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Abstract.

Pecube is a three-dimensional thermal-kinematic model that enables the prediction of thermochronometry data and the
investigation of past tectonic and topographic change, using both forward and inverse modelling approaches. However, the
problems addressed by Pecube inversions are typically non-linear and high-dimensional, such that multiple models can often
reproduce the data equally well. Pecube inversions, which involve the evaluation of large numbers of forward models against
observations, are performed using the neighbourhood algorithm (NA), enabling guided exploration of the parameter space.
Despite more than a decade of applications, practical guidance on how to configure NA—Pecube inversions remains limited.
Furthermore, the recent development of a user-friendly interface for Pecube is expected to broaden its user base and further
increase the need for clear guidelines on NA configuration. This contribution aims to provide intuition and general guidance
for performing NA—Pecube inversions through a conceptual approach. Although the proposed guidelines remain intentionally
broad and do not guarantee optimal performance for user-specific problems, they are intended to support informed
decision-making and to provide a practical starting point for NA—Pecube inversions. Users are encouraged to explore and adapt

NA tuning parameters to their specific modelling objectives and problem settings.

1 Introduction

Quantifying the timing and rates of landscape modification or rock exhumation in response to tectonic and climatic forcing
has been a central focus of research over the past decades (e.g., Montgomery et al., 2001; Whipple, 2009; Champagnac et al.,
2012, Adams et al., 2020), and thermochronological dating techniques have proven powerful for such purposes (e.g., Reiners

and Brandon, 2006; Berger et al., 2008; Shuster et al. 2011; Glover et al., 2023; Boone et al., 2025). By recording the timing
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at which minerals cool below their characteristic closure temperatures, thermochronometers provide constraints on the
exhumation of rocks through the upper crust, providing assumptions or independent estimates on the geothermal gradient.
Linking measured thermochronometry data to cooling, exhumation, and ultimately the tectonic and/or climatic forces driving
this requires modelling the kinematic, topographic and thermal evolution of the crustal region studied. Pecube (Braun, 2003;
Braun et al., 2012) is a widely used software package for predicting thermochronometry data arising from 3D simulations of
coupled landscape evolution and tectonic scenarios. A forward-modelling approach, in which a model is used to generate
synthetic data, can be employed to compare these predictions with observed thermochronometry data. Although useful, such
an approach is generally restricted to testing a limited number of working hypotheses, for example regarding topographic
evolution (e.g., Whipp et al., 2009; Capaldi et al., 2022) or styles of tectonic exhumation (e.g., Whipp et al., 2007; Robert et
al., 2009; McQuarrie and Ehlers, 2017; Thiede et al., 2017) and does not allow a comprehensive exploration of the full range
of parameter values that control rock exhumation. For this purpose, inversion approaches are preferred, in which large
ensembles of candidate models are systematically evaluated by comparing observations and predictions using an objective
(misfit) function (e.g., Ketcham, 2005; Fox and Carter, 2020).

In geosciences, inversion problems are often non-linear, non-unique and high-dimensional, and the number of models that can
be evaluated is constrained by computational cost. Consequently, several inversion strategies have been developed to guide
exploration of the parameter space toward regions of low misfit and thereby increase inversion efficiency. Broadly, both local
and global approaches have been investigated. Local approaches exploit the local curvature of the misfit landscape and
iteratively update a model from an initial guess to minimize this function. Examples include steepest descent (e.g., Schuster,
2017), conjugate gradient (e.g., Kelber et al., 2008) and Gauss—Newton methods (e.g., Pratt et al., 1998). These methods can
be efficient in locating a nearby minimum but may be less effective for problems with multiple local minima, expensive
forward-model evaluations, or when no good initial guess is available.

Global stochastic search (or direct search) methods are designed to explore parameter spaces more broadly by employing
probabilistic sampling strategies. In this way, they are more likely to identify multiple acceptable solutions, although they are
often less efficient than local deterministic approaches in terms of convergence speed. Examples of global methods include
Monte Carlo sampling, in which exploration is purely random (Hammersley and Handscomb, 1964) but which is generally
inefficient in such cases, particularly for high-dimensional problems. More advanced methods include: simulated annealing
(SA), where exploration is controlled by a temperature parameter that affects how broad the next sampling of the parameter
space is and gradually decreases with the misfit (Rothman, 1985); genetic algorithms that use populations of models, crossover
and mutation techniques to explore the parameter space (GA; Holland, 1975; Gallagher and Sambridge, 1994); and the
Neighbourhood Algorithm (NA; Sambridge, 1999a). The NA is a global, geometry-based direct search method that adaptively
samples parameter space using a Voronoi tessellation (Voronoi, 1908). New models are drawn preferentially from regions
associated with lower misfit, while still allowing exploration of less-sampled areas, thereby balancing exploitation and
exploration. A subsequent appraisal stage enables Bayesian estimation of parameter uncertainties and trade-offs using the

