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Abstract. Oceanic submesoscale dynamics play a critical role in energy cascades and vertical tracer transport. The Surface
Water and Ocean Topography (SWOT) mission, through its high-resolution wide-swath sea surface height (SSH) observations,
provides an unprecedented capability for resolving these processes. While this enhanced spatial coverage represents a major
advance over conventional nadir altimetry, it also introduces new challenges for constructing dynamically consistent gridded
Level-4 products. To address these challenges, a range of data fusion and reconstruction approaches have been developed to
incorporate SWOT observations into next-generation SSH mapping systems. This study presents a comparative evaluation of
three SWOT-derived Level-4 products (MIOST, 4DvarQG, and 4DvarNET) over the North Atlantic (25°N-50°N, 80°W—
10°W). The assessment combines Eulerian metrics of mapping accuracy, Lagrangian trajectory prediction skill based on
surface drifter observations, and diagnostics of dynamical structures using Rossby number (R,) and finite-size Lyapunov
exponent (FSLE) fields, with SWOT Level-3 data as a reference. The results reveal a pronounced scale dependence in product
performance. In mesoscale-dominated regimes such as the Gulf Stream, 4DvarQG achieves the highest velocity reconstruction
accuracy and improves short-term (0—4 days) Lagrangian prediction skill, reflecting the benefits of quasi-geostrophic
dynamical constraints. In contrast, 4DvarNET shows greater sensitivity to smaller-scale variability, characterized by sharper
SSH gradients, elevated R,,, and more filamentary strain structures, indicating an enhanced representation of fine-scale features.
However, the physical realism of these intensified small-scale signals requires further validation against higher-resolution or
less-filtered observations. MIOST demonstrates stable and consistent performance across a wide range of spatial scales for
global ocean mapping. These results highlight inherent trade-offs between dynamical consistency and small-scale variability
representation among current SWOT-based Level-4 products. Future developments may therefore benefit from hybrid

approaches that integrate data-driven flexibility with explicit physical constraints.
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1 Introduction

Oceanic submesoscale processes (O(1-10 km)), including submesoscale eddies, fronts, and filaments, play a central role in
mediating energy transfers from mesoscale motions toward smaller turbulent scales, while driving enhanced vertical velocities
and the vertical transport of momentum, energy, and tracers (Dong et al., 2014; McWilliams, 2016; Tang et al., 2020). Despite
their dynamical importance, direct observation of submesoscale variability remains challenging due to limitations in the spatial
sampling of existing observing systems. In particular, conventional nadir altimetry, while providing accurate along-track sea
surface height (SSH) measurements with an effective resolution of ~7 km, is restricted to one-dimensional ground tracks
separated by several hundred kilometers, thereby limiting its ability to resolve two-dimensional fine-scale structures.

The Surface Water and Ocean Topography (SWOT) mission, equipped with the Ka-band Radar Interferometer (KaRIn),
represents a major advance in satellite altimetry by providing high-resolution, two-dimensional SSH observations over a ~120
km-wide swath centered on the satellite ground track (Vaze et al., 2018). Owing to its enhanced spatial sampling and swath
coverage, SWOT extends the observable SSH variability toward submesoscale wavelengths on the order of ~15 km,
significantly beyond the effective limits of conventional nadir altimetry (Fu et al., 2024; Wang et al., 2025; Zhang & Callies,
2025). Recent studies have further demonstrated that SWOT observations capture dynamically consistent submesoscale
variability across a wide range of oceanic regimes. At the basin scale, SWOT reveals widespread submesoscale features,
including eddies, fronts, and internal waves, with coherent two-dimensional signatures and enhanced spectral energy at higher
wavenumbers compared to conventional altimetric products (Archer et al., 2025). At the process-resolving scale, comparisons
with moored and in situ observations indicate that balanced submesoscale eddies with horizontal scales larger than ~10 km are
reliably represented in SWOT SSH fields (Zhang et al., 2024). Direct comparisons of SWOT-derived velocities with surface
drifters in the Southern Ocean further show that balanced motions dominate SSH down to ~15 km, supporting the derivation
of geostrophic currents from SWOT swaths (Tranchant et al., 2025). These fine-scale signals, however, are often attenuated
when the swath observations are merged into gridded products (Carli et al., 2025). In energetic boundary current systems,
SWOT further resolves sharper SSH gradients and more coherent small-scale structures than conventional multi-mission
products, highlighting its ability to capture intense submesoscale activity (Coadou-Chaventon et al., 2025).

These observational advances suggest that SWOT has the potential to substantially improve Level-4 (L4) gridded SSH
products by extending their effective resolution toward smaller spatial scales. However, integrating SWOT wide-swath
observations into multi-mission mapping systems remains a nontrivial task. A key difficulty arises from the coexistence of
observations with markedly different spatial resolutions and error characteristics (Ballarotta et al., 2019; Fouchet et al., 2025),
which may introduce scale inconsistencies and lead to partial attenuation or distortion of submesoscale signals during data
fusion (Ballarotta et al., 2025). A central challenge is therefore to reconcile the enhancement of small-scale variability with
the preservation of large-scale accuracy and dynamical consistency in the mapped fields. In practice, this implies identifying
an effective resolution range that leverages the added information content of SWOT without degrading the coherence of the

reconstructed SSH fields (Bellemin-Laponnaz et al., 2025). Addressing this issue is essential for fully exploiting SWOT
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observations in operational mapping systems and for improving the representation of mesoscale-to-submesoscale ocean
dynamics.

In this context, the integration of SWOT observations into L4 SSH products has been actively explored through coordinated
community efforts, notably within the Ocean Data Challenges (ODC) framework. Rather than defining a single optimal
mapping solution, these initiatives aim to evaluate how the additional information provided by SWOT can be effectively
incorporated into gridded products across a range of methodological approaches. Existing strategies include multiscale
inversion techniques such as MIOST (Ubelmann et al., 2021, 2022; Ballarotta et al., 2025), dynamically constrained
assimilation methods based on quasi-geostrophic models (4DvarQG; Le Guillou et al., 2025), and data-driven reconstruction
approaches such as 4DvarNET (Fablet et al., 2021; Beauchamp et al., 2023). A preliminary intercomparison of these
approaches was reported in the appendix of Ballarotta et al. (2025), focusing on SSH reconstruction error, effective spatial
resolution, and relative vorticity diagnostics over the North Atlantic. While these results demonstrate that SWOT observations
systematically improve mapping accuracy and enhance effective resolution, they also indicate that such Eulerian metrics alone
provide only a partial view of product performance, particularly with respect to flow reconstruction fidelity and the
representation of dynamically relevant structures.

