Supplementary Material

Stationary Solutions and Oscillatory Dynamics in a Mathematical Model
of a Saturated Moist Atmosphere

Dalila Remaoun Bourega
Laboratory of Research In Pure And Applied Mathematics (LRPAM),
Department of Mathematics, USTO-MB, 31000 Oran, Algeria
dalila.bourega@univ-usto.dz

This supplement provides (S1) the complete proof of the hydrostatic-state lemma referred to
as Lemma 1 in Appendix A of the main text, (S2) the complete proof of the monotonicity
lemma and of Proposition 4.1 (Existence and Uniqueness), referred to in Appendix B of the
main text, and (S3) the documentation of the numerical code used to produce the stationary
solutions, the grid convergence study (Table 1), and the associated figures.
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1 Full proof of the hydrostatic-state lemma (Appendix A, Lemma
1)
1.1 Setting

We introduce a parameter ¥ € [0, 1] on the right-hand side of the energy equation and consider
the hydrostatic-state problem for partially moist air:

dT dp _ d d_
pcvg — RlT@ = '19 (RlT + Ltr) <7TUS(T)dz logp — dz’?TUS(T)> s (1)
d
2 (pT) = — 2
By (pT) = —gp , (2)
p(0) = po, T(0) =Tp. (3)

We denote by (pES],T}[g]) the solution with ¥ = 0 and by (pgs],TIEi]) the solution with ¥ = 1.

Recall the analytical thresholds

1 1 2
O_ =31.25K, 0, = 31.25+- log10(1845.697)+\/<31.25 += log10(1845.697)> — 976.5625 ~ 1275.9 K,

and R
7t = @) 31.95),
g

so that T}[g] (z*) = 31.25 K. The condition ©_ < T < O, guarantees T% log(Tys(T)) > ¢y/R1,
which is used repeatedly below.

Lemma 1.1 (= Lemma 1, Appendix A). Assume py > 0 and ©_ < Ty < O,. Then problem
(1)~(3) admits a unique continuously differentiable solution (p,T) on [0,Z*]. Moreover p(z)
and T(z) are strictly decreasing, and

T(z) > T (z)  Vzel0,7] (4)

Local existence and uniqueness of a C! solution near z = 0 is standard. To extend the
solution to the whole interval [0,Z*[, it suffices to show that on any interval [0,Z[C [0,Z*]
where the solution exists, p and T" stay bounded away from 0 and oo, and T stays in |©_, O
This is established by the two sub-lemmas below.

1.2 Sub-lemma S1.2 — monotonicity and sign of d%(ﬁvs/p)

Lemma 1.2. Under the hypotheses of Lemma 1.1, if (p,T') solves (1)—(3) on [0,Z[ with p > 0
and ©_ <T < O, then p(z) and T(z) are strictly decreasing on [0,Z[, and

d (Tus(T(2)) _
- (p(z)) <0 Vz € [0,z[. (5)

Proof. Dividing (1) by pT" and using gs = Tys/p, equation (1) is equivalent to

i (5] < o (4 ) £ () 0

From (2), 4 (pT) = —#-p <0,s0p'(2) > 0 and T'(z) > 0 cannot hold simultaneously at any
point.

Both p and T are strictly decreasing. Suppose, for contradiction, T"(zp) > 0 at some zq.
Then p'(29) < 0 (from the product rule above). The left-hand side of (6) is then > 0 at
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2o (since ¢, log T is non-decreasing and — R log p is increasing), while the right-hand side is
< 0 by Lemma 1.2’s own claim being assumed inductively false — more precisely, we argue
directly: substituting the bound —p'(z9) > 0 we in fact show the LHS is strictly positive
under ©_ < T < ©4 (see the computation in the proof of (5) below), while the RHS is
I(RT + Liy)p - (— L (Fus/p))- If L (7us/p) > 0 this RHS is < 0, giving a contradiction. The
symmetric argument rules out p'(z9) > 0. Hence p'(z) < 0 and T'(z) < 0 for all z € [0,Z].
Sign of d%(fvs/p). Suppose, for contradiction, that d%(fvs(T(zo))/p(zo)) > 0 at some zp.
Expanding the derivative,
1dTys dT  Tys dp dp p dmys(T)dT

b dl dz 2z ) T Tan T TwmGT) Al e

Substituting into the left-hand side of (1) at zo gives

dr

d
LH v — BT — log(Tys (T —_.
S>p <c Ry I 0g(Tys( ))) 7

Since ©_ < T < O4, the bracket is negative; since dT'/dz < 0, the product is strictly positive,

so LHS > 0. But the right-hand side of (1) at 2o equals 9(R1T + Ly, )p[ — L (7us/p)] < 0
under our contradiction hypothesis. The contradiction LHS> 0, RHS< 0 establishes (5). [