ensemble of sampled models (Sambridge, 1999b).
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Because of its relatively high computational cost and the non-linearity of the underlying thermal-kinematic problems, Pecube
inversions use the Neighbourhood Algorithm (NA; Sambridge et al., 1999) to search for well-fitting regions of parameter
space. While Pecube inversions using NA have been applied for more than a decade (e.g., Braun and Robert, 2005; Herman
et al., 2007, 2010; Glotzbach et al., 2011; Robert et al., 2011; Coutand et al., 2014; Curry et al., 2021; Wolff et al., 2021; Fan
etal., 2022; Gong et al., 2026) and the fundamentals of NA have been presented in Sambridge et al. (1999a), building intuition
on how to best configure NA—Pecube inversions in order to achieve both reliable exploration of parameter space and robust
inferences remains a recurrent challenge for new Pecube users. While broad guidance on setting up NA has been provided in
previous studies (e.g., Braun et al., 2012; Glotzbach et al., 2011; Valla et al., 2010), no contribution yet focused on how to set
up NA for Pecube inversions. The recent development of a user-friendly interface for Pecube (Bernard et al., submitted to
GChron) is expected to broaden its user base, particularly by attracting new and less experienced users, providing additional
motivation for further guidance on NA-Pecube inversions.

This contribution aims to provide a general intuitive picture on the core functionality of NA and its concepts for Pecube users
as well as some broad guidance on setting up NA-Pecube inversions. It is stressed that this guidance by no means guarantees
appropriate use of NA for a user-specific problem but rather must be seen as a starting point for performing NA-Pecube
inversions. Since optimal inversion schemes strongly depend on the exact scenario being tested, as well as the data available,

Pecube users are encouraged to test NA tuning parameter combinations on their own.

2 Pecube and the Neighbourhood Algorithm
2.1. Inverse modelling with Pecube

A short description of Pecube is provided here; a full description of its foundations is available in Braun et al. (2003, 2012).
Pecube is a three-dimensional thermal-kinematic model that solves the heat-transport equation and predicts
thermochronometry data from prescribed topographic and tectonic evolution scenarios. Boundary conditions consist of a
constant basal temperature and a time-varying surface temperature controlled by evolving topography. The kinematic
formulation allows for spatially and temporally variable vertical and lateral rock advection, either as coherent tectonic blocs
or along faults. Compared to thermochronological modelling tools such as QTQt (Gallagher et al., 2012) and HeFTy (Ketcham,
2005), Pecube enables the evaluation of spatially distributed thermochronometry datasets within defined tectonic-geomorphic
scenarios. This capability allows direct interpretation of model results in terms of past tectonic or climatic forcing (e.g.,
Glotzbach et al., 2011; Gong et al., 2026) as well as the design of targeted sampling strategies (e.g., Valla et al., 2011). But
this advanced parameterisation introduces a large number of unknown parameters, often limiting the range of scenarios that
can be tested. In practice, the complexity of both the datasets and the plausible tectonic-geomorphic histories typically require

an inverse modelling approach, in which large numbers of models are evaluated using an objective (misfit) function.
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Figure 1. Conceptual misfit landscapes with different complexities. Consider a two-dimensional problem defined by
two parameters. A misfit landscape arising from a well constrained problem (a) would show a well-defined area of
solutions with low misfit values (orange area) and unimodal posterior probability distribution (PPD, single peaks
represent high probability for each parameter value). However, two parameters can show trade-off and provide a
range of solutions despite precise data (orange area, b), leading to broad range in the PPDs (no clear peaks for each
parameter, b). Additional complexity arises when the misfit landscape incorporates multiple and distinct solutions

(local basins, c¢) leading to multimodal PPDs (here two peaks of high probability for each parameter).

Prior to defining guidelines for the use of the NA, it is necessary to clarify the objectives of Pecube inverse modelling. Inverse
approaches allow systematic exploration of a parameter space, defined by prior estimates of the plausible range of parameter
values, reflecting research questions such as the timing of topographic change or fault activity, or more generally temporal
variations in rock exhumation rates. The combination of data constraints, parameter dimensionality, and prior ranges defines
a misfit landscape, the structure of which reflects the range of “acceptable” solutions (i.e., parameter combinations that lead
to scenarios fitting the data according to a prescribed objective function). Owing to data limitations (precision and quantity),
observational uncertainties (data and models), and parameter trade-offs, even a well-posed problem is expected to admit
multiple solutions consistent with the observations.

