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Abstract.

In this study, we investigate the use of a lognormal prior probability distribution in atmospheric inverse modelling. We
present the formal implementation in a variational inversion framework and analyze how the choice of statistical optimization
parameter (mean, median, or mode) affects the inversion outcome. Using a case study of inverse modelling of sulfur hexaflu-
oride (SFg) in Europe, we evaluate the performance of the lognormal implementation through both synthetic and real data
experiments, and compare the results to inversions using a normal prior probability distribution. We estimate the posterior
uncertainties using a Monte Carlo approach and examine their distribution.

We find that optimizing for the mean or the mode can produce improved emission estimates under the condition of a strong
observational constraint, however, this can lead to unstable and strongly biased inversion results under a weak constraint. In
contrast, optimizing for the median consistently improves emission estimates and leads to physically plausible results across
all tested cases, providing the most reliable option.

We show that inversions using a lognormal prior distribution produce a similar posterior emission pattern as when using a
normal prior distribution, however, avoid non-physical negative emission values and occasionally allow for stronger positive
emission adjustments. Posterior uncertainties can be estimated using interpercentile ranges from an ensemble of inversions with
prior emission errors following a lognormal distribution. Due to the strong asymmetry of posterior distributions with respect
to the sign of the inversion increments, error reduction is better assessed in log space, where it provides a clearer measure of

the constraints imposed by the observations.

1 Introduction

Atmospheric inversion is a method to estimate the flux of some atmospheric component, such as a trace gas or an aerosol, based
on its measurement in the atmosphere. The methodology combines a prior estimate of the fluxes and a model of atmospheric
transport (and depending on the component, also a model of its chemistry or deposition) to relate the fluxes to atmospheric
concentrations (or mole fractions). An updated estimate of the fluxes can be found by comparing the modelled and observed

concentrations (or mole fractions) and relating this to a correction to be made to the fluxes by effectively inverting the model
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relationship, hence the name “atmospheric inversion”. Atmospheric inversions have been applied to determining the fluxes of
various greenhouse gases since the late 1980s (e.g. Rayner et al., 1999; Tans et al., 1989; Prinn et al., 1990) and more recently
for aerosols species (e.g. Evangeliou et al., 2018). The method has become increasingly employed to better quantify fluxes of
greenhouse gases to improve understanding of their variation, especially due to climate (e.g. Thompson et al., 2014; Rodenbeck
et al., 2018; Peng et al., 2022), as well as to support the quantification of anthropogenic emissions (e.g. Henne et al., 2016;
Manning et al., 2011, 2022).

The inversion method was first adopted in seismology and described in detail by Tarantola (2005). It is based in statistical
optimization and most commonly is derived from Bayes’ Theorem. According to Bayes’ Theorem, the posterior probability

for some variable, x, given some observations, y, is equivalent to the conditional probability, P(x | y), which is equal to

P(x)P(y|x)
P(y)

where P(x) is the probability for the prior estimate of x, P(y | x) is the conditional probability (i.e., the probability of

P(x|y)= &)

observing y given x), and P(y) is the marginal probability of the observation (Rodgers, 2000, e.g.). Since P(y) is constant,
P(x | y) is proportional only to P(x) and P(y | x).

Atmospheric inversion aims to find the most probable solution for x, that is, the fluxes, based on atmospheric observations, y.
The fluxes discretized in 2D space can be described by a vector, x, often referred to as the state vector, and the observations can
be described by a vector, y, the observation vector. The atmospheric model that relates the state variables to the observations
can be described by an operator, #, that maps from the state to the observation space.

The application of Bayes’ theorem for inverse modelling requires the formulation of probability density functions (PDFs) to
describe variables being analysed. Since the error distribution of these variables is usually unknown they are typically assumed
to follow a normal (Gaussian) distribution, as this simplifies the mathematical implementation. Gaussian distributions have
a big advantage that the combination (i.e. product) of two normalized Gaussian PDFs results in another Gaussian distribu-
tion, allowing for an easy formalism of Eq. 1 yielding a Gaussian posterior probability distribution P(x |y). This posterior
probability distribution can be characterized by its mean and standard deviation, which both can be determined analytically.

However, a lognormal distribution is common in nature and thus in real data (Limpert et al., 2001). The prior emission
estimates for many atmospheric species have a lognormal distribution, strongly suggesting that the errors follow a lognormal
distribution as well. A variable x is lognormally distributed when In(x) is normally distributed. Unlike the normal distribution
for which the mean, median, and mode are the same value, in the lognormal distribution Xmede < Xmedian < Xmean and thus we
need to choose which parameter we use to derive the cost function. Furthermore, the long tail of the lognormal distribution
accounts for the possibility of large errors, for which the probability is vanishingly small under a normal distribution. Another
appeal of the lognormal distribution for the prior, is that it is only defined for positive values of x, thus it ensures a positive
posterior solution, which is not the case with a normal distribution. This is particularly useful when negative fluxes are non-
physical, or in the case that one wishes to preserve the sign of the prior state variables, which is possible when In(x) represents

scalars of the prior state variables.
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In atmospheric inversions, there are a few examples where a lognormal distribution has been used to describe probability
distribution of the prior and, in some cases also the observations (e.g., Brioude et al., 2011; Ganesan et al., 2014; Zammit-
Mangion et al., 2016; Chen et al., 2023). However, to our knowledge, there has not yet been a thorough examination of the
performance of atmospheric inversions using a lognormal prior uncertainty distribution, specifically regarding the choice of
statistical parameter and the PDF of the posterior uncertainty. In this study, we present the derivation of the cost functions for
lognormal prior probability and the gradients of the cost functions as needed in a variational inversion framework. We further
discuss the performance of the lognormal-based inversion through both synthetic and real data experiments using a case study
of European SF¢ inversions. Finally, we compare the results to inversions using a normal prior distribution, and discuss the

estimation of posterior uncertainties using a Monte Carlo approach.

