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Abstract.

In supervised data assimilation machine learning emulation, the training data contain targets produced by an
existing data assimilation scheme, such as analysis increments. By contrast, data assimilation networks were
recently proposed to learn the analysis operator while they are embedded in the forecast—analysis cycle: their
only targets are the true trajectory and the observations thereof. They are therefore trained to produce a stable
and accurate sequential estimator, rather than to reproduce the output of a prescribed data assimilation algorithm.
Conceptually more fundamental, yet computationally more challenging, such learned data assimilation scheme
was shown to achieve accuracy comparable to that of the ensemble Kalman filter when applied to low-order
chaotic dynamics. Strikingly, the same accuracy can be reached with a single state forecast instead of an ensem-
ble, hence bypassing the need to explicitly represent forecast uncertainty.

In this study, we extend the investigation of such learned analysis operators beyond the preliminary experi-
ments reported so far. First, we analyse the emergence of local patterns encoded in the operator, which accounts
for the remarkable scalability of the approach to high-dimensional state spaces. Second, we assess the perfor-
mance of the learned operators in stronger nonlinear regimes of the chaotic dynamics. We show that they can
match the efficiency of the iterative ensemble Kalman filter, the baseline in this context, while avoiding the need
for nonlinear iterative optimisation. Throughout the paper, we seek underlying reasons for the efficiency of the

approach, drawing on insights from both machine learning and nonlinear data assimilation.

1 Introduction

Accurate prediction of geophysical flows relies on the con-
tinual correction of model trajectories using observations.
This sequential data assimilation (DA) process is essen-

s tial in high-dimensional chaotic systems, where errors am-
plify rapidly and model imperfections accumulate over time
(Kalnay, 2003; Asch et al., 2016; Carrassi et al., 2018). In
operational meteorology and oceanography, ensemble-based
Kalman filters and ensemble variational methods provide re-

10 liable and well-understood frameworks for these updates, but
they remain computationally demanding and rely on explicit
representations of flow-dependent forecast error covariances.
Recent developments have suggested that part of this com-
plexity can be replaced by learned analysis operators. In su-
1s pervised DA machine learning emulation, the training dataset
contains targets produced by an existing DA scheme, such

as analysis increments (e.g., Hirter and de Campos Velho,
2012; Cintra and de Campos Velho, 2018; Maddy et al.,
2024). By contrast, one could learn the analysis operator
while it is embedded in the forecast—analysis cycle: its only
targets are the true trajectory and the observations thereof
(McCabe and Brown, 2021). Such analysis operator is there-
fore trained to produce a stable and accurate sequential es-
timator, rather than to reproduce the output of a prescribed
DA algorithm. Within this latter approach, termed data as-
similation networks (DANs, Boudier et al., 2023), a surpris-
ing result has emerged: as demonstrated by Bocquet et al.
(2024), a learned analysis operator can match the accuracy
of a well-tuned ensemble Kalman filter (EnKF) even when it
uses only single forecast trajectories, without any ensemble.
This result challenges the long-standing assumption that ex-
plicit ensemble representations are indispensable to estimate
flow-dependent uncertainties in chaotic systems.
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Explaining this phenomenon is a central question for DA
methodology. Initial investigations suggest that the learned
operator implicitly reconstructs aspects of the analysis error
covariances normally diagnosed from an ensemble, effec-
tively uncovering key uncertainty directions from the fore-
cast state alone (Bocquet et al., 2024). This behaviour is
consistent with viewing the full DA cycle as a random dy-
namical system, for which generalised forms of the mul-
tiplicative ergodic theorem (Oseledec, 1968) offer a state-
10 dependent structure linking model trajectories to dominant

error-growth directions. At the same time, numerical experi-

ments show that the neural network is likely to identify local

patterns rather than memorising global states, which explains

why its performance scales to larger systems and remains ro-
15 bust across different model dimensions.

This paper deepens the investigation of these mechanisms.
In Sect. 2, we dive into the methodology of DANSs, and recall
the main results and questions raised in Bocquet et al. (2024).
In Sect. 3, building on a more thorough analysis of the per-
formance dependence on the batch size, dataset length, and
the number of assimilation cycles used during backpropaga-
tion, we study how the operator behaves when interpreted as
a diagnostic of uncertainty, and we propose methods to ex-
pose and interpret the local structures it extracts. In Sect. 4,
25 we test the limits of the approach in more strongly nonlinear

regimes, where the iterative ensemble Kalman filter (Sakov

etal., 2012) and its generalisations often serve as the most ac-
curate baselines. We show that the learned operator can reach
comparable performance without requiring an ensemble or
s a nonlinear optimisation, and we offer a data assimilation-
based interpretation for this ability. Section 5 presents our
conclusions. Supporting numerical and mathematical results
are collated in the appendices of this paper.
Throughout the paper, we will illustrate our results with
s the Lorenz-96 model (L96, Lorenz and Emanuel, 1998).
More broadly, our goal is not only to document the perfor-
mance of the learned analysis operators but also to clarify
the mechanisms that underlie them, thereby contributing to
the growing theoretical understanding of how deep learning
and sequential data assimilation interact in chaotic geophys-
ical systems (Cheng et al., 2023).
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2 Theory and methods

In this section, we provide a deeper description of the prob-
lem, its context, and its mathematical formulation.

s 2.1 Sequential data assimilation for chaotic dynamics

Mathematically, data assimilation (DA), and in particular
filtering algorithms, are meant to accurately estimate the
A .
state vector x}, € Ex = R of a physical system, where “t”

stands for truth, at times t; for £k =1,..., K along a trajec-
so tory of the dynamical system. These states are evolved ac-
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cording to
X1 = M (L), (1a)

where M is the integrated model over ti1 —t = A;. The
dynamical system M is assumed to be chaotic, such as for
most geofluids, which is a prime incentive for frequently up-
dating our knowledge of the system. It is furthermore as-
sumed ergodic and autonomous, i.e. does not explicitly de-
pend on time. Furthermore, the physical system is observed
through

vi=Hi(x}) +er, ex~N(0,Ry), (1b)

where y;. € E’; 2 RMv.r is the observation vector at ¢; ob-
tained from the hidden state x}, via an observation operator
Hp, and perturbed by a white-in-time Gaussian noise &, of
mean O and covariance matrix Ry. This very common but
simplified formulation of the filtering problem with additive
Gaussian noise is sufficient for the goals of this paper.

A filtering DA scheme estimates the hidden state x}, at ¢,
from the observations available up to that time. The anal-
ysis X% is a point estimator, such as the posterior mean or
maximum a posteriori estimate, of the conditional probabil-
ity density function p(x}.|yx, Yk—1,.--,¥1). A sequential fil-
tering DA scheme infers x? from yj and from background
information about the state at ¢;,_1 (possibly brought forward
to tx using M).

2.2 Learning the data assimilation analysis

2.2.1 Training scheme

The approach developed in Bocquet et al. (2024), subse-
quently referred to as Boc24, in the wake of McCabe and
Brown (2021); Boudier et al. (2023) is summarised in the
following since it is the foundation of the present paper. The
analysis step of the DA scheme is assumed to be given by the
(incremental) analysis operator ag, typically a (deep) neu-
ral network, which depends on a set of weights and biases,
stacked in the @ vector, and which is defined, at time ¢,
through

(2a)
(2b)

x? =xt +ag (xi,HZR;lék) ,
8 2y —Hy, (x),

where 4, is the innovation, x} is the analysis state mentioned
previously, and x! is the forecast state, to be defined shortly.
H;, is the tangent linear operator of 4. Should ag be a func-
tion of &, rather than HL R;lé k» it could only handle static
observation configurations, and would require to be retrained
whenever that configuration changes. Although not the focus
of this paper, this important issue is circumvented here by
using the mapping from observation to state space HZR;I,
such that both inputs of ag are in the same static state space
E,. For compactness, we define the projected innovation

¢, 2HIR; 6, = HIR; ! (yi — Hi(xh)). (2¢)
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The DAN analysis operator thus receives two fields in state
space, x} and (.

In the DA forecast step, the analysis state is propagated to
the subsequent date through
= M(x}). ©)

f
X+1

The operator ag is trained by comparing the analysis states
to the true states, through the loss

N: Nec

=33 x—xm o)

r=1k=1

“

where XZ’T are the state vectors of the true trajectory, indexed
by the time index k and a trajectory index r as N, of them
are processed concurrently in the training of ag.

The N, parameter counts the number of cycles of each DA
run. It can potentially be infinite since trajectories can be gen-
erated online as the training progresses. The implementation
of similar losses is detailed in McCabe and Brown (2021);
Boudier et al. (2023), and Sect. II of Boc24. This notably re-
quires to truncate backpropagation in time (Tang and Glass,
2018) which restricts the dependence on 8 over Niie, << N,
cycles only so as to reduce the computational cost and the
excessive GPU memory (VRAM) requirement. Alternative
losses based on probability density functions (pdf) diagnos-
tics are possible and discussed in, e.g., Boudier et al. (2023).
We have shown that a semi-supervised loss where the train-
ing dataset reduces to the sparse and noisy observations is
also possible by generalising a proposal of McCabe and
Brown (2021), but is out of the scope of this paper.

2.2.2 Accuracy of the discovered data assimilation
scheme

Note that an ensemble variant of the update Eq. (2) was
first considered in McCabe and Brown (2021); Boudier et al.
(2023), and later by Boc24. Experimenting with the same
low-order chaotic model, they found an accuracy of the
learned DA scheme close to that of a well-tuned EnKF, which
is per se very promising. In those experiments, DAN is built
on an ensemble of analyses and forecasts. However, Boc24
demonstrated that this accuracy remains unchanged when
these ensembles are reduced to a single state. This is a very
surprising result since it is expected (and verified in the 1.96
context) that the EnKF-like methods critically relying on an
ensemble representing the errors of the day, have a signifi-
cant edge over other sequential DA methods that leverage a
single forecast state such as 3D-Var and 4D-Var (see Boc-
quet and Sakov, 2013, for a quantitative comparison with the
same model). This explains why numerical weather predic-
tion (NWP) centres operating 4D-Var actually rely on an en-
semble of such 4D-Var, a technique called EDA (see, e.g.,
Chapter 7 in Asch et al., 2016; Bannister, 2017, and refer-
ences within), or use information from a concurrent EnKF

(Buehner et al., 2015). That is why achieving the accuracy of
a well-tuned EnKF with a single forecast state should have
far-reaching implications on the mechanisms and designs of
DA algorithms for chaotic dynamics, and warrants investi-
gating the reason for such feat.

