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Abstract. The GPU is a computing architecture designed for parallelism in vector and matrix operations. To solve the Stokes

equations in geodynamics, we apply a preconditioned conjugate-gradient (PCG) method to the pressure Schur complement

system. The algorithm is dominated by sparse matrix-vector products, vector inner products, vector updates, and repeated

velocity subproblem solves, all of which map onto GPU architectures. We implement this solver on GPUs by coupling CUDA-

enabled PETSc with FEniCS. PETSc AIJCUSPARSE matrices with CUDA vectors keep operators and field vectors resident5

in VRAM, which limits CPU-GPU transfers during iterations. The P1 mass matrix, the gradient operator, and the divergence

operator are reused in the pressure-correction L2-projection step. HYPRE BoomerAMG was adopted for preconditioning

the velocity-only subproblem. Accuracy and performance are evaluated on manufactured solutions, the SolCx benchmark,

the sticky-air benchmark, 2D and 3D Rayleigh-Taylor instabilities, 3D thermal convection, and a 2D subduction model with

nonlinear viscosity. We confirm that the GPU-based implementation reproduces CPU solutions. We distinguish between the10

execution time, which includes only the pressure correction step, and the wall time, which includes the workflow from mesh

generation to Stokes solves. A single-GPU environment achieves a 5–11× reduction in execution time relative to a 32-core

CPU. For nonlinear viscosity cases with per-step matrix updates, the wall time is reduced by 1.14–3.46× on a single GPU

relative to a 32-core CPU. Using Multi-Process Service to coordinate two-GPU with a 16-core CPU reduces the wall time by

5.83× compared to a 32-core CPU.15

1 Introduction

Numerical geodynamics modelling has advanced the understanding of plate tectonics and planetary interior physics, including

subduction (Yoshida et al., 2012; Keum and So, 2021, 2023), rifting (Huismans and Beaumont, 2003; Brune et al., 2012;

Wolf et al., 2022), folding (Schmalholz, 2008; Do et al., 2023, 2025), plumes (d’Acremont et al., 2003; Gerya et al., 2015;

Wang and Li, 2021), and convection (Davies and Gurnis, 1986; Crameri and Tackley, 2015). Over geological time scales20

spanning millions of years, solid planetary materials flow at low Reynolds numbers due to high viscosity (Gassmöller et al.,
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2020; Pysklywec and Shahnas, 2003). Thermal heterogeneity and density contrasts drive buoyant flow, governing the heat and

material redistribution (Kronbichler et al., 2012; Adams et al., 2023; Regorda et al., 2023; Schools and Smrekar, 2024).

Geodynamic fluid motion is represented by creeping Stokes flow at an infinite Prandtl number (Tan and Gurnis, 2007; Liao

and Gerya, 2015). The velocity field obtained from the Stokes equations drives the advection of heat and mantle material,25

capturing the evolution of planetary interiors from the surface to the core (Schmeling, 2010; Burstedde et al., 2013). Resolving

the coupled, time-dependent Stokes-advection system requires repeated solutions of the Stokes operator. At each time step, the

viscosity and density fields are updated, where viscosity is often nonlinearly dependent on temperature, pressure, composition,

and strain rate, which substantially increases the computational cost. Strategies for solving the Stokes equations include direct

factorization methods such as LU or LDLT decomposition (Amestoy et al., 2000; Schenk et al., 2001) and iterative Krylov30

subspace methods that converge within a specified tolerance (Hestenes and Stiefel, 1952; Saad and Schultz, 1986; Muzhinji

et al., 2016).

Efficient solvers for the nonlinear Stokes equations remain essential for numerical simulations of mantle flow with temperature-

and strain-rate-dependent viscosity. The strength of mantle and lithospheric rock follows a power-law rheology that links stress

to strain rate, rendering viscosity a function of the strain-rate invariant derived from velocity gradients. Newton and Picard it-35

erations are used to solve for the velocity field. For each nonlinear iteration, the solver linearizes the strongly nonlinear Stokes

system and updates viscosity based on the most recent velocity estimate. The iterative procedure repeats until velocity and

pressure converge, constituting a principal source of computational expense in geodynamic models due to the tight coupling

between viscosity and velocity.

Three dimensional (3D) geodynamic simulations resolved on a N ×N ×N grid with finite elements P2 ×P1 yield O(N3)40

degrees of freedom (DOFs). A direct solver requires memory that grows as O(N4/3) (Saramito, 2016). To overcome mem-

ory limitations, Krylov methods such as GMRES or MINRES are commonly used for the full saddle-point Stokes system,

while CG is typically applied to symmetric positive-definite sub-blocks (e.g., velocity blocks or Schur complements). The

convergence rate of an iterative solver depends critically on the choice of preconditioner. Multigrid preconditioning represents

standard practice for simulations at high spatial resolution. Algebraic multigrid (AMG) accelerates convergence by automati-45

cally constructing a hierarchy of coarse level representations from the matrix coefficients alone, without requiring an explicit

coarse mesh. This property makes AMG particularly suitable for unstructured finite-element discretization.

Many geodynamic problems, such as incompressible viscoelasticity (Zhong et al., 2003; Beuchert and Podladchikov, 2010)

and the Stokes equations (Tan and Gurnis, 2007), are formulated as saddle-point problems imposing an incompressibility

constraint. Eliminating the velocity unknown from the saddle-point system yields the Schur complement equation for pressure,50

which can be solved iteratively (Uzawa, 1958; Moresi et al., 1996; Leng and Zhong, 2008). At each iteration, the current

pressure p enters the source term, and the algorithm subsequently computes the velocity components (u,v,w) from the velocity-

only submatrix. The velocity-only submatrix of the Stokes system is symmetric positive definite. AMG-preconditioned CG or

GMRES solves the velocity subproblem efficiently (Clevenger and Heister, 2021). Each pressure-correction iteration requires

one such velocity subproblem solve, making it the dominant computational cost. A widely used alternative is to solve the55

full saddle-point system with block-preconditioned FGMRES, where the Schur complement is approximated by a viscosity-
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weighted mass matrix or BFBT-type preconditioner (Benzi et al., 2005; May and Moresi, 2008; Rudi et al., 2017). However,

even with restart, FGMRES stores substantially more Krylov basis vectors per cycle than the CG-based approach and restart

itself may degrade convergence. In contrast, CG applied to the pressure Schur complement system requires only a fixed, small

number of pressure- and velocity-space vectors, offering a clear advantage in GPU environments where VRAM is limited.60

As problem size grows in 3D, where DOFs scale as O(N3), the velocity subproblem solve increasingly dominates the total

computation time, and efficient preconditioning becomes essential. Several CPU-based geodynamic community codes have

been developed to handle such complex systems, including ASPECT (Kronbichler et al., 2012), Fluidity (Davies et al., 2011),

CitcomS (Zhong et al., 2008), FANTOM (Thieulot, 2011), Underworld2 (Mansour et al., 2020), and pTatin3D (May et al.,

2015). Such packages have been widely applied to simulate large-scale geodynamic processes, such as continental rifting65

(Neuharth et al., 2021), subduction (Suchoy et al., 2021), and mantle plume dynamics (Xie et al., 2024; Roy et al., 2024).

Parallel execution is typically achieved through MPI (Message Passing Interface) libraries such as MPICH and Open MPI

(Thakur et al., 2005; Graham et al., 2005). The MPI-based architecture delivers strong scalability, yielding near-linear speedup

on thousands of CPU cores (Burstedde et al., 2013).

In CPU architecture, individual cores offer high single-thread performance. However, in high-resolution simulations involv-70

ing repeated access to large sparse matrices and associated vectors, the limited memory bandwidth frequently functions as

the primary bottleneck, leading to significant performance degradation (May et al., 2015). In contrast, a graphics processing

unit (GPU) provides access to thousands of CUDA cores (e.g., NVIDIA RTX 6000 Ada: 18,176 CUDA cores) concurrently,

enabling massively parallel execution of operations such as matrix-vector products, an architectural advantage that clearly

distinguishes GPUs from conventional CPUs. Moreover, GPUs sustain memory bandwidth on the order of several hundred gi-75

gabytes per second, surpassing those of similarly priced CPUs (RTX 6000 Ada: 960 GB/s; Intel Xeon Platinum 8568Y+: 358

GB/s). Building on these hardware advantages, NVIDIA’s Single Instruction Multiple Threads (SIMT) architecture provides

efficient thread-level scheduling, further enhancing the performance of GPU-accelerated numerical modelling (Ta et al., 2015).

To date, in geodynamic modelling, GPU-based solutions of the Stokes equations have primarily focused on pseudo-transient

(PT) approaches, in which a pseudo-inertial term is added to enable explicit time stepping (Räss et al., 2022; Wang et al., 2022;80

Alkhimenkov and Podladchikov, 2024). PT methods reduce memory requirements by avoiding full implicit solves, making

them attractive for GPU implementations. Subsequent developments led to the accelerated pseudo-transient method, which

allows flexible time steps and preconditioning strategies. By exploiting the mass matrix to treat the stiffness matrix explicitly,

the PT method achieves a substantial reduction in memory usage. However, explicit pseudo-time stepping can require a large

number of iterations to converge, particularly for problems with strong viscosity contrasts (Räss et al., 2022).85

PETSc (Portable, Extensible Toolkit for Scientific Computation; Balay et al. 2023) provides a unified interface to Krylov

subspace solvers, sparse matrix storage, and external preconditioner packages across both CPU and GPU environments. Among

its external interfaces, the HYPRE library and its BoomerAMG algebraic multigrid preconditioner (Falgout et al., 2006) are

particularly relevant to geodynamic applications, where viscosity contrasts of 103–106 render the discretized Stokes system

highly ill-conditioned. Since version 3.16 (released in September 2021), PETSc has supported GPU-resident execution of90

HYPRE preconditioners, enabling the entire Krylov iteration, including matrix–vector products, vector operations, and AMG
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preconditioning cycles, to remain on the GPU, minimising host–device data transfer. However, in geodynamic modelling, the

performance of BoomerAMG on GPUs has not yet been systematically evaluated, and quantitative comparisons between the

GPU and CPU environments remain limited.

