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Abstract. Urban areas, occupying only 3% of the global land surface yet generating approximately 70% 

of anthropogenic carbon emissions, are critical targets for climate change mitigation. Accurate emission 

quantification remains challenging, as most atmospheric inversion studies neglect spatiotemporal 

correlations in prior fluxes and observation errors, inflating uncertainties in both the spatial distribution 
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and magnitude of greenhouse gases. This study introduces an inversion framework integrating explicit 

correlation functions, hierarchical Bayesian modeling, and maximum-likelihood estimation, thereby 

removing reliance on empirical parameterization in error covariance matrices. Application to the urban 

core of Zhengzhou demonstrated superior performance over conventional approaches. In controlled 

experiments, the framework achieved superior precision in localizing high-emission sources, reducing 20 

root-mean-square error by 21.4% between posterior estimates and assumed true fluxes across multiple 

emission scenarios. Real-world validation at the two monitoring towers further confirmed the 

improvements under the EDGAR-based prior, with lower RMSE values (10.31 and 10.05 ppm) and 

higher correlation coefficients (0.91 and 0.81) than conventional benchmarks. Additionally, the relative 

uncertainty of posterior emissions declined by approximately 46.4% compared to the traditional method, 25 

reflecting the enhanced precision of the approach. Crucially, analysis indicated that the reduction in 

posterior uncertainty resulted from systematic examination of inter-grid correlations, demonstrating that 

spatial correlations are essential for rigorous uncertainty quantification. 

1 Introduction 

Anthropogenic greenhouse gas (GHG) emissions have been a primary driver of global warming since 30 

the industrial revolution (IPCC, 2023). Among these, carbon dioxide (CO2) is considered the most 

significant anthropogenic GHG due to its chemical stability and long atmospheric residence time (Le 

Quéré et al., 2018). Although metropolitan regions cover only about 3% of the terrestrial land surface, 

they generate over two-thirds of anthropogenic carbon emissions globally (Cozzi et al., 2020; Seto et al., 

2012). This disproportionate contribution underscores the urgent need for precise quantification of urban 35 

emissions as a prerequisite for formulating effective policy interventions and regulatory frameworks. 

Two primary strategies are employed to estimate anthropogenic CO2 fluxes. The traditional “bottom-

up” emission estimation method relies on emission inventories derived from activity data and associated 
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emission factors (Andres et al., 2011; IPCC, 2006). The accuracy of these inventories is inherently 

constrained by uncertainties in energy consumption data, inconsistencies in combustion efficiency 40 

measurements, and variability in emission factor estimates (Gurney et al., 2021; Liu et al., 2015; 

Macknick, 2009). Furthermore, high-resolution, locally validated inventories are available for only a 

small fraction of municipalities (Lian et al., 2022; Saint-Vincent and Pekney, 2019; Smith et al., 2024). 

In most cases, reliance on spatial disaggregation of coarse-scale global or national datasets (e.g., EDGAR, 

ODIAC) is unavoidable (Janssens-Maenhout et al., 2019; Oda et al., 2018), introducing systematic biases 45 

through scale-dependent error propagation. As a complementary strategy, the “top-down” atmospheric 

inversion framework has evolved into a critical operational tool, synergistically integrating real-time 

atmospheric concentration measurements with atmospheric transport models and prior emission 

estimates, iteratively refining surface flux distributions through Bayesian optimization (Feng et al., 2016; 

Lauvaux et al., 2016; Lopez-Coto et al., 2017; Yadav et al., 2021). 50 

The principal sources of uncertainties in atmospheric inversion systems originate from two domains: 

inaccuracies in prior emission inventories and diverse observation-related errors, including 

instrumentation limitations, transport modeling discrepancies, spatial representation mismatches, and 

temporal aggregation errors. In most current implementations, these error components are represented 

through covariance matrices, specifically, the prior error covariance matrix characterizing emission 55 

estimate uncertainties and the observation error covariance matrix encapsulating measurement system 

imperfections. These mathematically defined covariance structures are fundamental to the inversion 

optimization framework, determining relative weighting between modeled simulations and observational 

data during parameter estimation (Chevallier, 2015; Staufer et al., 2016). The prior error covariance 

matrix governs the spatial propagation of uncertainties in the prior flux field. Standard parameterizations 60 

predominantly adopt an exponential decay model to describe spatial covariance, requiring specification 

of two key parameters: uncertainty magnitude and correlation length. The former is typically expressed 

as a fixed percentage of the prior flux (e.g., 30%–100%), while the latter is empirically determined from 

regional characteristics (Lauvaux et al., 2022; Lauvaux et al., 2012; Nassar et al., 2017). The sensitivity 

of inversion results to these prescribed parameters has been well established by urban-scale studies. 65 