2.3 Investigating the reason for this efficiency

To unveil the mechanisms leveraged by the learned analysis
operator to achieve this accuracy, Boc24 performed a lineari-
sation of the operator ag in the projected innovation :

a@(X7C) ~ Pa(X)C7

where P?(x) is the resulting linear operator that acts on .
Comparing with the linearisation of the classical Kalman
update, it must coincide with the analysis error covariance
matrix which could be associated by formal analogy to the
learned analysis operator ag, hence the notation. This co-
variance matrix was numerically obtained in Boc24 through
a linear regression in between a large ensemble of ¢ sam-
ples (corresponding to the projected innovations HTR~16)
and ag(x,¢) outputs. It was found that this error covariance
matrix is remarkably close to that of a well-tuned EnKEF, es-
pecially for its dominant eigenvectors (which carry most of
the uncertainty in the analysis).

Hence, the performance of DAN, as reported in Boc24,
must be to a large extent due to its ability to infer flow-
dependent effective analysis error covariances from the fore-
cast state, as revealed by the local dependence of ag(x!,¢)
on the projected innovation ¢. Such an ability is pivotal for
maintaining the accuracy of sequential DA over time. In the
present paper, we will sometimes reason in terms of the fore-
cast error covariance matrix P! in place of P#, since the flow
dependence is more naturally encoded in Pf, while P? is ob-
tained after conditioning on the observations. Moreover, in
the linear/Gaussian case, these two covariance matrices are
straightforwardly related by

= (P
assuming invertibility of the error covariance matrices. Be-
yond the linear/Gaussian case, perturbing the innovations
and applying DAN can generate an empirical analysis en-
semble; propagating this ensemble with the model M then
provides a way to diagnose the corresponding forecast error
covariances.

Other alternatives to ensemble forecasting to estimate the
flow-dependent error statistics, such as deriving the dynam-
ics of the statistical moments of the errors (Pannekoucke
etal., 2016, 2018), or estimating these dynamics through ma-
chine learning (Pannekoucke and Fablet, 2020; Sacco et al.,
2024; Lu, 2025) are either numerically very costly or in their
infancy.

Boc24 conjectured that DAN’s ability to assess the flow-
dependent error statistics can be fundamentally explained by
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the existence of an ad-hoc multiplicative ergodic theorem
(MET). From the seminal MET result by Oseledec (1968),
we know that, for an autonomous ergodic dynamical sys-
tem such as M, there exists, for almost every state on the
attractor, a measurable mapping from the state to the cor-
responding Oseledets subspaces. Generalising, one can con-
sider the whole sequential DA process as a dynamical system
on its own (Carrassi et al., 2008). Such DA process is not
autonomous because it indirectly depends on the truth tra-
jectory and the time-dependent observation operators. More-
over, it is a random process, since stochasticity is injected
via the noisy observations. It turns out that generalised vari-
ants of the MET for non-autonomous random dynamics are
possible (Arnold, 1998; Chekroun et al., 2011; Flandoli and
Tonello, 2021; Ghil and Sciamarella, 2023) and are po-
tentially applicable to such sequential DA process. Hence,
Boc24 conjectured that ag can exploit such state-dependent
information to infer an effective analysis error covariance
matrix, together with how to process this information and
combine it with the innovation.

To explain the efficiency of ag, one may suggest that the
neural network memorises global configurations of the fore-
cast state, with very limited ability to generalise. On the con-
trary, Boc24 showed via indirect scaling experiments that ag
learns to identify local patterns (i.e. with a limited range in
space), which was made easier by the architecture of ag be-
ing a residual convolutional neural network. Indeed, when
the dimension Ny of the L96 state space is increased, and
new ag operators are learned but with a fixed number of
weights and biases of the backbone architecture, the accu-
racy remains that of a well tuned EnKF of matching dimen-
sion. Yet, in the large Ny limit, ag with the same number
of degrees of freedom should not be able to memorise in-
creasingly numerous global patterns. Hence, ag must extract
local patterns, and a limited number of them. This is further
supported by learning ag with the original .96 dimension,
Ny =40, but applying it to L96 with significantly different
Ny in successful DA runs (this is allowed by the convolu-
tional architecture which does not explicitly depend on Ny),
performing on par with a well tuned EnKF. Hence, any local
pattern learned in the case N, = 40, must still be spotted by
ag where N, # 40. This outcome is consistent with the exis-
tence of such local patterns, since L96 is an extensive model
when N, is increased, with the number of nonlinear inter-
acting waves in the model being proportional to Ny. This
neat scalability has limitations. If increasing the dimension
changed the local statistics or local dynamical balances of the
model, for example through a substantial change of spectral
slope or local instability mechanisms, a DAN trained at the
smaller dimension should not be expected to generalise with-
out fine-tuning, additional training, or architectural adapta-
tion.

Bocquet Marc: Elucidating data assimilation networks

3 Exploration of data assimilation networks

With the previously established context in mind, we now ex-
plore what DANs (ag) learn in mildly nonlinear regimes. The
neural network associated to ag implements Eq. (2). The ar-
chitecture for ag we choose in the present paper is the same
as the one reported in Boc24, i.e. a simple residual convolu-
tional neural network that accounts well for the spatial ho-
mogeneity of L96 (and hence its statistical stationarity). For
the sake of self-sufficiency, Appendix A describes this archi-
tecture. All the training tasks are carried out over a training
dataset with a minimisation of the loss controlled by comput-
ing the loss over a validation dataset.

3.1  Numerical setup

The numerical experiments of the present paper are per-
formed on L96, a chaotic model abundantly used for bench-
marking new sequential data assimilation algorithms. As a
reminder, L96 represents a mid-latitude zonal circle of the
global atmosphere. It is governed by Ny = 40 ordinary dif-
ferential equations:

dz,
dt

where F' =8, and with cyclic boundary conditions. The re-
sulting model is chaotic with 13 positive and 1 neutral Lya-
punov exponents. Its Lyapunov time, defined as the inverse
of the first Lyapunov exponent, is about 0.60, which cor-
responds to 3 days of a typical weather forecasting model
(Lorenz and Emanuel, 1998).

Although the results are generalisable to sparse observa-
tions, the observation operator will mostly be chosen to be

)

= (mn-&-l - xn—2)xn—1 —Tpn + F7

. . A .
the identity Hy = I,. The observations are read off the true
state and perturbed with an unbiased white-in-time Gaus-

sian additive noise of covariance matrix Ry, £ I, following
Eq. (1b). The time-step between observation batches and up-
dates is set to Ay =t 1 —tx = 0.05 for all experiments with
the exception of Sect. 4.1. This will be our reference DA
setup. Examples of alternative sparseness and noise levels
are given in Boc24, but here as well when relevant.

All the ag operators learned in this configuration are sub-
sequently evaluated with a time-averaged analysis root mean
square error (RMSE) whose mean square is averaged over
the N, variables. This RMSE is assessed over a dataset
of independent test trajectories, similarly to traditional DA
twin experiments. For brevity, this score computed for each
trained DAN scheme will simply be called test RMSE of the
DAN scheme in the rest of this paper.

In this configuration, running a well-tuned EnKF in a twin
experiment and comparing its analysis to the truth yield a test
RMSE between 0.18 and 0.20 depending on the ensemble
size N, and whether localisation is used or not. By contrast,
a basic but well-tuned 3D-Var or a reasonably short window
basic but well tuned 4D-Var yields a test RMSE of about
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0.40. They largely underperform the EnKF because they fail
to capture the errors of day (Bocquet and Sakov, 2013; Fil-
lion et al., 2018).

In order to be able to perform a large number of train-
ing experiments on a limited number of GPUs and limited
VRAM, we carried out a sensitivity study on the batch size,
the size of the datasets, and the backpropagation truncation,
beyond the restricted set of experiments reported in Boc24.
Since the results are technical and mostly of practical inter-
est, they are reported in Appendix B. They were nonetheless
instrumental in obtaining the main numerical results of this

paper.

3.2 Linearisation in the innovations

In this section, we discuss the relevance of expanding ag lin-
early in the innovations, as in Eq. (5). We recall that the focus
is on the analysis step of the DAN process, where N, =1,
i.e. a single forecast state is propagated in between updates.
Under the additional Gaussian and quasi-linear assumptions
used in this subsection, a close to optimal analysis associ-
ated with the Kalman update is the posterior mean which
coincides with the maximum a posteriori of the conditional
pdf, hence by the minimum of the cost function associated
to the analysis. In the following, the observation operator is

assumed linear (or linearised) for simplicity, i.e. H 2H.

3.2.1 A Gaussian standpoint on the analysis

Here, we further assume that the background errors are Gaus-
sian. Nonetheless, as opposed to a basic 3D-Var, the back-
ground error covariance matrix depends on the forecast state.
Hence, the typical analysis cost function associated to the
analysis at any given time step has the form:

1 2 1 £ 2
As a consequence, J is quadratic in x, strictly convex, and
its minimum argument is (Daley, 1991)

x* =x' + [HTR‘lH + (Pf(xf))’l} THTR (y — Hx')
=x'+P*(x)¢, ©)

where the projected innovation ¢ has been defined by
Eq. (2¢). Equation (9) matches the linearisation Eq. (5).
The purpose of this derivation is to show that, under
Gaussian/quasi-linear assumptions, DAN is likely to solve
the optimisation problem Eq. (8), that its update follows
Eq. (9), and that its Jacobian with respect to ¢ plays the
role of an effective analysis error covariance matrix P?(xf).
Whether this local interpretation is sufficient is then tested
numerically.