In this study, we developed a solver for the Stokes system using FEniCS, an open-source finite element platform (Alnæs95

et al., 2015). The saddle-point system is reduced via the Schur complement, and the resulting pressure equation is solved by a

preconditioned conjugate-gradient (PCG) method with the inverse viscosity mass matrix. Both CPU and GPU execution paths

are provided. The CPU path links against PETSc 3.20, while the GPU path links against PETSc 3.23.2 compiled with CUDA

support, storing all matrices and vectors in GPU VRAM using the AIJCUSPARSE and CUDA vector types. To benchmark

CPU and GPU performance, we selected a suite of benchmark problems from computational geodynamics, including manu-100

factured solutions, the SolCx viscosity-discontinuity benchmark, sticky-air free-surface tests, Rayleigh-Taylor instabilities in

2-D and 3-D, 3-D thermal convection, and a subduction scenario with nonlinear mantle viscosity. For problems that involve ad-

vection, we also evaluated the performance of the advection equation solver. A comparison with block-preconditioned Stokes

solvers widely adopted in geodynamic community codes is presented in Section 5.4. All experiments were performed on three

machines with different performance characteristics. The first workstation used an Intel Xeon Gold 5320 processor (2.20 GHz,105

39 MB cache). The second workstation used an Intel Xeon w5-2465X processor (3.10 GHz, 33.75 MB cache) and a GeForce

RTX 6000 Ada GPU with 48 GB of memory. The third workstation used the same processor but was paired with two GeForce

RTX 6000 Ada GPUs, each with 48 GB of memory (96 GB in total). Unlike previous GPU-based geodynamic studies, which

primarily rely on pseudo-transient formulations, our study directly evaluates the performance of Krylov solvers with algebraic

multigrid preconditioning for mixed finite-element Stokes systems on GPUs.110

2 Methods

2.1 Governing equations

Lithospheric deformation and mantle flow associated with geodynamic processes are described by the Stokes equations for

incompressible viscous creeping flow (Equations 1 and 2). We incorporated the thermal (Ra) and compositional (Rb) Rayleigh

numbers (Equation 3) into the body-force term of the Stokes equations (e.g., van Keken et al. 1997; Tan et al. 2011).115

∇ · τ −∇p+ [RaT −
∑

i

RbiCi]ẑ= 0 where τ = 2ηε̇ and ε̇=
1

2
(∇u+(∇u)T ) (1)

∇ ·u= 0 (2)

Ra=
αρ0g∆Th3

κη0
and Rbi =

∆ρigh
3

κη0
(3)
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p, u, τ , η, ẑ, and ε̇ denote pressure, velocity vector, the deviatoric stress tensor, shear viscosity, the unit vector in the

direction of gravity, and the deviatoric strain-rate tensor, respectively. T and C refer to the temperature and composition fields,120

respectively. κ, η0, h, and g are thermal diffusivity, reference viscosity, the depth of the domain, and gravitational acceleration,

respectively. α, ρ0, ∆T , and ∆ρi represent the thermal expansivity, reference density, temperature contrast between the bottom

and top, and the density contrast of the i-th composition relative to ρ0, respectively. For the Stokes system, we employ two

mixed finite-element pairs, the Taylor–Hood element (P2 ×P1) and the MINI element (P+
1 ×P1). Both discretizations use

the same P1 pressure space, while the P+
1 velocity space enriches P1 with bubble functions. The pair P+

1 ×P1 is commonly125

referred to as the MINI element in the geodynamics literature (Thieulot and Bangerth, 2025). The MINI element was adopted

to reduce the total number of DOFs in high-resolution and 3D simulations. The thermal evolution of the system is governed by

the advection-diffusion equation (Equation 4).

∂T

∂t
+u · ∇T =∇ · (∇T ) (4)

The temporal evolution of the multi-composition field depends only on advection through the velocity field. We adopted a130

level-set method to reduce oscillations and numerical diffusion of the compositional field under advection-dominated problem

(Hillebrand et al., 2014; Wú et al., 2023). The level-set function ϕ is a continuous function that represents the distance between

an arbitrary point and the interface. The different material domains are distinguished by ϕ < 0 and ϕ≥ 0. Using the compo-

sition field obtained via the level-set functions, density and the logarithm of viscosity were linearly interpolated. To define n

compositions, n− 1 level-set functions are required. We employed one to four level-set functions (one for Rayleigh–Taylor135

instability and four for the subduction model).

2.2 Saddle-point problem and Schur complement solver

Discretization of the incompressible Stokes equations yields a 2× 2 block saddle-point system (Equation 5).


 K G

GT 0




 u

p


=


 f

0


 (5)

The velocity stiffness matrix K is symmetric and positive definite (Davies et al., 2011). G and GT represent the gradient140

and divergence operators for the pressure and velocity fields, respectively (Silvester and Wathen, 1994; Benzi et al., 2005; May

and Moresi, 2008). f refers to body force vector. In geodynamic applications, the viscosity contrast is large ranging from 103

to 106, which leads to an ill-conditioned system and slow convergence of iterative solvers. Furthermore, using a direct solver

(e.g., MUMPS) on the full block system causes excessive memory consumption for large-scale problems. Therefore, iterative

methods are essential for large-scale problems. One effective approach is to exploit the Schur complement structure of the145

saddle-point system.

With Schur complement reduction, the Stokes system is transformed into a block upper triangular form (Wathen and Sil-

vester, 1993).
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
 K G

0 S




 u

p


=


 f

ĥ


 , S =−GTK−1G, ĥ=−GK−1f (6)

To solve the equivalent system GTK−1Gp=GK−1f , we apply a PCG iteration with the inverse viscosity mass matrix as150

preconditioner (Equations 7–12; Jang et al., 2025).

Initialization:

p0 = 0, Ku1 = f −Gp0 (initial solve) (7)

⟨q1, r⟩= ⟨∇ ·u1, r⟩, ⟨ 1ηw1, r⟩= ⟨q1, r⟩, d1 =−w1 (initial residual & precond.) (8)

For k = 1,2, · · · :155

Khk =Gdk, αk =
⟨qk,wk⟩
⟨∇dk,hk⟩ (inner solve & step size) (9)

pk+1 = pk +αkdk, uk+1 = uk −αkhk (vector update) (10)

⟨qk+1, r⟩= ⟨∇ ·uk+1, r⟩, ⟨ 1ηwk+1, r⟩= ⟨qk+1, r⟩ (divergence & precond.) (11)

βk =
⟨qk+1,wk+1⟩

⟨qk,wk⟩ , dk+1 =−wk+1 +βkdk (CG update) (12)

The velocity and pressure at k-th iteration (uk, pk) are updated by the conjugate direction dk in each iteration. The iteration160

stops when the divergence error (∥∇ ·u∥/∥u∥) of velocity is lower than the divergence tolerance.

The algorithm (Equations 7–12) requires only a fixed number of vectors: approximately four in the pressure space (qk, dk, pk,

wk) and two in the velocity space (hk, uk). Outside the velocity subproblem solve (Equation 9), the remaining operations-vector

inner products, scalar–vector multiplications, and vector additions (Equations 10 and 12)-are memory bandwidth limited and

map directly onto GPU architectures. The dominant cost per iteration is the AMG-preconditioned GMRES solve of the velocity165

subproblem Khk =Gdk (Equation 9), which involves repeated sparse matrix-vector products and preconditioner applications.

The L2-projection steps that apply the mass matrix and the inverse viscosity mass matrix (Equations 8 and 11) also offer

substantial potential for GPU acceleration. Evaluating the GPU performance of these two stages the velocity subproblem solve

and the L2-projection is therefore central to assessing the overall solver efficiency.

3 Numerical implementation170

3.1 Implementation algorithms on GPUs and CPUs

To evaluate the computational efficiency (parallel performance) and accuracy (regarding incompressibility) of solving 2D

and 3D geodynamic problems, we established independent CPU-based and GPU-based computing environments. In both
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environments, we utilised FEniCS (ver. 2019.2.0.64), NumPy (ver. 1.23.5), and PETSc (ver. 3.15.5 on CPU and ver. 3.23.2

on GPU; Balay et al. 2019). Although early development of PETSc focused on MPI-based CPU parallel computing, GPU-175

based vector operations (VecCUDA) were implemented in PETSc 3.12 (2019). Furthermore, PETSc 3.15 (2021) added the

GPU-native sparse matrix type AIJCUSPARSE, enabling complete GPU-based matrix-vector multiplication, a fundamental

operation in iterative linear solvers.

GPU acceleration is extendable to full Krylov iteration cycles, covering solvers such as CG and GMRES. Within the finite

element framework of FEniCS, the PETSc backend provides access to the same Krylov subspace solvers (CG, GMRES, MIN-180

RES, and FGMRES) and a broad suite of preconditioners, ranging from incomplete LU to geometric or algebraic multigrid,

in both GPU and CPU environments. A previous study (Zheng et al., 2013) reported up to a 4.8-fold speedup by accelerating

a finite difference method (FDM) discretized Stokes problem on a single-GPU (NVIDIA Tesla C2070) using a customised

GMG solver implemented in MATLAB and CUDA, compared to an Intel i7 workstation (4 cores and 8 threads) running

MATLAB with C extensions. Nevertheless, attempts to integrate GPU acceleration into well-established FEM software for185

high-performance geodynamic simulations remain limited.