Building on this context, this study presents a comprehensive intercomparison of three SWOT-derived L4 products (MIOST,
4DvarQG, and 4DvarNET) over the North Atlantic. The evaluation combines Eulerian diagnostics of mapping accuracy,
Lagrangian trajectory prediction skill based on surface drifters, and analyses of dynamical structures using relative vorticity
and finite-size Lyapunov exponent (FSLE) fields. By jointly assessing these complementary aspects, this work aims to provide
a more complete characterization of the scale-dependent performance and dynamical consistency of current SWOT-based
mapping approaches, and to offer insights for the development of next-generation mapping methodologies.

This paper is organized as follows. Section 2 describes the datasets and evaluation methodology. Section 3 presents the
intercomparison results. Section 4 discusses the implications of these findings and outlines perspectives for future

developments of SWOT-derived L4 products.

2 Data
2.1 SWOT-derived L4 sea surface height and current products

This study analyzes three experimental L4 gridded SSH products derived from SWOT wide-swath altimetry. The products are
distributed by AVISO within the framework of the ODC initiative, which aims to evaluate alternative mapping strategies for
incorporating SWOT KaRlIn observations into multi-mission altimetric systems, with a particular focus on the representation
of fine-scale ocean dynamics.

All three products are generated from a common set of input observations processed within the Data Unification and Altimeter
Combination System (DUACS) and distributed by AVISO with CNES support (https://doi.org/10.24400/527896/A01-

2024.007). The observational dataset includes along-track measurements from eight nadir altimeter missions (SARAL/AltiKa,

3



95

100

105

110

115

120

CryoSat-2, HaiYang-2B, Jason-3, Copernicus Sentinel-3A and -3B, Sentinel-6A, and SWOT nadir), together with SWOT

KaRIn wide-swath observations. As the input data sources are consistent across products, differences among the L4 solutions

primarily arise from the mapping methodologies, thereby enabling a controlled intercomparison of reconstruction approaches.

These three products represent distinct strategies for addressing the heterogeneous sampling, resolution, and error

characteristics of nadir and wide-swath altimetry.

MIOST is based on a multiscale statistical interpolation framework, in which SSH variability is decomposed into a set
of prescribed dynamical components—geostrophic mesoscale, barotropic, and equatorial wave modes—represented in a
reduced wavelet space with mode-specific covariances. This formulation allows for scale-dependent covariance
modeling and provides a robust reconstruction under heterogeneous sampling conditions. Because no explicit dynamical
constraint is imposed, variability that falls outside these modeled modes is not reconstructed and is effectively damped
by the scale-dependent covariance regularization. The MIOST product provides near-global coverage (80°S—90°N, 0°—
360°E) at a spatial resolution of 1/10° with daily temporal sampling (Ballarotta et al., 2025).

4DvarQG relies on a four-dimensional variational assimilation scheme constrained by a reduced-order quasi-geostrophic
(QG) dynamical model. By introducing physically grounded dynamical constraints, this approach aims to reconstruct
dynamically consistent SSH and surface current fields while mitigating limitations associated with SWOT's sparse
temporal sampling. The 4DvarQG product is currently available over the North Atlantic domain (25°N-50°N, 80°W-—
10°W), with a spatial resolution of approximately 1/10° and a temporal resolution of 6 hours (Le Guillou et al., 2025).
4DvarNET adopts a data-driven variational framework in which both the dynamical prior and the assimilation operator
are learned using deep neural networks. The model is trained within an observing system simulation experiment (OSSE)
framework based on high-resolution NATL60 (1/60°) simulations, with the objective of capturing nonlinear and non-
Gaussian characteristics of fine-scale ocean variability. Because its learned prior is not restricted to geostrophic balance,
4DvarNET can in principle retain small-scale unbalanced variability; however, it does not physically separate balanced
from unbalanced components, and the realism of such features cannot be established from the available validation data.
The current implementation focuses on the same North Atlantic domain as 4DvarQG and provides daily fields on a 1/8°

grid (Beauchamp et al., 2023).

In this study, we focus on the North Atlantic Ocean, with particular emphasis on the Gulf Stream region. This region

corresponds to the common spatial domain of all three products and is characterized by energetic mesoscale and submesoscale

dynamics, providing a stringent testbed for evaluating the representation of fine-scale ocean processes.

2.2 Validation data

a) SWOT level-3 sea surface height observations

To facilitate a qualitative assessment of fine-scale dynamics, individual surface features are identified using the SWOT Level-

3 (L3) KaRlIn low-rate SSH Expert product, version 2.0.1 (https://doi.org/10.24400/527896/A01-2023.018), which provides
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two-dimensional SSH fields on the 2 km % 2 km delivered grid. These L3 products have been validated for their ability to
resolve fine-scale SSH variability, capturing surface signatures of submesoscale eddies, fronts, and internal waves. The spatial
structure, location, and coherence of selected submesoscale eddies are compared against their representations in the three L4
products, providing a case study perspective on how different mapping approaches preserve or distort fine-scale dynamical

features.

b) Surface drifter measurements

Surface current fields derived from drifting buoys are used as an independent reference to evaluate the accuracy of the L4-
derived velocity fields. Drifter data are obtained from the Copernicus Marine Environment and Monitoring Service (CMEMS,
https://doi.org/10.48670/moi-00041), which provides quality-controlled trajectories and near-surface velocity estimates
representative of upper-ocean circulation. Here, the drifter velocities measured at 15 m depth capture the total upper-ocean
current, which includes both geostrophic and ageostrophic (wind-driven, tidal, and inertial) components. In contrast, the L4
velocity fields primarily capture the geostrophic current. This mismatch constitutes a source of representativeness error in the
validation.