Consider a hypothetical two-dimensional problem. The misfit landscape may be characterized by a single, well-defined
low-misfit basin and unimodal posterior probability distributions (Fig. 1a). More complex cases may exhibit parameter
trade-offs, leading to broad posterior distributions (Fig. 1b), or multiple distinct low-misfit regions, resulting in multimodal
solutions (Fig. 1c). Consequently, one objective of a Pecube inversion would be to characterize the range and structure of

acceptable solutions rather than to identify a single best-fitting model. Although exhaustive random sampling would, in

4
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principle, achieve this goal, limited computational resources constrain Pecube inversions. Effective inversion strategies must

therefore balance comprehensive exploration of parameter space with computational efficiency.

2.2. NA-Pecube inversion
2.2.1. Description of the neighbourhood algorithm

The NA comprises two distinct stages: a sampling stage, which guides the exploration of the parameter space, and an appraisal
stage, which is used to infer Bayesian descriptors of model resolution, typically framed as posterior probability distributions
(PPDs) of the inverted parameters. The sampling stage is coupled to Pecube, whereas the appraisal stage is currently
implemented in an external program (NA-Bayes; Sambridge, 2013a). Comprehensive methodological descriptions of both
stages are provided in Sambridge (1999a, 1999b) and readers are encouraged to refer to these studies. This contribution focuses
exclusively on the sampling stage and presents a concise overview of the underlying philosophy of the NA.

The NA is both a sampler and an optimisation algorithm, in that the exploration of parameter space is adaptively directed
towards regions that exhibit favourable data fits. The sampling stage employs a direct-search strategy to minimise the misfit
function within a multidimensional (N4) parameter space. A key principle of NA is the use of information from previously
evaluated models to construct a local approximation of the misfit landscape, which is then used to guide subsequent sampling
towards regions associated with lower misfit values (i.e., misfit basins; Sambridge, 1999a). The algorithm proceeds iteratively,
with each iteration consisting of a batch of forward-model evaluations, the results of which progressively refine the
approximation of the misfit landscape (Fig. 2).

Four user-defined parameters control the performance (efficiency and behaviour) of the sampling stage (Table 1): (i) the
number of models sampled in the first iteration (erjt), (i1) the number of models generated per iteration (Np), (iii) the number
of Voronoi cells (i.e., regions of the parameter space) to resample at each iteration (N;), and (iv) the number of iterations (Ni).
The sampling stage of the NA can be summarised in three main steps (Fig. 2). First, an initial ensemble of N5 forward models

is generated, with model parameters drawn randomly from uniform distributions within their prescribed bounds. This initial

Table 1. Description of NA tuning parameters.

Parameter Description
N rlrft Number of models in the first NA iteration
N; Number of Voronoi cells to resample at each iteration (best regions)
Nm Number of models at each iteration
Nit Number of iterations
N/ Ne Number of models per Voronoi cell
N/ N Exploration/exploitation ratio
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Figure 2. Pecube model generation during
an inversion with the neighbourhood
algorithm.
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2.2.2. Role of NA tuning parameters
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iteration is treated separately from subsequent iterations and serves to provide an
unbiased first-order exploration of parameter space, allowing a preliminary
approximation of the misfit landscape prior to targeted sampling.

Following misfit evaluation, the initial ensemble of sampled models is used to
partition the parameter space into Voronoi cells. Before each subsequent iteration,
models are ranked according to their relative misfit, rather than their absolute
misfit values. This ranking strategy renders the search independent of the
magnitude of data errors and of assumptions regarding their statistical distribution
(Sambridge, 1999a). The Voronoi cells associated with the N; best-ranked models
are then selected for resampling. A new ensemble of N, models is generated by
sampling within the selected N; Voronoi cells (Fig. 2). Each selected cell is
sampled at least once, requiring that N, = N;. The ratio Niw/N; controls the
number of samples drawn per cell. When this ratio is an integer, all selected cells
are sampled equally; otherwise, additional samples are preferentially allocated to
the lowest-misfit cells according to the ranking order. The distribution of the
newly generated models is then used to update the global Voronoi tessellation,
and the algorithm proceeds to the next iteration until the prescribed number of
iterations, N;;, is reached (Fig. 2).

The total number of forward models performed during each Pecube inversion is

1st

Niotar = N + Npp * Ny (€Y)

The ability of the NA to efficiently locate low-misfit regions is controlled by the parameters Ny, and Ny, which together regulate

the balance between exploration (searching widely across parameter space) and exploitation (focusing on favourable regions).

To illustrate these effects, a 2-D parameter space example is considered with a hypothetical misfit landscape incorporating two

distinct basins (Fig. 3). Two NA iterations are shown with different Ni/Ny, ratios but the same total number of models (Niotal =

20, Fig. 3). Ten models are randomly sampled in the first iteration (N}t = 10), and the parameter space is divided into ten

Voronoi cells.

