in these equations is a well-established
ss  area of mathematical literature, as noted by Volterra himself in his pioneering work on
ws population dynamics (Volterra, 1931), and further developed by more recent studies such
a2 as those by Gopalsamy (Gopalsamy, 1987).

228 To explore this analogy, we consider the following Volterra integro-differential equa-
a0 tion, which is a specific form relevant to our comparison:

y'(t) = —a/o K(t —s)(y(s) — c)ds + d, (67)

7\'7'2

a0 where y(t) is the state variable, and K(7) = exp ( - W) is the convolution kernel (a

1 positive Gaussian function that decays rapidly, modeling the influence of past events).
a2 The parameters a, b, ¢, and d are positive constants. The equation is complemented by
a3 an initial condition y(0) = 7.

a3 To facilitate a qualitative comparison with the Y (¢) variable of our thunderstorm
a5 model, which represents a physical quantity that must always be positive, we define a
a6 function U(¢) as the integral of the product of the kernel K (¢ — s) by the solution y(s),
a7 modulated by the coefficient a:

W) = a /O K — s)y(s)ds. (68)

s Since a > 0, K(7) > 0, and we expect y(t) to remain positive (like () in our model),
a3 this function U(¢) is designed to always be positive, thus reflecting the behavior of ().
440 Equation (67) can then be rewritten to highlight the relationship between y/(¢), ¥(¢),
a1 and the other terms:

y'(t)= G/OtK(t — 8)y(s)ds + ac/OtK(t —8)ds +d
y'(t) = —w(t) + (ac/ot K(t — s)ds + d) .

s> The term in parentheses, f(t) = ac fg K(t — s)ds + d, acts as a forcing function.

w3 Challenges of Numerical Simulation The numerical solution of integro-differential
s equations like (67) is not trivial. Unlike classical ordinary differential equations where
ws the derivative depends only on the current state, here, the derivative y/(¢) depends on
us an integral that accumulates the influence of all past values of y(s) up to time ¢. This

23



https://doi.org/10.5194/egusphere-2026-2648
Preprint. Discussion started: 22 May 2026 EG U
sphere

(© Author(s) 2026. CC BY 4.0 License.

a7 requires an iterative approach where, at each time step, the integral must be recalculated
as by summing over all previous time points. We used a numerical method based on temporal
so  discretization (Euler’s method for the ODE) and a Riemann sum approximation for the
a0 integral term, which demands careful management of temporal dependencies.

Simulation Results and Theoretical Justification For our simulation, we used
parameters chosen to reinforce the analogy with our evolutionary storm model, specifically
setting the memory parameter to b = 450. The values used are:

a=3x107%, b = 450, c=12, d=1x107°, n=0.01.

1 The simulation was conducted over a duration of 7200s to match the timescale of the
a2 physical model. This choice of parameters allows for a precise physical analogy:

453 e Coupling (a): Represents the weight or negative buoyancy effect, dictating how

asa strongly the accumulated water X slows down the air intensity a.

ass e Memory (b): Represents the mean droplet residence time, governing the time delay
456 between condensation and the mechanical braking effect.

a57 e Target (¢): Corresponds to the stationary state cg toward which the system nat-
458 urally gravitates.

459 e Forcing (d): Represents the thermal instability (the energy engine) that drives the
460 convective motion.

461 e Initial Pulse (n): Reflects the initial updraft intensity a(0) required to trigger the
462 cycle.

Evolution of y(t)

yit)
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Figure 5: Damped oscillations of the Volterra equation solution. Upper panel: Evolution of
y(t). Lower panel: Evolution of W(¢).
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463 We clearly observe that y(¢) exhibits damped oscillations that converge towards an
s equilibrium value, mirroring the behavior of a(t). The function ¥(¢) remains always
w5 positive and also displays damped oscillations, consistent with the physical nature of
w6 2(t). This dynamic correlation—where high y(t) leads to an increase in W(t) —illustrates
w7 the feedback mechanism where past states influence future dynamics via the Gaussian
s kernel K (7).

469 The works of Gopalsamy (Gopalsamy, 1987) and others provide conditions for the
s existence of oscillations in integro-differential equations. While our specific formulation
am (67) with positive parameters may not satisfy every strict constraint of existing theorems
a2 (such as integrability over an infinite interval), the qualitative behavior observed is fully
a3 consistent with the expected dynamics for systems with memory effects and restoring
aa forces.

azs In conclusion, this simulation of the Volterra equation serves as a powerful mathemat-
ars ical analogy for understanding the damped oscillations of our thunderstorm model. It
a7 highlights that systems with memory and feedback mechanisms naturally generate such
ws dynamics. The synchronized qualitative analogy between (y, V) and («,X), both gov-
ars erned by a similar residence time parameter b = 450, strengthens the understanding of
a0 the complex physical phenomena at play.
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as1 10 CONCLUSION

w2 The complete evolutionary system (10)—(14), previously studied in (Bourega et al., 2018),
a3 describes complex atmospheric phenomena driven by ascending air flow and condensation.
ssa  This article has significantly advanced our understanding by focusing on the stationary
a5 solution of a simplified version of this system.

486 The main contributions of this work are as follows:

a87 1. We have successfully demonstrated the existence and uniqueness of the stationary
488 solution for the system (20)—(24) under the technical condition 7" > ©;. This
489 theoretical result provides a rigorous mathematical basis for the long-term behavior
290 of such atmospheric models.

201 2. Numerical examples illustrate the validity of these results, showing that the moist
492 case (¥ = 2/3) yields higher temperatures than the dry case due to latent heat re-
203 lease, while maintaining consistent density distributions in hydrostatic equilibrium.
a0 3. The analysis of the full evolutionary model revealed damped oscillatory behaviors
495 of the intensity coefficient «(¢) and liquid water content X(¢). The fact that these
296 variables stabilize at the exact values predicted by the stationary solution provides
207 a robust validation of our analytical framework.

a08 4. The qualitative analogy with the Volterra integro-differential equation, using the
499 consistent residence time parameter b = 450, highlighted striking mathematical
500 similarities. This suggests that the oscillations are a self-regulating cycle driven by
501 memory effects and restoring forces.

502 In conclusion, this study contributes to the mathematical modeling of atmospheric

so3  processes by providing both a rigorous analytical framework for stationary states and
s deeper insights into oscillatory dynamics. Future work could involve extending the exis-
sos  tence and uniqueness proofs to more general conditions and exploring the implications of
sos  these oscillatory behaviors for real-world weather events.

507 DATA AVAILABILITY

sos  No external or experimental data sets were used in this theoretical study. The numerical
so0  simulations presented in Sections 7, 8, and 9 were generated using custom Python scripts.
sw The code is available from the corresponding author upon reasonable request.
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