3.2.2 Numerical evidence

To numerically test whether such a linearisation is a good
approximation for ag, we created a modified DAN which
explicitly learns an effective map xf +— P?(x!) and linearly
combines it with the projected innovations, with the goal to
strictly follow the update equation Eq. (9). Details on our
scalable implementation of Eq. (9), for such a DAN linear
in the projected innovations (from now on called linear-in-¢
DAN), can be found in Appendix C. One must keep in mind
that this linear-in-¢ DAN is numerically inefficient since it
requires to build a representation of the covariance matrix
P? before being applied to the projected innovations, an op-
eration which is likely to be achieved with our standard DAN
without ever computing P? explicitly.

This deconstruction of ag directly connects with the
heuristic developed by Sacco et al. (2024); Sakov (2025),
where the mapping x! +— Pf(x!) is learned and then success-
fully used within a classical EnKF. Numerically, the linear-
in-¢ DAN scheme turns out to be as accurate as a well-tuned
EnKF with N, =40 in the reference setup (A; =0.05 in
particular), with a test RMSE of ~ 0.19, which is in line
with the results by Sacco et al. (2024); Sakov (2025). Hence,
we can claim that the good performance of DAN in this
mildly nonlinear regime importantly relies on the (implicit)
estimation of the mapping xf — Pf(x!), and subsequently
xt = Pa(xF).

3.2.3 On the importance of the x! — Pf(x!) map

Let us focus on Sakov (2025), whose algorithmic construc-
tions targeted at estimating Pf(x') are especially transparent
and whose numerical tests were carried out in the reference
setup described in Sect. 3.1. Their Algorithm A1 proceeds as
follows: (i) the state x is backtracked by T time steps; (ii)
the tangent linear model, evaluated along the resulting state
trajectory from t_r to %o, is applied to a matrix of state per-
turbations €Iy; and (iii) the resulting perturbations at time £,
are used to estimate Pf(x). This procedure is closely related
to the Assimilation in the Unstable Space (AUS) methods
(Palatella et al., 2013; Carrassi et al., 2022), since for suffi-
ciently large T' the output of the tangent linear model at ¢,
provides a square-root factor of the backward Lyapunov vec-
tors. But it is already sufficient to yield a competitive analy-
sis relying on the errors of the day estimated through P*(x!)
which notably relies on a single state.

Algorithm A2 of Sakov (2025) also backtracks the state
x' by T time steps but differs in the subsequent step: in-
stead of propagating perturbations, it applies a (square-root)
Kalman filter to an initial covariance matrix £2I, from ¢_p
to to, yielding a more refined estimate of P (x') at ¢,. This
yields an even more accurate DA algorithm on par with a
well tuned EnKF, again relying on Pf(x') assessed from a
single state.
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Bocquet et al. (2017); Bocquet and Carrassi (2017) have
laid the theoretical grounds to understand why these princi-
pled demonstrations are successful. Bocquet et al. (2017) fo-
cused on a degenerate Kalman filter, equivalent to an EnKF
in Gaussian and quasi-linear conditions. In this setting, the
covariance evolution is formally decoupled from the state up-
date, with the important caveat that the forecast error covari-
ance Pf depends on the state x' at time 4. Indeed, Bocquet
etal. (2017) showed that, asymptotically (i.e. for large T), P*
depends on the system dynamics only through the Lyapunov
vectors. By the MET, the corresponding Oseledets subspaces
are measurable functions of the state x at ¢, (for almost ev-
ery state on the attractor). Hence, following Bocquet et al.
(2017), Algorithm A2 by Sakov (2025) can be directly inter-
preted as the single state-dependent covariance propagation
of a degenerate Kalman filter. In the case of nonlinear dy-
namics, enforcing the dependence of the error covariance Pf
on x! is even more beneficial since the covariance evolution
now explicitly depends on x!.

These theoretical results and proof experiments provide a
rationale for the existence of a map xf +— Pf(x!) and its im-
portance in estimating the errors-of-the-day in DA schemes
based on a single forecast state N, = 1.

3.3 Patterns

In this section, we visualise a footprint of the local patterns
leveraged by DAN to make its inferences. To that end, we
study the dependence of V¢ag(x,()|¢c=0 =~ P*(x) on x, i.e.
the forecast state. This can be seen as a linear-in-¢ sensitivity
analysis of ag with respect to its inputs.

3.3.1 Mean marginal gain tensor

Specifically, the sensitivity analysis will focus on Jacobians
of the analysis operator with respect to x:

T'(x,¢) £ Vo Veag(x, ),
'(x) 2 T(x,0) = VyVeag(x,¢) c—o-

(10a)
(10b)

Since I'(x) is a proxy to VxP?(x) as per Eq. (5), I'(x)
can be interpreted as the marginal variation of P?(x) when
the forecast state x is perturbed. Under Gaussianity and lin-
earity and assuming HTR~! = I, P?(x) coincides with the
Kalman gain. That is why we will call I'(x) the marginal
gain tensor, or simply marginal gain. Mathematically, this
is a 3-tensor field, i.e. a map from the state space Ey to E2.
Component-wise, using a conventional placement of indices,
its definition reads

050 = (0,0, a,i(%,¢)) —o-

To mitigate the complexity in studying the map x — T'(x),
we introduce the mean marginal gain, T. This 3-tensor is de-
fined as the average of I'(x) over the K states of a long tra-
jectory T ={x}},_1  x € EX of the M-based ergodic

an
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chaotic dynamics:

T2 (C0))xer , =

- /dXT((X)I‘(X) = EXNTF [I‘(X)} )
(12)

where 7 is the invariant distribution of the ergodic chaotic
dynamics.

As recalled in Sect. 2.3, Veag(x,()|¢c=0 =~ P*(x) was
heuristically estimated in Boc24 using samples of ¢ followed
by a linear regression. This estimation through a regression
can be formally justified using the following argument. We
wish to average Vag(x,¢) over the pdf p(¢) of the pro-
jected innovations ¢, which is assumed to be a Gaussian
with a positive-definite covariance matrix 3,. Then it can
be shown that

Eewp [Veap(x.0)] = / d¢ p(¢) Veas(x,€) (13a)

=3 Covenp[¢a0(x,C)], (13b)

where Cov [-, -] is the covariance operator, and 2;1 operates
on the first tensor factor. A proof is given in Appendix D,
along with a generalisation to the case where X, is only
semi positive-definite, which is made necessary because the
set {Ck = HZR;lék}k may only span a subspace of Ey if
Hj, is not injective. This result is none other than Stein’s
lemma (Liu, 1994) applied to the Gaussian approximation of
p and ag(x,-). It aligns with its original use in ensemble DA
(Stordal et al., 2016; Raanes et al., 2019; Fillion et al., 2020)
and with the connection established by Lemma 2 of Agar-
wal et al. (2021) between ' Coven, [¢,a9(x,C)], which
is a perturbations-based estimator (Ribeiro et al., 2016), and
a SmoothGrad estimator (Smilkov et al., 2017). In the limit
where ¢, as a random vector, is concentrated around 0 and p
can be approximated as Gaussian, which corresponds to the
most common weak assimilation regime where the informa-
tion content of the innovation is small compared to that of
the background, we have

%, Covens G a0(x,)) = [dCp(O)Vean(x.0)  (14a)

~ V¢ag(x,()|¢=0; (14b)

which, with Eq. (13a), relates the integral form
E¢np [Vean(x,¢)] to the gradient form Veag(x,¢)|¢—o of
the sensitivity of ag(x,¢) with respect to ¢.

Building on this correspondance, we can connect the fol-
lowing mean marginal gain

1>

FAE, ., M(x0)= / dxd¢ r(x)p(Q)T(x.C), (15)

50

55

60

65

70

75

80

85



3

o

2

=1

25

30

3

&

40

45

50

Bocquet Marc: Elucidating data assimilation networks

defined from Eq. (10a) and more closely related to the DA
process, to the mean marginal gain I" as defined in Eq. (12):

T = Eyr ¢ [T(x,)] (16a)
= Exor [VxEcny [Veag(x,C)]] (16b)
~ Exr [VXV§ag (X, C) \CZO] (16¢)
=Exn [F(x)] (16d)
=T. (16€)

However, the empirical mean of T'(x, ) from which to eval-
uate f‘ and denoted f‘ and which is the numerical estimation
of the sensitivity out of a long enough DA run, may differ
from both theoretical means I' and I'. That is why we show
in Appendix E how I" approximates I" .

Note that Eq. (16a) is a simple point estimator, which for-
malises that the averaged Jacobian E;[V ag(x,()] is well
approximated by V¢ ag(x,¢)|¢=0 when the distribution of
projected innovations is concentrated near zero. The Stein
lemma, which provides a regression-based estimator of this
average, is not required per se to ascertain Eq. (16a), but
offers an alternative expression which we leverage in Ap-
pendix H.

3.3.2 Invariance and equivariance

An important way to reduce the computational cost and com-
plexity of interpreting the mean marginal gain I' is to ex-
ploit the symmetries of the DA problem, when applicable.
If the model variables are observed homogeneously and ho-
moscedastically, then the probability laws defining the DA
problem are invariant under these symmetries, and the cor-
responding analysis operator is equivariant. As a result, the
components of I' related by symmetry are redundant, so that
its interpretation can be restricted to a reduced set of repre-
sentative components.

For instance, in the one-dimensional periodic L96 model
with homogeneous and homoscedastic observations, a cyclic
translation of the state variables induces the same cyclic
translation of the observations, innovations, and analysis in-
crements. The probability laws defining the DA problem are
therefore invariant under the translation group, while the cor-
responding analysis operator is equivariant. Consequently,
if the trained DAN preserves this symmetry, any trajectory-
averaged sensitivity tensor must have a circulant structure:
the information associated with different grid points is identi-
cal up to a cyclic shift. The group-theoretical argument below
provides a formal justification for this circulant averaging.

Let us generically denote G such group of symmetries for
the DA process, which are assumed to be isometries. It is
chosen to be the maximal group for which both the dynam-
ics and the observation process are equivariant. Appendix F
gives the formal definitions for this group of symmetries.

