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6 Abstract

7 Relativistic runaway electron avalanches (RREA) play a key role in producing high-energy radiation
8 in thunderstorm environments, yet their quantitative description remains largely empirical, with
9 limited validation across atmospheric conditions. In this work, we develop a unified framework that
10 consistently describes both avalanche development within the electric field and particle propagation
11 beyond it, using CORSIKA simulations at four high-altitude stations spanning a wide range of
12 atmospheric densities. We show that the classical relation for avalanche length requires revision: the
13 empirical coefficient K is not universal but varies systematically with atmospheric density.
14 Introducing density-dependent scaling yields a consistent description of avalanche growth across all
15 sites. At the same time, we identify an effective energy-partition coefficient, calibrated at a
16 characteristic propagation scale of 100 m, which remains stable across all stations and reflects the
17 available propagation after exiting a strong acceleration field. The results demonstrate that RREA can
18 be described as a two-stage physical system that links density-dependent avalanche growth with
19 density-dependent particle transport via a universal energy-partition mechanism. This framework
20 provides a compact and physically transparent basis for interpreting high-energy atmospheric
21 phenomena across altitudes.

22 1. Introduction

23 High-energy particle phenomena in the atmosphere constitute a rapidly developing field at the
24 intersection of cosmic-ray physics, atmospheric electricity, and climatology. Over the past decades, a
25 wide variety of particle bursts have been observed at the Earth’s surface, in the atmosphere, and from
26 space by satellite-borne spectrometers, including thunderstorm ground enhancements (TGEs), gamma-
27 ray glows, and terrestrial gamma-ray flashes (TGFs) (Chilingarian et al., 2010; Fishman et al., 1994;
28 Dwyer et al., 2012). Despite the diversity of detection platforms and energy ranges, mounting
29 experimental evidence suggests that these phenomena are closely related and arise from electron
30 acceleration in atmospheric electric fields (Dwyer and Uman, 2014). The physical origin of these
31 bursts remains an active area of research. Although the microphysics of gamma-ray production,
32 electron acceleration, and electromagnetic interactions in air are well established (Bethe and Heitler,
33 1934; Koch and Motz, 1959), the atmospheric environment in which these processes occur is highly
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34 dynamic and difficult to characterize. In particular, the rapid temporal evolution and complex spatial
35 structure of atmospheric electric fields within thunderclouds preclude a fully analytical treatment of
36 particle acceleration. Consequently, much of the progress in this field has relied on empirical or semi-
37 empirical formulations that capture the essential behavior of energetic particle populations without
38 requiring detailed knowledge of the instantaneous electric-field configuration (Gurevich et al., 1992;
39 Dwyer, 2003).

40 A key step in the theoretical description of particle acceleration under thunderstorm conditions was the
41 development of the relativistic runaway electron avalanche (RREA, Gurevich et al., 1992; Dwyer,

42 2003). In sufficiently strong atmospheric electric fields (AEFs), energetic electrons can overcome

43 ionization losses and enter a runaway regime, where they continue to gain energy from the electric

44 field and produce secondary electrons through collisions with air molecules. This process leads to an
45 avalanche multiplication of electrons and the accompanying production of high-energy bremsstrahlung
46 gamma rays. A central parameter characterizing this avalanche development is the e-folding length A
47 (E, p), which describes the characteristic distance over which the number of runaway electrons grows
48 exponentially. A widely used empirical description of this process was introduced by Dwyer (2003),
49 who proposed the relation

50 AME,p) = (1)

K
Ez~Ewm(R)’
51 Where E; and En(h) (the runaway threshold electric field) are expressed in kV/m, 1 is in meters, and K
52 in kV. po = 1.225 kg/m? is the air density at sea level, and p is the air density at altitude z. Empirical
53 constant K is usually set to 7.2x10° kV. While this equation has been widely applied, it does not
54 explicitly account for variations in AEF and atmospheric density and is often limited to narrow
55 altitude and AEF ranges.