Nickless et al. (2019), for example, demonstrated that varying the spatial correlation length in an 

inversion over Cape Town led to substantial differences in both the magnitude and spatial distribution of 

posterior emissions, underscoring the dominant influence of this single parameter on the inversion 

outcome. However, reliance on prescribed exponential decay functions with empirically assigned 

parameters fails to sufficiently capture the spatial complexity of prior errors in heterogeneous landscapes, 70 

particularly in urban systems characterized by multiscale topography and temporally dynamic 

anthropogenic emissions. The observation error covariance matrix is critical for representing both spatial 

and temporal correlations in observation errors, with temporal correlations at individual monitoring sites 

being especially important. Many inversion studies oversimplify this component by assuming a diagonal 

covariance structure, thereby disregarding temporal error correlations despite clear empirical evidence 75 

of diurnal variability in human activity and associated emissions (Koschorreck et al., 2024; Wesloh et 

al., 2024). For the diagonal elements, parameter values are commonly derived from empirical estimates 

or sensitivity analyses (Byrne et al., 2022; Hu et al., 2022; Wu et al., 2016). While sensitivity experiments 
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are valuable for isolating the effects of individual parameters in covariance matrix configuration, they 

fail to account for the complex influence of multiple parameters on inversion performance (G’sell et al., 80 

2014; Guigues, 2011). An alternative approach involves tuning covariance parameters so that the data 

misfit function conforms to a 𝜒2 distribution (Lauvaux et al., 2020; Sijikumar et al., 2023). However, 

such optimization-based parameterizations often yield non-unique solutions and cannot differentiate the 

relative contributions of prior and observation errors to the total uncertainty budget. 

To overcome the limitations inherent in empirically specified covariance matrix parameters and 85 

conventional sensitivity analyses, several studies have incorporated maximum-likelihood estimation 

(MLE) within hierarchical Bayesian frameworks, treating parameters from both prior and observation 

error covariance matrices as hyperparameters. Michalak et al. (2005) introduced this approach for 

atmospheric trace gas inversions, demonstrating that covariance parameters can be objectively optimized 

from available data rather than subjectively prescribed. Subsequently, Gourdji et al. (2010), working 90 

within a geostatistical framework, further established that joint optimization of spatial and temporal 

covariance parameters is necessary to recover accurate posterior uncertainty bounds. Nevertheless, 

existing implementations remain constrained by critical methodological shortcomings. For instance, 

Michalak et al. (2005) reduced both covariance matrices to purely diagonal structures, thereby 

eliminating all spatial and temporal correlations in prior and observation errors. Wu et al. (2013) 95 

employed the Balgovind correlation model exclusively for both matrices, retaining an empirically 

assigned correlation length for the prior error covariance matrix. In both cases, such simplifications were 

deliberately introduced to lower hyperparameter dimensionality and mitigate computational complexity, 

facilitating convergence toward an analytical solution of the posterior objective function. However, these 

constraints preclude accurate representation of error structures in the heterogeneous and dynamically 100 

evolving conditions characteristic of urban emission systems. 

This study introduces a novel covariance matrix construction framework, known as “optimization 

method”, designed to address the dual challenges in atmospheric inversion: (1) constraints arising from 

empirical construction of prior and observation error covariance matrices, and (2) inherent deficiencies 

in conventional MLE approaches for parameterizing these matrices. Our methodology systematically 105 

integrates multiple correlation functions, each validated in engineering applications, to define the 

structures of both covariance matrices. All parameters within these functions are treated as 

hyperparameters, whose optimal values are jointly estimated through a hierarchical Bayesian model 

combined with MLE and appropriate numerical optimization algorithms. Pseudo-observation inversion 

experiments were performed to compare the proposed approach with the conventional empirically driven 110 

covariance construction approach, known as the “traditional method”. Real-observation inversion 

experiments were further performed to validate the improvements achieved by the optimization method 

under operational conditions. Section 2 presents the methodology, including the inversion modeling 

scheme, pseudo-observation experiment design, and real-observation experimental setup. Section 3 

reports and analyses the results from both experimental phases, while Section 4 summarizes the key 115 

findings and conclusions. 
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2. Methodology 