In the pressure correction step of the iterative algorithm, an L2-projection using the mass matrix repeatedly projects the

divergence of the velocity field onto the P1 space. With FEniCS GPU acceleration, matrix assembly is performed on CPU cores

tied to MPI ranks mapped to GPUs. Under FEniCS GPU acceleration, sparse matrix assembly runs on the CPU using 1 to 16

cores. A matrix assembled on a single CPU core is solved on 1 GPU. Matrices assembled across multiple CPU cores are solved190

on 1 or 2 GPUs via NVIDIA Multi-Process Service (MPS). Reassembling the mass matrix at each iteration causes repeated

GPU-CPU transfers and synchronization, increasing overhead and overall runtime. To minimise these bottlenecks in the GPU

implementation, we adopted a pre-assembly strategy in which the P1 mass matrix, together with differential operators (gradient

and divergence), is assembled only once, then kept resident in GPU memory for reuse throughout subsequent iterations. The

memory required for the pre-assembled matrices was 510 MB for 3.3×106 DOFs and 1.3 GB for 8.8×106 DOFs (Table S3).195

For a fair comparison between CPU and GPU runs, the same pre-assembly strategy using system memory was also applied to

the CPU implementation.

3.2 The BoomerAMG preconditioner in HYPRE

We employed the GMRES Krylov subspace solver to solve the system Khk =Gdk (Equation 9) within the pressure Schur

complement iteration. To accelerate GMRES convergence, the BoomerAMG algebraic multigrid (AMG) preconditioner from200

the HYPRE library was applied, interfaced through PETSc (Falgout et al., 2006). In different computing environments (i.e.,

CPU and GPU platforms), optimal convergence efficiency and computational performance depend on careful tuning of the

BoomerAMG preconditioner hyperparameters, including coarsening schemes (e.g., Falgout, Parallel Modified Independent

Set (PMIS), and Hybrid Modified Independent Set (HMIS)), smoothers (e.g., Chebyshev, Gauss-Seidel, Jacobi, symmetric

SOR, and symmetric Jacobi), and interpolation options (e.g., L-shaped, Extended, and Direct). We optimised the BoomerAMG205

preconditioner settings by considering architectural differences between a 32-core CPU and a GPU with thousands of parallel

processing cores (NVIDIA RTX 6000 Ada, 18,176 CUDA cores).
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In the GPU environment, we found configurations that exploit massive parallelism while minimising communication and

data dependencies. For coarsening, PMIS and HMIS reduced the computational time for coarse-grid construction (De Sterck

et al., 2006; Alber and Olson, 2007). To enhance parallel implementation, we adopted the scaled Jacobi method and Extended+i210

for smoothing and interpolation, respectively (Offermans et al., 2020; Park et al., 2015). A V-cycle served as the multigrid

schedule. In multi-core CPU environments, we configured the solver for sequential algorithms that deliver strong per-iteration

error reduction. We used the Falgout algorithm as the default coarsening option, since major linear algebra libraries such as

HYPRE, PETSc, and Trilinos confirm its stability as a standard approach (e.g., Falgout et al. 2006; Yang 2002). To ensure fair-

ness relative to GPU runs, the HMIS algorithm was tested as an additional coarsening option. Smoothing employed symmetric215

SOR and Jacobi smoothers, which provide substantial error reduction within a single iteration (Brandt, 1977; MacLachlan

and Oosterlee, 2011). Classical interpolation, highly compatible with Falgout coarsening, served as the interpolation scheme

(Brannick et al., 2018). As in the GPU configuration, a V-cycle was used for the multigrid schedule.

We evaluated the accuracy, execution time, and VRAM usage of the preconditioned conjugate-gradient solver on the GPU

using manufactured solutions, the SolCx viscosity-contrast benchmark (Zhong, 1996; Thieulot and Bangerth, 2022), the sticky-220

air free-surface benchmark (Crameri et al., 2012; Hillebrand et al., 2014), 2D and 3D Rayleigh–Taylor instability tests (van

Keken et al., 1997; Maljaars et al., 2021), and the thermal convection benchmark of Blankenbach et al. (1989). In 3D runs,

stable execution was achieved on a 100×40×100 grid under P+
1 ×P1 element discretization on a single 48 GB GPU, despite

the limited VRAM capacity of the GPU. Memory distribution efficiency in a two-GPUs system was assessed for memory-

demanding cases, including high-resolution 3D runs approaching 100× 90× 100 using the P+
1 ×P1.225

4 Numerical results

To clarify how GPU speedup is measured, we distinguish between execution time and wall time. Execution time refers to the

time spent in the pressure-correction stage during each iteration, including GMRES iterations, vector updates, and associated

CPU and GPU overheads. In contrast, wall time represents the end-to-end runtime for time-dependent viscosity cases (Sections

4.5, 4.6, and 4.7), encompassing velocity subsystem matrix assembly (on CPUs) at each time step and mesh generation. By230

explicitly distinguishing between execution time and wall time, we can independently assess the GPU performance of the

PCG solver itself and the overall computational cost when matrix assembly is included. Each PCG iteration (Equations 7–

12) updates the pressure through one cycle of the preconditioned conjugate-gradient method. Within each PCG iteration,

the velocity subproblem (Equation 9) is solved by BoomerAMG-preconditioned GMRES (hereafter referred to as the inner

GMRES solve).235

4.1 Velocity subproblem on GPUs

In the PCG solver for solving Stokes flow, the primary computational cost and memory bottleneck stem from solving the

velocity-only submatrix system (Equation 9). Therefore, to assess the GPU acceleration of the entire PCG solver, we first eval-

uated the performance of the GPU-based solver specifically for this submatrix system. Computational efficiency between CPU
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and GPU environments was compared using inner GMRES with the BoomerAMG preconditioner. Accuracy and convergence240

were verified through a manufactured solution prescribed on Ω= [0,1]2, with the corresponding source term derived from the

prescribed solution.

∇ · τ = f where τ = 2ηε̇ and ε̇=
1

2

(
∇u+(∇u)T

)
(13)

η = exp(cx), c= ln(106) (14)

u, η, and f denote the velocity vector, viscosity, and prescribed source term, respectively. Viscosity increases exponentially245

along the x-direction (Equation 14), yielding a viscosity contrast of 106. The exact solution uexact (Figure S1) was prescribed

as

uexact =


sin(πx)sin(πy)

cos(πx)cos(πy)


 , 0≤ x≤ 1, 0≤ y ≤ 1 (15)

The term f is derived by substituting the manufactured solution and viscosity into (Equation 13).

f =


2π exp(cx)sin(πy)

(
ccos(πx)−π sin(πx)

)

−2π2 exp(cx)cos(πx)cos(πy)


 (16)250

Dirichlet boundary conditions were imposed on ∂Ω as u= uexact.

Performance of the AMG-preconditioned GMRES solver was evaluated for single-GPU and multi-core CPU implementa-

tions. The velocity fields obtained in the GPU and CPU runs were identical, with the L2-error relative to the exact solution

remaining on the order of 10−10. Execution time and the GMRES iteration number were monitored. Comparison across various

coarsening strategies showed architecture-dependent optimal choices (GPU versus CPU). In the GPU environment (Figure 1a),255

HMIS (red line) converged in 17 iterations within 0.413 s, whereas PMIS (grey line) required 20 iterations within 0.452 s (inset

in Figure 1a). In the CPU environment, PMIS (green line), HMIS (orange line), and Falgout (blue line) required 60 (21.92 s),

25 (9.76 s), and 13 (5.33 s) GMRES iterations, respectively, to reach convergence (Figure 1a). Performance comparisons used

the fastest setup on each architecture, with HMIS on GPU and Falgout on CPU. The GPU HMIS setup converged in four more

GMRES iterations than the CPU Falgout setup (Figure 1a), while achieving a 13× reduction in the accumulated execution260

time (Figure 1b). In execution time comparisons between single-GPU and multi-core-CPU runs, the single-GPU HMIS setup

ran faster than all CPU Falgout setups, except for the lowest resolution case (33,282 DOFs) (Figure 1c). For the largest DOF

case (8,396,802 DOFs), the single-GPU required 0.413 s, representing an approximately 13× reduction relative to the 32-core

CPU time of 5.331 s.
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Figure 1. Inner GMRES solver execution time analysis for the velocity subproblem in single-GPU (HMIS) with 1-core CPU and multi-

core CPU (Falgout) environments. (a) Accumulated execution times for the GPU and 32-core CPU using different AMG preconditioner

coarsening schemes (Falgout, PMIS, and HMIS). (b) Accumulated execution time on the GPU (HMIS) and CPU (Falgout) with the number

of cores ranging from 1 to 32. (c) Total execution time to convergence with respect to increasing mesh resolution for the GPU (HMIS) and

CPU (Falgout).

4.2 SolCx Problem265

We evaluated whether accelerating solving the velocity-only subproblem on single-GPU reduced the overall execution time of

the PCG solver. We used the 2D SolCx benchmark, which has been widely employed to assess the stability and convergence

of Stokes solvers with strong viscosity discontinuities (Zhong, 1996; Duretz et al., 2011; Kronbichler et al., 2012; Gerya et al.,

2013). The computational domain is the unit square Ω= [0,1]× [0,1] with free-slip boundary conditions on all four sides. The

density field was prescribed to vary smoothly. In contrast, the viscosity exhibited a sharp jump at x= 0.5 (Equation 18). We270

set Ra to 0 and Rb to a spatially varying field to generate buoyancy (Equation 17). A single composition field was adopted

with C0 = 1.