56 In parallel, the concept of free path distance (FPD) has been introduced as a phenomenological
57 quantity that characterizes the ability of energetic particles to propagate beyond the electric-field
58 region and reach ground-based detectors (Chilingarian et al., 2020; Chilingarian et al., 2022).
59 Although this approach provides a useful link between simulations and observations, its empirical
60 coefficients are constrained by limited datasets and simplified assumptions. The complex, highly
61 variable structure of atmospheric electric fields makes a fully analytical treatment of these processes
62 difficult. As a result, empirical formulations remain essential, but their reliability depends on
63 systematic validation across a wide range of atmospheric conditions. In this context, modern Monte
64 Carlo simulations offer a powerful tool for deriving physically consistent descriptions of particle
65 acceleration and transport in realistic environments (Heck et al., 1998).
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66 In this work, we revisit and optimize two key empirical relations that describe complementary stages
67 of RREA evolution: avalanche development within the electric field and particle propagation beyond
68 it. Both are derived from a unified CORSIKA-based simulation framework applied to multiple high-
69 altitude stations with varying atmospheric densities. This approach directly links the internal dynamics
70 of avalanche growth to subsequent particle transport. Unlike previous studies, which typically treat
71 these processes independently, we establish a coherent set of empirical relations that consistently
72 describe both particle multiplication and propagation within a single physical framework. All model
73 parameters are derived directly from simulation data, without arbitrary assumptions. In particular, we
74 identify a proportionality between electron and gamma-ray energies at the field boundary and
75 explicitly account for density-dependent energy losses during propagation. The resulting formulation
76 provides a physically transparent, quantitatively consistent description of high-energy particle
77 transport in thunderstorm environments and offers a unified basis for interpreting observations at
78 different altitudes.

79 2. Simulation Framework

80 To investigate the development of relativistic runaway electron avalanches (RREA) and the
81 subsequent propagation of energetic particles under realistic atmospheric conditions, we performed
82 Monte Carlo simulations using the CORSIKA (COsmic Ray Simulations for KAscade) code (Heck et
83 al., 1998), version 7.7500, which includes the effect of atmospheric electric fields on particle transport
84 (Buitink et al., 2009). The same simulation setup is used consistently throughout this work to describe

85 both avalanche growth inside the electric field and particle propagation beyond it.

86 The atmospheric electric field was modeled as a vertically oriented uniform layer with a total
87 thickness of 2000 m above the detector level. Although simplified, this configuration provides a
88 widely used approximation of strong electric-field regions inside thunderclouds. To resolve the
89 longitudinal development of particle populations, the field region was subdivided into 20 layers of 100
90 m each, and particle numbers were recorded at each boundary. This setup allows reconstruction of the
91 depth-dependent evolution of electron and gamma-ray populations within the electric field.

92 In addition to the observation levels within the electric-field region, an additional level was defined at
93 the lower boundary of the electric field (exit), as well as a detector level (det) located 100 m below this
94 boundary, corresponding to the station altitude above sea level. These levels enable the analysis of
95 particle propagation beyond the electric-field region and provide the basis for the determination of the
96 free path distance (FPD) described in the following sections.

97 Simulations were performed for four high-altitude observational stations with distinct atmospheric
98 densities: Aragats (p = 0.77 kg/m3, roughly 3000 m above sea level), Nor Amberd (p = 0.89 kg/m3,
99 about 2000 m above sea level), Lomnicky Stit (p = 0.83 kg/m?, approximately 2600 m above sea
100 level), and LHAASO (p = 0.66 kg/m3, around 4400 m above sea level). In the simulation setup, the
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101 electric-field layer begins 2 km above each station, at altitudes ranging from 4000 m to 6400 m,
102 providing a suitable atmospheric density range for studying how avalanche development depends on
103 altitude. The electric field strengths used in the simulations ranged from 180 to 260 kV/m, depending
104 on the altitude of the observational site. These values were selected so that the applied electric field
105 exceeds the runaway threshold field En(h) by a sufficient margin to ensure the exponential growth of
106 the electron population characteristic of relativistic runaway electron avalanches. The runaway
107 threshold electric field is defined as Ew(h) = Eo:n(h), where Ej is the threshold field at sea level and
108 n(h) = p(h)/po is the normalized atmospheric density. In this work, we adopt E, = 284 kV/m, consistent
109 with previous studies. In particular, the chosen field strengths satisfy the condition E, — Ew(h) > 0 with
110 a significant excess above the threshold, allowing the avalanche process to develop over the entire
111 electric-field region. At the same time, the selected range corresponds to physically realistic
112 thunderstorm conditions, where electric fields are sufficiently strong to support RREA development
113 but remain below levels that would rapidly trigger lightning discharges. Each simulation corresponds
114 to the injection of a single seed electron into the electric-field region. The initial energy spectrum was
115 adopted from the EXPACS model (Sato, 2016) and follows a power-law distribution with an index of
116 1.173 in the energy range 1-300 MeV. To ensure statistical stability, 500-1000 simulation events were