The action of g € G on I'(x,¢) is denoted g ® I'(x,¢). It
is a tensor field for G, in the sense that it is equivariant under

the action of this symmetry group following the transforma-
tion rule, Vg € G,Vx € E,,V( € E,:

gOT(x,¢) 2T (gox,g0¢) = g0gT @gToT(x,¢), (17)

where the ordering of the three tensorial factors follows the
convention of Eq. (11). A proof of the equivariance Eq. (17)
is proposed in Appendix F.

Invoking the ergodicity of the dynamics, any symmetry of
G leaves the invariant distribution of the dynamics 7, and the
projected innovation distribution p, unchanged, Vg € G,Vx €
E.,V¢ € Ey:

plgo ) =p(C),

where g o (-) denotes the action of g on a field.

Leveraging the equivariance of the marginal gain and the
symmetries of the invariant distribution, we now demonstrate
the invariance of the mean marginal gain I'; for g € G, we
have

m(gox) =m(x), (18)

9o T = [dxd¢r(xp(0)g @ Tx.0) (19)
~ [axd¢n(xp(OT(gox.g00) (19b)
=/d(g‘1 ox)d(g~"o¢)

x (g~ ox)p(g™ o QT (%,€) (19¢)
= / dxd¢ 7 (x)p(¢)T(x,¢) =T, (19d)

where a change of variables was carried out from Eq. (19a)
to Eq. (19c¢). The invariance of 7 and p under G, and the fact
that the determinant of the Jacobian of g~ is 1 since ¢!
is an isometry were utilised from Eq. (19¢) to Eq. (19d). We
finally conclude:

go r=r.

Ygeg: (20)

The same result can be obtained for T, with a simpler deriva-
tion only involving the invariant distribution 7 of the under-
lying dynamics. However, the symmetry group T must be the
same as that of I, and not the potentially larger group asso-
ciated to :

goT =T.

Vgeg: 1)

As a consequence, in the rest of this section, we assume that
the results apply equally to either I" or I

3.3.3 Numerical illustrations

Leveraging the equivariance induced by the translational in-
variance of the L96 model, for a fixed reference site r, we

define the slice matrix ' € RNxxNx component-wise by

(r)

1j

2l

2T, (22)
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The index r is not an additional free index of ﬁ(r); it la-
bels the chosen slice of the averaged 3-tensor. For visual
convenience, 7 is chosen to be in the middle of the domain
r = | Nx/2]| in the L96 case. The simple but tedious details
justifying Eq. (22) are given in Appendix G. How to nu-
merically compute this Q ) matrix is then discussed in Ap-
pendix H.

To start with, we choose the fully observed DA setup

H = R =1, which applies to both the training of ag and

the subsequent DA tests. The computation of ﬁ(r) is carried

out through the composite approach (see Appendix H). The
results are shown in Fig. 1.

The dominant values of ‘ﬁ(r)’ form a pattern. They are

concentrated in the vicinity of the perturbed variable of the
forecast state, which makes them local. To further qualify
the local patterns, we also trained ag on a L96 model but
with N, = 80, i.e. twice the size of the standard .96 model,
while all other parameters either related to the dynamics or
the DA experiments, remain the same. Then, ﬁ(r) s simi-
larly computed and plotted in Fig. 1. As expected, the same
pattern emerges with the same spatial extension. This fur-
ther supports the EnKF-like performance of ag trained with
Ny = 40 when tested with N, = 80 (as recalled in Sect. 2.3).

3.3.4 Patterns with non-trivial observation operators

We carried out the exact same experiments described above,
but now with three different observation configurations in-
stead of the full observation setup. The corresponding ﬁ(r)
are plotted in Fig. 2. Panel (a) corresponds to the fully ob-
served configuration for reference. The first configuration
(panel b) corresponds to the observation of every other site:
H];; = 0;2; for 1 <i < Ny and 1 <j < [Ny/2]. The sec-
ond (panel c) corresponds, at each time step tx, to an ob-
servation at N;“ random but distinct sites, where Nf 1S uni-
formly drawn at each time step in between 0 and NV, (bounds
included). The third configuration (panel d) is the same as
the second but with Nyk uniformly drawn at each time step
in between | Ny /2] and Ny. It is remarkable that the same
local pattern emerges in all configurations, even when every
other site is never observed. However, the magnitude of the
sensitivities (values of the patterns) changes depending on
the information balance in the analysis and hence in the gain

magnitude. Finally, note that ﬁ(r) only represents an average
pattern. It is possible to exhibit a family of modal patterns but
it would go beyond the aim of the present paper.

4 Data assimilation networks in stronger nonlinear
regimes

In Sect. 3, we made several contributions to the understand-
ing of DAN. The numerical experiments were set in a mildly
nonlinear regime of L96 where A; = 0.05 in between anal-
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yses, known to correspond to 6 hours of a synoptic mete-
orological model (Lorenz and Emanuel, 1998), and a forc-
ing F' set to 8. We now examine the ability of the method
to learn efficient analysis schemes under stronger nonlinear
conditions. While we exclude cases in which the nonlinearity
is so severe that it induces implicit or explicit recurrent multi-
modal priors, we do consider regimes that exhibit substantial
departures from mild nonlinearity.

Probing such mildly to strongly nonlinear regimes can be
achieved by less frequent observation, typically increasing
the update time-step A;. The dimensional analysis of Ap-
pendix 1 in Bocquet and Carrassi (2017) shows that varying
A; is indeed relevant to achieve such objective for the L96
model versus, e.g., increasing the observation error ampli-
tude. The forcing F' can also be varied to that end. However,
it rather stands as a signature of the magnitude of the instabil-
ity of the dynamics (e.g., a covariant function of the Kaplan-
Yorke dimension, a measure of the fractal dimension of the
dynamics attractor) rather than the signature of the deviation
from Gaussianity.

4.1 Performance as a function of the update time-step

Increasing A; to multiples of 0.05 is the experimental de-
sign chosen in Sakov et al. (2012); Bocquet and Sakov
(2012) to evaluate the performance of the iterative Ensemble
Kalman Filter (IEnKF). As the ensemble variant of the iter-
ative Kalman filter (Wishner et al., 1969; Jazwinski, 1970),
the IEnKF still stands, to our best knowledge, as the most
accurate scalable DA method in mildly to strongly nonlin-
ear conditions (Bocquet and Sakov, 2013). It is hence a
hard-to-beat baseline for learning an advanced DA analysis
scheme in such conditions. The remarkable performance of
the IEnKF stems from its ensemble-variational formulation
obtained from Bayesian first principles: an ensemble is used
to construct a time-dependent prior, and the analysis is per-
formed through a nonlinear iterative optimisation (Bocquet
and Sakov, 2014).

The IEnKF can be made even more accurate (both for
smoothing and filtering) by choosing longer DA windows,
yielding the iterative ensemble Kalman smoother (IEnKS,
Bocquet and Sakov, 2014; Raanes et al., 2019). However, it
works over longer DA windows, as opposed to the DAN im-
plemented here, which would bias the comparison. Actually,
we have developed (recurrent) variants of DAN that work on
extended DA windows similarly to the IEnKS, but reporting
on them is beyond the goals of this paper.

We choose a simple common observational configuration
for the many DA methods we intend to compare. All sites
are observed through Hy, E I, and Ry, E I, a well docu-
mented setup in the literature. In this configuration, any use-
ful, but not necessarily accurate, DA method must exhibit a
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Figure 1. Plot of the normalised mean marginal gain ﬁﬁ;)

with a model size of Nx = 40 (panel a) and Ny = 80 (panel b).
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Figure 2. Plot of the mean marginal gain ﬁﬁ? normalised by the maximum of its absolute value over all entries and over the four panels, in

several sparse observation DA configuration of the L96 model.

— A well tuned EnKF with an ensemble of size N, =
Ny = 40. Optimal multiplicative inflation is addressed
through the finite-size EnKF (Bocquet, 2011; Bocquet
et al., 2015). This first contender is meant to illustrate
the progressive failure of the EnKF in stronger nonlin-
ear conditions.

— A well tuned IEnKF with an ensemble of size N, =
Ny = 40, whose optimal multiplicative inflation is ad-
dressed through the finite-size IEnKF (Bocquet and
Sakov, 2012). This is our hard baseline.

— A baseline learned DAN scheme using the neural net-
work and the training parameters values set in Ap-
pendix B.

— A boosted learned DAN scheme using Nty = 80, N, =
219 Niter = 32, Sy, = 512, which is parameter and data
intensive, and hence much more time-consuming to
train on a single GPU, while its inference remains
cheap.

— A learned DAN scheme where the explicit dependence
on the forecast state is discarded, while the dependence
on the projected innovations is maintained. We expect
the resulting DA method to perform similarly to a well
tuned 3D-Var, see Boc24.

— A learned DAN scheme where the activation functions
are all linear, such that ag is linear in its inputs. Like the
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previous approach, we expect the resulting DA method
to perform similarly to a well tuned 3D-Var, see Boc24.

To avoid early divergences in the training when A; >
0.05, all the DAN schemes benefited from a modified Eq. (2):

xi =x + aHR; '8, +ag (xi, HIR, ') , (23)
where « is a trainable scalar. Note that this formulation is
mathematically equivalent to the original Eq. (2). This is only
meant to explicitly enforce the solution x§, = y;, when H;, =
I, which guides the training in its first few epochs.

The test RMSEs of those DA methods, over a long DA run,
are displayed in Fig. 3 as a function of A;. Note that A, =
0.60 is already very significantly nonlinear as it corresponds
to the Lyapunov time of 196, i.e. the time horizon beyond
which the DA system becomes significantly non-Gaussian.

As expected, the two degraded DAN operators severely
underperform the other DA schemes, which leverage non-
static priors, with a test RMSE that ranges from 0.38 for
A; = 0.05 to an asymptotic RMSE below 1 for much larger
Ay. This is consistent with the findings of Boc24 and mirrors
the performance of a 3D-Var with static background covari-
ance matrix.

The EnKF offers a very good performance in the mildly
nonlinear regime A; ~ 0.05 but gradually degrades as A; is
increased. Moreover, beyond A; = 0.80, the EnKF becomes
uninformative and its test RMSE is not reported. As already
shown by Sakov et al. (2012), the IEnKF offers significantly
better performance, from a marginal improvement over the
EnKF at A; = 0.05 that gets more and more significant as
Ay is increased. Note that, beyond A; = 0.60, the IEnKF is
trickier to stabilise and hence its performance is not reported.