Rb(x,y) = sin(πy)cos(πx), 0≤ x≤ 1, 0≤ y ≤ 1 (17)

η(x) =




1, 0≤ x≤ 0.5,

106, 0.5< x≤ 1.
(18)

We compared the performance of the GPU-accelerated finite-element model with that of multicore CPU environments. The275

GMRES solver employed a default relative tolerance of 10−7. Performance was tested with varying GMRES relative tolerance

and mesh resolution, based on the execution time of the PCG solver and velocity error relative to the analytical solution. The
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Figure 2. Execution time analysis of the SolCx benchmark in GPU and CPU environments. (a) Accumulated execution times on the GPU

and 32-core CPU under different AMG preconditioner coarsening schemes (Falgout, PMIS, and HMIS). (b) Accumulated execution time

on single-GPU (HMIS) with 1-core CPU and CPU (Falgout) with the number of cores ranging from 1 to 32. (c) Execution time for five

preconditioned conjugate-gradient (PCG) iterations with respect to increasing mesh resolution for the GPU (HMIS) and CPU (Falgout).

number of PCG iterations was fixed at five. After five PCG iterations, the L2-error relative to the analytical solution was smaller

than 10−9 for both GPU and multi-core CPU environments.

We found that the performance in solving the velocity-only subproblem was directly translated to the PCG solver perfor-280

mance (Figure 2a). HMIS on the GPU and Falgout on the CPU were the most effective choices. In all cases, PCG solver

execution time on the single-GPU was shorter than that in all multi-core CPU environments. The accumulated execution time

on the GPU was approximately 11 times shorter than that on the 32-core CPU, which demonstrates the high efficiency of the

GPU architecture. Based on the comparison in Figure 2a, the HMIS and Falgout coarseners delivered the best performance on a

single-GPU and a 32-core CPU, respectively. Thus, the HMIS and Falgout coarseners were used for single-GPU and multi-core285

CPU performance comparisons in Figures 2b and 2c. Then, we compared accumulated execution times for five PCG iterations

on a single-GPU and on CPUs with the number of cores increasing from 1 to 32 (Figure 2b). The single-GPU recorded the

shortest execution time at 1.9 seconds. For CPUs, execution time decreased as the number of cores increases. With a 1-core

CPU, execution time was 175 seconds, while a 32-core CPU recorded 14.8 seconds.

The performance evaluation with increasing problem sizes exhibited a similar trend (Figure 2c). As the resolution increased,290

the gap between the GPU and CPU execution times widened. For all resolutions, the single-GPU delivered shorter execution

times than any multi-core CPU environment. This advantage of the GPU was more pronounced for larger problems (Figure 2c).

For the highest resolution (1024× 1024, 9,447,427 DOFs), the GPU required 2.25 s, while the 32-core CPU required 17.82 s,

corresponding to a speedup of approximately 7.9×. PCG iterations and GMRES stages are dominated by sparse matrix–vector

products. Such operations exhibit high data parallelism, which leads to particularly efficient execution on a GPU equipped with295

large memory bandwidth.
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(HMIS) with 1-core CPU, Underworld2 (16 cores), and 16-core CPU (Falgout) environments. (b) Comparison of the L2-error with respect

to the analytical solution as a function of the number of PCG solver for single-GPU (HMIS) with 1-core CPU, Underworld2 (16 cores), and

16-core CPU (Falgout) environments. (c) Breakdown of execution time over five PCG iterations for the GPU and CPUs with 8, 16, and 32

cores.

Figure 3a presents the accumulated execution times for the PCG solver on a single-GPU (red line) and a 16-core CPU

environment (orange line). Both environments fixed the number of PCG iterations at five. For comparison, Underworld2 was

evaluated on a 16-core CPU (green line) using its default settings. Underworld2 employed Q1/dQ0 (quadrilateral) elements.

Five pressure-correction iterations were used to solve the Schur-complement system. The velocity-only subsystem was solved300

using GMG-preconditioned GMRES. The GPU implementation of the PCG solver achieved a cumulative runtime of 2.9 s

over five iterations, which is approximately 10 times faster than both Underworld2 and the CPU-based PCG solver. For five

iterations, Underworld2 and the PCG solver on the CPU required 30.5 s and 28.07 s, respectively. On the 16-core CPU, our

PCG solver implementation achieved a runtime comparable to that of Underworld2. We measured the relative L2-error against

the analytical solution with respect to PCG iteration number (Figure 3b). The PCG solver and the Schur-complement solver305

reduced the error below 10−8 at the second and third iterations, respectively. The final converged error from the PCG solver

was lower than that of Underworld2. This difference is attributed to the larger number of DOFs associated with the P0 element

used in FEniCS (2,097,152 DOFs) compared to the dQ0 element used in Underworld2 (1,048,576 DOFs).

We measured execution times for individual stages of the PCG solver algorithm (assembly, solving velocity-only subsystem,

vector update, and projection) to quantify differences between the 8-, 16-, and 32-core CPU runs and the GPU run (Figure 3c).310

The single-GPU achieved speedups exceeding 14× and 9× relative to the 8-core and 32-core CPUs, respectively. Overall, the

velocity-only subsystem stage dominated the total cost. The GPU also demonstrated the shortest runtimes in the assembly and
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Figure 4. Heatmap analysis of execution times across single-GPU with 1-core CPU and 1-32 core CPU configurations. (a) Execution time

for five preconditioned conjugate-gradient (PCG) iterations with varying GMRES relative tolerances (from 10−4 to 10−10). (b) Accumulated

execution time with increasing PCG iteration numbers (1 to 7) at a fixed mesh resolution of 210×210. (c) Execution time for 5 PCG iterations

with respect to increasing mesh resolution from 26 × 26 to 210 × 210. The colour bars on the right represent execution time in seconds on a

logarithmic scale.

vector update stages. As the vector-update and projection stages rely on memory-bandwidth-limited kernels, the GPU’s high

memory bandwidth resulted in markedly lower per-iteration execution times.

Figure 4a presents execution times obtained by varying the GMRES relative tolerance from 10−4 to 10−10, on a 210×210 grid315

with the number of PCG iterations fixed at five. Smaller tolerances increased runtime in all environments. The GPU maintained

the shortest runtime over the entire tolerance range. Figure 4b presents execution times on the same grid, with the GMRES

relative tolerance fixed at 10−10 and varying numbers of PCG iterations. Execution time increased almost linearly with the

iteration number. The GPU achieved the shortest execution time. Figure 4c presents the performance for grid resolutions from

26 to 210. Runtime increased monotonically with resolution. The GPU exhibited a smaller rate of increase than all multi-core320

CPU configurations. The GPU’s performance advantage over CPUs increased as problem size increased.

4.3 3D Thermo-mechanical convection

We extended the classical 2D thermal convection benchmark of Blankenbach et al. (1989) to a 3D non-rotating Boussinesq fluid

and adopted it for verification. The thermal and compositional Rayleigh numbers were set to Ra= 104 and Rb= 0 in Equa-

tion 1, isolating thermal effects by neglecting compositional buoyancy. A 3D rectangular domain (1× 0.4× 1) was employed325

to quantitatively compare computational performance and velocity-field accuracy between the GPU and CPU environments.

The grid resolution was set to 100×40×100 using the MINI element (P+
1 ×P1), yielding approximately 8.8 million DOFs for

velocity and pressure. Free-slip boundary conditions were applied to all boundaries. For the temperature boundary conditions,

nondimensional temperatures of T = 0 and T = 1 were prescribed at the top and bottom boundaries, respectively. The initial

temperature field T0 consisted of a linear conductive profile with a superimposed long-wavelength perturbation of amplitude330
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Figure 5. Time evolution of the temperature field from the single-GPU (HMIS) with 1-core CPU. Snapshots of 3D temperature isosurfaces

at nondimensional times t= 0.019, 0.063, and 0.248 (from left to right).

α= 0.02 to initiate natural convection (Equation 19). As time proceeds, thermal plumes rise from the lower boundary, which

leads to a progressive reorganization of the internal temperature field and the heat-flow pattern at the boundaries (Figure 5).

T0 = 1− z+αcos(πx)sin(πz) (19)

To evaluate the model accuracy, we measured Vrms and the Nusselt number (Nu), comparing the computed values to bench-

marks from previous studies (Blankenbach et al., 1989; Tackley and King, 2003; King, 2009). For the 3D thermo-mechanical335

convection benchmark, we utilised a fixed time step (∆t= 0.001) with the Crank-Nicolson scheme for time integration. We set

the GMRES relative tolerance to 10−7 for the velocity-only subsystem on both GPU and CPU, continuing the PCG iterations

until the divergence error (∥∇ ·u∥/∥u∥) converged to divergence tolerance of 10−6. The energy equation (Equation 4) was

solved using GMRES with a relative tolerance of 10−8, utilising BoomerAMG as the preconditioner, configured with HMIS

for the GPU and Falgout for the CPU, respectively.340

For the Stokes equations, the GPU-HMIS achieved the lowest execution time with an average of 1.9 s (Figure 6a; solid

red line), outperforming the CPU-Falgout at 28.7 s (8 cores; solid green line), 20.4 s (16 cores; solid orange line), and 17.1 s

(32 cores; solid blue line). The speedups against the 8-core and 32-core CPU environments were approximately 15× and 9×,

respectively. The average number of GMRES iterations per time step was 52 on the GPU and 23 across all CPU environments

(Figure 6a, coloured bars). The GPU exhibited shorter execution time per time step despite the iteration number being 2.3×345

higher than the CPU baseline. Memory usage measurements for the GPU environment included both VRAM and system
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Figure 6. Performance analysis and validation of the 3D thermo-mechanical convection simulation. (a) Execution time per step (solid lines,

left axis) and averaged GMRES iteration numbers (inset bar chart) versus elapsed time. (b) Evolution of memory usage over elapsed time,

showing GPU VRAM (dashed purple line), GPU system memory (solid red line), and CPU system memory for 8, 16, and 32 cores (solid

green, orange, and blue lines, respectively). (c) Time evolution of the root-mean-square velocity (Vrms) for the single-GPU (HMIS) with