117 performed for each field configuration.

118 During particle propagation, electrons and gamma rays were tracked until their energies decreased to
119 0.05 MeV. At each observation level within the electric-field region, the numbers of electrons and

120 gamma rays were recorded. In the analysis presented below, particular attention is given to the electron
121 population Ne(d), which is used to determine the effective avalanche length, while the comparison of
122 particle spectra at the field boundary and below it provides the basis for the FPD analysis. This

123 simulation framework provides the basis for quantifying avalanche development, which is analyzed in
124 the following section.

125

126 3. Avalanche Development within the AEF

127 The longitudinal profiles of the electron population from CORSIKA simulations provide a basis for
128 determining the effective avalanche length of relativistic runaway electron avalanches. As described in
129 the previous section, particle numbers were recorded at regular depth intervals of 100 m within the
130 electric-field layer of thickness L=2000 m above the station. To minimize boundary effects, heights
131 within 100 m from the observation level were excluded from the fitting process. For each value of the
132 applied electric field and each observational site, the simulations produce a depth-dependent electron
133 population, Ne(d), where d denotes the downward propagation distance from the top of the electric-

134 field layer. The absolute height H is then given by:

135 H=Hs+2000—d
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136 When the electric field exceeds the runaway threshold field Ew(h), the number of runaway electrons
137 increases approximately exponentially with propagation distance. In this regime, the development of
138 the avalanche can be described by the relation

139 Ne(d)=Noe?,

140 where No is the number of initial seed electrons, and 4 is the characteristic avalanche length. According
141 to Eq. (1), this parameter represents the distance over which the number of runaway electrons
142 increases by a factor of e.

143 Taking the natural logarithm of the expression above yields a linear dependence of the form
144 InNe(d)=c+hd,

145 where c=InNo and 5=1/1. Thus, the avalanche length can be obtained from the slope of the linear fit to

146 the logarithmic electron profile.

147 For each simulated electric field strength the depth dependence of the electron population Ne(d) was
148 first averaged over the ensemble of simulation events in order to obtain statistically stable profiles.
149 The natural logarithm of the averaged electron counts was then fitted as a function of depth using a

150 linear regression. The resulting slope parameter b provides a direct estimate of the effective avalanche
151 length,
152 Aett = 1/b.

153 Repeating this process for various electric-field strengths and across all observational sites produces a
154 set of effective avalanche lengths, le, corresponding to different values of the electric-field excess,
155 E.— Ew(h). These values serve as the basis for optimizing the empirical coefficient K in the avalanche-
156 length relation (Eq. (1)). To evaluate the validity of the classical scaling relation, we now compare the

157 extracted avalanche lengths with the expected dependence on the electric-field excess.

158 The coefficient K ~ 7.2x10° kV, widely used in the literature (Dwyer, 2003), was originally derived for
159 a limited set of atmospheric conditions and has not been systematically validated across a broad range
160 of altitudes. Despite this limitation, it has been extensively adopted in analytical descriptions of
161 avalanche growth and in phenomenological models of particle acceleration in atmospheric electric

162 fields, motivating a reassessment of its universality.

163 The universality of the coefficient K at various heights and AEFs remains an unresolved issue. The
164 original estimate was derived for a very high AEF of 300 kV/m; our Monte Carlo simulations enable
165 the study of RREA development across a wider range of electric-field strengths and atmospheric
166 densities. Specifically, simulations at different altitudes provide an opportunity to determine whether a
167 single universal value of K can effectively represent avalanche development in environments with

168 significantly different heights and air densities.
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169 For each simulated electric-field value and for each observational site, the variable
170 x=1/(E; — En(h)),

171 was computed. According to the classical formulation of the avalanche-length relation, the avalanche

172 length should depend linearly on this variable:
173 A=Kx.