Remarkably, the boosted DAN operator achieves perfor-
mance very similar to the IEnKEF, but can still be learned for
much larger A;, and remains informative with still a very
significant edge over the static prior methods. Again, this is
achieved without the use of an ensemble but of a single fore-
cast state. Moreover, the learned DAN does not explicitly re-
sort to a nonlinear (Gauss-Newton) iterative minimisation, in
contrast to the IEnKF. This aspect of such DAN is reminis-
cent of approaches meant to learn a solver for a variational
DA problem (Fablet et al., 2021; Frerix et al., 2021; Lafon
et al., 2023; Filoche et al., 2023; Keller and Potthast, 2024).
The baseline DAN operator is slightly less performing but
follows the same trend. We could have evaluated the meth-
ods for even larger A; > 1.40; however, A; = 1.20 already
stands for twice the Lyapunov time, which is equivalent to 6
days in the 196 correspondence.

We suspect that the test RMSEs should primarily be a
function of Nje, A, rather than just A;, accounting for the
forgetful effect associated to the chaotic dynamics. Hence,
to reach the same test RMSEs, N, could be roughly cho-
sen inversely proportional to A;. To test this hypothesis, we
compare the test RMSE on a large number of trained DANS,

Bocquet Marc: Elucidating data assimilation networks

varying A; (including for A; < 0.05) and Njge, With results
shown in Fig. 4. Leveraging the findings of Appendix B and
the use of smaller batches to mitigate the numerical cost,
we have chosen for their training, N, = 2'6 = 65,536 and
Sy, = 27 = 128. The test RMSEs are shown in Fig. 4 The re-
sults corroborate the intuition with the weaker and weaker
dependence on Nji., of the performance when A; is in-
creased. Conversely, a much larger Njte, is required when
Ay gets very small (A; = 0.01).

Hence, DAN is numerically more difficult to train when
A; < 0.05 requiring larger Ny, which corresponds to
quasi-linear regimes where DAN is nonetheless of limited
interest.

4.2 Performance as a function of the energy forcing

The forcing F' injects and removes energy from the L96 dy-
namics and feeds their instability. Besides Ay, this is an-
other tunable parameter of the nonlinearity of the dynamics.
There is a wealth of dynamical phenomenology of the L96
dynamics for a wide range of F' (see, e.g., Barone et al.,
2025, and references therein). For the range of F' we fo-
cus on here, instabilities progressively develop in between
1 < F <4, while chaos fully sets in beyond F' 24 (van
Kekem and Sterk, 2018). The number of Lyapunov expo-
nents, and similarly the Kaplan-Yorke dimension, increases
monotonically from 4 to about 30 where it saturates (Karimi
and Paul, 2010).

We choose the same setup as in the previous experiments
and consider the following DA methods:

— A well tuned EnKF with an ensemble of size N, =
Ny = 40. Optimal multiplicative inflation is addressed
through the finite-size EnKF (Bocquet, 2011; Bocquet
etal., 2015), in its Dirac-Jeffreys variant (Bocquet et al.,
2015) required to handle the weakly nonlinear regime
A< FS9).

— A well tuned IEnKF with an ensemble of size N, =
Ny =40, whose optimal multiplicative inflation is ad-
dressed through the finite-size IEnKF (Bocquet and
Sakov, 2012) in its Dirac-Jeffreys variant. This is our
hard baseline.

— A (baseline) learned DAN scheme using the neural net-
work and training parameters as defined in Appendix B.

The test RMSEs are displayed in Fig. 5. The IEnKF has a
slight edge over the EnKF with larger F' with the increasing
Kaplan-Yorke dimension. Hence, the DA system does not
deviate much from Gaussianity as F' increases, rather, it is
mainly the magnitude of the instabilities that changes. The
DAN achieves a performance in between that of the EnKF
and that of the IEnKF, which is patent for large F'. Note that
it turns out trickier to train DANs for F' getting close to 4.
There, the dynamics become more and more laminar and
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Figure 3. Test RMSEs of DA methods as a function of the update time-step A, in between analyses. See text for details.
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Figure 4. Test RMSEs of DANS as a function of both A; and Niter.

exhibit almost periodic waves, with patterns that, although
simpler, are very different from those learned in the regimes
explored so far.

4.3 Reasons for the efficiency of data assimilation
networks

In the light of the previous numerical results, we discuss the
reasons why DAN can be as accurate as the IEnKF, without
an ensemble, without any experimental tuning, and even in
mildly to strongly nonlinear conditions.

We have already shown in Sect. 3.2 that in the mildly non-
linear regime, i.e. A; =~ 0.05, the success of DAN mainly re-
sides in its implicit estimation of the map x +— Pf(x!), in

line with the results by Sacco et al. (2024); Sakov (2025),
and closely related to the map xf+ P?(xf). As shown
in Sect. 3.2.1, this amounts to assume a non-static but

Gaussian prior in the analysis: this is equivalent to having

2
(Pf(x
cost function. Whether this mechanism is sufficient to ensure
the performance of DAN when A; > 0.05 is doubtful.

Hx — fo £y)-1 @ the background term in the analysis

4.3.1 The linear-in-¢ data assimilation network beyond
mild nonlinearity

To address this question, let us assess the linear-in-¢ DAN,
see Sect. 3.2, in stronger nonlinear regimes A; > 0.05.
We could anticipate that it accounts well for the errors of
the day, but that it may not be able to handle stronger
nonlinearity/non-Gaussianity, e.g., if A; > 0.05, because of
the implied Gaussian prior. It should hence match the EnKF,
rather than the IEnKF.

Let us check that hypothesis numerically. The test RM-
SEs of this specific DAN scheme, which mirrors Eq. (5), are
reported in Fig. 3, as the linear-in-{ DAN. Let us first re-
mark that, in accordance with the claims of Sect. 3.2, it per-
forms as well as the EnKF for A; = 0.05. However, as A;
increases, its performance significantly degrades compared
to the EnKF, not to mention the IEnKF. Even though it re-
lies on an estimate of the x! — P?(x') map, its underlying
Gaussian assumption penalises it beyond the mildly nonlin-
ear regime, as expected.
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Figure 5. Test RMSEs of DA methods as a function of the forcing F'. See text for details.

4.3.2 Deviation of the data assimilation network prior
from Gaussianity

We conclude that the full DAN scheme not only exploits the
flow-dependent information represented by the x' — Pf(xf)
s map, but also learns an effective nonlinear analysis response
consistent with a non-Gaussian prior, which is more infor-

mative than the Gaussian prior associated to the analysis cost
2

Pf(xt
both abilities are required for DAN to(peﬁfo)rin so well in the
10 extended range of mildly to strongly nonlinear regimes.
We investigate the deviation of ag from the presumed
quasi-linearity in ¢ by defining the scalar function

function background term HX—XfH _1. As shown,

[P (%)~ (a0 (x,A¢) — a0 (x,0))]|
4 1P (ae(x,€) — a0 (x. 0)]| |’

r(A)=E 24)

where ||-|| is the Euclidean norm. It depends on a dimension-

15 less scale parameter A > 0 and measures deviations from the
linearity in ¢. In Eq. (24), P3(x)~! is meant to standard-
ise the deviations from linearity. Indeed, in the quasi-linear
regime, we have

P(x)"" (a9 (x,A() — ag(x,0)) = AC, (25)

20 such that 7(A\) ~ A should hold. The ratio r()\) is esti-
mated using perturbations as in Boc24: x and { are sam-
pled from the forecast state x' and the projected innovations
¢ =HTR™! (y — Hx') that are obtained from a long trajec-
tory.

s The deviation from r(A\) ~ A is demonstrated in Fig. 6
with A — 7(\) plotted for several values of A; in the range
[0.05,1.5]. These curves should be appreciated knowing the
range of values taken by the projected innovations in a long

DA run for the selected values of A; which, for each A;,
points to the relevant range of A values to consider and which
mainly contributes to the computation of (). This is shown
in Fig. 7 in the form of histograms of those values. Given
the range of innovation values and the logarithmic scale of
Fig. 6, the most relevant part of the scaling behaviour sits in
the range A € [1,10]. In this range of the scaling, as seen in
Fig. 6, the more nonlinear the DA run, the steeper A — r(\):
the innovation impact is stronger than the one expected in the
linear regime, especially for large magnitude innovations.

5 Discussion and conclusions

In this paper, we have continued to explore the potential of
learning sequential DA operators with neural networks for
tracking chaotic dynamical systems, following on the initial
results and conclusions of Boc24 who built on the concepts
of data assimilation networks (DANs) introduced by McCabe
and Brown (2021); Boudier et al. (2023). Assuming the dy-
namics to be known, the focus is on learning the analysis.
Compared to learning the analysis from a dataset of inputs
and outputs of DA runs, the training is numerically challeng-
ing since the analysis operator is learned through several DA
cycles and from trajectories of the dynamics and its observa-
tions only.

The resulting DANs are robust, in the sense that they do
not require inflation or any other correction and regularisa-
tion. They can operate without an ensemble and only use the
forecast state as prior information. And yet, they are as ac-
curate as a well tuned EnKF in mildly nonlinear regime, and
as accurate as a well tuned IEnKF from mildly to strongly
nonlinear conditions.
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5.1 Abilities of data assimilation networks tire DA process viewed as a dynamical system. The network
must implicitly identify spatial local patterns in x' in order
We have previously shown that, to achieve this level of per- to internally represent components of P!(x) or P?(xf), a
formance, DAN must implicitly learn a map x' +— P?(xf),  property that makes the learned DA method scalable.
at least in the mildly nonlinear regime. Its existence is sup- In this paper, we further examined the reliance of DANs

s ported by a multiplicative ergodic theorem applied to the en- on the map x' +— P?(x!) by constructing an ad hoc learn-
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able DAN that explicitly incorporates this mapping. For the
L96 dynamics, we identified an average characteristic local
pattern by leveraging both the invariant distribution of the
dynamics and the translational symmetry of the model. We
also showed that DAN can learn an effective nonlinear analy-
sis response consistent with non-Gaussian prior information
inferred from xf, and that this nonlinear analysis is neces-
sary for DAN to match the performance of the IEnKF un-
der more stringent nonlinear conditions. In this regime, we
demonstrated that implicit or explicit knowledge of the map-
ping alone is insufficient. Thus, both mechanisms must op-
erate within DAN, paralleling IEnKF’s critical reliance on
its ensemble for flow-dependent error estimation and on its
Gauss-Newton iterative solver to probe departures of the dy-
namics from linearity.