1.3 Sub-lemma S1.3 — lower bound 7" > T,Eg]

Lemma 1.3. Under the hypotheses of Lemma 1.2, T(z) > T}[Lg](z) for all z € [0,Z].

o (1) (s (45

By Lemma 1.2, ¢1(z) > 0 on [0, Z[. Integrating (6),

Proof. Define

Tcv TS” o TCv/Rl
pRl pgle p pOTgv/Rl

e~ w1/B

Substituting into (2) and setting y = T(cotR1)/Rig—e1/Fa (chosen so that the left-hand side of
the resulting equation is exactly R dy/dz) yields

d Ry/(co+R1) _ _ 7901/(CU+R1).
(co + Rl)d Y ge
z

Integrating with y(0)f1/(co+F1) = Ty gives

T(z) = (TO - g /z e_wl/(cv"‘Rl)dZ’) ep1/(cotRa)
e+ Ry 0

Since @1 > 0, e~ #1/(cvth) < 1 < eer/(eotB1) fence

T(z) > Tp - lez = 11%2).
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1.4 Completion of the proof of Lemma 1.1
By Lemma 1.2, T" is decreasing, and by Lemma 1.3, T'(z) > T,Eg] (2), so

0<0_ <T()<T()<Th<O, Vzel0,7.

Since Tys(T)/p > 0 for T > ©_, p > 0, Lemmas 1.2-1.3 give

Ltr) ﬁvs (TO)
- Po

O§g01(2)§ <R1+ EKgol < 00,

and consequently
cv/R1
TOCU /Rl

0<KP_E,00Rl e Ker/Ta < p(z) < po < 0

for all z € [0,%]. These uniform bounds allow the local solution to be extended, with the same
monotonicity and inequality (4), over the whole interval [0,Z*[. This proves Lemma 1.1. [

Remark. Uniqueness of (p,T') on [0,z*[ follows from the standard Picard-Lindel6f argument
applied locally at each point, combined with the a priori bounds above, which rule out blow-up
before z*.

2 Full proof of the monotonicity lemma and of Proposition 4.1
(Appendix B)

2.1 The stationary system and the auxiliary problem

Recall the stationary system for (p, 7', «) on |0,Z][:

dT dp _ Ldp dw,s(T)dT
v T T— = T+ L r vs T)—— — N E
Pz i dz (BuT + Lur) <7T ( )pdz dI'  dz @
dT dp
Rip— + RiT-%= = —g[% 8
g TR~ = —g[E+ ], (8)
b [ d d
Y=a— Tus(1) =1 — ——Tys(T )
ot [ (FulD) L towp ~ fmn(D)) s )

with p(0) = po, T'(0) = Tp, and top condition p(z1)T(Z1) = qo-
To prove Proposition 4.1, we replace (8) by the one-parameter auxiliary equation

dP
E = —gp — Co, co > 07 (10)
i.e. we solve (7) and (10) together with p(0) = pg, T'(0) = Tp, for a given ¢y > 0, and later
identify cg = gX.
We work under the technical condition T' > ©1 ~ 66.09 K, where ©1 is the unique root of

cy+ Ry _

Tos(T)  dmys(T)
7 Tos(T) — —

T dr

=0

above which this expression is positive (see main text, Sec. 4).
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2.2 Lemma S2.2 — derivatives and the sign of 9,D,
Lemma 2.1. If (p,T) solve (7), (10) near z, then