A total of 176 drifter platforms were deployed within the study domain during the analysis period from 27 July 2023 to 20
April 2024. As shown in Figure 1, their spatial distribution is heterogeneous: drifters are more concentrated in lower-energy
regions and sparser within the Gulf Stream. This uneven distribution primarily reflects the reduced residence time of drifters
in energetic boundary current systems, where strong advection and dispersion rapidly remove platforms from the region.
Despite the sparser coverage in high-energy regimes, observations in such areas are particularly valuable for assessing the
representation of fine-scale dynamics. Temporally, the number of active drifters decreases after early 2024, resulting in reduced

sampling during winter months. This constitutes a known constraint on the validation analysis.
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Figure 1: (a) Study area and spatial distribution of drifter platforms. The background shading represents ocean bathymetry, and the
trajectories of the drifters are indicated by lines, with line color representing drifter speed magnitude. (b) Temporal distribution of drifter
platforms in the North Atlantic during the study period.

¢) DUACS multi-mission merged L4 products

The DUACS multi-mission L4 gridded SSH and geostrophic current products have been widely used in operational

oceanography and climate studies. DUACS products are generated using optimal interpolation techniques applied to multi-
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mission nadir altimetry, providing spatially and temporally continuous fields that primarily represent mesoscale variability.
Recent developments in the DUACS processing chain have initiated the integration of wide-swath altimetry. In particular,
near-real-time products have transitioned toward the MIOST mapping framework, enabling an extended multiscale
representation of ocean dynamics. In parallel, a demonstrative delayed-time (DT) reprocessing (version DT-2024, released in
November 2025) has been carried out using the updated MIOST approach with additional physical modes, in which SWOT
KaRIn wide-swath measurements are explicitly incorporated into the L4 production. This development represents a key step
toward enhancing the effective spatial resolution of DUACS products and improving the representation of mesoscale-to-
submesoscale variability, while maintaining the robustness required for global operational applications.

In this study, the DUACS DT L4 product (version 4.1) is used as a reference dataset. This daily product, with a spatial
resolution of 1/8°, integrates observations from eight nadir altimeter missions, including SWOT nadir, but does not include
SWOT KaRIn wide-swath measurements. As such, it provides a stable and well-characterized mesoscale benchmark against
which the impact of explicitly incorporating SWOT wide-swath observations into experimental L4 mapping systems can be
evaluated. Comparisons between DUACS and the SWOT-derived L4 products therefore reflect differences arising from the

inclusion of wide-swath information and advanced reconstruction methodologies.

3 Performance validation using drifter data: Eulerian mapping accuracy and Lagrangian predictability

The inclusion of SWOT KaRIn wide-swath observations has been shown to systematically improve SSH mapping accuracy
and effective resolution (Ballarotta et al., 2025). To date, preliminary intercomparisons of SWOT-derived L4 products indicate
pronounced scale-dependent differences: MIOST, 4DvarQG, and 4DvarNET exhibit distinct performance across different
wavelength bands. However, the relative merits of quasi-geostrophic dynamical constraints versus data-driven flexibility
across dynamical regimes, and the implications for Lagrangian predictability, have not been systematically examined. To
further quantify the relative strengths of these approaches, the present study evaluates their performance using two

complementary perspectives: Eulerian mapping accuracy and Lagrangian predictability.

3.1 Eulerian mapping accuracy

Validation against surface drifter observations follows the methodology of Ballarotta et al. (2020) and Le Guillou et al. (2023).
Hourly drifter velocities are matched to the L4 velocity fields using linear interpolation to the drifter timestamps. Let U and V
denote the zonal (eastward) and meridional (northward) velocity components at the sampling locations. The velocity difference
is defined as:

AU, V] = [U,V]map = U, V]prifter (D

To visualize the spatial distribution of errors, drifter observations are aggregated onto 1°x1° grids. The Root Mean Square

Error (RMSE) is computed using:
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RMSE[U_V] = \/%Z{V:l(A[U’ V]i)z (2)

where N is the number of sampling points within each grid cell and i indexes individual observations. The ageostrophic
component of the observed velocities is retained, assuming it affects all L4 products similarly.
To quantify relative performance between products, a gain/loss ratio R is defined. For instance, comparing MIOST and

4DvarQG:

R = RMSEM10ST—RMSE4DvarQG
RMSE4-DvarQG

©)

Positive values indicate larger errors in MIOST relative to 4DvarQG, whereas negative values indicate superior MIOST

performance.

Given the spatial heterogeneity of ocean dynamics, the evaluation is conducted within dynamically distinct regions. Based on

the mean surface velocity magnitude over the study period, the North Atlantic domain is partitioned into three dynamic regimes

(Figure 2):

*  Region I: Shelf-slope regime, influenced by coastal and boundary processes.

¢ Region II: Energetic quasi-geostrophic regime associated with the Gulf Stream, characterized by intense multiscale
dynamics. SWOT observations are expected to provide the greatest added value here.

*  Region III: Weakly nonlinear quasi-geostrophic open-ocean regime, representing the dominant drifter-sampled
environment.

The classification broadly follows a 0.2 m s™! speed contour, with minor smoothing applied to define contiguous regions,

yielding a spatial structure similar to the dynamical partitioning proposed by Ballarotta et al. (2025). Within this framework,