The first case illustrates a strategy dominated by exploitation of the parameter space (Fig. 3a). When all N, models are drawn

exclusively from the single best-ranked Voronoi cell (e.g., N./N,, = 0.1), sampling rapidly concentrates within a local

6
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low-misfit region. Although this approach accelerates convergence, it substantially increases the likelihood of missing other
acceptable solutions; in this example, the low-misfit basin located in the lower left of the parameter space is not sampled
(Fig. 3a).

Misfit Sampling next iteration
| N =10, N =1(N/N =0.1)
low high -z - -

Highly exploitative

15t jteration: rapid convergence

Random samplin low computational cost
high risk to fall in local
minimum or missing
acceptable solutions

N, =10, N, =10 (N/N, =

Parameter 2

Highly explorative
slow convergence

high computational cost
Parameter 1
low risk to fall in local
minimum or missing

acceptable solutions

True misfit landscape

Balanced approach

moderate convergence

Parameter 2

moderate computational
cost

Parameter 1

.-| moderate risk to fall in
local minimum or missing
acceptable solutions

Figure 3. Schematic example of the sampling stage of the Neighbourhood Algorithm (NA). The role of parameters Nm and Nr in
controlling the exploration of the parameter space is illustrated. The true misfit landscape of a problem with two misfit minima (or
basins) is shown in the inset square. NA samples the parameter space at each iteration and updates the estimated misfit landscape.
In the first iteration, NA samples N5t = 10 models in the two-dimensional parameter space, misfits are evaluated and the parameter
space is partitioned into Voronoi cells. In the next iteration, NA is set to sample (a) 10 models in the best fit Voronoi cell (Nm/Ny =
10, Nt/Nm = 0.1), (b) 10 models in each of the initial Voronoi cells (Nm/Nr = 1, Nt/Nm = 1), and (c) 10 models in the 5 best Voronoi
cells (Nm/Nr = 2, Nt/Nm = 0.5). The misfits are evaluated for the most recent models and the Voronoi cells are updated. Note how the
size of Voronoi cells inversely scales with sampling density.

The second case represents a strategy dominated by exploration (Fig. 3b). Sampling each Voronoi cell once (N./N,, = 1)
ensures broad coverage of parameter space and reduces the risk of convergence towards a spurious local minimum. However,
convergence is significantly slower, and a large number of iterations (and thus forward-model evaluations) may be required to

adequately characterise the misfit landscape.
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The third case illustrates a more balanced strategy (Fig. 3¢). Resampling only a subset of the best-ranked Voronoi cells (e.g.,
N./N, = 0.5), with a moderate number of models generated within each cell (in this case, N, /N, = 2), achieves a
compromise between exploration and exploitation. This approach maintains global search capability while progressively
focusing sampling towards low-misfit regions, thereby limiting the risk of convergence to suboptimal solutions, such as
entrapment within local misfit basins.

In all three cases, the total number of evaluated models is identical (Niowi = 20, eq. 1), but the resulting approximations of the
misfit landscape differ markedly, with strategies dominated by exploration or balanced sampling (cases b and c, Fig. 3)

providing a more robust and reliable characterisation of acceptable solutions.

2.2.3. Conceptual tuning of NA parameters

Conceptually, the tuning of NA parameters can be represented by the schematic relationship shown in Figure 4a, which relates
the degree of exploration controlled by the ratio N;/N, to the number of models generated during the initial iteration (N}3Y).
The first iteration corresponds to purely random and unbiased sampling of the parameter space and provides an initial
approximation of the misfit landscape. As N increases, the need for subsequent optimisation decreases, and the appropriate
N./Nn ratio is therefore expected to decrease accordingly. In case of unlimited computational resources, the misfit landscape
could be exhaustively sampled, rendering an optimisation algorithm unnecessary and causing N,/Np, to tend towards zero. In
practice, Pecube inversions are limited to approximately 10*~10° forward models, owing to model dimensionality, which
imposes an upper bound on NLSt.

Conversely, a lower bound on N}t is required to ensure a sufficiently representative initial sampling of parameter space, from
which meaningful values of N; can be defined, given that N, < N[5t (Fig. 4a). Previous studies suggest that N,/N,, values
between 0.5 and 1 are appropriate (Braun etal., 2012; Glotzbach etal., 2011; Valla et al., 2010), as they favour broad
exploration of parameter space while limiting the number of samples per Voronoi cell to a maximum of two (N, /N, = 2).
This constraint defines an upper bound for N/Np, which cannot exceed unity (Fig. 4a).

