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Abstract. Tracer transport is a critical computational bottleneck in high-resolution atmospheric chemistry models, where tens

to hundreds of species are advected. The iAMAS model (v2.6.3) on spherical centroidal Voronoi tessellations (SCVTs) cur-

rently employs a scheme (2H1FCT) that performs two steps of third-order transport followed by one step of flux-corrected

transport (FCT), in which the FCT correction step dominates computational cost. This study develops TVD-FFSL, a com-

putationally efficient hybrid tracer transport scheme. Horizontally, a total variation diminishing (TVD) flux operator with the5

KOREN limiter is employed. Vertically, a flux-form semi-Lagrangian (FFSL) operator based on piecewise parabolic method

reconstruction handles cells with CFL> 1 unconditionally. Together with a second-order TVD Runge-Kutta time integration,

the scheme ensures monotonicity without a separate FCT step. Idealized 2D tests demonstrate that TVD-FFSL achieves robust

shape preservation. Although its errors are slightly higher than 2H1FCT, superior convergence rates render the accuracy gap

negligible at finer resolutions (∆x≤ 30km). Realistic 3D dust simulations on a 16–60 km variable-resolution grid confirm10

its long-term stability and accuracy comparable to 2H1FCT. Performance benchmarks show that TVD-FFSL achieves over

2× speedup in standalone transport tests and exceeds 3.75× speedup in long-term atmospheric dust simulations, significantly

reducing the computational overhead of numerous tracer transport. The design principles of TVD-FFSL could be transferable

to other unstructured meshes, offering a pathway toward accelerating high-resolution atmospheric chemistry simulations.
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1 Introduction15

Air pollution poses severe threats to human health and terrestrial ecosystems globally (Chen et al., 2024; Richard et al.,

2024). Besides, atmospheric tracers including greenhouse gases and aerosols exert profound impacts on the earth energy

budget and thus global climate (Li et al., 2022). In past decades, atmospheric chemistry models (ACMs) were developed to

integrate nonlinear meteorological processes with complex chemical kinetics (Simpson et al., 2023). These advanced models

are typically required to track dozens to hundreds of tracers to enable researchers to simulate severe air pollution episodes20

(Coen et al., 2013; Yoon et al., 2024), or to evaluate the weather and climate effects of atmospheric tracers. However, the

simultaneous transport of numerous tracers imposes a substantial computational burden. This challenge is further amplified

as the scientific community pushes models toward kilometer-scale resolutions. High-resolution simulations not only increase

grid cell numbers in computational domains but also necessitate smaller time steps due to the Courant-Friedrichs-Lewy (CFL)

condition. Advection for numerous tracers is solved at every dynamical step, while their radiative and chemical processes25

are computed at much lower frequencies. The tracer transport module therefore becomes a critical bottleneck limiting overall

efficiency and broader application of high-resolution ACMs.

The iAMAS is a physics-chemistry coupled atmospheric model (Feng et al., 2023; Gu et al., 2022) built upon the MPAS-

A dynamical core (Skamarock et al., 2012) on spherical centroidal Voronoi tessellations (SCVTs). The SCVT mesh allows

for smooth resolution refinement over target regions. Supported by the Sunway supercomputer platform, iAMAS has achieved30

global 3 km (U3km) simulations with online-coupled aerosols (Gu et al., 2022). Performance profiling of the U3km experiment

reveals that two modules associated with tracer transport account for approximately 56.1% of the total execution time (Gu

et al., 2022, Fig. 3b), when simulating 104 tracers. This computational overhead underscores the urgent need for a more

computationally efficient transport scheme within variable-resolution framework based on SCVT.

To understand this bottleneck, it is essential to first examine the formulation and algorithmic structure of the current trans-35

port scheme in iAMAS inherited from the MPAS-A, hereafter referred to as the 2H1FCT scheme. The theoretical origin of

the 2H1FCT scheme can be traced back to classical Eulerian finite volume methods combined with Runge-Kutta time for-

ward schemes adopted in WRF model (Wicker and Skamarock, 2002; Skamarock et al., 2019). High-order flux operators in

Wicker and Skamarock (2002) are constructed through taylor series expansions, which can not be directly used on unstructured

meshes like SCVT. Skamarock and Gassmann (2011) developed new third- and fourth-order flux operators for SCVTs based40

on least-squares polynomial reconstruction. This approach uses second-order polynomials to estimate second-order directional

derivatives in high-order flux formulas originating from Wicker and Skamarock (2002). To achieve better numerical stability

and allow for larger time steps, the time-splitting scheme employed in iAMAS is the variant of the third-order Runge-Kutta

method in Wicker and Skamarock (2002) with modified sub-steps ∆t/2, ∆t/2, and ∆t, maintaining effective second-order

accuracy. For nonlinear transport, the original third-order Runge-Kutta scheme degenerates to second-order accuracy (Klemp45

et al., 2007), so this variant incurs no accuracy loss in real atmospheric simulations. However, such scheme still can not guar-

antee monotonicity, which is crucial for tracer transport to prevent spurious oscillations and unphysical values. Following the

strategy adopted in WRF (Wang et al., 2009), the third step of Runge-Kutta integration incorporates the flux-corrected trans-
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port (FCT) method (Zalesak, 1979; Skamarock, 2006), which dynamically corrects fluxes using coefficients derived from the

monotonicity constraints. The current 2H1FCT scheme thus comprises two third-order transport steps and one FCT correction50

step per dynamical time step, where the FCT step blends the third-order and first-order upwind fluxes. While the 2H1FCT

scheme is numerically robust and monotonic, its multi-step structure makes it computationally demanding, especially for nu-

merous tracers. With precomputed coefficients, the third-order transport step can achieve high computational efficiency, but

the FCT step requires approximately 4 times the computational cost of the third-order step. Besides flux correction associated

with calculation of both third-order and first-order fluxes, the FCT limiter also necessitates neighborhood searches to identify55

local extrema and additional communications to exchange flux correction coefficients of all tracers. Consequently, the 2H1FCT

becomes the most expensive module in the iAMAS model, when scaled up to hundreds of tracers at kilometer-scale resolutions.

Over the past decades, various algorithms have been implement in atmospheric tracer transport, generally categorized into

Lagrangian, semi-Lagrangian methods and Eulerian methods. ATTILA (Reithmeier and Sausen, 2002), CLaMS (McKenna

et al., 2002) and FLEXPART (Stohl et al., 2005) are examples of chemical transport schemes based on Lagrangian parcel60

tracking, which are discretized by tracer parcels. Compared to Eulerian methods, Lagrangian methods are less susceptible

to numerical diffusion and unconditionally stable to allow for larger time steps. These advantages have motivated efforts to

integrate Lagrangian transport schemes into grid-based atmospheric models. ECHAM4 using ATTILA to transport water va-

por and cloud water had more realistic water vapor distribution over extratropics at stratosphere (Stenke and Grewe, 2005)

than results in simulations with semi-Lagrangian methods. CLaMS was online coupled with ECHAM/MESSy Atmospheric65

Chemistry (EMAC) model to transport chemical species, improving transport of chemical species, especially at the edge of

the polar vortex compared with the original scheme (Hoppe et al., 2014). However, coupling Lagrangian schemes into fixed-

grid models poses inherent challenges in parallel implementation (Dong et al., 2014), which become especially pronounced in

high-resolution simulations requiring massive parallelism. Moreover, to mitigate the parcel disorder problem under severely de-

forming flows, additional techniques such as periodic remeshing (Bosler et al., 2017) are often necessary, potentially offsetting70

the efficiency advantage gained from larger time steps.