Regions II (163,643 samples, ~22%) and III (530,182 samples, ~74%) together account for the vast majority of observations

and capture the dominant dynamical regimes resolved by SWOT. Consequently, these two regions constitute the primary focus

of the subsequent analysis, whereas Region I plays a comparatively limited role due to its sparse sampling.
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Figure 2: Mean surface velocity and dynamic regime partition derived from DUACS geostrophic velocity fields over 27 July 2023-20
April 2024. Black contours delineate the boundaries of the three dynamic regimes, broadly following the 0.2 m/s speed contour. Moderate
spatial smoothing was applied to ensure coherent regime boundaries. The number of drifter samples within each regime is annotated in the
upper-left corner.
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Eulerian reconstruction accuracy is quantified using RMSE and pairwise gain/loss ratios computed across 1°x1° grids. Figure
33 presents the RMSE maps for each L4 product, together with the probability density functions (PDFs) of the RMSE in
Regions II and III, allowing a direct assessment of their absolute reconstruction skill prior to the relative comparison. Figure
4 summarizes the pairwise gain/loss ratios. As summarized in Figure 4, Region I (shelf—slope regime) exhibits no statistically
significant differences among the three L4 products, with region-averaged gain/loss ratios remaining within £1%, indicating
similar reconstruction skill. In contrast, Region II, corresponding to the energetic quasi-geostrophic regime associated with the
Gulf Stream system, shows the most pronounced differences in relative performance. Region-averaged gain/loss ratios indicate
that 4DvarQG consistently outperforms MIOST and 4DvarNET by approximately 4—5%. These improvements are spatially
coherent along the Gulf Stream core and its downstream extension, as reflected by predominantly negative R values in the
gain/loss maps. MIOST and 4DvarNET, by comparison, show no systematic advantage over one another in this regime, with
near-zero region-averaged gain/loss ratios. In Region III, representing the weakly nonlinear open-ocean regime, 4DvarQG and
MIOST perform comparably, with region-averaged gain/loss ratios below 1%. 4DvarNET, however, exhibits a consistent
degradation of approximately 1-2% relative to both 4DvarQG and MIOST, indicating reduced reconstruction skill under low-
energy conditions. While RMSE values include contributions from ageostrophic motions present in the drifter velocities, the
pairwise gain/loss ratio largely removes this component, providing a conservative estimate of relative performance differences.
Overall, 4DvarQG demonstrates clear superiority in the energetic quasi-geostrophic regime (Region II) and performs
comparably to MIOST in the weakly nonlinear open-ocean regime (Region III). 4DvarNET exhibits the weakest performance
across the study area in terms of Eulerian RMSE. This pattern can be interpreted in the context of information content and the
dynamical constraints imposed by the respective methods. At the nominal ~1/10° resolution, mesoscale variability dominates
the SSH signal within a quasi-geostrophic framework. Consequently, the physical constraints of the QG formulation allow
4DvarQG to reduce RMSE significantly, particularly in Region II, where energetic mesoscale eddies are well represented. By
contrast, MIOST employs a statistically based linear analysis framework, in which SSH variability is decomposed into multiple
components (e.g., geostrophic, equatorial wave, barotropic), each represented in a reduced wavelet-based subspace with
distinct covariance structures. This formulation enables an efficient multiscale representation of ocean variability by explicitly
modeling scale-dependent signals. However, the statistical separation among components does not explicitly account for
dynamical interactions across scales, and cross-component coupling remains only implicitly represented through their linear
superposition. As a result, in the energetically constrained Gulf Stream regime (Region II), MIOST does not fully exploit
quasi-geostrophic relationships, leading to systematically higher RMSE. In the weakly nonlinear open-ocean regime (Region
IIT), where dynamical constraints are less stringent, MIOST performs similarly to 4DvarQG. In such conditions, improved
spatial sampling from SWOT wide-swath observations is likely to enhance the performance of statistically based approaches
such as MIOST.

Interestingly, 4DvarNET does not outperform the other products in the Eulerian RMSE-based evaluation. This can be attributed
to the fact that, at the spatial and temporal scales considered here, Eulerian RMSE computed against drifter velocities is

dominated by errors in the quasi-geostrophically balanced component of the flow. The gridded L4 velocity products, owing to

8
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their spatiotemporal resolution and primarily geostrophic nature, represent the large-scale, time-averaged circulation rather
than rapidly evolving ageostrophic motions. Consequently, improvements in reconstructing nonlinear or ageostrophic

variability contribute little to the total RMSE and may even appear as additional noise in a pointwise, Eulerian sense.
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Region-averaged gain/loss ratios for total velocity RMSE within each dynamic regime are indicated in the upper-left annotation of each
panel.

3.2 Lagrangian predictability

In contrast to the gridded Eulerian analysis presented in the previous section, which focuses on the spatial distribution of
reconstruction errors, the Lagrangian diagnostic evaluates product performance over increasing temporal scales. Following the
framework of Le Guillou et al. (2023), simulated drifter trajectories predicted using the velocity fields under evaluation are
compared with observed trajectories, and the prediction error is quantified as the Lagrangian separation error between predicted
and observed positions.

For each drifter, trajectory predictions are initialized from the observed positions at regular daily intervals (e.g., 00:00 UTC)
and integrated forward for lead times ranging from 0 to 20 days with a 3-hour time step, using velocity fields from DUACS,
MIOST, 4DvarQG, and 4DvarNET. Figure 5 presents a representative case study in Region II, illustrating both the trajectory
prediction methodology and the lead-time-dependent error growth. Closer alignment between predicted and observed
trajectories, together with smaller separation errors, indicates higher trajectory prediction skill. At short lead times (less than
approximately 5 days), Lagrangian errors are primarily governed by small-scale, high-frequency velocity variability. During
this early stage, trajectories predicted with 4DvarQG and 4DvarNET remain closer to observations than those predicted with
MIOST and DUACS, indicating improved representation of short-term Lagrangian transport. As lead time increases,
separation errors grow for all products due to the accumulation of velocity errors during trajectory integration. Beyond
approximately 7 days, the separation error associated with 4DvarNET increases rapidly, reflecting the propagation of
unresolved velocity discrepancies. At longer lead times (beyond ~10 days), trajectory prediction becomes increasingly
sensitive to mesoscale-dominated transport, with MIOST and DUACS outperforming other products, as evidenced by errors

converging to within ~1° after 15 days, highlighting the robustness of their mesoscale circulation representation.

10
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Figure 5: Example of predicted and observed drifter trajectories in Region II. The red line represents the observed trajectory of drifter GL
TS DC 3801596 from 1-21 August 2023, with the observed position at 00:00 UTC on 21 August marked by a red dot. Colored lines show
predicted trajectories initialized from observed positions at different lead times, with predicted positions at 00:00 UTC on 21 August
indicated by color-matched markers. The lower-right panel of each subplot displays prediction error (calculated using the Spherical Law of
Cosines) as a function of lead time; the dashed gray line denotes a reference error of 1°.