2 Methodology
2.1 Derivation of the cost function

In this study, we consider a lognormal distribution for the prior probability. For a state vector x of dimension NV, the PDF fx

of a multivariate lognormal distribution is

N

1500 = e (Hj) exp ()~ ) T= 7 (10 ) ). @

i=
defined for strictly positive values of all components of x, where p and 3 represent the mean and the covariance of the

normally distributed variable, In(x). The median, mean, and mode of the lognormal distribution can be expressed in terms of

1 and X as:

Xmedian = €XP(HL), 3)
Xmean = €XP( + %diag(E)), 4
Xmode = exp(p — diag(X)). )

The errors e for the lognormal distribution are geometric, meaning that they are defined as multiplicative factors relative to

the prior estimate x;, rather than additive constants (Cohn, 1997; Fletcher and Zupanski, 2006).

X=xXpe — Ine=Inx-Inx. (6)
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The transformed PDF (Eq. 2) in terms of the error € reads:

N
e = Gy <H 1) o (= nle) "5 i), N

where the mean of Ine€ is zero, corresponding to an unbiased distribution required for the optimization.

The conditional probability, P(y |x), provides the connection between the state, x, and the observation, y. Following
Lorenc (1986), P(y | x) can be expressed in terms of the observation-error probability density function P,(y — ymoed) When
the assumed error distribution is defined over the entire real line, such as in the Gaussian case. Here, yy04 (representing the

modeled observations) depends on x according to:
Ymod = H(X)7 3

where H is an operator, such as an atmospheric model, that maps from the state to the observation space.

The observation-error probability density function P,(y — Ymoq) is assumed to be Gaussian

Py = yoot) o exp (— 3y — O TRy~ Hx) ). ©

where R is the error covariance matrix in the observation space, which includes the observation error as well as errors associ-
ated with the operator H.
The maximum a posterior (MAP) solution for € is equivalent to minimizing the function —In(P(e | y)), which can be found

by inserting the definitions of P(g) and P,(y — ¥moa) into Eq. 1 and taking the logarithm

~In(P(e | y)) x ~In (H 1) +5In(@) S n(e) + 5 (H(x) —y) TR (M)~ y). (10)

i=1 Ci
From Eq. 10, we derive the cost function for the MAP solution, which is equivalent to finding the mode solution of the
posterior PDF. This can be written as

Tooa(x) = (In(3x/%)) "1+ 5 (In(x) ~ In(x0)) 27 (n(x) ~ In(2)) + 5 (M) —y) TR (H(x) — ), (an

where 1 is a vector of ones with the same length as x, and using the fact that In(¢) = In(x) — In(x;).

Unlike the normal PDF, the mode, median, and mean of the lognormal distribution differ and thus there are different cost
functions for each parameter.

Fletcher and Zupanski (2006) provide modified cost functions for the mean and median of the univariate lognormal distri-

bution. Adapting these expressions to the prior in the present multidimensional case, we obtain for the median:

Tnea3) = 5 (in(x) ~In(x,)) TS (In(x) ~ In(x0)) + 5 (H00) —3) TR (H(x) ~ ), (12)
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while the cost function! for the mean is:

Toean(3) = — 3 (nx/x)) T 14 3 (1n(x) ~ ()" 7 (inx) () + 3 (M) ~y) R (MG —y). (13)

The question of which parameter, and thus which cost function, to choose for the optimization has been discussed by Fletcher
and Zupanski (2006) in the context of data assimilation. The decision is based on considering the values for the median, mean,
and mode of the lognormal distribution (Eqs. 3,4 and 5). The mean increases without bound as the variance grows, making
it less suitable for data assimilation. In contrast, the median remains independent of the variance, while the mode is the
only parameter that is bounded with respect to the variance and explicitly depends on the covariance structure (Fletcher and
Zupanski, 2006). However, subsequent studies (e.g. Fletcher et al., 2019) showed that there are regions where each one of these
three parameters are optimal at minimizing the errors. Specifically, if the background term x; is close to the true state then the

median emerges as the best estimator.
2.2 Implementation in a variational inversion framework

First, we describe the implementation for the mode solution. For simplicity, we use the substitution z = In(x/x}) to give:

T

Jmoa(z) =271 + %ZTE_lz + %(H(xbexp(z)) — y) R! (’H(xb exp(z)) — y). (14)

It is important to note that the posterior state variables, x, will always be of the same sign as the prior, x;, because z < 0
is undefined. This is a very useful property because it means that variables that can physically only have positive values will
remain positive a posteriori. On the other hand, if some of the variables in x; are negative, these will remain negative a
posteriori.

When the transport function H(x) is linear, as is commonly the case for Lagrangian models, it can be expressed as a matrix

operator H. In that case the gradient of the cost function reads:

' 4(2) =1+ 27z 4+ diag(xpexp(z)) HTR ™! (H(xpexp(z)) —y). (15)

mod

T . . . .

Here we used that H* := (%—Z’c‘) reduces to H” for a linear operator, with 7' denoting the matrix transpose. In the general
nonlinear case, the formal expression of the gradient is the same, but we keep H* to denote the adjoint of H instead of writing
it as a matrix transpose.

1/2

Analogous to the pre-conditioning done for a normal PDF, the variable z can be substituted for x, where x =X~/ “z, to

improve the convergence rate. Substituting x into Eq. 14 gives:

These expressions for the cost functions correspond to the univariate lognormal case, consistent with our prior distribution. Our posterior distribution,
however, is a Gaussian—lognormal posterior (GLP), resulting from combining a Gaussian likelihood with a lognormal prior. Although the posterior does not

generally have a closed-form expression, these cost functions provide the approximations for the respective posterior parameters.
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1 1
Tmoa(x) = (B2x) 1+ oxTx + 5 (Hxp exp(B'2x)) — y) R (H(xpexp(ZV2x)) — y)

and the gradient of Eq. 16 is:

L) =221+ x + 21/2diag(xb exp(Elmx))HTR’1 (H(x, exp(BY/2x)) — y).