2.1 Inversion modeling algorithm 

This study employed Bayesian inversion, a well-established technique for estimating atmospheric fluxes, 

to quantify CO2 emissions. Assuming Gaussian error distributions, we formulated a cost function via 120 

Bayes’ theorem to simultaneously evaluate concentration discrepancies between modeled concentrations 

and observations, and flux deviations between prior and unknown fluxes. The posterior flux vector 𝐟 and 

its associated covariance matrix 𝐀 were obtained by minimizing the cost function with respect to the 

unknown fluxes (Enting, 2002; Tarantola, 2005), expressed as: 

𝐟 =  𝐟𝐛 + 𝐁𝐇𝐓(𝐑 + 𝐇𝐁𝐇𝐓)−1(𝛍 − 𝐇𝐟𝐛)            (1) 125 

𝐀 = (𝐁−1 + 𝐇T𝐑−1𝐇)−1               (2) 

In Eq. (1), 𝛍 is the observation vector of CO2 mixing ratios with dimension 𝑑 × 1, 𝐟𝐛 is the vector of the 

prior estimates with dimension 𝑛 × 1, 𝐇 is a linear atmospheric transport operator (Jacobian matrix) with 

dimension 𝑑 × 𝑛, and 𝐑 (dimension 𝑑 × 𝑑) and 𝐁 (dimension 𝑛 × 𝑛) are the observation flux and prior 

error covariance matrices, respectively. 130 

Traditionally, the structures of the two error covariance matrices 𝐑 and 𝐁 are defined by assuming 

𝐑  to be diagonal, thereby omitting all spatiotemporal correlations in observation errors, while 𝐁 is 

modeled using an exponential decay function. The associated parameters are typically assigned 

empirically or adjusted so that the data mismatch function conforms to a 𝜒2 distribution. However, this 

adjustment procedure does not yield a unique solution and cannot quantify the relative contributions of 135 

prior and observation errors. Consequently, both the structural specification of 𝐑 and 𝐁 and the selection 

of their parameters remain heavily reliant on empirical and subjective assumptions, which inevitably 

introduces substantial uncertainty into inversion outcomes. The term “traditional method” is used here 

to describe this empirically based approach for determining the two error covariance matrices. 

In the optimization approach, a hierarchical Bayesian model combined with MLE is employed to 140 

derive the corresponding negative log-likelihood function (Michalak et al., 2005; Wu et al., 2013):  

ℒ(𝛉) =  − ln p(𝛍|𝛉) =
1

2
ln|𝐑𝛉 + 𝐇𝐁𝛉𝐇𝐓| +

1

2
(𝛍 − 𝐇𝐟𝐛)

T
(𝐑𝛉 + 𝐇𝐁𝛉𝐇𝐓)−1(𝛍 − 𝐇𝐟𝐛) + C  (3) 

where subscript 𝛉 is the vector of hyperparameters contained in the two error covariance matrices and 𝐶 

represents a constant term irrelevant to the optimization. In Michalak et al. (2005), both 𝐑𝛉 and 𝐁𝛉 were 

simplified to diagonal matrices, effectively disregarding all spatiotemporal correlations in observation 145 

and prior errors—an assumption at odds with empirical reality. Wu et al. (2013), on the other hand, 

adopted a single Balgovind correlation function to simultaneously define the structure of both 𝐑𝛉 and 

𝐁𝛉, while retaining one parameter as an empirically fixed value and treating the remaining parameters as 

hyperparameters. In both cases, reductions in structural complexity and parameter dimensionality were 

likely motivated by the need to reduce the computational burden associated with MLE, thereby enabling 150 

analytical derivation of hyperparameter estimates. However, these simplifications inevitably lead to 

incomplete representations of error covariance matrices. 

To address the constraints of existing MLE approaches in characterizing  𝐑𝛉 and 𝐁𝛉, this study 

employed several established correlation functions, combined in various configurations, to construct the 

full structure of both error covariance matrices. All associated parameters were treated as 155 
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hyperparameters, significantly increasing the dimensionality and nonlinearity of the negative log-

likelihood function defined in Eq. (3), rendering analytical estimation infeasible. 