The intersection of these conceptual limits defines a target region in parameter space, within which NA tuning parameters are
expected to achieve an effective balance between comprehensive exploration and computational efficiency. Although the
precise extent and shape of this target region, as well as the functional relationship between N,/Ny, and N5, remain

problem-dependent and are only represented schematically in Figure 4a, this conceptual framework provides practical
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Figure 4. Conceptual exploration of parameter space and guidance in tuning NA parameters. (a) Conceptual
diagram showing a hypothetical target zone of NA parameter combinations to consider. (b) Suggested scaling
relationship between the number of models to perform in the first iteration of NA and the number of dimension (Na).
(c) Suggested scaling of N with N1t and dimension. The scaling relationship in (b) is shown as dashed lines for each
number of dimension (Nd). (d) Area of NA tuning parameter combinations considered to lead to fair estimation of
the misfit landscape for the synthetic example problem in Section 3.1. Squares labelled 1-9 correspond to different
combinations of tuning parameters tested in Fig. 7.

guidance for tuning NA parameters in Pecube inversions.

Prescribing universally optimal combinations of NA tuning parameters that would guarantee finding the range of acceptable

solutions is out of reach, as these depend on the specific inverse problem. But dropping the objective of finding the most

optimal NA parameter combination allows delineation of broad regions of parameter space associated with a higher risk of
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failure, particularly the risk of missing acceptable solutions while guiding the selection of more robust configurations. In all
cases, users are encouraged to explore the NA parameter combinations that would be appropriate for their specific problem.
Guidance for tuning the number of models in the first iteration (N/$') can be drawn from the theoretical analysis of Voronoi
tessellations conducted by Sambridge (1998, 2001). These studies investigated how Voronoi geometry evolves with
dimensionality, defined here as the number of inverted parameters. They showed that, as the total number of sampled models
increases, the average number of neighbours per Voronoi cell asymptotically approaches a threshold, referred to as saturation.
Beyond this threshold, Voronoi cells become progressively isolated and lose global connectivity, causing resampling to
become increasingly localised in parameter space. Below saturation, resampling of favourable cells retains the ability to reach
distant regions of the parameter space, thereby promoting global exploration.
This behaviour is closely linked to the way models are ranked. Consider the true misfit landscape with two local basins
illustrated in Fig. 3 and a large number of models generated during the first iteration. When many models exhibit similar misfit
values, they are indistinguishable on the basis of rank alone, and the ranking provides no information on their spatial separation
in parameter space. As Nistapproaches saturation, the number of good models within a given basin increase, and many of these
models cluster near the top of the ranking list. If N, is small relative to N15¢, the selected Voronoi cells may all originate from
the same basin, while other basins are excluded from the refinement set. In this case, the neighbourhood algorithm loses its
ability to transition between distinct regions of parameter space. This behaviour is less problematic when the primary objective
is to characterise the overall misfit landscape but can become preponderant when searching for optimization.
According to Sambridge (2001), the number of models (N) required to reach saturation scales non-linearly with dimensionality
according to

N =~ N35. )
Although this relationship was not explicitly formulated to determine N5, it provides a useful conceptual guide for its tuning.
In practice, N may be regarded as an upper reference level for N5'. The lower bound of N5t is more difficult to define, but at
first order it is expected to follow a similar scaling with dimensionality, subject to a minimum requirement of adequately
approximating the misfit landscape through initial sampling. In Figure 4b, a lower bound of approximately 0.2N is illustrated
for guidance, although this threshold should not be interpreted as a strict constraint. This reasoning provides a practical range
of plausible values for N5t as a function of problem dimensionality and supports informed tuning of NA parameters.
Following up, how should N, be tuned? Reasoning similarly as for N1, N, must be smaller than or equal to N1, as it is not
possible to resample more regions of the parameter space than those generated during the first iteration (Fig. 4c). Defining a
lower bound for N, is less straightforward, but taking the reasoning on the saturation expressed above, as N1Stapproaches
saturation, the ratio N, /N15tshould be adjusted to favour exploration over exploitation. Sampling only a few regions, or only
the best-fit regions, would lead to rapid convergence toward a minimum that is likely local and is therefore discouraged
(Fig. 3a). As the dimensionality of the problem increases, the misfit landscape becomes more complex, and N; should therefore

increase accordingly. A simple and practical approach is to scale N; with Nist. A lower bound of Ny jgwer = 0.2 Nitis

10
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illustrated for guidance. This value is arbitrary and does not guarantee that all acceptable solutions are identified. It should
rather be interpreted such that values well above this threshold may lead to satisfactory exploration of the parameter space,
whereas values close to or below it increases the risk of missing solutions. The “danger” and “safer” zones shown in Fig. 4b-
d should be interpreted as indicative regions of lower or higher confidence rather than strict limits, and their extent depends
on the number of dimensions (Fig. 4c-d; Section 3). Specifically, the “safer” zone can be considered a conservative approach
that trades optimisation for robustness.