The z for which Eq. 14 is at a minimum is found by solving J/ _,(x) = 0.

For the median solution, we derive the expression for the gradient of the cost function in Eq. 12, which is:

! 4(z) = 7'z + diag(x, exp(z) HTR™? (H(xpexp(z)) —y).

By applying the pre-conditioning and substituting x into Eq.12, we get the cost function for x:

T

Tmea(x) = 2xTX + 1(H(Xb exp(B'2x)) —y) R (H(xyexp(S'?x)) —y)

2 2

and the gradient of Eq. 19 is:

rea(X) = x + 2 2diag (xp exp(Z2x) ) HTR ™! (H(xp exp(E%x)) — y).

For the mean optimization, we derive the expression for the gradient of the cost function in Eq. 13, which is

T ean(Z) = —%1 +3 7z 4+ diag(xy exp(z))HTR*1 (H(xb exp(z)) — y).

By again applying the pre-conditioning and substituting x into Eq.13, we get the cost function for x

T

1 1 1 -
Tnean (00) = =5 (B2 14+ ox"x + 5 (Hxpexp(8%x)) —y) R™ (H(x, exp(Y°x)) ~y)

and the gradient of Eq. 22 is

1 . _
Trean(X) = *521/21 +x + = ?diag (xy exp(S'/?x) )H'R ™! (H(xp exp(Z/2x)) - y).

(16)

a7)

(18)

19)

(20)

ey

(22)

(23)

Equations 16 and 17 for the mode, Eqgs. 19 and 20 for the median, and Eqs. 22 and 23 for the mean solution, are the key

expressions needed for the implementation in the variational inversion framework, where a solution is obtained by iteratively

adjusting the state vector in the direction of steepest descent, i.e. opposite to the gradient of the cost function.
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2.3 Uncertainty in the state space

In inverse modelling, prior emission uncertainties o, are often estimated as fraction o of the corresponding prior emission

values x; in each grid cell:

o =0 -Xp. (24)

For the lognormal implementation in the state space, the error covariance matrix, 32, needs to describe the uncertainty s of

the log-transformed variable z, which can be expressed in terms of o as:

s=In(l1+o0). (25)

Then, the error covariance matrix of z is:

2

57 C125152 ... CINS1SN
2
C2152851 S5 ... CaNS2SN
z=| . S (26)
2
CN1SNS1 CN2SNS2 ... SN

where c;; represents the correlation between the i-th and j-th element.

3 Evaluation
3.1 Lognormally distributed emission values

To test the performance of the implementation of the lognormal distribution we perform inversions for SFg focusing on Europe
and the year 2020. SFg fluxes are exclusively positive, as land sinks are negligibly small. Figure 1 represents the a priori SFg
flux distribution in Europe provided by the well-established bottom-up inventories EDGAR (version 8; EDGAR, 2023; Crippa
et al., 2023) and GAINS (Purohit and Hoglund-Isaksson, 2017), regridded to a spatial resolution of 0.25°. Both inventories
exhibit a positively skewed distribution characterized by a large number of small emission values and a long tail extending
toward higher values (Fig. 1a/c). This shape is well-approximated by a lognormal distribution. The lognormal shape arises
because emission inventories often distribute national totals using proxy data, such as population density, which itself tends to
follow a lognormal distribution. Additionally, the assignment of major emissions to specific point sources contributes to the
long tail of the distribution. Fig. 1b/d shows the distribution of the logarithm of the emission values, which is well described by
a normal PDF for both inventories, making the lognormal nature of the emission distribution apparent. SFg, therefore, provides
a good test case for the lognormal prior distribution implementation, given that the fluxes are only positive and the priors are

lognormally distributed.
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Figure 1. Distribution of the European SF¢ emission. The upper two panels represent the GAINS inventory showing (a) the distribution of
the GAINS emission values and (b) the distribution of the logarithm of the GAINS emission values. The lower two panels represent the
EDGAR inventory showing (c) the distribution of the EDGAR emission values and (b) the distribution of the logarithm of the EDGAR

emission values.

3.2 Inversion Setup

We use the same inversion setup as described in Vojta et al. (2024, 2025), where the methodology is fully described, and

provide only a brief overview here.
3.2.1 Observations

In this study, we utilize atmospheric observations of SFg dry-air mole fractions from nine European high-frequency surface
stations: BSD (Bilsdale), BRM (Beromiinster), HFD (Heathfield), JFJ (Jungfraujoch), MHD (Mace Head), RGL (Ridge Hill),
TAC (Tacolneston Tall Tower), ZEP (Zeppelin), and ZSF (Zugspitze-Schneefernerhaus). Figure 2 provides an overview of
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Figure 2. Location of the SFs measurement stations and simulated emission sensitivities averaged over 2020.

their locations?, alongside the modelled emissions sensitivities inside the inversion domain (see Sect 3.2.2). Measurements
were averaged over three-hour intervals, and all observations were standardized to the SIO-2005 calibration scale. The used

observations are a subset of the dataset created in Vojta et al. (2024), where further details are provided.
3.2.2 Atmospheric transport

To represent the atmospheric transport of SFg we utilize the same emission sensitivities that have been calculated in Vojta
et al. (2025), where a detailed description can be found. The emission sensitivities characterize how changes in the SFg mole
fractions are influenced by variations in emissions and are modelled with the Lagrangian particle dispersion model (LPDM)
FLEXPART 10.4 (Pisso et al., 2019). For each observation, 50,000 virtual particles are released continuously over a 3-hour
period from the measurement site and their trajectories are traced backwards in time for 50 days. The sensitivity of the observa-
tion to emissions in a particular grid cell is determined by the average time the particles spend within that cell. Loss processes
are neglected, given that SFg is almost inert up to the middle stratosphere. Figure 2 displays the emission sensitivities as an
average over the year 2020, along with the measurement locations (see Sect. 3.2.1). The highest sensitivities occur near the

measurement stations, which are mainly concentrated in Northwestern Europe, particularly in the UK.
3.2.3 Baseline