Semi-Lagrangian methods offer a practical compromise, retaining the stability advantage of large time steps from the La-

grangian framework while operating naturally on Eulerian grids. Conventional semi-Lagrangian methods typically involve two

steps: backward trajectory tracking and interpolation from the Eulerian grid to the departure point. However, the interpola-

tion step may introduce conservation errors. Therefore, Iske and Käser (2004) proposed a conservative scheme on Voronoi75

diagrams using piecewise linear polynomials, which is of particular relevance to SCVT-based meshes. Lauritzen et al. (2010)

extended the conservative remapping approach of Dukowicz and Kodis (1987) to cubed-sphere grids, developing the conser-

vative semi-Lagrangian multi-tracer transport scheme (CSLAM). An alternative approach is the flux-form semi-Lagrangian

(FFSL) scheme, which naturally ensures conservation by integrating fluxes across cell interfaces within a finite volume frame-

work (Lin and Rood, 1996). Therefore, a flux-form version of CSLAM (FF-CSLAM) was developed by Harris et al. (2011)80

for cubed-sphere grids, which retains the shape-preserving properties of CSLAM and enables the flux-limited monotonicity

to reduce diffusion. Lauritzen et al. (2011) further simplified the FF-CSLAM scheme using the swept area approach (Hirt

et al., 1974), making the implementation simpler and more robust. For CFL ≤ 1/2, the simplified scheme even achieves higher
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accuracy than the original scheme. Dubey et al. (2014) implemented the FF-CSLAM scheme for icosahedral-hexagonal grids

using a weighted least squares method for bi-quadratic polynomial reconstruction. They assessed different flux-area approxi-85

mations and found that reducing derivative errors through higher-order reconstructions has a more significant impact on overall

accuracy than minimizing geometrical errors in simplified flux-area calculations.

The computational advantage of semi-Lagrangian methods lies in their unconditional stability, which allows larger time

steps. Although backward trajectory is independent of tracer species, the cost of interpolation and monotonicity limiting for

each tracer remains non-negligible, potentially even exceeding that of the third-order transport step in the 2H1FCT scheme.90

If the time step is constrained by the computational stencil or by other model components (as in iAMAS), the efficiency gain

for multi-species transport becomes limited. Moreover, Dubey et al. (2014) showed that FF-CSLAM still requires an FCT

procedure for satisfactory monotonicity, further diminishing its efficiency advantage.

Consequently, total variation diminishing (TVD) schemes, which guarantee monotonicity by design, emerge as a compelling

alternative for efficient transport. However, high-order TVD schemes developed in one dimension cannot be directly applied95

to two-dimensional unstructured meshes (Bruner et al., 1997), prompting the development of various extension strategies. One

class of methods constructs the flux at each cell interface using three nodes: the downwind cell D, the upwind cell C, and

a further upwind cell U (Bruner et al., 1997; Darwish and Moukalled, 2003; Li et al., 2008; Hou et al., 2011, 2012). The

geometric complexity of 2D unstructured meshes makes cell U unable to be identified directly. Bruner et al. (1997) estimated

the value at cellU through extrapolation from cellC and its first-order neighbors. Darwish and Moukalled (2003) later proposed100

a gradient-based extrapolation at cell C to reconstruct the value at cell U , which better preserves the TVD property than the

approach of Bruner et al. (1997). Li et al. (2008) took a different approach by identifying the cell Ur which is closest to the

virtual cell U based on the geometric relation between cells C and D, then interpolating within cell Ur to estimate the value

at U , achieving even better convergence rates than the Darwish and Moukalled (2003) scheme. Hou et al. (2012) adopted a

similar strategy to Li et al. (2008) and further incorporated the mesh geometry into calculation of flux limiters.105

The present study aims to develop a computationally efficient transport scheme while maintaining stability and monotonicity.

A TVD scheme incurs only the modest overhead of flux limiter evaluations beyond a standard finite volume method, while its

built-in monotonicity eliminates the need for a separate FCT step. Although Li et al. (2008) yields better convergence, the cell

Ur may require an additional halo layer when encountering pentagonal cells in SCVT meshes (cell 5 in Fig. 1). Therefore, the

horizontal direction adopts a TVD scheme with the Darwish and Moukalled (2003) reconstruction. Since iAMAS occasionally110

has CFL> 1 cells at vertical direction, an FFSL scheme is adopted for its unconditional stability and finite volume compati-

bility. Time integration uses a TVD Runge-Kutta method to suppress spurious oscillations in conjunction with the TVD flux

operator.

This paper is organized as follows: Section 2 describes the iAMAS model and TVD-FFSL hybrid scheme. Section 3 eval-

uates the TVD-FFSL scheme through two-dimensional test cases, comparing it with the original 2H1FCT scheme. Section 4115

assesses TVD-FFSL scheme in realistic three-dimensional atmospheric simulations with dust aerosols. Section 5 compares

the computational efficiency and scalability of TVD-FFSL scheme with the 2H1FCT scheme. Finally, Section 6 presents the

conclusions and discussions.
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2 Method

2.1 iAMAS v2.6.3120

iAMAS is a high-performance, highly scalable physics-chemistry coupled atmospheric model built upon the MPAS-A dy-

namical core (Skamarock et al., 2012), specifically optimized for the Sunway heterogeneous supercomputing platform. Feng

et al. (2023) first incorporated natural-source aerosols such as dust and sea salt into the variable-resolution framework based

on SCVT meshes, together with their associated processes including dry and wet deposition, aerosol–radiation interactions,

and aerosol–cloud interactions. Gu et al. (2022) adapted iAMAS to the Sunway heterogeneous architecture with optimizations125

including vectorization and parallel fragmented I/O. Xia et al. (in preparation) further integrated anthropogenic emissions and

gas-phase chemical mechanisms such as SAPRC99, advancing the model to iAMAS v2.6. The TVD-FFSL scheme proposed

by this work is implemented in iAMAS v2.6.3. Currently, iAMAS has been applied to typhoon prediction (Gu et al., 2025),

monsoon subseasonal prediction (Gu et al., 2024; Li et al., 2025), polar meteorology (Yang et al., 2025), and dust climate

effects (Feng et al., 2025).130

2.2 TVD-FFSL hybrid scheme

The tracer transport equation describes the conservation of tracer mass. In the transport scheme, only the advective transport

term is considered, while source and sink terms as well as diffusion are excluded from the formulation. To ensure mass

conservation, the equation is cast in flux form as follows (Skamarock and Menchaca, 2010; Dubey et al., 2014):

∂(ρψ)

∂t
=−∇ · (Vρψ) (1)135

where ρ is the density of dry air, ψ is the mixing ratio of tracer, V is the velocity vector. Applying the finite volume method,

Eq. 1 is integrated over each grid cell and the divergence theorem transforms the volume integral into a surface flux integral,

resulting in the following discrete form:

∂ ¯ρψik

∂t
=− 1

Ai

Ni∑

j=1

dijF
h
ikj

(
Vh,ρ,ψ

)
− 1

Hk

2∑

m=1

F v
ikm (w,ρ,ψ) (2)

where i denotes the horizontal grid cell index, k denotes the vertical level index, ¯ρψik represents the cell-averaged tracer mass,140

Ai is the horizontal area, Ni is the number of neighboring cells of cell i, dij is the length of the edge shared by cells i and its

j-th neighbor, Fh
ikj denotes the horizontal flux, Vh is the horizontal velocity vector, Hk is the thickness of vertical layer k,

F v
ikm represents the vertical flux, and w is the vertical velocity.