To quantify the lead-time dependence of relative performance, the Lagrangian prediction experiment was repeated for 164
drifter trajectories in the North Atlantic between 27 July and 31 December 2023. For each trajectory, the evolution of the
Lagrangian separation error with lead time was computed. Using DUACS as a benchmark, gain/loss ratios of trajectory
prediction errors were calculated for the three SWOT-derived products, and the combined results across all trajectories are
shown in Figure 6. The results indicate that, for short lead times (approximately 0—4 days), 4DvarQG provides the largest
improvement relative to DUACS, reflecting its enhanced reconstruction of short-time-scale velocity variability. MIOST
exhibits relatively smaller improvements, whereas 4DvarNET does not demonstrate systematic gains at any lead time. As lead
time increases, all three SWOT-derived products gradually underperform DUACS, consistent with the increasing influence of

large- and mesoscale reconstruction errors on long-term trajectory predictability.
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Although 4DvarNET is specifically designed to better capture nonlinear and ageostrophic variability, Lagrangian diagnostics
based on drifter observations at the resolved spatial and temporal scales are primarily sensitive to the balanced, quasi-
geostrophic component of the flow. Consequently, potential improvements in high-frequency or nonlinear velocity
components may contribute only marginally to trajectory prediction skill, or may manifest as phase inconsistencies that
accumulate during trajectory integration. The cumulative impact of velocity errors across spatial and temporal scales ultimately
constrains the Lagrangian predictability of 4DvarNET over the full range of lead times considered. Overall, the Lagrangian
diagnostics indicate that 4DvarQG provides the most consistent improvements in short-term trajectory prediction, followed by
MIOST. In contrast, 4DvarNET does not exhibit a clear enhancement relative to DUACS across the range of lead times
considered, reflecting both the scale-dependent information content of drifter observations and the limited ability of the

available validation data to fully resolve the nonlinear dynamics represented by 4DvarNET.
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Figure 6: Gain/loss ratio of trajectory prediction errors for MIOST, 4DvarQG, and 4DvarNET relative to DUACS as a function of lead time.
Negative values (below the zero line) indicate smaller prediction errors and improved performance compared to DUACS.

4 Representation of Submesoscale-to-Mesoscale Dynamic Structures

While the Eulerian and Lagrangian evaluations in Section 3 provide quantitative assessments of reconstruction accuracy, they
offer limited insight into the dynamical consistency of resolved multi-scale motions, partly due to the intrinsic limitations of
drifter observations. To address this, we further examine the dynamical realism of the products using case studies based on
SWOT L3 along-track observations, focusing on diagnostics that capture submesoscale-to-mesoscale variability, specifically
the Rossby number (R,) and the FSLE. These metrics allow us to evaluate the ability of each product to represent dynamically

active fine-scale processes across different regimes.
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The Rossby number R,,, defined here as the normalized relative vorticity
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where f is the local Coriolis parameter, provides a measure of the relative importance of local vorticity compared to planetary
rotation. Larger values of |R,| indicate stronger submesoscale activity and departures from quasi-geostrophic balance (Thomas
et al., 2008; Yang et al., 2017; Jing et al., 2021).

To assess the representation of fine-scale dynamics by the three products, we first examine the PDFs and spatial distributions
of |Ry| (Figure 7). The PDFs of |R,| for all products are approximately Gaussian, with most values concentrated at low
amplitudes and only a small fraction approaching unity, consistent with a predominantly quasi-geostrophic flow. Among the
three products, 4DvarNET exhibits the broadest distribution and the highest mean |R,|, indicating increased sensitivity to

regions of elevated relative vorticity and intensified fine-scale activity.
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Figure 7: (a) PDFs of the absolute Rossby number |R,| for the three L4 products. Mean |R,| values are annotated. (b—d) Spatial distributions
of the |R,| gain/loss ratio between pairs of products. Warm colors indicate regions where the first-listed product exhibits larger |R,| relative
to the reference product, while cold colors indicate regions where it exhibits smaller |R,|. Insets report region-averaged gain/loss ratios (R)
over the three predefined dynamical regimes.

Spatial maps of |R,| gain/loss ratios (Figure 7b—d) reveal pronounced regional differences in fine-scale representation. Relative
to MIOST and 4DvarQG, 4DvarNET shows substantial |R,| enhancement in Region I (=<40%) and, more prominently, in the
weakly nonlinear open-ocean Region I1I (>60%). In the energetically dominant Gulf Stream Region I, characterized by strong
mesoscale and submesoscale dynamics, the relative |R,| improvement provided by 4DvarNET remains moderate (>10%). This
scale- and region-dependent pattern indicates that the observed |R,| amplification in 4DvarNET primarily occurs in regions
where the background flow is weaker and dynamical constraints are less stringent, rather than in the core energetic regime

where submesoscale activity is most dynamically robust. Therefore, although 4DvarNET systematically produces higher |R,|
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values across all regions, this does not necessarily imply a more physically consistent reconstruction of fine-scale dynamics.
In particular, the large |R,| increases observed in Region III may partly reflect the amplification of weak gradients or
observational noise into high-vorticity signals, rather than the faithful representation of dynamically driven submesoscale
motions. This behavior likely reflects both the characteristics of the training dataset and the absence of explicit physical
constraints in the neural-network formulation. Notably, the NATL60 configuration used for training does not include explicit

tidal forcing and only partially represents fast-moving inertia-gravity waves, so unresolved wave-like SSH variance may be

misattributed to vortical structures. This is consistent with the largest |R,| enhancements occurring in wave-influenced regions

outside the energetic Gulf Stream. As such, |[R,|-based enhancements in dynamically quiescent regimes should be interpreted

with caution, particularly in wave-dominated environments.

As a continuation of the previous large-scale assessment, we examine a set of representative eddy case studies to evaluate the
ability of the three L4 products to capture fine-scale dynamical structures. Figure 8 illustrates the geographic locations and
characteristic sizes of the selected cases, spanning dynamical regimes from an energetic ~100 km mesoscale eddy near the
Gulf Stream core to ~10 km submesoscale vortices in weaker-flow regions. Together, these cases provide a nested framework
for assessing how the products represent eddies across increasing levels of dynamical complexity.