How about Ni,? Ny, should be chosen to favour exploration by remaining within the range N, < Ny, < 2N,, corresponding to
0.5 < Ni/Nin < 1. Increasing N, beyond this range increases the number of models evaluated within each Voronoi cell and
shifts the balance toward exploitation. For values of Ny, significantly larger than 2N,, exploration is reduced and the probability
of missing acceptable solutions increases.

Lastly, rather than focusing on the number of iterations, the total number of models performed is a more relevant measure
when considering the effect of dimensionality. Based on Eq. (2), satisfying coverage of parameter space can generally be
expected for 10N < Nioar < SON. Users can evaluate the convergence of NA by looking at the evolution of the misfit values
over iterations. If the range of misfit values per iteration do not vary significantly, convergence can be considered to have been

achieved. The following section evaluates these concepts using a synthetic example.

3 Testing the performance of the NA-Pecube inversion

Evaluation of Pecube model predictions with observed data is achieved through an objective (misfit) function. NA can
accommodate a wide range of objective functions, but Pecube inversions commonly employ the reduced chi-squared statistic

(Braun and Robert, 2005; Braun et al., 2012):

2

Zi("lom Apred> | -

j=11i

where Nt is the number of thermochronometers, N, ; is the number of observations (i.e., ages) for the j-th thermochronometer,
A‘i"}’s and A]iajred are the observed and predicted ages, respectively, and o;; is the uncertainty associated with A‘i"]bs. The degree

of freedom v = N — Ny — 1 normalises the misfit, where N is the total number of observations, and Ny the number of inverted
parameters (i.e., the dimensionality of the parameter space). Note that this approach is only meaningful when N — N4 > 1; in
practice we would advise N >> Ng. Using the reduced chi-squared statistic and the synthetic case allows us to estimate the

range of acceptable solutions corresponding to models with @ < 4 (within 2 sigma data uncertainty on average).
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3.1. The exhumation model

To evaluate the concepts outlined above, a synthetic exhumation model is designed using Pecube to generate
thermochronometer ages that are subsequently compared with model predictions through a misfit function (Eq. 3) during NA—
Pecube inversions. The model considers the real topography of the Mont-Blanc massif in the Western European Alps, covering
an area of approximately 40 x 30 km (Fig. 5a). Following the findings of Glotzbach etal. (2011), the imposed exhumation
history comprises two stages of tectonic uplift combined with two stages of topographic evolution. The tectonic scenario
initiates at 20 Ma with a rock uplift rate of U; = 0.9 km Myr™! until 6.5 Ma (Fig. 5¢), after which the uplift rate decreases to U
=0.3 km Myr!. Simultaneously, the topography evolves from an initial plateau at approximately 4 km elevation and undergoes
continuous incision until trg = 1 Ma, reaching half of the present-day relief (R = 0.5, Fig. 5c). This scenario results in enhanced
valley incision rates during the last 1 Myr, consistent with the scenario proposed by Glotzbach et al. (2011). Other parameters
include the model thickness set to 30 km, the thermal diffusivity (i = 30 km? Myr"), the basal temperature (Tp, = 600 °C), the
heat production rate (H, = 14 °C Myr!), the temperature at sea-level (T = 12.5 °C) and the atmospheric lapse rate (B = 6 °C
km™).

Based on the prescribed exhumation history and the associated rock cooling paths, a synthetic dataset comprising 51
thermochronometry ages is generated (Fig. 5b-5d). The dataset includes three thermochronometers, apatite (U-Th)/He (AHe),
apatite fission-track (AFT), and zircon fission-track (ZFT) from 17 surface samples (Fig. 5b), thereby representing a
well-defined sampling strategy following Valla et al. (2011). Thermochronometer ages are predicted using the kinetic models
of Farley et al. (2000), Ketcham et al., (2007) and Rahn et al. (2004) for AHe, AFT and ZFT, respectively. To move away
from perfectly predicted data, each age is assigned a random noise within 10 % its original value (Fig. 5d). For the subsequent

inversions, all synthetic ages are assigned a uniform uncertainty of 5 %, corresponding to relatively precise data.
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Figure 5. Synthetic exhumation and cooling history prescribed in Pecube to generate data. The rock exhumation
comprises two stages with rock uplift rates U = 0.9 km Myr! and Uz = 0.3 km Myr!, with a time of change between
stages tu = 6.5 Ma. Simultaneously, topographic incision occurs from a 4-km-high initial plateau at 20 Ma, incising to
half the present-day relief at tr =1 Ma, and enhanced valley incision rates during the last 1 Myr. (a) Model extent of
the Mont-Blanc area with synthetic samples outlined (DEM from NASA Shuttle Radar Topography Mission; SRTM,
2013). (b) Topographic profile along the sample transects (profile A-A’ in a). (¢) Resulting rock cooling path for all
samples, the coldest and hottest cooling histories are highlighted in blue and red respectively. (d) Thermochronometer
age predictions following the cooling histories in ¢, for apatite (U-Th)/He (AHe), and apatite (AFT) and zircon (ZFT)
fission-track with additional random noise within 10 % original predictions and 5 % uncertainty. See main text for

discussion.
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3.2. NA-Pecube inversions and estimated posterior probability distribution