1-core CPU and 32-core CPU (Falgout), including a table comparing final Nusselt numbers and Vrms values with literature benchmarks. (d)

Peak memory usage with respect to increasing degrees of freedom (DOFs), with the dashed red line indicating the 48 GB VRAM capacity

of the NVIDIA RTX 6000 Ada.

memory (RAM) of the workstation (Figure 6b). The average VRAM and system memory usage per time step were 21.2 GB

(dotted red line) and 17.3 GB (solid red line) respectively, for a total of 38.5 GB. In the CPU environment, the average memory
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usage recorded 26.7 GB, 35.0 GB, and 47.3 GB for 8, 16, and 32 cores, respectively, indicating that the memory usage of the

16-core CPU was comparable to the single-GPU setup.350

The temporal evolution of the global root-mean-square velocity (Vrms) exhibited complete consistency between the GPU and

all CPU environments. The measurements converged to 42.848, consistent with the value of 42.865 reported by Blankenbach

et al. (1989). A Nusselt number (Nu) of 4.881 was calculated at the final time step in the GPU and all CPU environments,

matching the value of 4.884 presented in benchmark studies (Blankenbach et al., 1989; Tackley and King, 2003; King, 2009). To

assess memory constraints associated with the multi-level generation of the AMG preconditioner, we measured the maximum355

memory usage for each computing environment with increasing mesh resolution (Figure 6d). Measurements for the GPU

environment included both VRAM and system memory. At the lowest DOFs (2,226,564), VRAM and system memory usage

were 14.5 GB and 5.7 GB, respectively. At the highest DOFs (8,872,964), VRAM usage reached 45.5 GB, while system

memory usage reached 20.6 GB. The combined total was 66.1 GB. In the CPU environment, memory consumption increased

with the number of cores, peaking at the 32-core setup. The 32-core CPU registered 15.3 GB at the lowest DOFs and 46.3 GB360

at the highest exhibiting levels comparable to the GPU VRAM usage.

4.4 2D Rayleigh–Taylor instability

The Rayleigh–Taylor instability is a buoyancy-driven flow widely used as a benchmark for evaluating the performance of

various advection schemes. Representative approaches include Particle-In-Cell (PIC) methods (e.g., Gerya and Yuen 2003;

van Keken et al. 1997) and level-set methods (e.g., Bourgouin et al. 2006). We set Ra= 0 and Rb= 1, indicating that only365

compositional buoyancy is activated. The initial interface between the two compositions is defined by a cosine function with

an amplitude of 0.02 (Equation 20). The level-set function was initialised from the interface at t= 0. The composition field

was set to 1 and 0 where the level-set function was positive and negative (Equation 22), respectively. The level-set function

was reinitialised every 500 steps.

h(x) = 0.02cos(πx/L)+ 0.2 (20)370

ϕ(x,y, t= 0) = y−h(x) (21)

C(x,y, t= 0) =




0, ϕ(x,y, t= 0)≤ 0,

1, ϕ(x,y, t= 0)> 0.
(22)

For resolving complex velocity and composition structures, we adopted uniform grids with 512×512 resolution. The Taylor-

Hood element (P2 ×P1) was applied to solve the Stokes equations. We compared the Vrms values computed by our FEniCS

code with those from previous benchmark models (van Keken et al., 1997; Hillebrand et al., 2014). The advection equation375
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Figure 7. Performance analysis and accuracy validation of single-GPU (HMIS) with 1-core CPU and multi-core CPU (Falgout) configu-

rations for the 2D Rayleigh–Taylor instability benchmark. (a) Execution time per step for solving the Stokes equations (red bars) and the

advection equation (blue bars) across GPU and 8 to 32 core CPU configurations. (b) Time evolution of the root-mean-square velocity (Vrms)

compared with literature benchmarks (van Keken et al., 1997; Hillebrand et al., 2014). The inset snapshots represent the composition fields

computed on the GPU at key time steps (t= 208, 699, 864, and 1500).

for the level-set function was solved using GMRES preconditioned by HYPRE’s BoomerAMG. The average per-step runtime

was compared across GPU and CPU environments in the 2D benchmark (Figure 7a). The GPU completed one step in 0.6 s on

average (0.56 s for the Stokes equations and 0.04 s for advection), yielding speedups of ∼ 11× relative to the 32-core CPU

and ∼ 15× relative to the 8-core CPU. For the CPU environments, increasing the number of cores from 8 to 32 reduced the

per-step time from 9.1 s to 6.3 s. Most of the per-step cost was dominated by solving the Stokes equations (8.9 s and 6.2 s for380

the 8-core and 32-core CPUs, respectively). Despite the substantial improvement in computational efficiency enabled by GPU

acceleration, the solution accuracy remains comparable to that of the CPU implementation. This agreement is demonstrated

by the time evolution of Vrms, which closely matches the CPU simulation (Figure 7b). Snapshot comparisons at key times

(t= 209, 700, and 864), when Vrms attains local maxima or minima, further support the model accuracy. In addition, the

GPU-based model reproduces the reference Vrms values from Hillebrand et al. (2014) and van Keken et al. (1997).385

4.5 3D Rayleigh–Taylor instability

We extended the 2D Rayleigh–Taylor instability model to 3D. The initial composition field was prescribed by imposing a small

perturbation on the interface between two fluids with different viscosities and densities. The initial composition (Equation 24)

was defined using a level-set function (Equation 23). Ra and Rb were set to 0 and 1, respectively.
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ϕ(x, t= 0) = z−
(
0.2+0.02cos

(
πx

Lx

)
cos

(
πy

Ly

))
(23)390

C(x, t= 0) =




0, ϕ(x, t= 0)≤ 0,

1, ϕ(x, t= 0)> 0.
(24)

Lx = 0.9142 and Ly = 0.8142 denote the domain lengths in the x and y directions, respectively, while the domain length in

the z direction was set to 1. The viscosity was prescribed as η = 0.01 and 1 for C = 0 and 1, respectively. To adequately resolve

the complex 3D velocity and compositional structures, we used a 65×65×65 mesh with the MINI element (i.e., P+
1 ×P1). The

advection equation for the level-set function was solved using GMRES with HYPRE BoomerAMG preconditioner. The model395

evolution shows that the initially imposed cosine-shaped perturbation initiates plume-like upwelling from regions where the

interface is locally elevated (Figures 8e–h). By t= 60, the plume rises to approximately z = 0.8 (Figure 8c). We quantified the

normal stress in z direction (σzz = 2η dw
dz ), which controls the surface topography, where η and w denote viscosity and vertical

velocity, respectively. Positive dynamic topography developed above the plume upwelling, reaching a maximum value of 6.6.

The time evolution of the maximum and minimum dynamic topography values was identical for the GPU and CPU simulations,400

demonstrating that the GPU implementation also preserves accuracy in the pseudo free-surface calculation. We employed Vrms

as a metric to assess consistency between GPU and CPU environments (Figure 8i). Vrms increases as the plume ascends, peaks

near t≈ 60, and then decreases. Despite differences in the number of GMRES iterations, the Vrms values obtained on the CPU

and GPU were identical across all environments.

As time elapses, the density distribution becomes more complex, which can increase the execution time of the Stokes solve.405

The number of GMRES iterations increases as elapsed time progresses, and the GPU environment requires ∼ 2.5× more

GMRES iterations than the CPU environment at all elapsed times (Figure 9b). Nevertheless, the GPU execution time increases

more gradually with elapsed time than the CPU execution time. The GPU (HMIS) was approximately 9× faster than the 32-

core CPU (Falgout) across the entire time range (Figure 9a). Linear regression of execution time against elapsed time produced

slopes of 1.30 for the CPU (Falgout) and 0.27 for the GPU (HMIS). To assess the efficiency of stiffness matrix assembly on the410

CPU, GMRES iterations on the GPU, and GPU-CPU data transfer, we compared the total simulation wall time across multiple

CPU-GPU configurations (Figure 9c). The 32-core CPU-only simulation required 2760 s. The optimal configuration, two-GPU

with 16-core CPU, achieved the shortest wall time of 840.1 s, corresponding to a 3.3× speedup over the 32-core CPU-only

execution. Using a single-GPU with 16-core CPU increased the wall time to 1016.7 s due to reduced GPU resources. With a

single-GPU and single CPU core, wall time further increased to 2415.7 s, as CPU assembly became the dominant bottleneck.415

The single-GPU with 1-core CPU delivered only a 1.14× speedup relative to the 32-core CPU.

4.6 Sticky air benchmarks

In geodynamic numerical modelling, the sticky-air technique is a widely used approach for approximating a free surface.

Crameri et al. (2012) suggested that to correctly represent a free-surface boundary condition, the sticky-air layer requires a
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Figure 8. Temporal evolution of the 3D Rayleigh-Taylor instability derived from the GPU (HMIS) with 1-core CPU. (a–d) Snapshots of

level-set function isosurfaces at nondimensional times t= 0, 30, 60, and 90. (e–h) Evolution of the interface between two compositions and

the distribution of normal stress in the z-direction on the top surface. (i) Root-mean-square velocity (Vrms) measured in the GPU, 8-core,

16-core, and 32-core CPU environments.

viscosity contrast of 10−5 relative to the underlying material and a thickness of 100 km, or alternatively a viscosity contrast420

of 10−4 and a thickness of 200 km. In our study, we set the viscosities of the lithospheric, mantle, and sticky-air layers

(with a thickness of 100 km) to ηlitho = 1023 Pa·s, ηmantle = 1022 Pa·s, and ηair = 1018 Pa·s, respectively. The nondimensional

parameters for the sticky-air benchmark are presented in Table S1. We discretized the Stokes system using P2 ×P1 finite

elements on a 1400×800 mesh. The boundary between the lithosphere and the air was assigned a cosine-shaped perturbation.