SSHA (m) SSHA (m) SSHA (m)
0.5 7 34N e R , 0.35

0.2 0.1

4°W  48°W  AT°W 46°W  45°W

Figure 8: Geographic location and dynamical context of the three case studies. Background color shows sea surface height anomaly (SSHA)
magnitude from DUACS. Red boxes denote SWOT L3 observation domains analyzed in Cases 1-3. Approximate eddy diameters (~100 km,
~50 km, ~10 km) illustrate characteristic spatial scales. Cases are selected to sample distinct dynamical regimes within the Gulf Stream
system.

To complement Eulerian diagnostics, we employ the FSLE as a local Lagrangian measure, widely used to characterize stirring
and mixing of ocean tracers such as sea surface temperature and chlorophyll (d’Ovidio et al., 2004; Titaud et al., 2011). FSLE
can resolve subgrid-scale deformation and strain structures from coarser velocity fields while maintaining numerical stability
(Lacorata et al., 2001; Gaultier et al., 2013). For the three L4 products at ~1/10° resolution, FSLE provides an effective
approach to investigate submesoscale dynamics that may not be fully captured in the gridded velocity fields. The FSLE is
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defined as follows: for two initially adjacent particles in a velocity field starting at position x and time t, their separation grows
from from &, to 5f over a time 1. The FSLE /'l(x, t, o, 6f) is then inversely proportional to t

A(x,¢,80,67) = *log (5)
where 8, corresponds to the FSLE grid resolution (1/50°) and & is set to 0.5°.

In the largest-scale and most energetic case (Case 1; Figure 9-10), located adjacent to the Gulf Stream core and influenced by
surrounding mesoscale activity, the eddy has an approximate diameter of 100 km and an SSHA amplitude of ~30 cm. Despite
gaps between the Nadir and KaRlIn tracks, the overall vortex geometry can be reliably inferred from the surrounding SSH
contours. This case represents a strongly mesoscale-dominated regime, in which quasi-geostrophic balance governs the
primary flow structure. All three products successfully reconstruct the large-scale vortex geometry in SSHA, indicating
consistent skill at this scale. Differences among products are most evident in amplitude fidelity and structural sharpness.
Cross-sectional analysis (Figure 10) shows that 4DvarQG systematically underestimates SSHA amplitude at the eddy core
relative to SWOT L3, consistent with smoothing imposed by its variational QG constraint. 4DvarNET better preserves local
gradient magnitude, but introduces subtle deviations from the observed quasi-circular morphology. These differences are also
visible in the R, and FSLE fields (Figure 9b—c), where enhanced small-scale variability and irregular boundary structures
appear. Such features may reflect the neural network’s ability to represent nonlinear, high-frequency motions beyond QG-
constrained dynamics; however, this cannot be fully verified using L3 observations alone, and the dynamical realism of these
sharpened structures requires validation with unfiltered SWOT Level-2 data or independent higher-resolution measurements.
MIOST exhibits the smoothest gradients among the three products. The magnitude and spatial distribution of R, are broadly
consistent across products, indicating that under strong mesoscale control, normalized vorticity is relatively insensitive to
methodological differences. Similarly, FSLE fields reveal comparable strain organization, although 4DvarQG captures

deformation structures that are most consistent with the observed frontal features.
SWOTL3 MIOST 4DvarQG 4DvarNET

— 05

| 32 “‘LQ'

o‘j' o8

104

03

0.2

0.1

SSHA (m)

-0.1

al)

-0.2

15



380
Figure 9: Case 1 (SWOT L3 cycle 002, pass 145; 16 August 2023). Spatial comparison of: (a) sea surface height anomaly (SSHA), (b)
Rossby number (R,), (¢) Geostrophic current of SWOT L3 (left column) and FSLE derived from three L4 products (MIOST, 4DvarQG,
4DvarNET). White crosses mark SWOT-identified eddy cores; colored crosses indicate reconstructed cores from each product. Note that
R, color scales differ to account for sharper gradients and higher amplitudes in SWOT L3 relative to L4 reconstructions.
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Figure 10: Cross-sectional comparison of SSHA and its along-track gradient across the eddy core in Case 1 (section indicated in Figure
8al). (a) SSHA profiles and (b) corresponding SSHA gradients from SWOT L3 and L4 products. Differences in amplitude and gradient

sharpness highlight the products’ varying ability to reconstruct eddy intensity and frontal structure.
In the intermediate-scale event (Case 2; Figure 11-12; Table 1), a ~50 km-diameter eddy is embedded within the energetic

390 Gulf Stream core, where background velocities exceed 0.5 m s'. Relative to Case 1, this case represents a transitional

dynamical regime in which mesoscale balance remains dominant, while finer-scale variability becomes increasingly prominent.
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All three products correctly identify the vortex location in the SSHA field. Among them, 4DvarQG yields the smallest eddy-

core position error (Table 1) and most accurately reproduces the observed elliptical geometry aligned with the background jet,

suggesting that quasi-geostrophic constraints remain effective in strong-shear environments. Diagnostics of R, reveal clearer

395 methodological differences than in Case 1. While the overall |R,| magnitudes are comparable across products, the spatial

distribution of vorticity exhibits greater structural variability in 4DvarNET, indicating enhanced sensitivity to smaller-scale
features. Cross-sectional analysis shows that all three products underestimate the SSHA gradient across the eddy core.
Reconstructed slopes cluster near zero, in contrast to the observed gradients of approximately —0.02 m km™, highlighting a
shared limitation in resolving frontal steepness at this scale. In the FSLE fields, 4DvarQG reproduces a coherent elliptical
400 strain structure consistent with the observed southeast frontal orientation. In contrast, 4DvarNET introduces additional small-

scale variability without substantially improving mesoscale strain organization.
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405 Figure 11: Case 2 (SWOT L3 cycle 002, pass 089; 14 August 2023), presented with the same layout and diagnostics as Figure 8.
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Figure 12: Cross-sectional SSHA and gradient profiles across the eddy core in Case 2 (section indicated in Figure 10al), same as Figure 9.