Different NA tuning strategies and their estimated posterior probability distribution (PPD) are evaluated against the true PPD
of the problem (Figs. 6 and 7), the latter having been determined by a thorough (and costly) random exploration of the
parameter space. The goal is to assess the accuracy of each inversion in recovering the range of acceptable solutions. The
inverse problem involves seven unknown parameters: t, Ui, Us, tg, R, Ty and H, (Fig. 5c), corresponding to a
seven-dimensional parameter space, while all other parameters described in Section 3.1 are supposed known and fixed to their
true values.

Based on the conceptual framework illustrated in Fig. 4c, four end-member combinations of NA tuning parameters are selected
for demonstration (inversions 1-4, Fig. 4d) defined by different values of N1t and N; (Fig. 4d). They consider cases of under-
sampled/exploitative (inversion 1, Fig. 4d), under-sampled/explorative (inversion 2, Fig. 4d), over-sampled/exploitative
(inversion 3, Fig. 4d), and over-sampled/explorative (inversion 4, Fig. 4d) NA configurations. Additional NA configurations
(inversions 5-9, Fig. 4d) are also considered to help define the area of fair NA configuration for this synthetic example. For all
inversions, the number of models sampled per Voronoi cell is set equal to the number of resampled cells (N = N, i.e., N/Np
= 1) to maximize exploration. Each inversion evaluates a total of 30000 models, a number that exceeds by far the saturation
threshold expected for a seven-dimensional parameter space (N(N; = 7) = 907, eq. 2).

Figure 6 illustrates the distribution of sampled models and their associated misfit values within scatter plots for the first five
end-member NA-Pecube inversions. For each NA configuration, both the sampling density of the parameter space and the
ability to approximate the true misfit landscape (Fig. 6a-d) can be assessed. Each parameter shows a relatively broad range of
acceptable solutions despite low uncertainties on the data (i.e., 5 %), only parameters tg and U, show restricted values below
5 Ma and 0.5 km Myr™! respectively. The wide range of solutions observed for the true misfit landscape arises because of data
resolution (uncertainty, density, scattering) but also arises due to the non-unique solution of the problem. Especially,
parameters such as Tpand H,, are highly unconstrained by the data (Fig. 6d), giving alternative good solutions (white and green
stars, Fig. 6a-d), and alternative PPDs from the true model (note for instance that the true PPD peaks to ~12 Ma for parameter
t. while the true input value is t, = 6.5 Ma; Fig. 5¢). Therefore, it is important to keep in mind that the “true” solution is given
by the misfit landscape of the problem and may be non-unique, giving further support to characterize at best the PPDs.

The first inversion, considering resampling only the first N, = 7 best regions after an initial exploration with Nt = 36 models
(Fig. 4d), exhibits relatively poor sampling of the parameter space (Fig. 6e-h), resulting in marked difference and under-
appreciation of the true misfit landscape, as well as estimated parameter PPDs that differ from the true distributions (inv. 1,
Fig. 7a-g). Inversion 2 improves the exploration of the parameter space relative to inversion 1 by resampling more Voronoi
cells (N; =36 and N1t = 36 models). Although estimates of the range of “acceptable” solutions retrieved has improved relative
to the true distribution (Fig. 6i-1), the discrepancy of estimated PPDs to the true PPDs remains unsatisfying (inv. 2, Fig. 7a-g).
Inversion 3 increases the number of models in the first iteration but keep N, relatively low (N; = 10, N15¢ = 900 models). This

configuration improves the initial coverage of the parameter space (Fig. 6m-p) due to the unbiased sampling in the first
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iteration. However, the highly exploitative setting (with resampling only N; = 10 best Voronoi cells), focuses exploitation in
restricted area of the parameter space, leading to biased PPDs estimates (inv. 3, Fig. 7a-g). Finally, inversion 4 considering
large exploration of parameter space (N; = 900, N15' = 900 models) enables a fair estimate of the true misfit landscape and
PPDs (Fig. 6qg-t; inv. 4, Fig. 7h-n). However, the convergence to an optimal solution has not occurred (appreciate misfit values
in Fig. 6g-t) and more iterations and models than the 30000 considered here would be needed. A balance between exploration
and exploitation while still recovering a good estimate of the true PPDs can be achieved for instance by increasing exploitation
from the previous inversion (inversion 4) and resampling only N; = 180 models corresponding to 20 % of the N1t models
(inversion 5, Fig. 6u-x, Fig. 7h-n). Alternative NA configurations are tested and their PPDs shown in Fig. 7 (inv. 6-9) and
allow delineation of the “safer zone” for this example as shown in Fig. 4d.