5.2 Implication for the end-to-end processors in

numerical weather prediction

Taken in the context of past DA literature, these results are
somewhat surprising. For a long time, it was believed that
an ensemble was essential for estimating flow-dependent er-
rors. Moreover, the proper construction of non-Gaussian pri-
ors has remained a long-standing challenge, whereas even a
simple DAN can rapidly learn an effective nonlinear analy-
sis response consistent with such non-Gaussian information.
These findings should inform the (re-)design of future DA
algorithms.

These considerations have implications for what DAN-like
operators are capable of achieving. For example, recently
developed end-to-end atmospheric processors (Allen et al.,
2025; Boucher et al., 2025) that ingest observations and pre-
dict future observations, implicitly construct their own in-
ternal representation of the system and repeatedly compare
this latent state to newly assimilated observations. In do-
ing so, they implicitly learn an analysis operator in their la-
tent space. Lean et al. (2025) concluded that their proces-
sor, GraphDOP, must be able to learn not only a climatolog-
ical background but also dynamical priors, a result that may
seem surprising given that GraphDOP does not rely on any
explicit background information. However, in light of our re-
sults, GraphDOP can be interpreted as learning a mapping
from the 12-hour observational snapshot used as input to the
processor to a latent representation that contains information
analogous to underlying error covariances. Consequently, it
must be able to construct its own background, incorporat-
ing advanced error statistics that go beyond a mere clima-
tology. This interpretation is consistent with the diagnostic
study of Laloyaux et al. (2025), who applied classical DA
tools, including forecast-sensitivity observation-impact diag-
nostics, to GraphDOP. Their results suggest that GraphDOP
learns physically meaningful spatial relationships and latent
Earth-system representations from observations. While this
does not show that GraphDOP explicitly estimates a forecast-
error covariance, it supports the broader view that end-to-end
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observation-driven processors can develop DA-like internal
representations without being supplied with an explicit back-
ground state.

This challenges the view that the accuracy of such end-to-
end processors is fundamentally limited by the absence of a
background (such as a forecast ensemble or climatological
information) in their inputs. While an explicit background
representation would certainly provide additional informa-
tion, the extent of the achievable performance gains remains
a subtler question.

5.3 Ensembles, uncertainty quantification, and
multiplicative ergodic theorem

Our results show that, in the perfect-model filtering setting
considered here, an explicit forecast ensemble is not strictly
required for a learned analysis operator to extract the flow-
dependent information needed to achieve EnKF-like point-
estimation accuracy. This conclusion should not be inter-
preted as a dismissal of ensemble representations in gen-
eral. Ensembles remain essential for probabilistic forecast-
ing, uncertainty quantification, the diagnosis of model and
observation errors, smoothing, risk-sensitive applications,
and regimes in which the posterior distribution is strongly
non-Gaussian or multi-modal.

Moreover, the deterministic analysis operator ag could it-
self be used as a building block for ensemble generation. For
instance, applying ag to perturbed innovations would pro-
duce a set of analysis states, in a way that is consistent with
the local, innovation-dependent interpretation used in, e.g.,
Appendix I to obtain the linear regression approximation of
ag with respect to ¢. Such an analysis ensemble could then
be propagated by the forecast model to estimate forecast un-
certainty. We have not pursued this probabilistic use of DAN
in the present study, since our focus was on point-estimation
accuracy, but it represents a natural direction for future work.

At a more theoretical level, the success of DAN may be
facilitated by the existence, in the present setting, of a suf-
ficiently regular and local dependence of the relevant flow-
dependent analysis correction on the forecast state. This
should not be taken for granted in general. For example, the
multiplicative ergodic theorem ensures that covariant Lya-
punov subspaces are defined as measurable functions of the
state, for almost every state on the attractor, but it does not
guarantee that this state-to-Oseledets-splitting map is contin-
uous, local, or easily learnable from finite data. Other ap-
plications beyond DA, such as learning covariant Lyapunov
vectors directly from the state, may therefore involve maps
with poorer regularity or locality, making them substantially
more difficult to learn and possibly less scalable. This ques-
tion is left for future work.

Code availability. The core source code for training and
testing one-dimensional DANs is publicly available un-
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Figure A1. Architecture of the residual convolutional network
where, for this specific illustration, Ny, = 2, Ny, = 3. convy, N, ¢
is a generic one-dimensional convolutional layer of dimension Ny,
with Na filters of kernel size f. See text for more details.

der https://github.com/cerea-daml/Dan1D and
(https://zenodo.org/records/21427793, Bocquet, 2026).
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Appendix A: Neural network architecture

As described in Boc24, we choose for ag a basic resid-
s ual convolutional neural network (CNN) architecture. A
schematic of the CNN architecture is displayed in Fig. Al.
It begins with an initial convolution that takes N, + 1 chan-
nels as inputs and, with V¢ filters, outputs Nt channels. This
initial layer is followed by Ny, residual blocks. Each one of
10 these blocks is a succession of N, sub-blocks. Each sub-
block is made of: (i) a convolutional layer with Nt channels
as inputs, which has Nt filters and a kernel size f, for each
of its filter, (ii) a batch normalisation layer, and (iii) an acti-
vation function chosen to be Mish (Misra, 2019). The CNN
15 ends with a final convolutional layer that takes Nt channels
as inputs and, with N, filters, outputs N, channels. The ker-
nel size of the initial and final channels is f,. Hence, the
internal state of the CNN consists of V¢ copies of the latent
space which we simply choose to be isomorphic to the state
20 space R™Vx. In this paper, only N, = 1 is used. For all experi-
ments, the internal architecture parameter values are Ny, = 5,
Ngp, =5, f v =9

Appendix B: Sensitivity to the batch size, the size of
the datasets, and the backpropagation truncation

2s The key parameters in the design of ag and especially in its
training are:

— the number of channels/filters N; processed by the con-
volutional neural network (see Appendix A). This es-
sentially gives away the complexity of the neural net-

3 work, how many features it can identify and process.

— the number of trajectory N, processed in parallel. The
larger N;, the more DA runs the neural network can
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Figure B1. This schematic describes how data are fed to the train-
ing scheme; it must be read from left to right (time arrow). For
instance, in epoch 2, Njer-long segments of N, trajectories feed
the training algorithm. The segments are organised and provided in
batches of size Si.

learn from and be made robust against. 10% of these
are reserved for validation.

— the number of cycles Njio, through which the gradi-
ent is computed. This corresponds to the limit imposed
by the truncated backpropagation through time. The
larger Njier << N, the better the information transmis-
sion from one cycle to the next should be learned, but
the more costly and less accurate the gradients.

— the size of the batch S},. Hence, the number of steps in
each epoch is about N, /.S, (training and validation).

The training parameters Vy, Njter, and to a lesser extend N,
are the key dimensions specifying how the data are fed to the
training schedule as schematised in Fig. B1.

The dependence of the performance of ag on those param-
eters was studied in Boc24. The values Nitor = 16, N, = 218,
S, = 2048 were chosen for the ag hyperparameters of the
reference setup, as a compromise between training speed and
accuracy of the resulting ag. However, the dependence on
Niter and Sy, was barely reported and discussed, so that we
focus on them in what follows.

Using the reference DA setup, we compute the test RMSE
of the DAN schemes as a function of the truncation num-
ber Niter. The results are shown in Fig. B2. As expected,
Niter < 5 prevents DAN from learning an efficient prior that
relies on the errors of the day. It is however remarkable that
the improvement in the test RMSE as N, increases is no-
ticeable up to about Njte, >~ 40, which corresponds to about
6 times the doubling time of the L96 model in the reference
setup.

We have also experimented with the batch size Sy, much
more thoroughly than in Boc24. We found that using smaller
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Figure B2. Test RMSE of DAN as a function of the truncation cy-
cles number Njter = 1,...,40 in the truncated backpropagation. For
each value of N, an ensemble of 5 ag operators is learned. Plus and
minus one standard deviation of the RMSE are displayed as shades
around the RMSE curve.

batches is beneficial to the performance of the trained ag.
This may also enable reducing the number of trajectories N,
in the dataset. Nonetheless, we empirically found that the
number of steps, i.e. ~ N;/S} in each epoch still needs to
remain large to achieve high accuracy. Experimenting, we
learned a large set of ag operators with NN, in the range
210 218 ‘while S}, is chosen in the range 2% — 28, The corre-
sponding test RMSEs are plotted as a function of either Sy,
as shown in Fig. B3 (a), or NV, as shown in Fig. B3 (b).

For this specific configuration a scaling law can be numer-
ically estimated. The following Ansatz is assumed:

Ne
1/y _ r
RMSE "’_f<56>7

b

(BI)

where f is a polynomial of order 2. This Ansatz (3 poly-
nomial coefficients and 3 exponents) is fitted to the test
RMSE results. The fit relevance can be visualised through
the plot of f7 in Fig. B4. The fitted exponents are v = 1.435,
a=0.103, and 8 = 0.060. What really matters is the ratio
p=[/a=0.58, since the test RMSE turns out to show a
strong dependence on N, /Sf.

In practice, the interest of using smaller batches .S}, and
hence smaller N, must be weighted against the overheads
created by the dataset pipeline but also by the transfer of the
batches from RAM to VRAM. It is however possible to run
several training experiments in parallel over the same GPU
with smaller batches. Hence, the efficiency of using mini-
batches is very dependent on the accelerator device(s) and
the type of experiment to conduct. Note that, when training
ag on much higher dimensional systems, relying on mini-
batches may become mandatory so as to fit into VRAM.