Table 1 Eddy-core position error (°) and R,, at the eddy core for Case 2.

Eddy Core Position Error R, in Eddy Core
MIOST 0.097° 0.317
4DvarQG 0.054° 0314
4DvarNET 0.086° 0.363

The weakest and smallest structures (Case 3; Figure 13—14; Table 2) consist of two ~10 km vortices located several hundred
410 kilometers south of the Gulf Stream core. These eddies generate SSHA gradients of only a few centimeters and are difficult to
discern even in SWOT L3 observations, underscoring the intrinsic challenge of reconstructing low-amplitude submesoscale
signals. Methodological differences become pronounced at this scale. Only 4DvarNET reproduces closed SSHA anomaly
contours comparable to SWOT L3, enabling the identification of coherent eddy cores with position errors of ~0.05°. In contrast,
MIOST and 4DvarQG largely retain background mesoscale gradients and fail to recover fully closed vortex structures. Cross-
415 sectional analysis further highlights this discrepancy. MIOST and 4DvarQG primarily capture large-scale linear trends,
whereas 4DvarNET resolves submesoscale undulations that, although smaller in amplitude, are well aligned in phase and
gradient with SWOT L3 observations. Diagnostics of R, reinforce this distinction. 4DvarNET exhibits substantially larger |R,|
magnitudes and sharper polarity boundaries, consistent with stronger vortical organization. In the FSLE fields, 4DvarNET
contains filamentary strain structures that are an order of magnitude stronger than those in the other products. By contrast,

420 MIOST produces comparatively smooth fields, while 4DvarQG suppresses most fine-scale strain variability.
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Figure 13: Case 3 (SWOT L3 cycle 001, pass 324; 1 August 2023), presented with the same layout and diagnostics as Figure 8.

T T T T T

MIOST ! ! ! ! ! ! MIOST d

0.28 4DvarQG = 0.01
— 4DvarNET SME 1 E
Eo026)—sworLs E
Loaa o 0
[

022+
K ﬁ -0.01

0.2 .

al)
048 " " L L L i L
317 31.8 31.9 32 324 32.2 32.3 32.4 37

e
2

Vp——\ d

a2) i 1 b2) f E SME 2 f‘

0.05 ! L I 1 1 1 1 1 1 1 I L L L 1 L L
31 3 3.2 33 314 35 316 ng 3.8 31.9 31 311 31.2 313 314 315 31.6 31.7 31.8

425 Latitude Latitude

o

SSHAG (m/km)

s
2

Figure 14: Cross-sectional SSHA and gradient profiles across the eddy core in Case 3 (section indicated in Figure 12al), same as Figure 9.

Table 2 Eddy-core position error (°) and R o at the eddy core for Case 3.

Eddy Core Position Error R, at Eddy Core

MIOST \ \ 0.102 -0.109
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4DvarQG \ \ 0.096 -0.081

4DvarNET 0.052° 0.048° 0.193 -0.3388

Overall, the three case studies reveal a clear scale-dependent transition in reconstruction behavior. Under strongly mesoscale-
dominated conditions (Case 1), methodological differences are minimal, and quasi-geostrophic formulations produce
geometrically consistent and dynamically balanced reconstructions, with only modest amplitude attenuation. In intermediate
mesoscale—submesoscale regimes (Case 2), mesoscale constraints remain beneficial, but structural differences among
approaches become increasingly evident, particularly in the representation of vorticity and strain organization. In flows
dominated by weak, fine-scale variability (Case 3), methodological contrasts become pronounced. The nonlinear 4DvarNET
framework exhibits enhanced sensitivity to submesoscale structures, whereas QG-constrained and reduced-space linear
approaches increasingly smooth or filter these signals. However, this enhanced sensitivity can also generate spurious small-
scale flow features that look realistic but are not supported by any validation data. Hence, dynamical inferences from this
product should be avoided. MIOST provides comparatively stable reconstructions across scales, capturing large-scale patterns
while moderately smoothing finer structures. Taken together, these results demonstrate that the relative performance of the
three methods is intrinsically scale dependent and dynamically conditioned, providing a complementary dynamical perspective

to the Eulerian and Lagrangian statistical diagnostics presented earlier.

5 Conclusion and Discussion

This study provides a comprehensive evaluation of three experimental L4 products derived from merged SWOT observations,
based on Eulerian mapping accuracy, Lagrangian trajectory prediction skill, and dynamical diagnostics derived from Rossby
number (R,) and FSLE statistics. Their performance is further examined through three representative case studies spanning
distinct dynamical regimes.

Statistical evaluations indicate that 4DvarQG achieves the highest velocity reconstruction accuracy in the Gulf Stream region,
reducing RMSE by approximately 4-5% relative to the other products. It also improves short-term (0—4 d) Lagrangian
trajectory prediction skill compared with 4DvarNET and MIOST. These results, validated against extensive drifter
observations, suggest that physically constrained quasi-geostrophic formulations effectively enhance mesoscale-balanced
reconstruction at the nominal 1/10° resolution. Complementary strengths emerge in dynamical diagnostics. 4DvarNET exhibits
systematically sharper SSHA gradients, larger |R,| magnitudes, and more intricate strain structures in the FSLE fields. These
characteristics may indicate enhanced sensitivity to fine-scale variability, but they could equally reflect noise amplification or
artifacts related to the training data or the assumed noise level; with the available SWOT L3 data alone, their physical realism
cannot be determined. This manifests as a structural advantage in resolving weak submesoscale eddies, particularly in flow
regimes where mesoscale constraints are relaxed. Conversely, 4DvarQG provides more geometrically consistent

reconstructions of energetic mesoscale eddies, reflecting the stabilizing influence of quasi-geostrophic balance. MIOST
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maintains comparatively smooth and stable performance across all evaluations, providing reliable but moderate reconstructions
without strongly favoring either extreme of the spatial scale spectrum.