Given that the atmosphere behaves as a thin fluid layer with vastly different horizontal and vertical scales, atmospheric

solvers typically employ distinct coordinate systems for horizontal and vertical directions. In iAMAS, the horizontal coordinate145

surface is discretized using SCVT, whereas the vertical coordinate adopts a hybrid terrain-following ζ coordinate proposed

by Klemp (2011). Consequently, horizontal and vertical fluxes in Eq. 2 are computed separately, despite sharing the same

algorithmic framework in the 2H1FCT scheme (Skamarock and Gassmann, 2011). There is a rule of thumb about relation
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between maximum time step ∆tmax (s) and minimum grid spacing ∆xmin (km) for iAMAS (Wicker and Skamarock, 2002;

Skamarock et al., 2019):150

∆tmax ≈ 6∆xmin (3)

The maximum time step given by Eq. 3 ensures CFL ≤ 1 for horizontal advection except under extreme wind speeds exceeding

approximately 166 m/s. Consequently, TVD-type algorithms can be applied horizontally without additional time step restric-

tion. In contrast, vertical advection may result in CFL> 1 for few grid cells. For instance, in real atmospheric simulations

with the U60km mesh, approximately 0.015% of cells exhibit CFL> 1. Although these cells with unstable conditions consti-155

tute a negligible fraction of the total, they can still trigger instability in vertical advection, which then compromises the entire

transport computation. Therefore, unconditionally stable methods such as the FFSL scheme are well-suited for formulating the

vertical flux operator.

The TVD-FFSL hybrid scheme proposed in this study integrates TVD and FFSL methods for atmospheric transport on

SCVTs. Horizontally, the scheme employs Darwish TVD scheme with KOREN flux limiters to ensure monotonicity and160

second-order accuracy, while avoiding FCT frameworks to improve computational efficiency. Vertically, the FFSL method

based on piecewise parabolic method (PPM) reconstruction provides unconditional stability and guarantees monotonicity with-

out flux correction. Time integration uses the optimal second-order TVD Runge-Kutta method (Shu and Osher, 1988; Gottlieb

and Shu, 1998), achieving efficient and stable solutions. The individual components are detailed in the following subsections.

2.2.1 Horizontal flux operator165

iAMAS employs C-Grid staggering to distribute variables on SCVTs horizontally, with air density ρ and tracer mixing ratio ψ

defined at cell centers (black dot in Fig. 1), while the velocity components Vh are defined at cell faces (red vector in Fig. 1).

Since ρ and Vh are determined by the other governing equations, they can be treated as known quantities within the transport

scheme. Consequently, the horizontal flux in Eq. 2 is computed as:

Fh
ij = ρijV

h
ijψij (4)170

where subscript ij denotes the shared edge between cell i and its j-th neighbor. Since the horizontal flux calculation is identical

at all vertical levels, the subscript k is omitted for brevity. The critical step is estimating the tracer concentration at cell edges,

ψij , based on cell-centered values. When velocity flows from cell i to its j-th neighbor, cell i corresponds to Cell C and the

neighbor corresponds to Cell D. The notation reverses when velocity flows in the opposite direction. Then, ψ(C,D) of a TVD

scheme with flux limiter on unstructured grids is written as (Bruner et al., 1997; Darwish and Moukalled, 2003):175

ψ(C,D) = ψC +
1

2
ϕ(r(C,D))(ψD −ψC) (5)

where r(C,D) is the upwind ratio of consecutive gradients, whose exact definition is:

r(C,D) =
ψC −ψU

ψD −ψC
(6)
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And ϕ(r(C,D)) is the flux limiter, used to suppress spurious oscillations near discontinuities while maintaining high-order

accuracy in smooth regions. However, the virtual cell U which is the upstream cell of Cell C can not be determined concisely180

on unstructured grids. Here, Darwish extraplolation method (Darwish and Moukalled, 2003) is employed, whose r(C,D) is

defined as:

r(C,D) =
2∇ψC ·dCD

ψD −ψC
− 1 (7)

where dCD denotes the vector from the center of cell C to the center of cell D, and ∇ψC represents the tracer concentration

gradient at the center of cell C. The gradient is estimated using second-order polynomial reconstruction following Skamarock185

and Gassmann (2011). While the original formulation employs the polynomial to estimate second-order directional derivatives

for high-order flux operators, we adopt the same reconstruction to compute the first-order gradient required by the Darwish

TVD scheme. Detailed description are provided in Appendix A.

The limiter function ϕ(r(C,D)) (Sweby, 1984) adaptively controls the reconstruction of ψ(C,D) based on the smoothness in-

dicator r(C,D), suppressing oscillations near discontinuities while preserving accuracy in smooth regions. For one-dimensional190

uniform grids, the MINMOD and SUPERBEE limiters bound the second-order TVD region (Sweby, 1984; Tang, 2023).

Limiter functions within this region (Fig. 2) maintain monotonicity while preserving second-order accuracy (Sweby, 1984).

While the theoretical framework above applies to one-dimensional uniform grids, verification through testing is required for

two-dimensional SCVT meshes. Numerical experiments reveal that limiters closer to MINMOD exhibit greater numerical

dissipation, whereas those approaching SUPERBEE show reduced dissipation but compromised shape-preserving properties.195

Based on extensive testing and quantitative evaluation, we selected the KOREN limiter (Koren, 1993):

ϕ(r) =




min

(
2r, 2+r

3 ,2
)
, if r > 0

0, if r ≤ 0
(8)

The KOREN limiter achieves third-order accuracy in smooth regions (r(C,D) ≈ 1) while maintaining robust monotonicity

preservation near discontinuities. Compared to other TVD limiters, KOREN offers an optimal balance between numerical dis-

sipation and oscillation suppression when applied to atmospheric transport problems (see Sec. 3). Geometry-dependent limiters200

proposed in Hou et al. (2011, 2012) show promise for specific applications. However, for atmospheric transport simulations on

SCVT meshes, we find that conventional limiters unexpectedly offer better performance.

The horizontal flux operator in the TVD-FFSL scheme employs the Darwish TVD construction adapted for SCVT meshes.