Baseline mole fractions, representing the contributions to the observations from emissions occurring prior to the FLEXPART

simulation period, are calculated using the Global-Distribution-Based (GDB) method (Vojta et al., 2022). In this approach,

2ZEP is not shown in Figure 2 given that its location is outside the nested model domain
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FLEXPART back-trajectories are used to determine each observation’s sensitivity to the mole fractions at the end of the 50-day
simulation period. These sensitivities are calculated by dividing the number of trajectories ending in each grid cell by the total
number of trajectories, assuming no loss processes. The resulting sensitivities are then multiplied with globally gridded 3D
SFg mole fraction fields at the end points of the trajectory and integrated across the globe. This so-called "diffusive backward
Lagrangian reconstruction” provides a local approximation to the advection-diffusion equation (Legras et al., 2003, 2005). The
mole fraction fields used are from Vojta et al. (2024). Finally, emissions occurring during the 50-day FLEXPART simulation

but outside the European domain are added to the baseline.
3.2.4 Synthetic emission and observation data

To evaluate the performance of the lognormal distribution implementation, we conduct a synthetic experiment for European SFg
emissions in the year 2020. We use the European GAINS SFg inventory, regridded to a resolution of 0.25°, as a proxy for the
“true” emissions. These true emissions are then perturbed with lognormal distributed errors based on the error characteristics

of the lognormal-transformed error covariance matrix 3 (see Sect. 2.3) with:

1/2 4
Xperturbed = Xprior = Xtrue eXP(E / T)v (27)

where 7 is a vector of random numbers with a mean of 0 and a standard deviation of 1. These perturbed emissions are then
used as the a priori estimate in the subsequent inversions to assess the performance of the model.

Using the FLEXPART sensitivities, we simulate observations at the measurement stations (see Sect 3.2.1) based on the true
emissions. These simulated "true" observations are subsequently perturbed using random errors, which are generated according

to the uncertainty characteristics of the observation error covariance matrix R.:

Yperturbed = Ytrue + Rl/QTA- (28)

Figure Ala displays the histogram of the emission perturbation factor, exp(El/ 27), based on an a priori error covariance
matrix X, with an lognormal transformed uncertainty of 0.59 and a spatial correlation lengths of 250 km. Figure A1b presents
the histogram of the observation perturbation, R!/2#, corresponding to a measurement error of 0.08 ppt. Figure 3a shows the
corresponding perturbed emissions, while the spatial distribution of the perturbations (i.e. perturbed emissions - true emissions)
is displayed in Fig. 3b. Large positive perturbations are observed in northern Germany, northern Greece, and southern Serbia,
while moderately positive values appear in Spain, France, the UK, Ukraine, Sweden, and Poland. Strong negative perturbations
are found in southern Germany, Israel, Moscow, and St. Petersburg, with less pronounced negative values in western Austria,

Hungary, northern Serbia, and London.

10
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Figure 3. (a) perturbed prior emissions and (b) the spatial distribution of the perturbations (perturbed - true emissions)

3.2.5 Inversion algorithm

We use the Bayesian inversion framework FLEXINVERT+ to find an optimized emission estimate based on the (perturbed)
prior emissions and (synthetic) observations (see Sect. 3.2.4/3.2.1), the emission sensitivities (see Sect. 3.2.2) and baseline mole
fractions (see Sect. 3.2.3). To minimize the derived cost functions (see Sect. 2.1), we utilize the M1QN?3 algorithm (Gilbert and
Lemaréchal, 2006), a quasi-Newton method that approximates the inverse Hessian using limited-memory techniques, making
it suitable for large-scale minimization problems. For the synthetic data experiment, we limit the algorithm to 40 iterations, as
the cost function decreases only slightly beyond this point. For the real-data experiment, we increase the number of iterations
to 100 to ensure full convergence. This allows us to rule out the possibility that differences between the posterior emissions
obtained using lognormal and normal prior distributions are simply due to incomplete convergence of the cost function. For all
performed inversions, we use an emission grid with varying cell sizes (0.25° x 0.25° - 1.0° x 1.0°), determined by aggregating
cells with low emission contributions based on emission sensitivities (see Thompson and Stohl, 2014; Vojta et al., 2025).
Spatial correlations between emission errors are calculated using an exponential decay function with a correlation length of
250 km, while observation errors are assumed to be uncorrelated. In the inversion, we also optimize baseline mole fractions,
where spatially aggregated contributions are optimized in 4 latitude bands, with northern edges at [-30°, 0°, 30°, 90°], using a

temporal interval of 28 days, and an uncertainty of 10%.
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3.3 Synthetic data experiment setup

To evaluate the performance of the implementation of the lognormal distribution, we perform multiple inversions testing various
prior uncertainties of the prior state variables (0.18, 0,34, 0.47, 0.59, 0.69) and observation uncertainties (0.02, 0.04, 0.06, 0.08,
0.1 ppt). Note that prior uncertainty values refer to the log-transformed variable z and correspond to the relative errors of 0.2,
0.4, 0.6, 0.8, 1.0 in respect to x;, (see Sect 2.3).

The posterior emissions are evaluated using the Gain metric, GG, defined as:

||Xtrue — X ost”
p

G=1- (29)

||Xtrue - Xprior” .