The present results extend the findings of Ballarotta et al. (2025), who reported that SWOT observations systematically reduce
SSH mapping errors and enhance effective resolution. By adding Lagrangian and dynamical diagnostics, this study
demonstrates that improved Eulerian SSH reconstruction does not uniformly translate into superior Lagrangian skill or fine-
scale representation—the benefits are regime-dependent and metric-specific. This finding aligns with Le Guillou et al. (2023),
who showed that regional QG-based mapping improves mesoscale reconstruction in the Mediterranean Sea, and extends this
conclusion to the Gulf Stream system and to the Lagrangian dimension.

From a methodological perspective, the observed performance differences can be understood in terms of the underlying
assumptions and design choices of each approach. MIOST offers two principal advantages. First, its multiscale linear inversion
framework explicitly represents multiple dynamical components within an extended state space, with each component
represented in a reduced wavelet subspace with distinct covariance structures. This scale-dependent decomposition ensures
robustness across diverse flow regimes, as it does not rely on regime-specific dynamical assumptions. However, the statistical
separation among components does not explicitly account for dynamical interactions across scales, and cross-component
coupling remains only implicitly represented through linear superposition. As a result, in strongly energetic environments such
as the Gulf Stream, MIOST does not fully exploit quasi-geostrophic relationships, leading to systematically higher RMSE
relative to 4DvarQG. Second, its reduced-basis representation facilitates computational efficiency and accommodates large
spatio-temporal assimilation windows, making it well suited for operational and global applications. 4DvarQG significantly
enhances mesoscale reconstruction within the quasi-geostrophic approximation. The strength of this approach in Region II is
consistent with quasi-geostrophic dynamics, which provides an accurate description of mesoscale flows where the Rossby
number is small and motions are predominantly balanced (Vallis, 2017). By imposing quasi-geostrophic dynamics as a weak
constraint within a reduced-order state space, 4DvarQG strongly suppresses ageostrophic variability and maintains dynamical
consistency, resulting in lower RMSE, improved short-term Lagrangian prediction skill, and more coherent mesoscale eddy
geometries in energetic regimes. However, this inherent smoothing and the reliance on QG assumptions constrain its ability to
resolve submesoscale motions, consistent with our observation that 4DvarQG suppresses fine-scale vorticity and strain
variability in the weakly nonlinear open-ocean regime (Region III). Furthermore, the QG formulation limits applicability in
low-latitude regions where geostrophic balance becomes less valid. In contrast, 4DvarNET leverages data-driven nonlinear
representations learned from high-resolution NATL60 simulations to exploit the dense spatial sampling of SWOT wide-swath
observations. As an end-to-end learned method, it optimizes the mapping operator directly against model outputs, which tends
to preserve sharp gradients and fine-scale variance. This explains its systematically higher |R,| magnitudes, sharper SSHA
gradients, and more intricate FSLE structures observed across regimes, as well as its enhanced sensitivity to weak
submesoscale eddies in Case 3. However, because 4DvarNET does not incorporate explicit dynamical constraints, some of the
intensified small-scale signals may reflect the amplification of observational noise or representativeness errors into high-
vorticity features, rather than the faithful representation of dynamically driven submesoscale motions. This is particularly
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relevant in Region III, where the ~60% |Ro| enhancement relative to MIOST and 4DvarQG occurs in a dynamically quiescent
environment that would not typically sustain intense submesoscale activity. As additional wide-swath missions are deployed
and training datasets expand, the performance of 4DvarNET may further improve. Nevertheless, the physical realism of its
amplified small-scale structures requires validation against unfiltered SWOT Level-2 data or independent high-resolution in
situ observations. Overall, these results suggest that the relative merits of the three approaches are intrinsically tied to the
dynamical regime: QG-constrained methods excel in energetic mesoscale environments where the underlying assumptions
hold, whereas data-driven methods offer greater sensitivity to fine-scale variability, at the potential cost of reduced dynamical
consistency in regions where background gradients are weak. This trade-off between large-scale accuracy and fine-scale
representation echoes broader discussions in the satellite altimetry community regarding the optimal balance between
dynamical constraints and data-driven flexibility in next-generation mapping systems (Le Traon et al., 2025).

For users whose primary interest lies in obtaining reliable, well-characterized sea surface height or surface current fields—
such as researchers in marine biology or marine geology who are not specialists in physical oceanography—MIOST is the
most suitable choice. As the only global-coverage product among the three, it offers a distinct practical advantage, and its
stable performance across dynamical regimes means that it introduces no extreme biases in any particular environment. For
physical oceanographers investigating specific dynamical processes, the choice of product can be tailored to the regime and
scale of interest. Studies focused on mesoscale ocean circulation, eddy tracking, or Lagrangian trajectory prediction in
midlatitude energetic regions will benefit most from 4DvarQG, whose quasi-geostrophic constraints yield the highest Eulerian
accuracy and the most skilful short-term Lagrangian forecasts. Conversely, investigations targeting fine-scale frontal structures,
filaments, or submesoscale eddy detection may find 4DvarNET more informative, as it more closely reproduced the observed
SSH gradient sharpness in Case 3. However, the physical realism of the enhanced strain organization produced by 4DvarNET
cannot be assessed with the available validation data and should be interpreted with caution. In all cases, cross-comparing
multiple products is encouraged to assess the sensitivity of the conclusions to the choice of mapping methodology.

Looking forward, the development of next-generation L4 SSH products may follow two complementary pathways. One
emphasizes global applicability and operational robustness, for which multiscale linear frameworks such as MIOST provide
reliable, user-oriented products, as demonstrated by DUACS in November 2025. The other emphasizes targeted reconstruction
of specific dynamical processes, for which hybrid methodologies integrating neural networks with physically based constraints
may hold longer-term methodological potential, rather than a demonstrated advantage based on the present results. By
combining data-driven sensitivity to fine-scale variability with explicit dynamical regularization, such approaches could enable
physically consistent, high-resolution reconstruction of specialized processes, including internal waves and submesoscale
dynamics. Overall, this study demonstrates that the relative strengths of current SWOT-assimilating L4 approaches are
intrinsically scale dependent and dynamically conditioned. A balanced integration of physical constraints and data-driven

adaptability therefore represents a critical direction for future ocean surface topography mapping systems.
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