Since the flux at each edge depends on tracer concentrations at the upwind cell and its first-order neighbors, the horizontal

flux operator requires a halo depth of two (i.e., two layers of halo cells). This matches the communication depth of the original205

2H1FCT scheme in iAMAS, resulting in equivalent data volume per communication. The computation of factor r(C,D) reduces

to a dot product of precomputed weights and tracer concentrations at the upwind cell and its neighbors, followed by direct

flux calculation through Eqs. 5 and 4. While the computational cost is slightly higher than the third-order flux operator in

2H1FCT, this approach is more efficient than the flux correction procedure and eliminates one communication step for flux

correction coefficients of all tracers. Consequently, the horizontal flux operator achieves theoretical monotonicity and second-210

order accuracy with improved computational efficiency. The practical performance of this scheme is evaluated in Sec. 3.
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2.2.2 Vertical flux operator

In the vertical direction, the flux construction reduces to a one-dimensional transport problem on non-uniform grids, which

is considerably simpler than the horizontal SCVT framework. However, vertical advection presents challenges with CFL> 1

at few grids. Resolving these time step restrictions through substepping would impose a significant computational burden,215

particularly for simulations with numerous cells and multiple tracer species. Consequently, then FFSL scheme emerges as the

optimal choice due to its unconditional stability, strong conservation properties, and excellent scalability with respect to the

number of tracer species under identical wind field configurations.

A critical component of the FFSL scheme is trajectory calculation, which determines the departure point zdep through back-

ward tracking. Specifically, zdep is the location from which a tracer parcel originates and reaches the target interface zint after220

traveling against the wind for one time step ∆t. Rather than employing high-order substepping methods (Giraldo, 1999; Rosatti

et al., 2005; Ullrich et al., 2012) that require multiple substeps and wind field interpolation, we adopt a direct first-order ap-

proximation:

zdep = zint −∆tw(zint) (9)

Despite its simplicity, this approach demonstrates both computational efficiency and good practical performance in atmospheric225

transport simulations. We attribute this to three primary factors: (1) the vertical velocity used is the average of values before and

after Runge-Kutta integration in the iAMAS, (2) geometrical errors from simplified trajectory calculations have less impact on

overall accuracy than the quality of polynomial reconstruction (Dubey et al., 2014), and (3) grid cells with CFL> 1 constitute

a negligible fraction of the total.

With the departure point determined, the vertical flux is computed as follows:230

F v
k =

zint∫

zdep

ρψdz (10)

Following the FFSL formulation (Lin and Rood, 1996), the tracer distribution is reconstructed using the PPM (Colella and

Woodward, 1984), which provides third-order accuracy and good monotonicity preservation. This approach is particularly

well-suited for resolving smooth and stratified vertical profiles of atmospheric tracers such as dust and sea salt. Details of PPM

are provided in Appendix B.235

To ensure high computational efficiency, the PPM reconstruction are highly vectorized in this TVD-FFSL implementation.

The traditional PPM schemes suffer from conditional branching associated with the monotonicity limiters (Eq. B2). Explicit

if-then-else statements inside loops typically inhibit Single Instruction Multiple Data (SIMD) vectorization and cause perfor-

mance penalties due to branch misprediction (Chopp, 2019). To overcome this, the PPM reconstruction is implemented in an

array-oriented, branch-free programming paradigm, as outlined in Algorithm 1. Instead of evaluating conditions sequentially240

for each vertical layer, the limiter constraints are evaluated simultaneously across the entire vertical column to generate boolean

masks M1, M2 and M3. Using intrinsic masked assignments (the MERGE operation), the modified interface values ψB , ψU

(Eq. B2) and the subsequent polynomial coefficientsC0,C1,C2 (Eq. B7) are computed through continuous array operations.

8
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Combined with the intrinsic advantage of the FFSL scheme, this vectorized calculation of scalar coefficients minimizes the

marginal computational cost of adding tracers.245

2.2.3 TVD Runge-Kutta method

When the spatial discretization scheme follows the TVD framework, TVD Runge-Kutta timestepping methods provide excel-

lent compatibility and effectively avoid the oscillations that can arise from non-TVD Runge-Kutta schemes (Gottlieb and Shu,

1998). The TVD time integration preserves the monotonicity maintained by the horizontal discretization, ensuring as much as

possible that the hybrid scheme remains TVD in both space and time. The optimal second-order TVD Runge-Kutta method250

(Shu and Osher, 1988; Gottlieb and Shu, 1998) is selected in this transport scheme, shown below:

¯ρψ(1) = ¯ρψn +∆tL( ¯ρψn)

¯ρψn+1 =
1

2
¯ρψn +

1

2
¯ρψ(1) +

1

2
∆tL( ¯ρψ(1)) (11)

where L denotes the spatial operator. The third-order TVD Runge-Kutta scheme (Gottlieb and Shu, 1998) was also tested but

yielded degraded accuracy, possibly because the spatial flux operator is also second-order. Through testing, the second-order255

scheme demonstrated better performance with higher computational efficiency.

3 2D test results

Following previous studies (Skamarock and Menchaca, 2010; Skamarock and Gassmann, 2011; Dong et al., 2014), two ideal-

ized 2D test cases are examined: solid body rotation and deformational flow. Since these tests evaluate only horizontal transport,

they validate the horizontal TVD method of the proposed TVD-FFSL scheme compared with the 2H1FCT scheme.260

3.1 Solid body rotation

The solid body rotation test is a standard benchmark for transport schemes, characterized by a non-divergent velocity field that

completes one full rotation per period T . As a basic test without deformational flow, it evaluates the spatial accuracy, numerical

dissipation, and shape-preserving capabilities of transport schemes. Following Skamarock and Menchaca (2010), we employ

the Earth sphere as the test domain to better approximate atmospheric transport conditions, rather than the conventional unit265

sphere. The zonal velocity is set as:

u= cos(λ)
2πRe

T
(12)

where Re is the Earth’s radius and λ denotes latitude. The meridional velocity component is set to zero. Under this velocity

field, the tracer distribution returns to its initial state after one period T .

We test two initial conditions under the solid body rotation case: a cosine bell (Williamson et al., 1992) and a slotted cylinder270

(Lipscomb and Ringler, 2005), shown in Fig. 3a and Fig. 5a, respectively. All parameter configurations are identical to those in

Skamarock and Menchaca (2010). Table 1 lists the meshes used in these tests. It should be noted that all SCVT meshes used in

9
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this study are generated by the Jigsaw algorithm (Engwirda, 2017), which differs from the traditional Lloyd algorithm (Renka,

1997) used for SCVT mesh generation. Consequently, the 2H1FCT test results in this paper may show slight discrepancies

from those reported in Skamarock and Gassmann (2011) due to mesh differences.275

3.1.1 Cosine bell

Fig. 3 displays the spatial distributions of the cosine bell after one full revolution. Visually, both the 2H1FCT and TVD-FFSL

schemes accurately transport the tracer without noticeable phase errors or structural distortions. The concentric contours remain

highly symmetric, demonstrating that the TVD-FFSL scheme possesses excellent shape-preserving characteristics. A closer

examination of the global extrema reveals that both schemes perfectly maintain the strict positivity of the tracer field, without280

negative values. The maximum peak value of the TVD-FFSL scheme (976.09) is slightly lower than that of the 2H1FCT

scheme (989.54). This minor peak clipping may be due to the flux limiters used in the TVD scheme, which introduce moderate

numerical dissipation near local extrema to suppress spurious oscillations.