T dp
dz 1(/)) 560)7 dz Q(pa 760)7

where

BiT + Ly _
————Tus(T 1
(P T 41) g+ o
Ts(T) +deS(T) ’
T dr

RiT+ L dmon(T) | &0 (00 o
Rip ar Ry )P

Tos(T) ¢y dTys(T)\
T(c, + R RiTH+Ly) | —+ —————=
(cy + R1) + (RiT + Lyy) < p + R, dT

Dl(p,T, Co) = — (11)

pcy + R1) + (RiT + Lyy) (

DQ(p7T7 CO) =

Moreover
dD1(p, T, co)

a >0 whenever T > ©1. (13)

Proof. Equations (7) and (10) are linear in dT'/dz and dp/dz. Substituting % =24l _ %

(from (10)) into (7) and solving for dT'/dz gives (11); the symmetric substitution gives (12).
Differentiating (11) with respect to p,

8D1 _ E(paT)CO)
_ . .
p [p(cv L R) 4 (RiT + L) (”T(T) T ﬁd—T(T))}
with
T+ L,
Bl Toco) = (B ,0) +1) (p+ o)+ )
Tos(T) — dmys(T)
v T+ Ly
—i—[p(c + Ry)+ (RiT + t)( T + 1T
R\T + Ly _ Ri\T + Ly _
Mt birs (BT s Tyt ).
(P mnDap + ) g (M ) 1) )
Using
Ri\T + Ly _ RiT + Ly
B 9 ‘us T - 5  ~ lwus T 1 Z - )
D+ ) g (T LD 1) 2 g
we obtain
RiT + Ly Toa(T
B(p.T,co) > (Mmsm n 1) gplcs + R1) g [p<cv F R+ (RiT + L) (” D
1

cy + R Tos(T)  dmys(T)
s (T) T ar |-

The bracket is strictly positive whenever T' > ©; (definition of ©1), and the prefactor g(R;T +
Ly,) is always strictly positive — this holds whether Ly is a constant or the temperature-
dependent function Ly (T) used in the numerics, as long as T stays in its physical range.
Hence E > 0 and (13) follows. O

= g(R1T + L) {
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2.3 Lemma S2.3 — ordering near z = (

Lemma 2.2. If0 < ¢® < ¢ there exists e, > 0 such that
P (2) < pli(2), T (2) < TW(2) Vz €10, ]

Proof. Both solutions share p(®(0) = p(™(0) = po, T (0) = T (0) = Ty. From (11)-(12),
Dl(pOaT()’C(i)) > Dl(p0>T0ac(ii)) and DQ(pOaT07C(i)) > D2(p07T0aC(ii)) (bOth Dy,Dy <0 and
their magnitude is increasing in c¢p), which gives the stated ordering in a right neighbourhood
of z =0. ]

2.4 Lemma S2.1 — global ordering (statement in main text)

Lemma 2.3 (= Lemma 2, Appendix B). Let 0 < ¢ < ¢ and let (p@,T®), (pt), 70)
solve (7), (10) on [0,Z1] with co = P, ¢ respectively, staying in the domain p > 0, ©1 <
T <©4. Then

T () < TO(G) vz €], z1), (14)
PT () < pO(TO(z) vz elo,z) (15)

Proof. Monotone decrease of both p(*) and T®*) (k = i,4i) follows immediately from (11)-(12),
whose right-hand sides are strictly negative on the stated domain.
Suppose (15) fails. Then there exists z; > 0 such that

P (z)T (21) = p@ (21) T (21), PN ()T (2) < pD ()T (2) V2 €]0,21], (16)
d (pioriy > L d (pOT)

dz z=z1 — (z

R (17)
From (10), d%(pT) = —gp — o (after dividing by R1), so (17) implies p((z;) < p@(z1) —
(¢l — ), hence, together with (16),

P (z1) < p(z1), T (z1) > T (20). (18)
By (18), (16), and Lemma 2.2 (continuity of the crossing), there exists zg € ]0, z1[ such that
P (z0) < pD(z0), T (29) =TW(2),  TW(2) <TW(2) Vz€]0, 2.

The last two relations force J

T (z0) > —TW(z0). (19)
But by (13), since p™(z) < p®(z) and T () = T"(z), Dy is strictly increasing in
p, 50 D1(p™(20),T(20), ™) < D1(p®(20), T(20),c?) (the inequality in ¢y reinforcing, not
opposing, the inequality in p), contradicting (19). This contradiction rules out (16)—(17),
proving (15).