To conclude, broader exploration of the parameter space, either by resampling a larger number of Voronoi cells after the first
iteration (inversions 4 and 6; Fig. 4d) and/or by increasing the number of models generated during the first iteration (N5;
inversions 5 and 7; Fig. 4d) can be considered good inversion strategies. But threshold values for both NA parameters exist
below which exploration is limited and the risk to recover biased PPDs estimates increases. While these threshold values are
difficult to estimate and likely depends on the problem being solved (i.e., the complexity of the misfit landscape), the

characterisation of the “safer” and “danger” zone here provides an appreciation of NA configurations to avoid.
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Figure 6. Distribution of sampled models for NA-Pecube inversions considered with the synthetic exhumation
scenario. In each plot, white and green stars show the best fit model after each inversion and the true parameter
value respectively. (a-d) True misfit distribution inferred from >130000 Pecube forward models. (e-x) Misfit
distribution for different combinations of NA tuning parameters (N,InStand N:; see Fig. 4d). All inversions consider a
ratio Nv/Nm = 1 and 30000 forward models evaluated. See text for more details. Scatter plots are generated using the

PyPIVoT software (Wapenhans et al., 2025).

4 Summary and conclusion

This contribution presents a conceptual framework intended to guide the configuration of NA—Pecube inversions as a function
of problem dimensionality. It forms part of a broader effort to improve the accessibility of Pecube (Bernard et al., submitted

to GChron), to clarify the principles underlying the neighbourhood algorithm (Sambridge, 1999a), and to support informed
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decision-making when setting up NA—Pecube inversions. It is emphasised that the proposed guidance does not guarantee that
all acceptable solutions to a user-specific Pecube problem will be identified; rather, it should be viewed as a first step towards
exploring suitable NA configurations.

A summary of the recommended guidelines, together with the rationale underpinning each of them, is provided in Table 2.
The discussion is grounded on the premise that Pecube inversions should primarily aim to characterise the structure of the
misfit landscape, rather than to identify a single best-fitting model. This rationale follows the philosophy articulated by
Sambridge (2013b) that “it is better to get good sampling slowly than poor sampling quickly”. For high-dimensional problems,
however, slow sampling may become impractical because of computational limitations, and optimisation strategies involving
lower N/Np, ratios (i.e. <0.5) may be required to achieve convergence towards acceptable solutions. This reflects the
exponential increase in the number of models required to adequately sample parameter space as dimensionality increases
(Fig. 4b; Eq. 2).

With the concepts illustrated in Figs. 1-4, broad directions for tuning NA-Pecube inversions can be drawn. For relatively
precise (i.e, low uncertainty) and dense datasets, the range of acceptable solution is expected to be further confined in specific
regions within the misfit landscape and NA should therefore be tuned toward exploration (compass in Fig. 4d). Conversely,
relatively imprecise data increase the range of acceptable solutions and broaden regions of low misfit values, requiring less
models to achieve a good approximation of the PPD.

These guiding principles can also be extended to favour limiting the range and number of unknown parameters in order to
better characterise the range of acceptable solutions, rather than attempting to invert for a large number of poorly constrained
parameters and risking the omission of viable solutions. In practice, this implies that the number of inverted parameters in
NA-Pecube inversions should be restricted to facilitate exploration and improve understanding of parameter trade-offs. An
upper limit of approximately ten parameters can be considered reasonable to enable sufficient exploration, consistent with
Eq. 2. Finally, Pecube users are strongly encouraged to explore and test Pecube parameter trade-offs through preliminary

experiments before undertaking full NA—Pecube inversions.
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Figure 7. Posterior probability distributions (PPD) for inverted parameter values from the synthetic NA-Pecube
inversions. PPDs are shown for the timing of relief change (tr, a), relief amplification at tr (R, b), the timing of rock uplift
change (tu, ¢), the uplift rate during stage 1 (Ui, d), the uplift rate during stage 2 (U, e), the basal temperature (Tb, f), and
the heat production rate (Hp, g). Black lines correspond to the true PPDs. The plots and PPDs are generated using the
neighpy python package (Marignier, 2024).
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