The L2 and Linf error norms (Appendix C) are chosen to quantitatively evaluate the spatial accuracy of the transport schemes

(Dubey et al., 2014; Dong et al., 2014). Both schemes exhibit a systematic reduction in errors as the resolution increases (Fig. 4).285

Notably, while the Linf error (red dash line) of the TVD-FFSL scheme is higher due to the aforementioned TVD limiter effect

at the peak, its L2 error (red solid line) is highly competitive. At coarser resolutions, the L2 error of TVD-FFSL is comparable

to 2H1FCT, and at higher resolutions (number of cells > 105, ∆x= 60km), TVD-FFSL even slightly outperforms the original

scheme, showing lower overall numerical dissipation across the global domain.

Although both schemes achieve near second-order convergence, the convergence rates exhibit variations across different290

resolutions (Fig. 4). Table 2 further details the L2 and Linf convergence rates. The TVD-FFSL scheme demonstrates superior

convergence behavior at coarse resolutions. For the transition from 240km to 120km, TVD-FFSL achieves a remarkable super-

convergence rate of 2.457, compared to 1.663 for 2H1FCT. From 120km to 60km, it maintains a robust rate of 1.809, closely

approaching the theoretical second-order limit. At the finest resolution step (60km–30km), the convergence rates for both

schemes drop to approximately 1.39. Overall, the convergence behavior of TVD-FFSL is comparable to, and to some extent295

superior to, that of 2H1FCT.

3.1.2 Slotted Cylinder

In contrast to the smooth cosine bell, the slotted cylinder presents a more rigorous test with sharp discontinuities (Fig. 5a) that

challenge shape-preserving capabilities and oscillation suppression of transport schemes.

Fig. 5b and Fig. 5c show the slotted cylinder distributions after one revolution, simulated by the 2H1FCT and TVD-FFSL300

schemes, respectively. Both schemes exhibit a certain degree of inherent numerical diffusion, resulting in the smoothing of

the originally sharp edges. However, the overall cylinder structure is well maintained by both schemes, and the central "slot"

remains distinct and clearly resolved. Crucially, the TVD-FFSL scheme effectively controls numerical oscillations and main-

tains strict positivity without requiring flux correction, preventing any non-physical negative values. Regarding peak values,
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both schemes show slight overshoots above 1000.0. TVD-FFSL demonstrates marginally better overshoot control (1012.21)305

compared to 2H1FCT (1013.56).

The error norms for the slotted cylinder test are shown in Fig. 6. With discontinuous initial conditions, error characteristics

differ markedly from smooth fields. The Linf errors remain resolution-independent, as expected for transport of discontinuous

fields. Numerical diffusion inherently smears sharp edges, causing errors that persist regardless of grid spacing. TVD-FFSL

demonstrates marginally higher L2 errors than 2H1FCT, though the difference remains small. The slotted cylinder test thus310

confirms TVD-FFSL’s robustness and shape preservation, performing comparably to 2H1FCT despite severe discontinuities.

3.2 2D deformational flow

While the solid body rotation test assesses basic advection without flow distortion, the 2D deformational flow test is a sig-

nificantly more rigorous case. It features severe stretching and shearing, rolling the initial tracer field into filaments before

reversing the flow to recover the initial field (Blossey and Durran, 2008). Skamarock and Menchaca (2010) designed a 2D de-315

formational flow field test for Earth atmospheric transport scenarios, with the stream function given by (with minor corrections

to typographical errors in the original formula):

Ψ(r̄, t) =
4πR2

e

T

{
sinλ± cos

(2πt
T

)
×

[ r̄2
2

+
1

96
log(1− 16r̄2 +256r̄4)

− 1

48
log(1+16r̄2)−

√
3

48
arctan

(32r̄2 − 1√
3

)]}
(13)320

where r̄ = π/2−λ
π . The normal velocity at edge ie is computed as:

Vn,ie =
Ψv2,ie

−Ψv1,ie

Lie

(14)

where v1,ie and v2,ie are two vertices of edge ie and Lie is the length of edge ie.

We also test the smooth cosine bell initial condition under this scenario. Fig. 7 illustrates the time evolution of the cosine bell

at t= T
4 ,

T
2 ,

3T
4 and t= T for both the 2H1FCT and TVD-FFSL schemes. Visually, both schemes perform excellently. At t= T

4325

and t= 3T
4 , the initial bell is intensely stretched. The TVD-FFSL scheme smoothly captures this filamentary structure without

breaking it up into unphysical discrete blobs, demonstrating robust shape-preserving capabilities under strong deformation.

Upon the flow reversal at t= T
2 and t= T , both schemes successfully reconstruct the original bell shape. Consistent with the

findings in the solid body rotation test, maximum values at t= T reveals that the TVD-FFSL scheme exhibits slightly more

peak clipping (979.65) compared to the 2H1FCT scheme (988.10). TVD limiters naturally become more restrictive in strong330

deformation to prevent oscillations, which is an expected trade-off for stability.

Fig. 8 further illustrates the error norms of the cosine bell under deformational flow. The absolute values of both L2 and

Linf error norms for the TVD-FFSL scheme are slightly larger than those of the 2H1FCT scheme across scales (from 240

km to 30 km). However, at the finest resolution (U30km, 658 591 cells), the difference in L2 errors between TVD-FFSL and
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2H1FCT becomes negligible. While absolute error magnitude is important, the convergence rate under grid refinement is of335

equal significance. As clearly demonstrated by the steeper slopes of the TVD-FFSL lines in Fig. 8 and detailed in Table 2, the

TVD-FFSL scheme exhibits significantly superior convergence properties. When comparing errors between the 240km and

120km meshes, TVD-FFSL achieves a convergence rate of 2.394, higher than 2H1FCT (1.976). More importantly, between

the 120km and 60km meshes, TVD-FFSL maintains a robust rate of 2.147, whereas the 2H1FCT scheme’s rate degrades to

1.490. Even for the 60km–30km comparison, TVD-FFSL sustains a higher rate of 1.728 compared to 1.441 for 2H1FCT.340

In summary, despite slightly higher absolute errors, TVD-FFSL demonstrates superior convergence rates and successfully

reconstructs strongly deformed tracer fields.

3.3 Summary of 2D tests

The 2D idealized tests validate the performance of the horizontal TVD component of the proposed TVD-FFSL hybrid scheme.

Under solid body rotation, the scheme demonstrates excellent shape preservation for both smooth and discontinuous initial345

conditions, with minor peak clipping representing an acceptable trade-off for monotonicity. In deformational flow case, the

horizontal TVD operator exhibits superior convergence properties compared to 2H1FCT, maintaining robust convergence rates

across different mesh comparisons while successfully reconstructing strongly deformed tracer fields. These results confirm that

the horizontal TVD component meets the requirements for accurate and reliable atmospheric transport.