We compared the maximum topography with the analytical solution from Crameri et al. (2012). The initial composition field425

(C) is defined as three layers separated by the upper and lower interfaces of the lithosphere (Equation 27). Two level-set

functions (ϕ1 and ϕ2) were defined as signed distance functions for each interface (Equations 25 and 26).
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Figure 9. Performance analysis and validation of the 3D Rayleigh-Taylor instability simulation. (a) Execution time per step versus elapsed

time for single-GPU (HMIS) with 1-core CPU (solid red line) and CPU (Falgout) with 8, 16, and 32 cores (green, orange, and blue solid lines,

respectively). The dashed lines indicate a linearly increasing trend in execution time. (b) Evolution of GMRES iteration numbers per step

over elapsed time for the GPU (HMIS) and 8–32 core CPUs (Falgout). (c) Wall time for 30 time steps under four processor configurations:

two-GPU with 16-core CPU, single-GPU with 16-core CPU, single-GPU with 1-core CPU, and 32-core CPU (CPU-only).

ϕ1(x,y, t= 0) = 700+7cos

(
2πx

2800

)
− y (25)

ϕ2(x,y, t= 0) = y− 600 (26)

C =





C1 ϕ1(x,y, t= 0)≤ 0

C3 ϕ2(x,y, t= 0)< 0

C2 else

(27)430

An initial perturbation imposed on the lithosphere generates a lateral density gradient, which drives upwelling in the centre

of the domain and downwelling on both sides, forming two convection cells (Figure 10a). Advective transport progressively

flattens the initial topographic perturbation. The surface recovers an almost flat geometry by the final time of 100 kyr (Figure

10c). In contrast, the divergence-free dynamics of mantle and lithosphere flow advect the initially horizontal lithosphere–mantle

boundary, producing a secondary perturbation by the final time (Figure 10c). The maximum topography over the simulation435

time was identical between the GPU and CPU executions (Figure 10). The topographies from the CPU and GPU are consistent

with the analytical solution and the reported curve of Hillebrand et al. (2014), indicating that the physical solution on GPU

remains consistent despite the larger number of GMRES iterations.
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Figure 10. Evolution of maximum topography in the sticky-air benchmark. The solid blue line denotes the single-GPU (HMIS) with 1-core

CPU, the dashed red line denotes the 32-core CPU computation, and the dotted black line denotes the analytical solution. Panels (a), (b), and

(c) correspond to the compositional fields at t= 0, 5.77, and 100 kyr, respectively, obtained from the single-GPU (HMIS) with 1-core CPU.

The temporal evolution of maximum topography indicates close agreement between the GPU and CPU computations and with the analytical

solution.

Execution time comparison over the total steps shows that the GPU consistently outperformed the 32-core CPU (Figure

11a). The GPU (HMIS) runtime remained stable within 4.7–11.1 s, whereas the CPU (Falgout) execution time increased from440

38.1 s to more than 80 s (Figure 11a; solid blue line), corresponding to an overall speedup of roughly 7–8× for the GPU (solid

red line). The GPU and CPU environments show an identical pattern in the L2-norm of the velocity field, which decreased as

the initial topographic perturbation decayed (Figure 11a; solid green and dotted yellow lines). The number of PCG iterations

varied with simulation time, while the GPU and CPU required the same number of PCG iterations at each time step (Figure

11b). Time steps with a larger number of PCG iterations also exhibited a larger number of GMRES iterations within the445

iteration loop. The GPU and CPU required 400–600 and 150–200 GMRES iterations, respectively. To evaluate the efficiency

of CPU stiffness matrix assembly, GPU GMRES iterations, and GPU-CPU data transfer, we compared the total simulation wall

time across different CPU-GPU configurations (Figure 11c). The 32-core CPU-only simulation required 1740 s. The optimal
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Figure 11. Performance analysis and accuracy validation of the sticky-air benchmark. (a) Execution time per step (left y-axis) and root-mean-

square velocity (Vrms, right y-axis) over elapsed time derived from single-GPU (HMIS) with 1 core CPU. (b) Evolution of inner GMRES

iteration numbers (left axis) and preconditioned conjugate-gradient (PCG) iteration numbers (right axis). (c) Wall time for 30 time steps

under four processor configurations: two-GPU with 16-core CPU, single-GPU with 16-core CPU, single-GPU with 1-core CPU, and 32-core

CPU (CPU-only).

configuration, two-GPU with 16-core CPU, achieved the shortest wall time of 329.8 s, corresponding to a 5.2× speedup over

the 32-core CPU-only execution. Using a single-GPU with 16-core CPU increased the wall time to 513.6 s due to reduced450

GPU resources. With a single-GPU and single CPU core, wall time further increased to 744.4 s, as CPU assembly became the

dominant bottleneck. Nevertheless, even this single-GPU with 1-core CPU configuration achieved a 2.3× speedup relative to

the 32-core CPU-only case.

4.7 Subduction modelling

The subduction application targets 2D nonlinear viscous Stokes flow incorporating a plate interface where one plate descends455

into the mantle. The computational domain is a rectangle with a width of 3960 km and a depth of 660 km, which is then nondi-

mensionalized (Enns et al., 2005; Capitanio et al., 2010; Sharples et al., 2014). Characteristic scales for nondimensionalization

are listed in Table S2. The Stokes system was discretized with P2×P1 elements on a 1200 × 200 structured grids, where each

rectangular cell was subdivided into two triangular elements along the lower left to upper right diagonal. The compositional

structure is partitioned into five regions: mantle, overriding plate, upper slab layer, lower slab layer, and slab core. Four level-set460

functions, ϕ1 through ϕ4, delineate the region interfaces.

The upper mantle serves as the reference fluid with viscosity ηUM = 1 and ρ= 0. The overriding plate has the viscosity

ηOP = 400, yielding a viscosity contrast of 400 relative to the upper mantle, while its density matches the mantle value. The

viscosity of the upper slab layer (ηUS) follows a Mohr–Coulomb plasticity law (Equation 28).
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ηUS =
1

2

τy
ε̇II

, ε̇II =

√
1

2
ε̇ : ε̇ (28)465

τy , ε̇, and ε̇II denote the plastic yield stress, strain-rate tensor, and the square root of its second invariant, respectively. τy

was set to 0.06. ηUS is bounded between 1 and 1000 to improve numerical stability. Additionally, at nondimensional depth

y < 0.7, weakening is imposed by prescribing η = 50. The viscosities of the slab core (ηSC) and lower slab (ηLS) are 70

and 50, respectively. Mohr–Coulomb plasticity in the upper slab layer introduces nonlinear viscosity into the Stokes system,

requiring Picard fixed-point iteration with a relative tolerance of 10−3. As the viscosity contrast increases and compositional470

interfaces become more complex, the condition number of the discretized Stokes system tends to increase, degrading Krylov

solver convergence. We therefore approximated the condition number at each time step using the ratio of the largest to smallest

eigenvalues of the stiffness matrix and examined its relationship with the GMRES iteration count and execution time. An initial

slab perturbation, pre-subducted to 200 km depth with a 29° dip, triggers subduction (Figures 12a). The slab maintains a steep

dip and ultimately descends from the upper to the lower mantle (Figures 12b). The two environments yield nearly identical475

Vrms values, indicating that the GPU and CPU solutions remain essentially consistent even for the nonlinear-viscosity Stokes

problem (Figure 12c).
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The performance gap between the GPU and CPU persists in the subduction model. Over the full time-stepping sequence,

the GPU reduces execution time by a factor of 3–4 relative to the 32-core CPU run (Figure 13a). In geodynamic simulations,

time evolution increases the spatial complexity of density and viscosity fields, often accompanied by large material contrasts.480

Such conditions worsen the system conditioning, increasing the condition number (purple line in Figure 13a). Higher condition

numbers require more GMRES iterations. In the subduction model, the estimated condition number peaks around the 300th

time step (Figure 13b). As the condition number increases, execution time increases in both the GPU and CPU runs (Figure

13b). However, the regression between GMRES iterations per step and condition number shows a steeper slope for the GPU

(Figure 13c). Despite this steeper slope, the GPU remains approximately 4× faster in execution time, as its lower per-iteration485

cost keeps the total execution time shorter. The total simulation wall time was evaluated across multiple CPU-GPU configu-

rations (Figure 13d). The 32-core CPU-only run took 2484.68 s. The fastest setup, two-GPU with 16-core CPU, achieved a

wall time of 426.25 s, corresponding to a 5.8× speedup relative to the 32-core CPU-only execution. Switching to single-GPU

with 16-core CPU increased the wall time to 791.45 s due to the reduced GPU resources. On single-GPU with 1-core CPU

environment, wall time decreased to 717.19 s, which contrasts with the trend observed at higher numbers of cores.490

4.8 Multi-GPU Implementation

A multi-GPU configuration is essential to overcome the VRAM limit of a single-GPU. At high resolution, the growth in

DOFs substantially increases the memory requirements for the stiffness matrix, the preconditioner, and the global force vector.