Finally, the scaling law Eq. (B1) can be leveraged to re-
duce both N, and S}, and still be able to extrapolate to values
yielding better test RMSEs, using the dependence on N, /S{.
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This scaling could nonetheless change with a different DA
setup.

Appendix C: Neural network implementation of the
effective x' — P2(xf) map

Here, we detail how to build the linear-in-¢ DAN meant to
enforce Eq. (9) in Sect. 3.2. Implementing the map (x,¢) —
P?(x!) - ¢ as a neural network is non-trivial if we wish to
make it scalable. First, P*(x!) is symmetric positive definite;
to enforce such constraint, the usual most efficient approach
is to write: P?(xf) = X2(x")X?(x")T, where X?(xf) is a
matrix of anomalies which may be easier to interpret than
P?(x!). The first difficulty towards scalability is the fact that
P2(x"), or X?(x!), is of size Ny x Ny, which is consid-
ered non-scalable. However, if P#(x!) can be approximated
as low-rank, then P?(x) ~ X2 (x!)X?(x")T with X?(x) of
size Ny X Ny, with N, remaining small enough when N is
increased. Unfortunately, P#(x") should not realistically be
considered low-rank. However, one can exploit the locality of
the covariances and write P?(x') ~ po (X*(x")X?(x")7),
where p is the localisation correlation matrix and o is the
Schur/Hadamard product. In addition to making P?(x") full
rank in spite of a manageable number of parameters in
X?(xF), it also tapers spurious correlations that could be
learned in the course of the training. Indeed, the implementa-
tion of the localisation significantly accelerates the training.
This is reminiscent of the proposal by Bocquet and Farchi
(2019) to estimate X* through a loss involving a Schur prod-
uct with p.

Furthermore, given P? = po(X? (X#)T) and the projected
innovation ¢, the implementation of such mapping can be
efficiently coded using (see, e.g., Desroziers et al., 2014)

Nr
P =po(X*(XM)T)-¢=> Xjo(p-(Xjo()), (C)
=1

where the X7 are the columns of X?, and - denotes the usual
matrix/vector multiplication. The matrix multiplication by
the localisation matrix p is scalable since p is assumed to be
a banded matrix. With .96 in mind, i.e. in a one-dimensional
context, with a localisation matrix support of (band-)width
N}, the numerical complexity of P? - ¢ is Ny Ny (2 4+ N).

If localisation is not useful and P?(x!) is low-rank, then
it is easy to implement P*-¢ = X?- ((X®*)"-¢), which is
reminiscent of the very popular machine learning attention
mechanism. The numerical complexity is then 2V, V.

An alternative linear-in-¢ DAN is to implement an hyper-
network which would map x' to a set of weights and biases
of a linear neural network that would then be applied to (.
Naively, the number of weights and biases could scale like
N2. However, we can instead map x to weights and biases
of a sequence of convolutional neural networks that we later
apply to ¢. Yet, we did not test this more sophisticated con-
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Figure B3. Test RMSEs of DAN as a function of the batch size S}, for a selection of N, values (panel a) and as a function of the number of
dataset trajectories Ny for a selection of S}, values (panel b). For each pair (S, N;), an ensemble of 3 ag operators is learned, from which
error bars (plus or minus the standard deviation) are estimated and added to the curve plots.

necessarily orthogonal) matrix such that UTU =1, and X,
0 @ Transformed data . .. . . .
—— Fitted function f? is a positive definite diagonal matrix of rank lower or equal +s

b to Nx. We can parametrise the random vector ¢ by

021 ((w) =¢+Uuw, (D1)

o where the random vector w has A(w) = n(0,X,) for Gaus-

% . sian pdf. Then, denoting f(¢) = ag(x,¢) for brevity, we
o have 20

0.20 Covenp [€, F(Q)]
= Covprn [C(w), f(C(w))] (D2a)
_ ~ [@r@C@ - 08 (1w) - /@) ©m)
Ne/SY

— [dorw)(Uw) o F(¢w)) (D2¢)
Figure B4. Checking the relevance of the functional regression by

plotting the fit function f7 with respect to N&*/SE (curve), and of =UX, /dw)\(w)(Exlw) ® f(¢(w)) (D2d) =
the test RMSE results (dots).

__us, / dwA (@) Vo In A (@) ® F(C(w)) (D2e)
;tlrluction since the former approach is scalable and success- —_Ux, / dwVo (W) ® F(¢(w)) (D2f)
— U, [dw(@) Vs (7(¢w)) (D2g)
Appendix D: Stein lemma for V ag(x,()
| | — UB, U7 [dod@)(Ve)(¢w)) (D2h)
Here, we offer a proof of the Stein lemma in the degener-
s ate case where the Gaussian density is singular within the =3, Eun[(Vef)(C(w))] (D2i) s
embedding space. This is useful with sparse observations re- =3,Ecu, [Vef]. (D2))

sulting in ¢ confined within a subspace of Ey. This subsumes
the full-rank case. Let us assume that p is the pdf deﬁnegl Hence, we conclude:
over E of the Gaussian random vector ¢, whose mean is ¢

10 and whose covariance matrix is 3, which is assumed posi- E¢p[Vefl= EL Covenp €, ()], (D3)
tive semi-definite. Hence, the support of ¢ may be singular in
E,. That is why we resort to the singular value decomposi- where (-)! is the Moore-Penrose inverse operator, which

tion X, = UX,UT, where U is an orthonormal (though not comes with the regularisation choice to taper E¢, [V¢f] =
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outside of the range of ¢. Applied to f(¢) = ag(x,(), this
yields:

E¢~p[Veao(x,¢)] = Bf Coven, [€,a0(x,C)], (D4a)

which, if 33, is full rank, can be written (usual Stein lemma)

s Eenp [Vgag (x,¢)] = 2;1 Covenp [¢,a0(x,¢)]. (D4b)
Appendix E: Comparing the empirical and theoretical
mean marginal gains

In Segt. 3.3, we showed that the theoretical mean marginal
gain I' is expected to be a good approximation of the less
10 simple theoretical mean

= /ddew(x)p(C)VxVCag(x, ¢), (ED)
The latter can now be related to the empirical mean of
I' over a long DA run, denoted I', and which is ob-
tained from numerical experiments. This is meant to en-
s sure that a pattern emerging from our approximation of
T, is nonetheless consistent with those learned through
ag over the training DA dataset. Hence, given a long
trajectory of true states and projected innovations Ty ¢ =
{(x4:Ci) hmr, i € (Ex x Ex), the empirical sensitivity

20 associated to f, and hence T, should be

~A
T = (D(x"%€)) (xt,¢)eTnc

(o [P OTR 0.

(E2a)
(E2b)
where p(xt, ¢) is the joint distribution of x* and ¢. However,

¢, not only depends on x}, but also on the forecast xfk, SO
25 that:

T= / dx'dx'd¢p(x",x", T (x",0), (E3)
or, introducing the forecast error ef 2 x — x*,
T= /dxtdefdg“p(xt,ef, OT(xt+ef,¢). (E4)

By marginalising over x°, we have
ol = /dxtw(xt) /dedep(ef,C|xt)1"(xt +e',¢) (ESa)

= [axin(xt) [aetapicle el D6 +f.¢)
(E5b)
~ [axtntet) 4 plcle D+ O, @50

:/dxtw(xt)/de(C)I‘(xt,C):f‘. (E5d)
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From Eq. (E5a) to Eq. (ESb), we use p(ef,¢|x') =
p(¢leh)p(ef|x’) since the full dependence of ¢ on x* is in
ef. From Eq. (E5b) to Eq. (E5c), we assume that the fore-
cast error norm is small compared to the norm of % which
should indeed be the case in the weak assimilation regime.
From Eq. (ES5c) to Eq. (E5d), we approximate p(¢|ef = 0)
by the marginal p(¢). This points to the (reasonable) approx-
imations made when identifying T, Eq. (E1), with the em-
pirical marginal gain T, (T'(x,()) (x,¢)e7;. . » €merging from
a long DA run.

Moreover, a formal expression for p(¢|ef) which appeared
in the previous derivation is

p(¢le!) = [ dedHAR p(e. H R
x§(¢—HR (e —He")), (E6)

where p(e, H, R|e) is the pdf of the joint distribution for the
observation error €, the observation operator H, and the ob-
servation error covariance matrix R, given the forecast error

e. Marginalising over ef, we obtain
p(¢) = [de'p(¢lep(e E72)
= / defdedHdRp(ef, e, H,R)
x6(¢—HR (e —He")). (E7b)

This expression is helpful to formally investigate the symme-
tries of the distribution of ¢, for which Eq. (18) applies.

Appendix F: Proof of the equivariance of the
marginal gain tensor

We wish to prove the equivariance of the marginal gain ten-
sor, i.e. that for all x and ¢, I'(gox,90¢() =g®gT®gTo
I'(x, ¢), under the action of an isometry g € G. The action of
g on either state vector x or ¢ is represented by an orthogonal
matrix G: gox = Gx, go{ = G(.

We say that g preserves the fibres (preimages) of Hj if,
for all x, x’ such that H,(x) = Hy(x’) one has H(gox) =
Hi(gox'). An isometry g, defined over the observation
space of H;, can then be associated to such g through g, o
Hi (g7 o (+)) = Hg(+). The action of such induced isometry
gy is represented by the orthogonal matrix Gy: gyoy = Gyy.
Because G and Gy, are orthogonal, one has G l'=GTand
G,'=GJ.

With these definitions in hand, we consider a maximal
group of isometries G defined over the state space such that

— G preserves the fibres of all Hj, inducing a group of
isometries Gy, (possibly for each k). Gy is isomorphic to

g,

— the associated G, satisfies GyRkG; = Ry, which ac-
counts for any heteroscedasticity of the observation er-
ror statistics,
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— G commutes with the autonomous dynamics, i.e.
GM(GT(-)) = M(,).