4 Real test results350

While the preceding idealized tests validate the mathematical properties of the horizontal TVD component, they do not examine

the vertical FFSL operator nor guarantee reliability in realistic three-dimensional atmospheric simulations. To bridge this gap,

the scheme has been fully coupled into iAMAS to simulate the transport of aerosol and chemical species such as dust, sea salt

and NOx. Such online coupling demands thorough validation of long-term numerical stability, robustness, and compatibility

with other model components.355

Thus, two dust-related experiments are conducted on a variable-resolution grid with regional refinement to 16 km (Fig. 9).

The first experiment (hereafter Dust21) covers a 20-day period from 00:00 UTC on 12 March to 24:00 UTC on 31 March,

2021, which is characterized by frequent dust activity. This simulation is designed to assess the stability of TVD-FFSL and

compare its behavior with 2H1FCT, using 512 CPU cores. The second experiment (hereafter Dust25) targets a severe dust

storm event on November 26–27, 2025, featuring rapid transport processes. Dust25 was simulated from 00:00 UTC on 22360

November to 00:00 UTC on 28 November, 2025, using 256 CPU cores. All simulations share identical configurations except

for the transport schemes.

Fig. 10 presents the PM10 column concentration averaged over the 20-day Dust21 simulation period. The column-integrated

quantity is chosen here as it reflects the accumulated effects of both horizontal and vertical transport. The spatial distributions

produced by 2H1FCT (Fig. 10a) and TVD-FFSL (Fig. 10b) are in close agreement, both capturing the large-scale dust plumes365

over northern China and Mongolia. A quantitative comparison within the refined region (Fig. 10c) further confirms the con-

12

https://doi.org/10.5194/egusphere-2026-2532
Preprint. Discussion started: 22 June 2026
c© Author(s) 2026. CC BY 4.0 License.



sistency between the two schemes, yielding an MAE of 0.117 gm−2 and a correlation coefficient of ρ= 0.987. Although the

preceding idealized tests indicate that TVD-FFSL suppresses extrema more strongly than 2H1FCT, Fig. 10c reveals that TVD-

FFSL yields slightly higher values than 2H1FCT in the high-concentration range. These results demonstrate that TVD-FFSL

maintains numerical stability throughout the 20-day continuous simulation, with no evidence of unphysical drifts or spurious370

mass accumulation when coupled online in iAMAS.

The Dust25 experiment targets a severe dust storm that transported dust from northwestern to eastern China within two

days, testing the TVD-FFSL robustness under extreme dust storm case. As the most direct indicator of rapid dust transport, we

evaluate the simulated surface PM10 concentrations. Fig. 11 compares the daily averaged surface PM10 concentrationsagainst

ground-based station observations from the China National Environmental Monitoring Centre (CNEMC) on November 26375

and 27, 2025. Both schemes capture the southeastward propagation of the dust plume, with TVD-FFSL yielding moderately

lower MAE and higher correlation coefficient over 2H1FCT on both days. However, since surface concentrations in ACMs are

influenced by multiple processes such as emissions, boundary-layer mixing, these differences should be interpreted with cau-

tion. Rather than claiming superiority, the results demonstrate the robustness of TVD-FFSL under rapid transport conditions,

achieving performance fully competitive with the 2H1FCT scheme in realistic applications.380

5 Efficiency and scalability

As emphasized in the introduction, the computational efficiency of transport scheme is a critical bottleneck in high-resolution

ACMs involving hundreds of tracer species. The primary objective of developing the TVD-FFSL scheme is to alleviate this

computational burden while maintaining the accuracy and shape-preserving properties demonstrated in the previous sections.

Furthermore, state-of-the-art numerical weather prediction and climate models invariably rely on distributed-memory par-385

allel computing environments. Therefore, evaluating the efficiency of a new algorithm must be conducted within a parallel

framework. In this section, a series of performance tests are conducted on a high-performance computing cluster equipped

with Intel Xeon E5-2680 v4 processors (2.40 GHz). We comprehensively assess the acceleration capability of the TVD-FFSL

scheme relative to the original 2H1FCT scheme and compare their scalability regarding both the number of advected species

and CPU cores.390

First, the computational cost is evaluated as a function of the number of advected species, ranging from 8 to 200. This

test is conducted on a U60km resolution grid utilizing a fixed computational resource of 8 nodes (8 × 28 = 224 cores).

The 2H1FCT scheme employs a second-order Runge-Kutta method with flux correction, performing three integrations per

dynamical timestep. The first two are third-order transport calculations and the final step applies flux correction. The reported

time cost per dynamical timestep represents the sum of these three components. In contrast, the TVD-FFSL scheme adopts395

the second-order TVD Runge-Kutta method, executing two transport calculations per dynamical timestep, with the total cost

computed as the sum of both operations. Fig. 12 illustrates the wall-clock time per dynamical time step for both schemes,

alongside the relative speedup ratio (t2H1FCT/tTVD-FFSL). The absolute time cost (left Y-axis) reveals a stark contrast between

the two methods. The cost of the original 2H1FCT scheme increases linearly and steeply with the addition of new species,
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reaching 6.26 seconds per step for 200 species. In contrast, while the TVD-FFSL scheme also exhibits an overall increasing400

trend, its slope is significantly gentler. For the same 200-species workload, the TVD-FFSL scheme requires only 2.74 seconds.

The dashed red line (right Y-axis) shows the speedup ratio of TVD-FFSL relative to 2H1FCT. The TVD-FFSL scheme achieves

a remarkable peak speedup of 3.04× when transporting 8 species. As the number of species increases to realistic atmospheric

chemistry workloads (e.g., 60 to 200 species), the speedup ratio experiences minor fluctuations but consistently stabilizes at a

highly efficient level, generally maintaining a speedup of greater than 2.0×, and concluding at 2.28× for 200 species. Notably,405

the TVD-FFSL time cost curve displays "plateaus" between 140–160 and 180–200 species, where computational time barely

increases despite adding more species. This favorable behavior suggests that the TVD-FFSL algorithm likely benefits from

more efficient vectorization, compared to the repetitive operations inherent in the 2H1FCT scheme.

To evaluate the scaling performance at different CPU cores, transport schemes are tested on the U60km mesh with core

numbers ranging from 56 to 224. For this test, a constant workload of 120 species is selected. Fig. 13 shows the time cost410

per dynamical timestep for both schemes (left Y-axis) and the corresponding speedup ratio (right Y-axis). Both the original

2H1FCT scheme and the proposed TVD-FFSL scheme exhibit strong scaling characteristics, with their absolute execution

times decreasing monotonically and smoothly as computational resources are added. Crucially, the TVD-FFSL scheme con-

sistently maintains a profound performance advantage across various core counts. For instance, at a baseline of 56 cores, the

TVD-FFSL scheme requires only 5.75 seconds per step compared to 14.13 seconds for 2H1FCT. When running on 448 cores,415

the TVD-FFSL scheme completes in 0.89 seconds, whereas the 2H1FCT scheme still requires nearly 1.89 seconds. The red

dashed line in Fig. 13 further quantifies this relative efficiency. The scheme achieves a remarkable peak speedup of 2.46× at 56

cores. As the number of cores increases to 448, the speedup ratio experiences a slight, gradual decline, ultimately stabilizing

at 2.12×.