G quantifies the improvement achieved through the inversion by comparing the difference between the true and posterior
emissions, normalized by the difference between the true and prior emissions. It can range from negative values to 1, with
positive values indicating improved performance in approximating the true state relative to the prior estimate, and the higher

the value the better the performance.
3.4 Real-data experiment

We perform real-data SFg inversions for the year 2020 using the atmospheric observations described in Sect. 3.2.1 and the
GAINS inventory as the prior emission estimate. Inversions are conducted with both normal and lognormal prior distributions,
and the resulting a posterior emissions are compared. For the lognormal case, the prior uncertainty, defined with respect to the
log-transformed variable z (see Sect. 2.3), is set to 0.41. This corresponds to a relative uncertainty of 50% which is used in the

normally distributed case. For both cases the observation error is set to 0.09 ppt.
3.5 A posteriori uncertainty

When using a lognormal prior distribution, the posterior error covariance matrix cannot be derived analytically. To estimate the
posterior uncertainties nonetheless, a Monte Carlo approach can be applied, in which the prior emissions are randomly per-
turbed, and the spread of the resulting posterior emission ensemble is used to derive uncertainty estimates (see e.g., Tarantola,
2005). To test this approach, we construct a 50-member ensemble, where each member is generated by perturbing the prior
emissions using lognormally distributed errors, as described by Eq. 27.

We investigate the ensemble error distribution before and after the inversion and assess the departure of the PDF from
normality, based on skewness, kurtosis, and the p-value from a normality test, calculated using functions from scipy.stats
(skew, kurtosis, normaltest, described in Virtanen et al., 2020). The skewness indicates the asymmetry of a distribution: values
near 0 suggest symmetry, positive values indicate a right-skew, and negative values a left-skew. The kurtosis measures tail
heaviness: 0 corresponds to a normal distribution, while positive values indicate heavier tails and negative values lighter tails.

The normality test (D’ Agostino and Pearson, 1973) provides a p-value, with values below 0.05 typically indicating significant
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Opost

. 9
Oprior

deviation from normality. The relative error reduction is calculated as 1 — with 0prior and ope,; Tepresenting the standard

deviations of the prior and posterior ensembles, respectively.

4 Results and discussion
4.1 Synthetic data experiment setup

In the synthetic data experiment we assess how optimizing for the mean, median, or mode affects the quality and stability of

the inversion outcome.
4.1.1 Mode

First, we evaluate the implementation of the lognormal prior distribution when optimizing for the mode. Figure 4a presents
an overview of the inversion results, showing the Gain metric corresponding to the posterior emissions from 25 inversions,
which combine the 5 prior emission uncertainty with the 5 observation uncertainty values (see Sect. 3.3). In many cases, the
Gain metric has negative values, indicating that the posterior emissions deviate further from the true emissions compared to
the prior emissions. This occurs for cases with a weak observational constraint (i.e. high observation uncertainties) and/or with
low prior error. The scenario with the highest observation uncertainty (1.0 ppt) and the lowest prior emission error (0.18) is
shown in Fig. 4e and Fig. 4f which illustrate the inversion increments, i.e. posterior minus prior emissions and true minus the
prior emissions, respectively. If the inversion performs well, then the pattern of differences should be similar, however, this is
not the case. As a consequence of the deterioration of the solution, the discrepancy between the observed and modelled mole
fractions increases. To investigate this behavior further, we examine the evolution of the cost with each iteration (Fig. 4b-d).
The algorithm minimizes the total cost (Fig. 4b), however, this occurs because the cost in the state space (Fig. 4c) decreases
(and becomes negative), while the cost in the observation space (Fig. 4d) increases. This can be explained due to the term
(In(x/x3)) "1 in the cost function, which becomes negative when the values of x fall below their prior estimates x; and this
drives the solution to lower and lower values for the posterior emissions, x (see Fig. 4e). This occurs when the observational
constraint is weak, i.e., when the term (H(x) —y)T R ™! (H(x)—y) does not have a strong impact on the overall cost. For cases
with strong observational constraints, Fig. 4a shows positive Gain metric values, meaning that the posterior approaches the true
emissions. For the scenario with the lowest observation uncertainty (0.02 ppt) and the highest a priori emission error (0.69),
we see that the total cost decreases (Fig. 4g), primarily due to the cost decrease in the observation space (Fig. 4i), meaning that
discrepancy between observed and modelled mole fractions is reduced. Also for this scenario, we see that the cost in the state
space becomes negative (Fig. 4h), but this has only a small contribution to the total cost. The negative inversion increments
(Fig. 4j) over northern Germany and the UK largely correct the perturbations made to the prior emissions (Fig. 4k) and the
positive increments over southern Germany and western Austria partially correct the perturbations in those regions. In other
regions, the emission perturbations are not corrected by the inversion, likely due to their small values or the low sensitivity of

the observations to these regions.
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Figure 4. (a) Gain metric for 25 inversions, optimizing for the mode and using different uncertainty settings. Panels (b—d) show the evolution
of the total cost (b), state space cost (c), and observation space cost (d) for the case with the weakest observational constraint, while panels
(e—f) show the corresponding inversion increments (e) and negative perturbations (f). Panels (g—i) show the evolution of the total (g), state
space (h), and observation space (i) cost for the case with the strongest observational constraint, and panels (j—k) show the respective inversion

increments (j) and negative perturbations (k).
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4.1.2 Mean

Next, we evaluate the implementation of the lognormal prior distribution when optimizing for the mean. Figure 5a presents
an overview of the inversion results, showing the Gain metric. In contrast to the mode optimization, Gain metric values are
predominantly positive, meaning that the posterior approaches the true emissions in almost all cases. However in the case
of inversion configuration with the smallest observational constraint, the Gain metric becomes slightly negative. A closer
examination of this case reveals that the total cost (Fig. 5b) decreases, driven by a reduction in the state-space cost (Fig. 5c),
while the observation-space cost (Fig. 5d) increases. This results in a greater deviation from the true emission values. This
arises from the term — 3 (In(x/x;)) " 1 in the cost function, which becomes increasingly negative as the values of x increase
relative to their prior values. As a result, the inversion produces entirely positive emission increments (Fig. Se), which do
not correct the perturbations to the prior emissions (Fig. 5f). In the configuration with the strongest observational constraint,
the total cost (Fig. 5g) decreases primarily due to a reduction in the observation-space cost (Fig. 5i). The state-space cost
(Fig. 5h) peaks at iteration 14, coinciding with the correction of large-scale patterns in northern Germany, as indicated by the
negative increments in Fig.5j. In the following iterations, the optimization targets finer-scale structures, particularly in southern
Germany, leading to positive increments and a subsequent decrease in the state-space cost. Generally, the inversion increments
(Fig. 5j) are similar to those obtained in the mode-based optimization and largely correct the emission perturbations in Germany
(Fig. 5k). Perturbations in the UK are also slightly corrected, although the increment is smaller than in the mode case. This
difference is likely due to the fact that optimizing for the mean generally leads to higher posterior emissions, influenced by
the term —2 (In(x/x;)) " 1 in the state-space cost function. Please note that the predominantly positive Gain metric values do
not necessarily imply that the inversion results are generally better than those from the mode-based optimization. While the
observed artifacts appear consistently, the individual Gain values remain strongly influenced by the specific random realization