Multi-GPU execution distributes VRAM usage via MPI-based domain decomposition, which also enables additional speedup

through parallel execution. Inter-GPU communication and synchronization, however, introduce extra computational costs. We495

evaluated how execution time varies with resolution by comparing a single-GPU with two-GPU across seven benchmarks in

Sections 4.1 to 4.7. In the velocity subproblem using P2 elements, the single-GPU achieved shorter execution time than the

multi-GPU (2 GPUs) environment at the lowest resolution of 128× 128 (1.32× 105 DOFs). In the low-resolution regime,

communication and synchronization overhead exceeded the performance gain from parallelization. Beyond 256× 256, how-

ever, the two-GPU environment achieved shorter runtimes than the single-GPU. In the high-resolution regime, the increased500

computational workload sufficiently outweighed the overhead, yielding a clear performance advantage for two-GPU runs. In

addition, memory capacity limited the single-GPU to a maximum resolution of 1280× 1280 (1.31× 107 DOFs), whereas the

two-GPU configuration ran up to 1536× 1536 (1.89× 107 DOFs). We compared the execution time of single-GPU runs with

two-GPU runs across mesh resolutions for the SolCx benchmark using P2 ×P1 elements (Figure 14b). In the high-resolution

regime (> 640×640, corresponding to 3.69×106 DOFs), the two-GPU configuration outperformed the single-GPU by a factor505

of 1.1 (for 640× 640) to 1.8 (for 1664× 1664). The two-GPU configuration executed up to 1664× 1664 (2.49× 107 DOFs).

Memory capacity limited the single-GPU to a maximum resolution of 1280× 1280 (1.47× 107 DOFs).

For the 3D thermo-mechanical convection using the MINI element, the grid resolutions in the x and z directions were

held fixed at 100 cells (Figure 14c), while the y-direction resolution increased from 10 to 80. Two-GPU delivered shorter

execution time at every resolution. The speedup increased from 1.05 to 1.7 as the resolution increased. The 2D Rayleigh–510

Taylor instability test with P2 ×P1 elements showed the same crossover behaviour as the 2D SolCx benchmark (Figure 14d).
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Figure 13. Analysis of GPU performance and matrix condition number for subduction modelling. (a) Evolution of the condition number

and corresponding changes in execution time for single-GPU (HMIS) with 1-core CPU and 32-core CPU (Falgout) over elapsed time. (b)

Correlation between the matrix condition number and inner GMRES iterations per step for the subduction model. (c) Correlation between

the matrix condition number and execution time per step for the subduction model. (d) Wall time for 30 time steps under four processor

configurations: two-GPU with 16-core CPU, single-GPU with 16-core CPU, single-GPU with 1-core CPU, and 32-core CPU (CPU-only).

The crossover occurred at 512× 512 (2.36× 106 DOFs), after which the two-GPU execution time remained shorter than the

single-GPU execution time. In the 3D Rayleigh–Taylor instability test (the MINI element), the grid counts in the x, y, and

z directions were increased at the same rate, producing a cubic increase in DOFs (Figure 14e). Across the full resolution

range, the two-GPU runtime remained shorter than the single-GPU runtime. The two-GPU configuration achieved a speedup515
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Figure 14. Performance comparison between single-GPU with 1-core CPU and two-GPU configurations in this study. (a)–(g) Comparison

of execution times for the velocity subproblem, SolCx, 3D thermo-mechanical convection, 2D/3D Rayleigh-Taylor instability, sticky-air

benchmark, and subduction model. Horizontal axes represent mesh resolution and degrees of freedom; vertical axes represent execution

time. Black arrows indicate crossover points where the two-GPU configuration begins to outperform the single-GPU setup as problem size

increases.

of ∼ 1.8 at 70× 70× 70, while also extending the maximum resolution to 90× 90× 90. In the sticky air benchmark using

P+
1 ×P1 elements, the two-GPU configuration achieved up to 1.9× speedup at high resolution (Figure 14f), compared to the
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single-GPU configuration. In the subduction model with nonlinear viscosity, the execution time crossover from single-GPU

to two-GPU occurred at 792× 132. Then, the two-GPU speedup reached 1.9× (Figure 14g). Across all 2D benchmarks, the

single-GPU ran faster at low resolution. Once the DOFs exceeded a threshold, the computational workload dominated, reducing520

the relative impact of overhead, and the two-GPU configuration became more effective. In 3D problems, the computational

burden increased more rapidly with DOFs, yielding a consistent advantage for the two-GPU configuration across all resolutions.

Two-GPU execution also distributed VRAM usage, enabling higher-resolution runs.

5 Discussion

5.1 Efficiency of pre-assembled operators525

In this study, we present a practical strategy to reduce bottlenecks in a single-GPU workflow, where one CPU core assembles

matrices and the GPU performs iterative solves. Before performing GPU-based PCG solves, the L2-projection mass matrix,

gradient operator, and divergence operator are assembled once on the CPU and stored in GPU VRAM. This one-time assembly

eliminates per-iteration assembly costs, reducing the assembly fraction of the total wall time. The approach becomes increas-

ingly beneficial when many PCG steps are nested inside Picard iterations. The benefits are most pronounced for iteration-heavy530

workloads, such as the Picard iterations for the nonlinear-viscosity subduction model (Section 4.7). We note that the stiffness

matrix must still be reassembled when viscosity changes between time steps. Storing preassembled operators increases VRAM

requirements as the number of DOFs increases. For an incompressible Stokes system on a fixed mesh, the gradient and diver-

gence operators for velocity–pressure coupling remain constant across iterations. For example, at a 100× 40× 100 resolution

with the MINI element for the 3D thermo-mechanical convection benchmark (Section 4.3), storing these operators and asso-535

ciated vectors requires approximately 1.3 GB of VRAM (Table S3), which is a modest fraction of the ∼ 47 GB peak memory

usage recorded.

Nonlinear Stokes systems with strain-rate-dependent viscosity still require repeated assembly of the stiffness matrix on the

CPU, which causes CPU–GPU data-transfer overhead. In multi-GPU runs, stiffness matrix assembly can be distributed across

multiple CPU cores via MPI parallelism, offering additional assembly-speed improvements. GPUs are designed to maximise540

performance by executing large numbers of operations simultaneously. When many CPU cores assemble MPI-distributed

matrix data and offload computations to a small number of GPUs (two in our study), technologies such as NVIDIA MPS

(Multi-Process Service) become essential. MPS collects computation requests from multiple MPI processes and forwards

them to the GPU. The GPU then executes the distributed matrix operations concurrently via MPS. In both 2D and 3D tests,

configurations that used MPS to connect 16-core CPUs to single- or two-GPU consistently achieved shorter wall times than the545

single-GPU with 1-core CPU configuration. For the 3D Rayleigh–Taylor instability with a mesh resolution of 65×65×65, the

wall time in a 16-core CPU and two-GPU configuration was reduced by a factor of three compared with the single-GPU with

1-core CPU configuration. This indicates that for 3D high-resolution problems, an MPS-based multi-core-CPU and multi-GPU

setup is most effective.
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A key limitation of the multi-GPU implementation based on FEniCS is the incompatibility between FEniCS’s high-level550

function layer and GPU-aware MPI protocols. When GPU-direct communication is enabled, ghost-node values at MPI par-

tition interfaces are incorrectly set to zero. FEniCS’s topology handling and DOF mapping depend on system-memory data

structures, while the underlying PETSc backend operates on CUDA vectors. During ghost-value synchronization, FEniCS re-

lies on system memory for scatter/gather operations, whereas GPU-aware MPI relies on device-pointer communication (Mills

et al., 2021). This mismatch causes memory incoherence, preventing correct updates of interface values. We addressed this555

issue by using native PETSc calls for pre-assembly. We constructed the force vector directly via differential and projection op-

erators, bypassing the problematic FEniCS layer. This approach preserves correct boundary synchronization via PETSc-GPU

communication protocols while maintaining GPU-aware MPI performance.

Recent work has also explored GPU-accelerated matrix assembly. FEniCSx and Firedrake are adopting CUDA-kernel assem-

bly via projects such as cuda-dolfinx and PyOP2 (Trotter et al., 2023; Rathgeber et al., 2016). Currently, GPU-side assembly560

remains experimental, with most implementations delivered through extension projects rather than stable support. A longer-

term goal is a fully GPU-resident workflow that performs both assembly and linear solves on the GPU, further reducing transfer

overhead. Until GPU-side global matrix assembly becomes widely adopted in the geodynamics community, our approach of-

fers a practical alternative by keeping assembly and host–device transfer costs modest while delivering ∼ 5× shorter wall time

(16-core CPU and two-GPU) than the 32-core CPU-only configuration.565

5.2 Computational efficiency of multi-GPUs

Multi-GPU execution is essential for high-resolution geodynamics, as the approach shortens execution time while extending

the maximum mesh resolution and total DOFs depending on VRAM capacity. Our benchmark tests show a clear path towards

higher-resolution Stokes modelling in both 2D and 3D through single-GPU speedups and multi-GPU scaling. Recent 2D

geodynamics studies increasingly use finer meshes to represent subduction zones, plate boundaries, shear zones, and boundary570

layers near free surfaces without sacrificing local resolution. For example, a high-resolution rifting setup uses 0.5 km spacing

at depths shallower than 200 km (Yu et al., 2025). High-resolution 2D subduction and continental collision studies employed

a mesh of 1024× 512 elements, extending to 2048× 1024 elements for resolution-sensitivity tests (Laik et al., 2023). Under

such high-resolution settings, Stokes DOFs and preconditioner memory requirements increase sharply, making GPU VRAM

capacity and solver execution time key constraints. In our 2D SolCx benchmarks, two-GPU outperformed a single-GPU beyond575

640×640 elements. Execution time speedups reached 4–11× on a single-GPU compared to the 32-core CPU, while two-GPU

delivered an additional 1.1–1.9× improvement compared to a single-GPU. These speedup factors enable higher-resolution 2D

rifting and subduction simulations under tight VRAM limits.

In 3D, DOF scaling becomes much steeper, leading to memory bottlenecks due to the stiffness matrix, preconditioner,

and force vector. Building the preconditioner also consumes extra VRAM through coarsening levels, pushing a single-GPU580

to its memory limit at relatively modest resolutions. Ultra-large 3D Stokes problems therefore require massive multi-GPU

execution. Räss et al. (2022) used a pseudo-transient method on 2197 GPUs to solve 3D variable-viscosity Stokes flow at 49953

resolution, reaching 1.2 tera-DOFs. The pseudo-transient framework targets ultra-high-resolution finite-difference simulations
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at extreme multi-GPU scale. We propose that multi-GPU scaling directly supports larger DOF targets within available VRAM.