In summary, the efficiency and scalability evaluation unequivocally confirm that the newly developed TVD-FFSL drasti-420

cally cuts the computational cost of multi-species transport by more than half (> 2× speedup), without sacrificing algorithmic

scalability. It is important to note that the above benchmarks are conducted in a transport-only integration within the parallel

framework from iAMAS over only 288 time steps. In the fully coupled Dust21 and Dust25 simulations with 56 species de-

scribed in the previous section, TVD-FFSL achieves an even higher speedup exceeding 3.75× relative to 2H1FCT (Table 3).

This further acceleration likely stems from two factors. Most of the auxiliary arrays introduced by TVD-FFSL are small enough425

to reside primarily in stack memory, whereas FCT requires frequent allocation/deallocation of heap memory proportional to the

number of tracer species. After thousands of integration steps, such repeated heap operations cause memory fragmentation that

degrades overall performance. Moreover, TVD-FFSL vectorizes the vertical flux computation along the vertical layer dimen-

sion (Algorithm 1), leveraging SIMD-level parallelism for additional speedup. Consequently, while the theoretical reduction

in computational cost of TVD-FFSL may be only around 50%, its low memory usage and vectorized implementation yield430

substantially greater speedup in realistic simulations. Furthermore, the reduced memory allocation frequency and footprint of

TVD-FFSL alleviate overall system contention, which also accelerates non-transport modules. As a result, although transport

itself is accelerated by 3.75–4.15×, the fraction of transport time only drops from 31–34% to approximately 13% (Table 3).
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6 Conclusions

In this study, we developed TVD-FFSL, a computationally efficient tracer transport scheme designed for SCVT-based meshes,435

and implemented it in the iAMAS model. The scheme combines a TVD horizontal flux operator, an FFSL vertical flux oper-

ator, and a second-order TVD Runge-Kutta time integration, ensuring horizontal monotonicity while bypassing vertical CFL

restrictions. Furthermore, the vertical PPM reconstruction with monotonicity constraints was vectorized for enhanced perfor-

mance.

The numerical reliability of TVD-FFSL was rigorously validated. In 2D idealized tests, it demonstrated robust shape-440

preserving capabilities for discontinuous and strongly deformational flows. Although the restrictive nature of the TVD limiter

introduced slightly higher errors and peak clipping compared to the original 2H1FCT scheme, TVD-FFSL exhibited superior

convergence rates, rendering the error gap negligible at finer resolutions (∆x≤ 30 km). In 3D practical applications, 20-day

integrations under frequent dust activity and an extreme dust storm simulation on a 16–60 km variable-resolution grid con-

firmed its adaptability. The TVD-FFSL scheme maintained long-term numerical stability and achieved simulation accuracy445

highly comparable to the 2H1FCT scheme under intense synoptic forcing.

The primary motivation behind the design of TVD-FFSL is to achieve high computational efficiency in tracer transport. In

standalone transport tests, it provided a stable speedup of over 2.0× across various species counts and CPU cores. Crucially,

when fully coupled into iAMAS, this efficiency gain was further amplified due to the scheme’s low memory footprint and

vectorized vertical implementation. For realistic dust simulations, TVD-FFSL consistently delivered a speedup of 3.75× or450

greater, significantly reducing the computational overhead of tracer transport without sacrificing physical reliability.

Although both the horizontal TVD and vertical PPM components employ monotonicity limiters individually, the hybrid

TVD-FFSL scheme lacks the strict mathematical monotonicity guarantee of FCT-type schemes, especially on unstructured

meshes. Nevertheless, no unphysical instabilities or mass accumulations are observed during the extended coupled simulations.

Furthermore, the underlying design principles of TVD-FFSL are transferable to other unstructured meshes, offering a pathway455

toward accelerating high-resolution atmospheric chemistry simulations.

Code and data availability. The code and test cases for the TVD-FFSL scheme are available at https://doi.org/10.5281/zenodo.19486737

(last access: 2026-04-10). The code of the iAMAS model is available upon request by contacting Prof. Zhao (chunzhao@ustc.edu.cn).

The ground-based station observations of PM10 concentrations are available from the China National Environmental Monitoring Centre

(CNEMC) .460
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Appendix A: Estimation of directional derivatives based on polynomial reconstruction

In Skamarock and Gassmann (2011), the tracer concentration within cell i is represented by a second-order polynomial:

ψ = c0 + cxx+ cyy+ cxxx
2 + cxyxy+ cyyy

2 (A1)

The coefficients f = (c0, cx, cy, cxx, cxy, cyy) are determined via least squares fitting using cell-centered concentration of cell i

and its N first-order neighbors. In SCVTs, N is typically 6, although other values such as 4 and 8 may occur in regions with465

resolution transition. Following the derivation in Skamarock and Gassmann (2011), the coefficient vector can be expressed as:

f =BΨ (A2)

where B is a (6,N +1) matrix that depends solely on the geometric characteristics of SCVTs, and Ψ is an (N +1)×1 vector

containing the values of ψ at cell i and its first-order neighbors. Therefore, the first-order directional derivatives in Eq. 7 can

be computed as:470
(∇ψC ·dCD

|dCD|

)

x=0,y=0

=
∂ψ

∂x
cosθ+

∂ψ

∂y
sinθ

= (cosθb2 +sinθb3) ·Ψ

=W ·Ψ (A3)

where θ is the azimuth angle of dCD measured from north at cell C, and bk denotes the k-th row vector of matrix B. Since

the SCVT mesh is static, the weight vector W can be precomputed from the mesh geometry via the least squares formulation,475

eliminating repeated matrix inversions during time integration.

Appendix B: Vertical flux based on PPM

The first step of PPM reconstruction is to estimate tracer concentrations at vertical cell interfaces. We employ a fourth-order

construction widely used in previous studies (Colella and Woodward, 1984; Skamarock and Gassmann, 2011). For the interface

between layers k and k+1, the face values are given by:480

ψk,U = ψk+1,B =
7

12
(ψ̄k+1 + ψ̄k)−

1

12
(ψ̄k+2 + ψ̄k−1) (B1)

To maintain monotonicity and prevent overshoot, Colella and Woodward (1984) introduced limiter functions that constrain

the parabolic reconstruction when sharp gradients are present. These limiters modify the reconstructed interface values accord-

ing to these constraints:

ψB,k = ψU,k = ψ̄k if
(
ψU,k − ψ̄k

)(
ψ̄k −ψB,k

)
⩽ 0 (B2)485

ψB,k = 3ψ̄k − 2ψU,k if (ψU,k −ψB,k)

(
ψ̄k −

1

2
(ψB,k +ψU,k)

)
>

(ψU,k −ψB,k)
2

6
(B3)

ψU,k = 3ψ̄k − 2ψB,k if − (ψU,k −ψB,k)
2

6
> (ψU,k −ψB,k)

(
ψ̄k −

1

2
(ψB,k +ψU,k)

)
(B4)
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Based on these interface values, a parabolic function (Colella and Woodward, 1984) representing the tracer concentration

distribution within layer k can be constructed as follows:

ψ(ξ) = ψB,k + ξ [∆ψk +ψ6,k(1− ξ)] (B5)490

where, ξ ∈ [0,1] is the fraction of the thickness of layer k, ∆ψk = ψU,k −ψB,k, and ψ6,k = 6
[
ψ̄k − 1

2 (ψB,k +ψU,k)
]
. The

above construction ensures mass conservation, expressed as
∫ 1

0
ψ(ξ)dξ∆zk = ψ̄k∆zk.