174 Thus, the coefficient K can be determined by fitting a straight line through the origin in the (x, Aef)

175 parameter space.

176 The fitting procedure was performed using the least-squares method constrained to pass through the

177 origin. In this case, the optimal value of the coefficient is given by
178 K=Ylixi / Yixi

179 where x; and A; correspond to the values obtained for different electric-field strengths within each
180 station.

181 Applying this procedure to the CORSIKA simulation results yields station-specific estimates of the

182 empirical coefficient. The resulting coefficients are:

183 Karagats = 10.2 % 10°kV.
184 Kiraaso =~ 11.2 x 10°%kV.
185 Kromnicky = 8.97x10°kV,
186 Knoramberd =~ 8.58%x10%kV.

187 The observed deviations from the classical scaling suggest that additional physical factors must be
188 taken into account. These results demonstrate that the empirical coefficient derived from CORSIKA
189 simulations is systematically larger than the classical value K=7.2x10°kV proposed by Dwyer. At the
190 same time, the optimized coefficients show noticeable variation between stations, spanning the

191 interval
192 K~8.58% 10° - 11.2 x 10%kV.

193 Such variability suggests that the assumption of a universal constant K may not fully account for the
194 way avalanche development depends on atmospheric conditions. Specifically, stations at different
195 altitudes experience significantly different air densities, which influence both the runaway threshold

196 field and the efficiency of avalanche multiplication.

197 For reference, the average value obtained from the four stations located at 2000 - 4400 m (AEF

198 introduce 2000 m higher) is approximately

199 Kgiobal = 9.58%10°KV.
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200 The station-dependent values of the empirical coefficient obtained in the previous section indicate that
201 the classical avalanche-length scaling does not fully capture the physics governing the development of
202 relativistic runaway electron avalanches in the atmosphere. The results obtained from the CORSIKA
203 simulations reveal systematic deviations that depend on the observational site.

204 The stations considered in this work span a significant range of atmospheric densities, from
205 approximately 0.66 kg/m® at the LHAASO observatory to about 0.89 kg/m® at Nor Amberd. Such
206 differences correspond to substantial variations in the interaction environment experienced by runaway
207 electrons. Although the threshold field Ew(h) accounts for part of this dependence, it does not fully

208 eliminate the influence of density on the avalanche multiplication rate.

209 These considerations motivate the introduction of an extended empirical scaling that explicitly
210 includes a density-dependent factor in the avalanche length. This formulation allows the density
211 dependence of avalanche development to be addressed directly rather than implicitly through changes
212 in the empirical coefficient. To explicitly include this effect, we propose a generalized empirical
213 formula where the avalanche length depends not only on the electric-field excess but also on the
214 normalized atmospheric density. The revised relation is expressed as

215 ME=K n(h)* | (B~ En(h)) (2),

216 where n(h) = p(h)/p, is the normalized air density, p(4) is the local atmospheric density at altitude h, p,
217 = 1.225 kg/m? is the air density at sea level, and a is an additional empirical exponent that explicitly

218 describes the density dependence of avalanche development.

219 To determine the parameters of the relation (2), the effective avalanche lengths obtained from the
220 CORSIKA simulations were fitted using the generalized scaling law. The fitting procedure
221 simultaneously optimized the empirical coefficient K and the density exponent a by minimizing the
222 deviations between simulated avalanche lengths and the extended model's predictions.

223 The best agreement is obtained from a joint optimization performed across all four stations, yielding
224 K ~6.39%10 %V, a = —0.92.

225 The negative exponent simply indicates that the avalanche length increases as the atmospheric density
226 decreases. The introduction of the density-dependent term significantly improves the consistency of
227 the scaling relation across stations located at different altitudes. In particular, when the modified
228 scaling term A/n(h) is plotted as a function of the variable 1/(E,— Ew(h)), the simulation data from all
229 stations collapse onto a single approximately linear relation, see Fig. 1. It summarizes the simulation
230 results obtained for the four observational sites considered in this work and illustrates the ability of the
231 models (1) and (2) to describe the dependence of the effective avalanche length on the electric-field
232 strength.



https://doi.org/10.5194/egusphere-2026-2078
Preprint. Discussion started: 20 May 2026 EG U
sphere

(© Author(s) 2026. CC BY 4.0 License.