An extrapolation based on our DOF scaling suggests that eight RTX 6000 Ada cards (48 GB VRAM each) would support585

roughly 7.0× 107 DOFs. Replacing this configuration with RTX PRO 6000 cards (96 GB VRAM each) would yield a total of

768 GB VRAM, enabling over 1.4× 108 DOFs under the same extrapolation.

Krylov subspace solvers for the Stokes system (GMRES, CG, and MINRES) depend strongly on FP64 (double-precision)

performance. The RTX 6000 Ada delivers an FP64 peak near 1.4 TFLOPS, while HPC-class GPUs such as the H200 pro-

vide much higher FP64 performance and larger memory capacity. For example, the H200 delivers 34 TFLOPS, roughly 24590

times higher than the RTX 6000 Ada. Using H200-class systems would therefore significantly improve Stokes solver perfor-

mance at high resolution. Such scaling enables higher-resolution simulations of global mantle convection and complex crustal

deformation, demonstrating how GPU system scaling shapes next-generation geodynamics.

5.3 Potential benefits of large-scale geodynamic models

GPU acceleration reduces the execution time of Stokes solves in both single- and multi-GPU configurations. Single-GPU595

execution reduces the time per solve, while multi-GPU execution also increases the maximum DOFs that can be handled by

distributing memory demand across GPUs. This combination enables high-resolution forward modelling and inverse problems

that are difficult to run within the execution time and memory limits of conventional CPU clusters. Multi-GPU configurations

further support scaling from local domains to global models by combining larger total VRAM with parallel execution.

Accurate simulation of narrow shear zones or thin lower-mantle thermal boundary layers in a 3D spherical-shell domain often600

requires grid spacing on the order of tens of kilometers (Taiwo et al., 2023; Murphy and King, 2024), which drives the Stokes

system to very large DOF. In this setting, the GPU-based PCG solver tested in our study remains effective at large 3D scales

and is expected to be important for future global simulations. Li et al. (2023) reconstructed the subduction history of the North

American plate using plate-reconstruction-driven data assimilation and emphasised the high computational cost associated with

realistic 3D buoyancy and viscosity structures. The study combined seafloor-age constraints and lithosphere-density profiles605

to build spatially variable buoyancy forcing and viscosity fields. The resulting configuration increased computational cost by

more than an order of magnitude relative to simplified models. Such cost limits further extensions, including coupling with

surface processes or increasing spatial resolution in global simulations. Faster Stokes solves on GPUs, together with multi-

GPU scaling that supports larger DOF cases, are therefore critical for making such high-fidelity data-assimilation models more

practical.610

GPU acceleration also reduces the cost of adjoint inversion. Adjoint inversion minimises the misfit between an observed

mantle state and a model prediction by iteratively updating initial conditions or model parameters. Each iteration computes

the misfit through a forward simulation, then solves the adjoint equations backwards in time to obtain sensitivity information

used to update the model. Since one iteration requires both forward and adjoint integrations over the full time window, the total

cost scales with the number of iterations and the length of the assimilation period. Colli et al. (2020) and Saxena et al. (2023)615

limited the inversion window to 50 Myr (rather than 100 Myr) to manage the computational cost and excluded an inner loop for

calibrating parameters (e.g., viscosity). The GPU speedups demonstrated in our study increase the number of forward-adjoint
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cycles that fit within a fixed runtime budget. This improvement supports longer assimilation windows. The same improvement

also makes repeated parameter-calibration loops, including viscosity updates, more practical. GPU acceleration therefore pro-

vides the computational basis for extended inversion workflows that better constrain uncertain material properties and initial620

conditions in high-resolution geodynamics.

5.4 State-of-the-art Stokes solving scheme using block preconditioner

In computational geodynamics, one of the state-of-the-art Stokes solvers is based on Schur-complement block preconditioners,

which are widely used in major community codes such as ASPECT (Kronbichler et al., 2012). A block preconditioner han-

dles the saddle-point problem, with an AMG (or GMG) preconditioner applied to the velocity block and the pressure Schur625

complement approximated by a viscosity-weighted mass matrix or a BFBT-type scheme. This configuration delivers mesh-

independent convergence and excellent scalability on large parallel systems (Benzi et al., 2005; May and Moresi, 2008; Rudi

et al., 2017). In contrast, the PCG solver adopted in this study applies a conjugate-gradient iteration to the pressure Schur

complement system. Because it stores only a fixed number of vectors, this approach has a smaller memory footprint than

block-preconditioned FGMRES, which is advantageous in GPU environments where VRAM capacity is a binding constraint.630

To evaluate this solver’s effectiveness, we compared a FEniCS-based PCG implementation with ASPECT’s block precon-

ditioned solver for the 3D thermo mechanical convection benchmark (Table S4). The FEniCS implementation used two-GPU

with 16-core CPU, single-GPU with 16-core, and 32-core CPU, while the ASPECT implementation used 32-core CPU. To

enable a fair comparison with ASPECT, which provides Q2/Q1 elements, we used a P2 ×P1 discretization in FEniCS with a

resolution of 40× 40× 40. The total elapsed time is 0.25 with 250 steps. On 32-core CPU, ASPECT required a wall time of635

1473 s to solve the Stokes system over the full elapsed run. Our PCG solver on 32-core CPU required a wall time of 2782 s,

indicating that ASPECT’s block-preconditioned Stokes solver outperforms our PCG solver on CPUs in this configuration.

However, GPU acceleration reverses this result. On a single-GPU with 16-core CPU setup, the same case required approxi-

mately 200 s, corresponding to speedups of approximately 13.5× and 7.37× relative to our 32-core PCG run and the 32-core

ASPECT run, respectively. On two-GPU with 16-core CPU, the wall time decreased to approximately 140 s, delivering an640

additional 1.4× speedup over the single-GPU case and overall speedups of 20× and 10.5× relative to our 32-core CPU run

and ASPECT, respectively.

A block-preconditioned formulation solves the full Stokes system with block preconditioned FGMRES, and a carefully

tuned GPU implementation of this strategy may ultimately be faster than the PCG splitting approach. At the same time, the

full Stokes system is larger and each FGMRES iteration must store multiple Krylov vectors, which can lead to higher memory645

usage, especially in multi-GPU configurations. Identifying the most effective solver in GPU-accelerated settings will therefore

require future work that systematically compares PCG splitting and block-preconditioned FGMRES methods in terms of both

execution time and memory usage.
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6 Conclusions

In this study, we implemented a preconditioned conjugate-gradient solver to solve finite-element Stokes equations in FEniCS650

on GPUs using PETSc configured with CUDA and validated both performance and accuracy through quantitative comparisons

with CPU runs. We adopted the PCG variant, in which the pressure update follows a preconditioned conjugate-gradient scheme

that limits the number of stored vectors, producing an algorithm better suited to GPU memory constraints. By using PETSc AI-

JCUSPARSE matrices and CUDA vectors, we stored matrices and vectors on the GPU. To reduce the L2-projection bottleneck

that recurs within PCG iterations, we preassembled and reused the mass matrix and the gradient and divergence operators. As a655

preconditioner, we employed HYPRE BoomerAMG, with optimal configurations varying by hardware architecture. On GPUs,

HMIS or PMIS coarsening reduced the cost of coarse-grid construction, while the combination of scaled Jacobi smoothing

and Extended+i interpolation improved parallel efficiency. We validated the GPU solver across seven benchmarks: a manu-

factured solution, SolCx, the sticky-air benchmark, 2D and 3D Rayleigh-Taylor instability, 3D thermo-mechanical convection,

and a subduction model with nonlinear viscosity. GPU-based solutions maintained accuracy comparable to analytical solutions660

and CPU results. Robust convergence was also observed in cases featuring strong viscosity contrasts and sharp compositional

boundaries. As problem size increased, GPU advantages became more pronounced, with execution times reduced by factors of

5–11 compared to 32-core CPU execution. Even when GMRES required more iterations on the GPU, the lower per-iteration

cost on the GPU often reduced the total execution time. Experiments using single-GPU and two-GPU configurations with

RTX 6000 Ada cards showed that single-GPU VRAM capacity limits the achievable resolution, whereas multi-GPU domain665

decomposition enables larger simulations and provides additional speedup. Moreover, leveraging multi-core CPUs together

with NVIDIA MPS reduced the wall time by a factor of ∼6 compared to a 32-core CPU run.

Code and data availability. GAUZZ 1.0.0, comprising the FEniCS-based source code, the simulation input scripts used to reproduce all

benchmark cases in this study, and a Dockerfile that builds the full computational environment, is archived at Zenodo (https://doi.org/

10.5281/zenodo.19936267, Lee et al. 2026) under the GNU General Public License v3.0. Active development of GAUZZ continues at670

https://github.com/kmlee-geo/gauzz, where issues and contributions are welcomed. The large analytical reference solutions for the SolCx

benchmark (p_a1024.h5 and u_a1024.h5) are provided in the Zenodo deposit only, owing to GitHub’s per-file size limits; they are

required to reproduce the SolCx error analysis.

Simulations were performed with FEniCS 2019.2.0.64, NumPy 1.23.5, PETSc 3.15.5 (CPU) and 3.23.2 (GPU) compiled with CUDA

support, and HYPRE BoomerAMG via the PETSc interface. The CPU runs were executed on Intel Xeon Gold 5320 and Intel Xeon w5-675

2465X processors; the GPU runs were executed on NVIDIA RTX 6000 Ada (48 GB VRAM) workstations.
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