Flnally, (14) follows from (15): if instead there were zg > 0 with T (z9) = T (),
T (2) < TW(2) on 10, 2], and pl™)(2g) > p(2), continuity would force a point 2’ €10, 2]
with p(9) ()T (2") = p®)(2)TW(2'), contradicting the inequality (15) just proven. Hence
i) < p@ whenever T0) = T which together with strict decrease of both temperature
profiles yields (14) on the whole interval. O
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2.5 Proof of Proposition 4.1

Proposition 2.1 (= Proposition 4.1, main text). Consider pg > 0, Ty €]01,04[, and z; €
10, Z*[ with T,Lls] (Z1) > ©1. There exists Q, with 0 < Q, < pgs](il)T,[Lls] (Z1) such that for every
q0 €1Qy, p%lsl (21)T}[Lls] (Z1)] there is a unique solution (p, T, &) of the stationary problem (7)—(9).
Proof. For each co > 0, let (pey, Te,) solve (7), (10) with p(0) = po, T(0) = Tp. By Lemma
2.3, as ¢ increases the pair (pe,(2), Te,(2)) decreases (in the sense of (14)—(15)) at every fixed
z €]0,%1]. By continuous dependence of solutions on ¢, this monotone family is defined for
cp € 0,Cyl, where Cy < oo is the threshold at which

lim Tco (21) =01;
Co%ﬁa

finiteness of Cy follows because Ty, (z) must remain above ©; for the solution to exist (Lemma
2.1 requires T' > ©1), so the dissipation rate ¢y cannot grow without bound while preserving
this lower bound. For ¢ € [0, Cy,

0 < pey(2) < po, ©1 <Tg(2) <Tp < O4 Vz € [0,z4],

so the solution exists on the full interval.

Define

v(co) = peo(Z1) Teo (Z1)-

By continuous dependence on data, v is continuous; by Lemma 2.3, v is strictly decreasing on
[0, Co[. Hence, for each qg in the range of v (an interval |Q, »(0)] with v(0) = pgi (El)T,[Lls] (Z1)),
there is a unique c¢p = v~ 1(qo).

With this ¢, solve (7), (10) to get (p,T) = (pey> Ie,), compute

= [ (st(T)d log p — dms(T)> dz
0 dz dz ’
and set _
071
o= ob1

Then (p, T, «) solves the stationary problem (7)—(9) with ¥ = ¢o/g satisfying (9) by construc-
tion. Uniqueness follows from the strict monotonicity of ¥ and the uniqueness of the local
solution of (7), (10) for each fixed co. O O

Remark (identification ¢g = g% ). Comparing (10) with the physical momentum equation
(8) shows that the auxiliary constant ¢y plays exactly the role of g% once the solution is
self-consistently closed by (9); this is the identity used throughout the numerical scheme
documented in Section 3.

3 Code documentation and reproducibility

3.1 Overview

This section documents the Python code used to (i) compute the stationary solution (p, T, o, %)
of the model for both the dry (¢ = 0) and humid (¢ = 2/3) cases and locate the root
co = v~ (qo) underlying Proposition 4.1 (Figure 1 of the main text), (ii) trace the v(X) de-
pendence curve and perform the grid convergence study reported in Table 1 of the main text
(Az = 10m,5m, 1 m; Figure 2), and (iii) run the full time-dependent evolutionary simulation
producing the damped oscillations of a(t) and X(¢) and the associated spatial profiles (Fig-
ures 3—4). The full source is provided as a separate archive alongside this PDF; the description
below reproduces and expands the accompanying readme.txt.
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3.2 How to run

The archive contains three directly executable main scripts.

python runstationnary.py

runs the stationary computation for both the humid and dry cases, prints the resulting ¢y and
Ystat, and regenerates the stationary p(z), T'(z) profiles of Figure 1.

python plotnusigmal.py

traces the v(X) dependence curve of Figure 2 and performs the grid convergence check of
Table 1; the spatial step hz can be edited directly at the top of this file to reproduce the three
resolutions reported there.

python remdalilagl.py

runs the full time-dependent (evolutionary) simulation with memory kernel parameter b (450 s
by default), reproducing the damped oscillations of Figure 3 and the final-time spatial profiles
of Figure 4.