233 Panel (a) displays the classical scaling of the effective avalanche length Ze as a function of 1/(E; —
234 Ew(h)). The simulation results from different stations show an approximately linear trend; however, a
235 clear scatter between stations is evident. Data points for various atmospheric densities do not perfectly
236 align along a single line, indicating that the classical scaling does not fully account for the physical

237 variability of avalanche development under different atmospheric conditions.
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239 Figure 1. Comparison of the classical and density-dependent scaling relations for the RREA

240 avalanche length.

241 Panel (b) uses the same simulation results after applying the density-dependent normalization
242 introduced in the extended scaling relation. In this representation, the avalanche length is divided by
243 the factor n(h)?, where n(h)=p(h)/po is the normalized atmospheric density and a is the empirical
244 density exponent determined from the fitting procedure. Using the optimized parameters K~ 6.39x10°
245 kV and a = —0.92, the simulation results from all stations collapse onto a single approximately linear
246 relation.

247 To quantify the improvement of the density-dependent scaling over the classical formulation, the fitted
248 coefficients and their corresponding coefficients of determination are summarized in Table 1. The
249 effective coefficient Kert(h) is calculated from the extended scaling relation as Kn(h)?, using the global

250 fit parameters. As shown in the table, the modified Eq. (2) significantly outperforms the initial Eq. (1).
251

252 Table 1. Comparison of the classical and density-dependent scaling relations for the RREA avalanche

253 length. The coefficient of determination R? is shown for both models.
Station Kelassical(KV) Kerr(h) = K-n(h)3(kV) RZ¢assical RZextended
Aragats 10.2 x 10° 0.84x103 0.90 0.99
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Station Ketassical(KV) Ker(h) = K-n(h)3(kV) R%jassical RZextended
LHAASO 11.2 x 10° 11.4x10° 0.90 0.99
Lomnicky Stit 8.97x10° 9.20x103 0.90 0.99
Nor Amberd 8.58x10° 8.53x10° 0.90 0.99
Global fit 9.58x10° 6.39x10° (a=— 0.92) 0.90 0.99

254

255 The quality of the linear correlation improves substantially, with the coefficient of determination
256 increasing from R2~ 0.90 in the classical scaling to R?~ 0.99 in the extended formulation.

257 By explicitly incorporating this dependence, the extended empirical relation yields a unified scaling
258 law that describes avalanche development across a broad range of altitudes and atmospheric
259 conditions.

260 To better demonstrate the predictive performance of the modified estimate, a parity comparison
261 between the simulated avalanche lengths and the values predicted by the models is presented in Fig. 2.
262 In this representation, the horizontal axis corresponds to the effective avalanche length obtained from
263 the CORSIKA simulations, while the vertical axis shows the values predicted by the empirical scaling
264 relations. The diagonal line represents perfect agreement between predicted and simulated avalanche
265 lengths. Points exactly on this line would represent an ideal model that perfectly reproduces the

266 simulation results without systematic deviations.

267 As seen in Fig. 2, the classical scaling model exhibits noticeable deviations from the 1:1 relation,
268 particularly for larger avalanche lengths. In contrast, the extended density-dependent formulation
269 produces predictions that remain consistently closer to the ideal relation across the full range of
270 simulated values. The improvement is reflected in the coefficient of determination, which increases

271 from R?~0.90 for the classical model to R?~0.99 for the extended scaling.
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273 Figure 2. Parity comparison between the effective avalanche lengths obtained from the CORSIKA
274 simulations and the values predicted by the empirical scaling relations.

275 In the next section, we will describe the avalanche propagation after departing from the strong
276 acceleration AEF. Having established the scaling of avalanche growth within the electric field, we
277 now turn to the propagation of particles beyond the field region.