A consequence of the equivariance with respect to Hpg,

ie. GyHi (GT(-)) = Hy(-), is GyH,GT = Hy, readily ob-

tained by differentiation.! Coming back to the proof of the

equivariance we first consider the optimisation problem that

o

defines (x,¢) — ag(gox,go ) for any g in such G:
K
L] {xt,ye}) =D |Jxt—x3(0)|”, (Fla)
k=1
xi = x}, +ag (Gx}, G¢,), (F1b)
10 Co=H{R, " (vi — Hi (x1)) s (Flc)
Xpr1 = M(x}), (F1d)
which is equivalent to
K
£(0|{x§€,yk}):ZHGXZ—GXz(O)Hz, (F2a)
k=1
Gx; =Gx}, + Gag (Gx},G(},) (F2b)
is G(¢, =GH]G]G,R; 'G]G,
x (yi —Hi (GTGxY)), (F2c)
Gx},, =GM(GTGx3), (F2d)

where Eq. (F2a) is obtained from Eq. (Fla) because G is
orthogonal, and Egs. (F2b, F2c, F2d) are obtained from a
multiplication on the left by G and insertion of GTG = I
and G;Gy =1, in Eqs.~ (F1b, Flc, F1d). Hence, denoting
%2 = Gx3, xi = Gxi, ¢, = Gy, the problem is reformu-
lated as

2

=3

L(6]{x},yx}) 0|, (F3a)

K
=3 %
k=1

. %; =X, + Gag (%16, (F3b)
¢p =(GyHGT)T (GyR,'G])
x (Gyyr — GyHy (GTXy,)), (F3c)
x5, =GM(G'x3). (F3d)
Leveraging the assumptions on G, we finally obtain
i 2
3 L'(0|{x',;,yk}):ZHGX',;—iZ(H)’ , (F4a)
k=1
sa _ gf o
% = %}, + Gao (%16, ) (F4b)
Ce=HIR, ! (Gyyr — Hi (X)), (Fdc)
X1 = M(X}). (F4d)

'A simplifying classical trick would be to consider that the phys-
ical system is fully observed at any time, with observation error vari-
ances that can take infinite values in the absence of observations,
which would shift the observation equivariance constraint onto that
of its statistics.
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This shows that ag(G-,G-) is the solution of Eq. (F1)
whose input is the dataset {x}.,yx}, while Gag(,-)
is the solution of Eq. (F4) whose input is the dataset
{GX%,nyk = Gy/Hk(XZ) +Gyep = ’Hk(GX}EC) +Gyeg .
Since both the invariant distribution of the dynamics and
the distribution of the observations errors are invariant
under G, the datasets {x},y;} and {Gx},Gyy;} must
asymptotically yield the same solution for a large enough
number of samples K. This proves the equivariance,
Vg e G,vx € E.,V¢ € Ey:

(F5)

ag(gox,g0¢) =goag(x,().

Then, taking the gradient with respect to x and ¢ of
ag(gox,go() yields a covariant action g ® g onto the ten-
sor factors for x and , alternatively a contravariant action
gT ®¢gT on to the right-hand side of Eq. (F5), which proves
the equivariance of I', Eq. (17). The equivariance assumption
on the observation operator is rather stringent A weaker as-
sumption is to assume that {G Hi(GTxE }k 1 almost

.....

spans the same set as {H (x}; }k 1 for K —» 00. Then
the optimisation problems Eq. (F1) and Eq. (F4) should al-
most coincide. This is for instance useful when one considers
random observation operators for which operator instances
have no specific symmetry, while their distribution does ex-
hibit the symmetry, a case occurring in Sect. 3.3.4.

Appendix G: Sleek representation of the mean
marginal gain

Assume that the states and projected innovations are de-
fined as fields over a physical manifold D, and further dis-
cretised at Ny collocation space points of D indexed by i €
[1,...,Ny]. Hence, G is a discrete group of isometries. As a

consequence, g € G can be seen as a bijection of [1,..., Ny]
and the action of g € G on the fields x and ¢ reads

respectively. Likewise, the action of g € G on T is, for all
i, 7,0

l9oT],, =lgog"®gToT|  =Tymormorw, (G2)
so that Eq. (21) reads, for all ¢, 7,!:
Tiji=Tg(i) g7 () g7 (- (G3)

Let us choose one of the collocation points in D with index
r € [1,..., Nx]. With the above assumptions, the orbit of the
site indexed by 7 under the action of G is [1,...

, N]. We can
then define a 2-tensor ﬁ(r) componentwise by, for all 7, j:

(r)

ij

2l

=Tijr. (G4)
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Forall [ € [1,..., Ny], we can pick at least one g € G such
that g7 () = [ and let us denote its inverse by gL which coin-
cides with its adjoint g7 and satisfies g.(I) = r in particular.
Hence, we have from Eq. (21) and for all 4, j,{:

7(7)
sUiji =Toray gt oty = Lop) gty r = Qgryary- (G5

As a consequence of the symmetry and Eq. (GS), the 3-tensor

T can be entirely specified by the 2-tensor "), where 7, a

reference site index, is arbitrarily chosen. In the case where

D is one-dimensional (as for L96), ﬁ(r) is a matrix, hence
10 depictable and more easily interpretable.

Appendix H: Numerical computation of the mean
marginal gain

The mean marginal gain can be computed from states of a tra-
jectory Tx of the ergodic dynamics, and the ability to evaluate

15 X — I'(x) as defined by Eq. (10b). The trajectory should be
long enough so that its states adequately sample the invariant
distribution 7. From Eq. (12), we hence have the empirical
estimator:

K
T=(T(X))xer, = %Zr(xk). (H1)
k=1

20 As a result, the computational complexity of the mean
marginal gain is proportional to K, but may be significantly
alleviated by the presence of symmetries as discussed be-
fore. Such symmetries must make both 7 and p invariant even
though the definition of T only implicitly depends on p.

»s  We now turn to the estimation of the marginal gain I'(x).
Its computation can be achieved through several routes with
distinct numerical complexities which, as approximations,
may not be equivalent and may lead to mildly differing re-
sults.

s The first way to compute I'(x) is through automatic dif-
ferentiation. As a second-order sensitivity of ag with re-
spect to x and ¢, I'(x) = VV¢ag(x,()|¢=0 requires tak-
ing the Jacobian of ag twice. Hence, such computation
through either JAX, PyTorch or TensorFlow, can be pro-

ss hibitive, with a substantial need for GPU memory. On an
NVIDIA RTX5000 Ada GPU with 32 GB of memory, us-
ing the JAX-inspired PyTorch torch. func module,> we
found it to be achievable with the L96 model, difficult with a
Kuramoto-Sivashinsky model (Kuramoto and Tsuzuki, 1976;

a0 Sivashinsky, 1977), but prohibitive with a single-layer QG
model on the sphere. Hence, it is likely to be impractical with
high-dimensional models.
Note that the mean Eq. (H1) can be computed through up-
dates whenever a new I'(xy) is computed, preventing the
ss need to store them. Moreover, when exploiting symmetries

Zhttps://pytorch.org/docs/stable/func.html
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of G, the intermediate tensor

N,
, ;O
O (xi,) = Fzrg,ﬁ(i)gl"(j)l(xk)v (H2a)
* =1

can be computed, and will contribute to the computation of
ﬁ(r) through the update of

K

Q(r) _ <Q(T) (X))xeT. = ;kzﬂﬂ(r) (xx). (H2b)

In Boc24, either the gain K (x) or P?(x) were obtained by
generating an ensemble of perturbations to feed a regression.
The same idea can be used for I'(x), once again assuming a
quasi-linear behaviour of ag(x,¢) and Vxag(x,¢) as func-
tions of ¢. From the results in Sect. 3.3.1 and Appendix E,
we infer that

I'(x) = VxV¢ag(x,¢)|¢c=0 (H3a)
~E¢np[VxVean(x, Q)] (H3b)
~ E}L, Covenp €, Vxag(x,€)], (H3c)

which tells that a sampling approach can be applied to
Vxag(x,-). Assuming ag is regular enough, the gradi-
ents with respect to x and ¢ commute and we also have
I'(x) = VxE¢np [Veag(x, )], although this could consid-
erably complexify backpropagation if automatic differentia-
tion is used to handle V.

Automatic differentiation is hence used only once for the
computation of the Jacobian Vyag(x,-), as opposed to the
full automatic differentiation approach. Hence, I'(x) can be
computed using a composite Monte Carlo/differentiation ap-
proach. The details of the subsequent regression are reported
in Appendix I.

Appendix I: Regression for the composite mean
marginal gain

An ensemble of N, perturbations Ja,, generated from NNV,
samples ¢, ~ N(0,E) forp =1,..., N, should first be com-
puted,

[aap]il = [a«mag(xa CP)]i7 an

via an ensemble of first-order Jacobians. In the best linear un-
biased estimator framework, the covariance matrix = should
roughly match HTR~!(R + HP HT)R ~'H where Pf and
R +HPHT are the forecast error and innovation covari-
ance matrices, respectively. Hence, in the weak assimila-
tion regime, we can use the approximation 2~ HTR~'H,
which should be regarded as a scale for the perturbations
anyway, and generate samples with { = HTR’%ﬁ, where
& ~N(0,1y). Introducing for p=1,..., N}, the recentred
samples

Ny Np
dal, = da, — Ny 'Y 0a,, ¢, =C,~ N> ¢, (12)
p=1 p=1
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we have from the definitions C 2 Covenp €, Vxag(x,Q)]
andD2 ¥ o

Np N,

[Clii~ > (¢l [0, D]~ Gl 13
p=1 p=1

which, from Eq. (H3a), yields
Nx

Tl = 2 [Clima [P7'],,; (14)
m=1

Obviously, in a high-dimensional context, the approach
would necessitate reduction methods such as Lanczos vec-
tors or (randomised) singular value decompositions, and the
generation of the ensemble would require a massive vectori-
sation on GPUs. €2, can then be computed by averaging I'
using, e.g., Eqs. (H2). Moreover, it is not difficult to show
that €2,., as defined by Eq. (H2a), can alternatively be ob-
tained by first averaging over C and D before performing
the inversion of the regression, that is:

1

Q,=CD ', (I52)
1 X

(€= 77 ZI [Cla @ g rs (I55)
1

@ij - ; D5y - (I5¢)

Either way, the composite approach may turn out numeri-
cally cheaper than the full differentiation approach.
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