of the emission perturbations and should therefore be interpreted with caution.
4.1.3 Median

Figure 6a presents an overview of the median-based inversion results, showing the Gain metric. In contrast to the mode-
and mean-based optimizations, the Gain values are exclusively positive, indicating that in all cases the posterior emissions
move closer to the true values. For all configurations, the total cost decreases as emissions deviate from the prior values and
thus increasing the state-space cost, while the modelled mole fractions approach the synthetic observations thus decreasing the
observation-space cost, as illustrated for the configurations with the weakest (Fig. 6b—d) and strongest (Fig. 6g—i) observational
constraints. Overall, inversion performance improves with increasing prior emission uncertainties, as the solution is allowed
to deviate more freely from the prior values and becomes more strongly constrained by the observations. In the configuration
with the weakest observational constraint, the inversion increments only slightly compensate for some of the negative emission
perturbations in southern Germany (Fig. 6e,f). In contrast, stronger observational constraints lead to more accurate corrections

of the perturbations (Fig. 6j.k).
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4.2 Real data experiment
4.2.1 A posteriori emissions

As a next step, we perform real data inversions, where we use the unperturbed observations (Sec 3.2.1) and the unperturbed
GAINS inventory as the prior emission estimate. Figure 7 shows the posterior emissions for (a) normal and (b) lognormal prior
probability distributions, while (c) displays the difference between both cases. For the lognormal inversion, we solved for the
median solution.

Generally, the posterior emissions are very similar, showing large emissions in southwest Germany and a broadly consistent
spatial pattern. However, in the normal distribution case, the algorithm produces small, non-physical negative emissions in
northwest Germany (Fig. 7a), which are absent in the lognormal case. In other regions of Germany, Fig. 7c reveals slightly
higher posterior emissions in the normal distribution compared to the lognormal case. These elevated emissions may compen-
sate for the negative values in order to match the observed mole fractions and thus could represent an overestimation, which
might be avoided by the lognormal distribution. Additionally, around Paris, Fig. 7 shows higher posterior emissions in the log-
normal case compared to the normal case, reflecting the larger positive increments obtained in that setup. This difference may
result from the long-tailed nature of the lognormal distribution, which allows for larger prior uncertainties. As a consequence,
the inversion permits greater positive adjustments to the emissions, potentially leading to higher posterior values in regions

where observational constraints support them.
4.2.2 Posterior uncertainty

Finally we estimate the posterior uncertainty, using an 50-member inversion ensemble, in which the prior emissions are per-
turbed with lognormal errors (see Sect. 3.5). During the inversion process, the lognormal prior distribution is updated using
observational data, which are assumed to have normally distributed errors. This transformation to normality is illustrated by
Fig. 8 showing (a) changes in the p-value (posterior - prior) , (b) skewness (prior - posterior) and (c) kurtosis (prior - posterior)
of the error distribution before and after the inversion. In many grid cells, the posterior distribution becomes more symmetric
and transforms towards a Gaussian distribution (green colors), particularly in regions where the observations strongly constrain
the emissions.

To illustrate this further, colored dots in Fig. 8a indicate grid cells with the four largest increases in p-values, suggesting
significant transformation to normality. The corresponding uncertainty distributions in these locations are examined in detail
in Fig. 9. In all four selected grid cells (a-d), the posterior uncertainty not only decreases significantly but also becomes very
close to a normal distribution, despite the larger and lognormal distributed prior uncertainty. However, what becomes apparent
is, that in all of this 4 cases, emissions shift to smaller posterior values relative to the prior, suggesting that negative emission
increments favor error reduction and the transition towards normality.

To further investigate this behavior, Fig. 10 compares the ensemble distributions in two representative grid cells: one ex-
hibiting a positive inversion increment (upper panel) and one exhibiting a negative increment (lower panel). For each grid cell,

the prior and posterior distributions are shown both in linear space (left panels, in terms of x) and in log space (right panels, in
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terms of z = In(x/xy)). In addition, Fig. 11 presents maps of the relative uncertainty reduction in (a) linear space and (b) log
space, while panel (c) shows the inversion increments together with the locations of the two selected grid cells.