278 4. Particle Propagation beyond the AEF

279 The key to recovering RREA energy spectra is understanding where the electric field above the
280 spectrometer has dropped below the RREA threshold. When this gap is less than 100 m, a significant
281 number of electrons will survive, enabling energy spectra and maximum energy recovery. If the
282 maximum energy of electrons upon exiting the electric field and observed by the spectrometer is

283 known, the approximate gap length (free path distance) can be estimated as:

E"*(exit) — ET'**(det)
284 FPD = 3
Cy(h)

10
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285 where C(h) is the well-known mean energy loss of the electron at altitude h. However, we do not
286 know the maximum energy of electrons exiting the field region. Instead, we know the maximum
287 energy of gamma rays reaching the spectrometer. Unlike electrons, which lose approximately constant
288 ionization losses each cm, gamma rays can traverse the entire gap without producing electron-positron
289 pairs and maintain the same maximum energy as at exit from the strong AEF. To quantitatively
290 describe particle propagation beyond the accelerating electric-field region, an empirical equation for
291 estimating the free path distance (FPD) was proposed by Chilingarian et al. (2020). Because the
292 maximum electron energy at the field exit cannot be determined directly, we approximate it using the
293 relation E<™(exit) ~ Ci-E,"(exit), which characterizes the energy partition between electrons and
294 gamma rays in the avalanche. Substituting this relation into Eq. (3), we obtain the expression used in
295 this work.

__ CLE*(exit)—EJ**(det)

296 FPD )

@)

297 Here E,™(exit) represents the characteristic gamma-ray energy at the exit of the electric-field region,
298 E.™(det) is the characteristic electron energy at the detector level, C; is an empirical coefficient
299 reflecting the energy partition between gamma rays and electrons within the avalanche, and Ca(h) is
300 the altitude - dependent electron energy loss rate in air. The characteristic energies are defined using
301 the characteristic maximum energy determined from the spectral distributions, based on the criterion
302 of three consecutive energy bins with counts exceeding five events. We perform optimization studies
303 to find a C; coefficient suitable for all stations discussed earlier. In simulations, the vertical gap
304 between the RREA stopping height and the detector height is consistently set at 100 meters for all four
305 stations. The electric field strengths were selected for each station as follows: Aragats (210 kV/m),
306 LHAASO (190 kV/m), Lomnicky Stit (220 kV/m), and Nor Amberd (240 kV/m). These values
307 represent threshold supercritical regimes, avoiding both subcritical conditions, where avalanche
308 multiplication is suppressed, and strongly supercritical fields, where nonlinear effects could distort the
309 natural avalanche behavior. For each station, energy spectra of gamma rays and electrons were built at
310 both the exit and detector levels. In the high-energy part of the spectra, where statistical fluctuations
311 become important, a characteristic maximum energy E™ was defined using a reliable criterion: E™ is
312 the highest energy at which at least three consecutive energy bins contain more than 5 counts. This
313 definition reduces artificial spectrum extensions caused by outlier high-energy events and ensures that
314 the identified endpoint reflects a stable physical feature of the distribution.

315 The spectral comparison between the exit and detector levels reveals two distinct propagation regimes
316 for gamma rays and electrons. Gamma-ray spectra remain nearly constant over the 100 m propagation
317 distance, with typical characteristic energies of E,(exit) ~ 29-30 MeV and E,(det) = 30-31 MeV. Thus,
318 as expected, the maximum energy of gamma rays did not change over the 100 m path and can be used

319 to estimate the electron's maximum energy at the entrance. A slight increase in the maximum gamma-