Consequently, the vertical flux with upward velocity at the interface is given by:

F v
k =

ke∑

ks

ρkψ̄k∆zk + ρ∆z

1∫

1−ξ

ψ(ξ)dξ (B6)

where ks and ke denote the starting and ending indices of complete grid cells traversed by the backward trajectory. For the495

vast majority of grid cells where CFL< 1, the summation term vanishes, and only the integral term contributes to the flux. For

downward wind conditions, the integration limits become 0 and ξ. The integral term can be transformed as:

ξe∫

ξs

ψ(ξ)dξ = ψB,kξ|ξeξs +(∆ψk +ψ6,k)ξ
2|ξeξs −ψ6,kξ

3|ξeξs (B7)

The ξ-dependent terms are computed once for all tracers, exploiting a key efficiency advantage of the FFSL scheme: the

trajectory (and thus ξ) depends only on wind direction, whereas coefficients in Eq. B7 must be computed separately for each500

species due to their dependence on tracer concentration.

Appendix C: Error norms

The L2 error norm is defined as:

L2 =

∑
iAi

(
ψ̄i −ψt,i

)2
∑

iAiψ2
t,i

(C1)

where i is the cell index, Ai is the area of cell i, ψ̄i is the numerical solution, and ψt,i is the true solution.505

The Linf error norm is computed as:

Linf =
maxi |ψ̄i −ψt,i|

maxi |ψt,i|
(C2)
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Figure 1. Illustration of SCVT with C-grid staggering. Black dots denote cell centers, while red arrows represent velocity normal to cell

faces. In the notation used, cell C refers to the upstream cell (0) and cell D refers to the downstream cell (3) when velocity flows from cell 0

to cell 3.
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Figure 2. Second-order total variation diminishing (TVD) region and KOREN limiter function.
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Figure 3. Cosine bell under the solid body rotation test on the U60km mesh at t= T . (a) Exact solution. (b) Result of the original 2H1FCT

scheme in iAMAS. (c) Result of the TVD-FFSL hybrid scheme.
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Figure 4. The L2 and Linf error norms of the cosine bell under the solid body rotation test.
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Figure 5. Slotted cylinder under the solid body rotation test on the U60km mesh at t= T . (a) Exact solution. (b) Result of the original

2H1FCT scheme in iAMAS. (c) Result of the TVD-FFSL hybrid scheme.
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Figure 6. The L2 and Linf error norms of the slotted cylinder under the solid body rotation test.
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Figure 7. Cosine bell under deformational flow on the U60km mesh. (a-d) Results of 2H1FCT at t= T
4
, T
2
, 3T

4
,T . (e-h) Results of TVD-

FFSL at t= T
4
, T
2
, 3T

4
,T .
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Figure 8. The L2 and Linf error norms of the cosine bell under deformational flow.
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Figure 9. Grid spacing distribution of the V16km mesh. The black solid line surrounds the region with resolution of 16 km.
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Figure 10. The column concentration of PM10 averged over the period of 12–31 March, 2021, simulated by iAMAS configured with (a)

2H1FCT and (b) TVD-FFSL schemes. The black solid line surrounds the region with resolution of 16 km. (c) The scatter plot of averaged

PM10 column concentration within the refined region.
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Figure 11. The daily averged surface PM10 at Nov 26, 2025, in (a) observation, simulations with (b) 2H1FCT and (c) TVD-FFSL schemes.

The black solid line surrounds the region with resolution of 16 km. (d-f) the daily averged surface PM10 at Nov 27, 2025. The MAE and ρ

are computed between simulated and observed values at each station.
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Figure 12. Time cost per dynamical timestep for 2H1FCT and TVD-FFSL (left Y-axis) and the speedup ratio (t2H1FCT/tTVD-FFSL, right Y-axis)

on U60km using 8x28 cores (Intel Xeon E5-2680 v4, 2.40 GHz) with varying tracer species.
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Figure 13. Time cost per dynamical timestep for 2H1FCT and TVD-FFSL (left Y-axis) and the speedup ratio (t2H1FCT/tTVD-FFSL, right Y-axis)

on U60km with 120 species using different cores.
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Table 1. Mesh configurations used in the numerical experiments.

Mesh name Resolution Cells

U240km 240 km 10,398

U120km 120 km 41,375

U60km 60 km 164,971

U30km 30 km 658,591

V16km 16–60 km 193,543

36

https://doi.org/10.5194/egusphere-2026-2532
Preprint. Discussion started: 22 June 2026
c© Author(s) 2026. CC BY 4.0 License.



Table 2. Convergence rates of the cosine bell test under solid body rotation and deformational flow.

Resolution Solid body rotation Deformational flow

2H1FCT TVD-FFSL 2H1FCT TVD-FFSL

240km–120km 1.663 2.457 1.976 2.394

120km–60km 1.254 1.809 1.490 2.147

60km–30km 1.395 1.386 1.441 1.728
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Table 3. Comparison of total wall-clock time cost for tracer transport between the 2H1FCT and TVD-FFSL schemes in two dust storm

simulations with V16km mesh: Dust21 (20 days, 512 cores) and Dust25 (6 days, 256 cores).

Dust episode Dust21 Dust25

2H1FCT TVD-FFSL 2H1FCT TVD-FFSL

Transport fraction (%) 31.48 13.06 34.33 12.94

Transport time (s) 32659.1 8712.2 20869.1 5034.0

Speedup 3.75× 4.15×
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Algorithm 1 Vectorized branch-free PPM reconstruction

1: Input: Cell average array ψ̄, interface arrays ψB , ψU , for all vertical layers k ∈ [0,N ]

2: Output: Polynomial coefficientsC0,C1,C2

3: Step 1: Compute initial gradients and curvatures

4: ∆ψ←ψU −ψB

5: ψ6← 6ψ̄− 3(ψB +ψU )

6: Step 2: Evaluate limiter conditions as boolean masks

7: M1← (ψU − ψ̄) ◦ (ψ̄−ψB)≤ 0

8: M2←¬M1 ∧ (∆ψ ◦ψ6 >∆ψ2)

9: M3←¬M1 ∧ (∆ψ ◦ψ6 <−∆ψ2)

10: Step 3: Update interfaces using masked operations

11: ! Note: MERGE(T,F,Mask) returns T where Mask is true, else F

12: ψB ←MERGE(3ψ̄− 2ψU ,ψB ,M2)

13: ψB ←MERGE(ψ̄,ψB ,M1)

14: ψU ←MERGE(3ψ̄− 2ψB ,ψU ,M3)

15: ψU ←MERGE(ψ̄,ψU ,M1)

16: Step 4: Compute final polynomial coefficients

17: ∆ψ←ψU −ψB

18: ψ6← 6ψ̄− 3(ψB +ψU )

19: C0←ψB

20: C1←∆ψ+ψ6

21: C2←−ψ6
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