In linear space, the prior distribution is lognormal. For the grid cell with a positive increment, the posterior distribution
is shifted toward larger values of x and remains close to lognormal, even though its mode moves closer to the center of
the distribution. The posterior uncertainty even slightly increases compared to the prior, as indicated by the standard deviation
values reported in the upper right of each panel. In contrast, for the grid cell with a negative increment, the posterior distribution
is shifted toward smaller values and becomes much narrower, approaching a Gaussian shape. This behavior directly translates
into a strongly asymmetric (relative) error reduction in linear space (Fig. 11a), with excessively large reductions for negative
increments, while positive increments exhibit only weak reductions or, in some cases, even an apparent increase in uncertainty.
This asymmetry is not an artifact of the inversion, but arises naturally from the properties of the lognormal prior, whose variance
in linear space is intrinsically tied to the absolute value of the emissions. As shown in the Appendix, the observed behavior
emerges mathematically when the posterior uncertainty is approximated from the curvature of the cost function. However,
this strong asymmetry complicates the interpretation of uncertainty reduction in linear space, as changes in absolute emission
magnitude conflate with the actual information content provided by the observations. Negative error reduction, in particular, can
be misleading, as it does not necessarily imply that observations degrade the solution, but instead reflect the dependence of the
variance on the absolute emission value under a lognormal prior. This motivates an analysis in log space, where uncertainties
are much more symmetric (Fig. 10, right). Both prior and posterior emissions are approximately normally distributed and in
both grid cells, the posterior uncertainty is reduced relative to the prior (Fig. 10, lower panel). Consequently, the error reduction
map in log space (Fig. 11b) exhibits only positive values and is strongly governed by the emission sensitivity, in agreement with
the uncertainty approximation derived in the Appendix. Note, however, that also in log space a weaker asymmetry associated
with the likelihood remains. This is likely reflected in the relatively small uncertainty reductions observed for the grid cells
with large positive increments in southwest Germany.

Finally, Fig. 12 shows the map of the gridded absolute posterior uncertainty derived from the Monte Carlo ensemble. While
the posterior distribution is approximately Gaussian in many grid cells, it remains distinctly lognormal in others, rendering the
standard deviation an inappropriate measure of uncertainty. We therefore define the posterior uncertainty as half the 16th—84th

percentile range of the ensemble, which reduces the influence of the inherent asymmetry of the lognormal distribution.

5 Conclusions

In this study, we investigated the implementation of a lognormal priori probability distribution for atmospheric inversions. We
presented the formal implementation in a variational inversion framework, optimizing for three different parameters: mean,
median, and mode. We evaluated the performance with synthetic and real data experiments, using a case study of European
SFg inversions and discussed the estimation of the posterior uncertainties using a Monte Carlo approach. The key points of our

study are the following:
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— Gridded emission inventories, which are often used as prior information in inversions, frequently exhibit lognormal
distributions, as demonstrated for the example of SF¢. In such cases, it is likely that the associated uncertainties are also

400 better represented by a lognormal rather than a normal distribution.

— For alognormal distribution mean, median, and mode do not fall together making it necessary to choose explicitly which

of these parameters to optimize for in the inversion.

— Optimizing for the mode and the mean can yield improved emission estimates when the observational constraints are
strong. However, under weak observational constraints, these choices can lead to unstable and strongly biased inversion

405 results caused by a decrease in the cost in the state space due to the extra logarithm term in the cost functions.

— Optimizing for the median consistently improved prior emissions across all tested cases, and thus provides the most

robust estimator to optimize for.

— The lognormal based inversion produced a posterior emission pattern that is overall very similar to the one obtained

using a normal distribution. However, it prevented non-physical negative emission values and may have also avoided

410 the overestimation of nearby emissions, which might occur in normal-based inversions as a compensatory effect for
negative values. Further, the lognormal prior distribution occasionally allowed for stronger positive emission adjustments

compared to the Gaussian, likely due to the long tail of the distribution.

— The posterior uncertainties can be estimated using a Monte Carlo approach by creating an ensemble of inversions, each

with prior emissions perturbed by lognormally distributed errors. However, we find that the resulting distributions are

415 strongly influenced by the sign of the inversion increment. Negative increments typically lead to narrow, nearly Gaus-
sian posterior distributions, while positive increments are associated with broader and more skewed, lognormal-shaped
distributions. To account for this asymmetry, we recommend characterizing posterior uncertainty using interpercentile

ranges derived from the ensemble, rather than the standard deviation.

— The error reduction in linear space is highly asymmetric with respect to the sign of the inversion increments, which com-
420 plicates its interpretation as a measure of the information content provided by the observations. We therefore recommend
assessing error reduction in log space, which exhibits much weaker asymmetries, and is therefore better suited to reflect

the observational constraints.

Code and data availability. Atmospheric SFg mole fractions data used in this study were obtained from the following sources: AGAGE data:

https://doi.org/10.15485/1909711 (Prinn et al., 2023); Heathfield Tall Tower data: https://catalogue.ceda.ac.uk/uuid/df502fe4715c4177ab5e4e367299316b
425 (Arnold et al., 2019); Bilsdale Tall Tower data: https://catalogue.ceda.ac.uk/uuid/d2090552c8fedc16a2fd7d616adc2d9f (O’ Doherty et al.,

2019); Ridge Hill data, Zugspitze-Schneefernerhaus data: https://doi.org/10.50849/WDCGG_SF6_ALL_2022 (di Sarra et al., 2022). All used

observations and a priori emission datasets are available at https://doi.org/10.25365/phaidra.812. The lognormal optimization algorithms were

implemented in the inversion framework, FLEXINVERT+, available from the Git repository: https://git.nilu.no/flexpart/flexinvertplus.git
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and from: https://doi.org/10.25365/phaidra.753 (Thompson, 2025). The FLEXPART sensitivity fields used can be downloaded from https:
//phaidra.univie.ac.at/0:2343194. Daily global SF¢ mole fraction background fields are available at https://doi.org/10.25365/phaidra.489
(Vojta et al., 2024).
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Figure 5. (a) Gain metric for 25 inversions, optimizing for the mean and using different uncertainty settings. Panels (b—d) show the evolution
of the total cost (b), state space cost (c), and observation space cost (d) for the case with the weakest observational constraint, while panels
(e—f) show the corresponding inversion increments (e) and negative perturbations (f). Panels (g—i) show the evolution of the total (g), state
space (h), and observation space (i) cost for the case with the strongest observational constraint, and panels (j—k) show the respective inversion

increments (j) and negative perturbations (k).
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Figure 6. (a) Gain metric for 25 inversions, optimizing for the median and using different uncertainty settings. Panels (b—d) show the
evolution of the total cost (b), state space cost (c), and observation space cost (d) for the case with the weakest observational constraint, while
panels (e—f) show the corresponding inversion increments (e) and negative perturbations (f). Panels (g—i) show the evolution of the total (g),
state space (h), and observation space (i) cost for the case with the strongest observational constraint, and panels (j—k) show the respective

inversion increments (j) and negative perturbations (k).
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Figure 9. The prior and posterior uncertainty distribution shown for the four grid cells with the largest increases in p-values.
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right corner of each panel show the standard deviation (linear space: pgm™2s™*; log space: dimensionless).
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further investigated grid cells
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Appendix A: The posterior uncertainty