11
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320 ray energy indicates additional bremsstrahlung production by electrons, whose exit energies are higher
321 than those of the gamma rays. Conversely, electron spectra show a clear shift toward lower energies.
322 At Aragats, the electron maximum energy dropped from approximately 38 MeV at exit to around 16
323 MeV at the detector after 100 m. Therefore, at exit, electrons possess higher energies than gamma
324 rays, and before reaching the detector, electrons emit bremsstrahlung gamma rays with energies
325 slightly higher than those in the electric field. This observation, shown in Fig. 3 and Fig. 4, provides a
326 direct physical basis for relating the characteristic energies of electrons and gamma rays at the
327 boundary of the electric field.
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329 Figure 3. The energy spectra of electrons at the exit and detector levels for all four stations: (a)
330 Aragats (210 kV/m), (b) LHAASO (190 kV/m), (c) Lomnicky Stit (220 kV/m), and (d) Nor Amberd (240
331 kV/m). The vertical separation between exit and detector is fixed at 100 m in all cases.
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333 Figure 4. The gamma-ray energy spectra at the exit and detector levels for the same four stations are
334 shown. Unlike electrons, the high-energy cutoff remains nearly unchanged between the two levels,
335 indicating that the maximum energy passing through 100 m at heights from 4000 to 6400 m remains
336 constant. The effective maximum energies are indicated in the figure by vertical dashed lines.
337 Thus, the simulation justifies using the maximum energy of gamma rays as a proxy for the electron
338 maximum energy, with appropriate correction using the C; coefficient, see Eq. (3). The proportionality
339 coefficient C; is derived directly from the exit and detector spectra using a bootstrap-based statistical
340 procedure. For each station, the exit energy histograms of gamma rays and electrons were taken as the
341 starting point. A Poisson bootstrap procedure was then applied, in which each energy bin count N;was
342 resampled according to
343 Ni® (E)~ Poisson(Ni),
344 where b denotes the bootstrap realization. In each bootstrap realization, every exit bin was resampled
345 independently from a Poisson distribution with mean equal to the observed bin content. We use B =
346 2000 bootstrap realizations. The characteristic maximum energies Ee(exit)® and E,(exit)® were
347 recalculated using the same three-consecutive-bins criterion. If N(E;) is the content of the i-th bin, we
348 define i* as the largest index for which N(Ei), N(Ei.1), and N(Ei») all exceed 5 counts, and then set
349 E,(exit) = Ei=. Thus, the endpoint is a stable characteristic cutoff rather than the last isolated occupied
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350 bin. The same procedure was used to estimate the effective maximum energy of electrons at detector

351 height. Then, the corresponding coefficient was calculated as
352 C1® = (100-Ca(h) + E®(det)) / E,®(exit).

353 This definition ensures consistency between the coefficient and the physical model of particle

354 propagation. Repeating this procedure over many bootstrap realizations yields for each station a
355 distribution of C; values.

356 The median values obtained for individual stations are:

357 Aragats: C=~ 1.31,

358 LHAASO: C; = 1.39,

359 Lomnicky Stit: C; ~ 1.46,

360 Nor Amberd: C; = 1.44.

361 It should be noted that the coefficient C; reflects the energy partition between electrons and gamma
362 rays within the avalanche, but in the present formulation it is calibrated using a characteristic

363 propagation distance of 100 m. Therefore, it should be interpreted as an effective parameter linking
364 avalanche dynamics at the field boundary with subsequent particle transport, rather than a purely
365 intrinsic quantity. Its apparent stability across stations indicates a robust scaling of energy partition
366 within the avalanche. The spread of the distributions is typically within £0.03-0.05. Combining all
367 bootstrap realizations from the four stations yields a global distribution with a pooled median of C, =
368 1.38. A global least-squares optimization, minimizing deviations of the predicted FPD from the
369 expected 100 m scale, gives C; = 1.375. In the following, we adopt C1 ~ 1.37 as the representative
370 global coefficient.

371 The second parameter of the model, Cz(h), characterizes the average energy loss of electrons per unit
372 path length, which depends explicitly on atmospheric density. For each station, a representative energy

373 for calculation losses was defined as
374 E"=(Ee(exit)+ Ee(det))/ 2,

375 which approximates the typical electron energy during propagation. The corresponding mass stopping
376 power was obtained from the NIST ESTAR database using linear interpolation and multiplied by the
377 local air density to obtain the linear stopping power.

378 The resulting values are

379 Aragats: C,~0.20MeV/m,

380 LHAASO: C,~0.17MeV/m,
381  Lomnicky Stit: C;~0.21MeV/m,
382 Nor Amberd: C>~0.23MeV/m.
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383 The free path distance is then calculated according to Eq. (3), where Ciwas derived from spectral data,

384 C.(h) from stopping-power tables, and the energies from the simulated spectra.

385 Applying this expression to the simulation data for four stations yields FPD values ranging from 85 to

386 105 m., in agreement with the expected ~100 m scale.