3.3 Module description

runstationnary.py (main script) Computes the stationary profiles for the humid and dry
reference cases and reports cg, Zstat, and astat, using getHydrostaticProfiles?2.py for
the target gy and getrhoTatz4.py/solveStationary4.py as the objective function and
ODE integrator for the root-finding step.

plotnusigmal.py (main script) Traces the map v(cy) = p(Z1)T(Z1) against ¥ = cy/g over
a range of ¢y (Figure 2), and performs the grid convergence check of Table 1 by repeating
the stationary computation at Az = 10m, 5m, 1 m. It shares getHydrostaticProfiles2.py
with runstationnary.py and uses getrhoTatzl.py/solveSpatialProfileshelper2.py
as its objective function and integrator.

remdalilagl.py (main script) Integrates the full time-dependent evolutionary system (7)—(9)
(time-dependent form) using an explicit Euler scheme in time and space: at each time
step, the memory convolution defining 3(t) (Eq. (4) of the main text) is evaluated by
summing over all previous time steps, and a shooting-type inner iteration solves for the
control variable D(t) so that the top boundary pressure matches the reference hydrostatic
profile, before updating «(t). It uses gethydrostaticprofilesl.py to compute this
reference profile.

getHydrostaticProfiles2.py / gethydrostaticprofilesl.py Compute the reference hy-
drostatic profiles (p%i],T}[LZ]) by integrating equations (1)—(2) above from z = 0 to z = Z1,
and return the target top value gy = pﬁ] (z1) T,Ei] (Z1) used as the reference-profile pressure
proxy. These two modules implement the same computation and are kept as separate
files because they are called by different main scripts (the stationary and evolutionary
branches of the archive respectively); a user merging the two branches into a single pack-
age may safely consolidate them into one shared module, provided the function name

used in each importing script is updated accordingly.

getrhoTatz4.py / solveStationary4.py Used by runstationnary.py: respectively the ob-
jective function f(co) = pe,(Z1)Te, (Z1)—qo passed to the root finder (scipy.optimize.fsolve),
and the underlying explicit Euler integrator of the stationary system (7), (10) for a given
Co.
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getrhoTatzl.py / solveSpatialProfileshelper2.py Used by plotnusigmal.py: the same

objective-function/integrator pair as above, used specifically to trace v(cg) over a range of

co and to repeat the computation at the three grid resolutions of Table 1. The integrator

additionally evaluates the cumulative integral I (by the trapezoidal rule) needed for
CcoZ

o= Ob Il (Eq. (alpha) of the main text). Robustness checks in both integrators flag
g

singular matrices, negative densities, and non-physical (NaN/Inf) values, aborting the

step with a failure signal that the root finder treats as an infeasible c¢y.

3.4 Requirements

Python 3.x, NumPy, SciPy, Matplotlib.

3.5 Grid convergence summary

The grid convergence results are reported in Table 1 of the main text; they were generated by
re-running plotnusigmal.py with hz set successively to 10m, 5m, and 1m. At Az = 10m
the explicit Euler scheme exhibits numerical instability in the cumulative integral defining «;
Az = 5m resolves this and is used for all reported stationary results, while Az = 1 m confirms
convergence (relative change < 0.02% in astat, - stable to six decimal places).

3.6 Data and code availability

The complete scripts accompany this supplement as a public archive, consistent with the data
availability statement of the main text. The archive contains three main, directly executable
scripts and their supporting helper modules:

e runstationnary.py — stationary profiles for the humid and dry cases (Figure 1), using
helpers getHydrostaticProfiles2.py, getrhoTatz4.py, and solveStationary4.py;

e plotnusigmal.py — the v(X) dependence curve (Figure 2) and the grid convergence
check (Table 1), using helpers getHydrostaticProfiles2.py, getrhoTatzl.py, and
solveSpatialProfileshelper2.py;

e remdalilagl.py — the evolutionary, time-dependent simulation (Figures 3—4), using
helper gethydrostaticprofilesl.py.

A readme.txt file accompanying the archive gives run instructions and Python package re-
quirements.
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