In this Appendix, we investigate the asymmetries discussed in Sect. 4.2.2 in the posterior uncertainties of our Monte Carlo en-
semble. Our posterior distribution arises from the combination of a Gaussian likelihood and a lognormal prior. We characterize
its uncertainty by using a Laplace approximation (e.g. MacKay, 1992) in one dimension, approximating the posterior variance
by the inverse of the curvature of the cost function evaluated at the MAP estimate.

Therefore we write the posterior probability in terms of the cost function J(x):

Pz | y) oc exp(—J (z)) (A1)

and approximate J(x) near the minimum by a quadratic expansion:

1
J(JL‘)%J(IMAP)+§J”(£EMAP)(JT—LEMAP)2, (A2)

so that Eq.A1 becomes:

1
P(z | y) ocexp 5 J"(xmap) (x — zmap)?| - (A3)

By comparing with a standard Gaussian N (zy Ap,af)ost), we obtain :

-1

Ugost ~ [JH (mMAP)] (A4)

If the optimization results in a posterior that is close to Gaussian, this approximation will be accurate. If the posterior remains
closer to a lognormal distribution, the associated uncertainty may be underestimated, as it does not fully capture the skewness
of the distribution. Similarly, when optimizing for the mean or median, instead of the mode, the uncertainty formulation is not

exact for skewed posteriors. However, these limitations do not affect the qualitative discussions of our analysis.
Al Linear space

To be consistent with the approximation around xyap let’s consider now the cost function for the mode (see Eq. 14) in one

dimension:

T 1 z\1° 1 9
J(x) = hl(mb) + 205’109 [ln(xb)] + 292 (y — hax)=. (A5)

o

The second derivative in the linear space is:
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1 x 9 1,
J"(z) = o (1 —ln(mb) — Gb,log) + ?h (A6)

b,log o

and the expression for the posterior variance in the linear space reads*:

—1
TMAP 2
1—1In -0
0 h2 Tp b,log
apost, lin ™~ — + .

2 2 2
a5 Ob.1og PTMAP

(A7)

Equation A7 reflects the asymmetry arising from the lognormal prior and how it depends on the sign of the inversion
increments. Let’s consider a grid cell with a small posterior estimate, which is much smaller than the prior (as shown in Fig. 9).
In this case, the curvature grows with increasingly negative increment, which reduces the posterior uncertainty. Conversely, if
the inversion increment is positive, the curvature decreases with growing increment leading to a larger posterior uncertainty.

This asymmetry is particularly pronounced when emissions are poorly constrained, that is, when the prior term dominates the
x

optimization. Notice, that the logarithm In is steeper for values below the prior mode (z < x3) than above (z > x),

so negative increments have likely a stronger e:ffect on the curvature than positive increments of the same magnitude.

As aresult of this asymmetry, also the error reduction in the linear space is highly asymmetric: larger for negative increments
and smaller for positive increments, and in case of poor observational constraint and large positive increments, it might even
become negative. Note, that in extreme cases, in principal, the entire expression for the posterior variance may become negative,
which would make the posterior uncertainty formally imaginary, which signals that our approximation (Eq. A2) is breaking

down.
A2 Log space

Let’s now write the cost function (Eq.A5) in terms of z = In(z/x):

1
22+ — (y — hape?)> (A8)

J =
(Z) o 20—1?,log 203

The second derivative in respect to z is:

1 hxye® (2hxye® —
J//(Z) _ + Tye ( Type y) (A9)
U%,log 0(2)

and the posterior uncertainty in the log space becomes:

-1
2 1 hxy e™MAP (2hxy, e*MAP — y)

ag ~
post,log 2 2
7 Ub,log 0,

(A10)

3Note that although we define the posterior variance in linear space, the prior variance is still expressed in log space.
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While the linear-space variance is highly asymmetric due to the prior term, the log-space prior term becomes constant.

However Eq. A10 shows some asymmetry in the likelihood. To better discuss this, let’s substitute xa;ap = xp €*MAP:

-1

1 hxpyap(2hxzpap —y
Tpostiog ~ |7 + ( 3 ) (All)
Ub,log 0o
In case of a good model-measurement agreement (hx; ap = y), the curvature of the likelihood approaches (/w:)2 o, 2 and

the posterior uncertainty in log space is primarily controlled by the observational signal. However, for large residuals between
hzyap and y, the curvature becomes explicitly dependent on the sign and magnitude of the mismatch. This effect could be
relevant for strong point sources detected by the inversion, where observations indicate much larger emissions than suggested
by the prior and large model-observation mismatches may persist even after the inversion, leading to a reduced curvature and
comparatively large posterior uncertainties in the affected grid cells.

Let’s now define the uncertainty reduction in the log-space as

Opost,l
Tlog = 1 — 22008, (A12)
0b,log

Using Eq. Al1, this can be written as

Nl

2
O 1o
Tlog ~ 1— |1+ O_Qghl‘]y[Ap(2h$MAp—y) . (A13)

o

Similar to the posterior uncertainty, the uncertainty reduction is primarily controlled by the observational signal, however,

asymmetries can arise through large model-observation mismatches.
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Figure Al. (a) Histogram of the emission perturbation factor, exp(El/ 2#), based on a prior error covariance matrix X, with an uncertainty

of 0.59 and (b) histogram of the observation perturbation, R'Y/2p, corresponding to a measurement error of 0.08 ppt.
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