387 To validate the optimized value of the proportionality coefficient C;, we compare the resulting
388 free path distance (FPD) values obtained using both the empirical coefficient (C; = 1.2) and
389 the optimized coefficient (C: = 1.37). The FPD is computed for each bootstrap realization
390 across all four stations using Eq. (3), preserving the full statistical variability of the simulated

391  spectra.

392 The distributions of FPD values for each station are summarized in Fig. 5, where individual
393 realizations are represented as density distributions, and the mean values with corresponding
394 68% intervals are indicated.
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396 Figure 5.Comparison of free path distance (FPD) distributions obtained using the empirical
397 coefficient C1 = 1.2 and the optimized value C: = 1.37 for four high-altitude stations (Aragats,
398 LHAASO, Lomnicky Stit, Nor Amberd). Distributions are derived from bootstrap resampling of the
399 simulated spectra. Colored violins show the density of FPD values, while black markers denote mean

400 values with 16th-84th percentile intervals. The dashed line indicates the reference propagation
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401 distance of 100 m between the electric-field boundary and the detector, highlighting the recovery of
402 the correct physical scale with the optimized coefficient.

403 As shown in Fig. 5, the empirical coefficient C; = 1.2 systematically underestimates the FPD across all

404 stations, whereas the optimized value C; = 1.37 restores the characteristic ~100 m propagation scale.

405 The optimized model consistently reproduces this distance for all stations, confirming the physical
406 universality and robustness of the revised definition of C; across different atmospheric conditions.

407 The remaining deviations arise from statistical fluctuations of the high-energy spectral tails rather than

408 limitations of the model.

409

410 5. Conclusions

411 In this work, we developed a unified physical framework for relativistic runaway electron avalanches

412 (RREA) by combining the analysis of avalanche growth within the electric field with particle
413 propagation beyond it. Using CORSIKA simulations at four high-altitude stations, all model
414 parameters were derived directly from simulation data.

415 The results of this study reveal that the optimized coefficients derived from the CORSIKA simulations
416 exhibit systematic differences between stations, indicating that the parameter K in Eqg. (1) is not
417 universal. The introduction of a density-dependent scaling term (Eq. (2)) resolves this discrepancy and
418 yields a consistent description of avalanche growth across all considered altitudes. The negative
419 exponent a =~ — 0.92 reflects the fundamental role of atmospheric density in balancing electron
420 acceleration and energy loss. In lower-density environments, reduced collision rates allow electrons to
421 maintain higher energies over longer distances, resulting in larger avalanche lengths. Conversely, in

422 denser air, increased interaction rates suppress avalanche growth.

423 Implementation of Eq.(2) with parameters K = 6.39x10° kV and a = - 0.92 provides a uniform
424 estimation of the e-folding length across altitudes of 2000-6400 m. Applying the resulting equation to
425 these heights will yield consistent, reliable estimates without requiring tuning for each altitude.

426 Investigation of the FPD empirical equation leads to justification of Eq. (3) with coefficients C1~1.37,
427 which remains stable across all considered altitudes. This result indicates that the internal energy
428 structure of the avalanche is governed by intrinsic cascade dynamics and is largely independent of
429 environmental conditions. In contrast, particle propagation beyond the electric-field region is
430 controlled by density-dependent energy losses. The coefficient C,(h), derived from ESTAR stopping-
431 power data, varies systematically with atmospheric density and determines the attenuation of electrons
432 during transport.
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433 These results demonstrate that RREA can be described as a two-stage physical system: avalanche
434 growth inside the electric field, governed by density-dependent scaling, and particle transport outside
435 the field, governed by density-dependent energy losses, linked by a universal energy-partition
436 mechanism at the field boundary. The proposed formulation provides a compact, physically
437 transparent description of both processes and establishes a consistent basis for interpreting high-energy

438 particle phenomena in thunderstorm environments at different altitudes.
439
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455 7.7500) is specified in the manuscript and can be obtained for scientific use directly from the

456 official distribution portal.
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