In this framework, the hyperparameters associated with these correlation function combinations 

were estimated by minimizing the negative log-likelihood function defined in Eq. (3), thereby 

transforming the hyperparameter estimation problem into a numerical optimization problem. 160 

Hyperparameter optimization was performed using the NLopt library within the PyTorch deep learning 

environment, which provided a range of nonlinear optimization algorithms (Johnson, 2014). A hybrid 

strategy was applied, combining the Improved Stochastic Ranking Evolution Strategy (ISRES) for global 

optimization and the Method of Moving Asymptotes (MMA) for local refinement. ISRES, a population-

based algorithm, demonstrates superior global search capabilities in high-dimensional, non-convex 165 

parameter spaces (Runarsson and Yao, 2000), while MMA, an efficient gradient-based local optimizer, 

iteratively approximates the original non-convex problem with convex subproblems, guaranteeing 

convergence to locally optimal solutions (Svanberg, 1987). This two-stage approach, leveraging the 

respective strengths of evolutionary computation and convex optimization techniques for comprehensive 

hyperparameter tuning, was designated the “optimization method”—the procedure involving correlation 170 

function combinations and hyperparameter optimization in the inversion experiments. 

2.1.1 Proposed correlation functions 

(1) Exponential correlation function 

The exponential (EN) correlation function is a fundamental tool for characterizing spatial or 

temporal correlations of random variables or physical quantities in a system, particularly when 175 

correlations decay exponentially with distance or time interval, expressed as: 

𝐶𝑜𝑣 = 𝜎2𝑒−
𝑟

𝑙                  (4) 

where 𝜎2  represents the variance and 𝑙  is the correlation length controlling the rate of decay. This 

correlation function is widely applied in spatial statistics for geostatistical modeling, time-series analysis 

of meteorological data, and Gaussian process regression within machine learning (Brockwell and Davis, 180 

2002; Cressie, 2015; Williams and Rasmussen, 2006). Given its mathematical simplicity and robust 

performance, it has become a foundational tool for analyzing correlated data across disciplines. 

(2) Exponentially damped cosine (EDC) correlation function 

The EDC correlation function describes the behavior of decaying oscillations in certain physical, 

statistical, or time-series systems, combining exponential decay and cosine oscillations and expressed as: 185 

𝐶𝑜𝑣 = 𝜎2cos (𝜔𝑟)𝑒−
𝑟

𝑙                (5) 

where parameter 𝑙 represents correlation length, reflecting the scale of decay and 𝜔  is the angular 

frequency controlling the oscillation frequency of the cosine function. The EDC function is extensively 

used in signal processing for damped harmonic systems, geophysical data analysis for seismic or 

atmospheric correlations, financial time-series for cyclical trends with decay, and machine learning as a 190 

Gaussian process kernel (Box et al., 2015; Chiles and Delfiner, 2012; Shumway et al., 2000; Williams 

and Rasmussen, 2006). Due to its ability to capture both periodicity and damping, it is highly versatile 

for complex correlated systems. 

(3) Balgovind (BG) correlation function 

https://doi.org/10.5194/egusphere-2026-2044
Preprint. Discussion started: 23 June 2026
c© Author(s) 2026. CC BY 4.0 License.



6 

The BG correlation function is used to describe the spatial correlation of atmospheric turbulence. It 195 

is commonly used in geophysics, fluid dynamics, and atmospheric sciences, especially in numerical 

simulations, to model and analyze the spatial structure of atmospheric turbulence. It is formulated as: 

𝐶𝑜𝑣 = 𝜎2 (1 +
𝑟

𝑙
) 𝑒−

𝑟

𝑙                (6) 

This function is widely used to construct the spatial correlation of error covariance matrices. Its 

smooth attenuation properties make it effective for modeling the spatial correlations of atmospheric 200 

variables such as temperature, humidity, and wind speed. In regional assimilation systems, the BG 

correlation function is frequently employed to characterize local correlations, thereby improving 

assimilation accuracy (Balgovind et al., 1983; Bannister, 2008). Beyond atmospheric applications, it is 

also used in air pollution dispersion modeling, random field simulations, and spatial interpolation (Chiles 

and Delfiner, 2012).  205 

(4) Squared exponential correlation function 

The squared exponential (SE) covariance function is expressed as: 

𝐶𝑜𝑣 = 𝜎2𝑒
−

𝑟2

2𝑙2                 (7) 

The squared distance of the exponent results in slower decay with distance than the usual exponential 

function, producing a smoother correlation structure. The SE function is widely used in Gaussian process 210 

regression and machine learning due to its smoothness and infinite differentiability, making it ideal for 

modeling continuous and smoothly varying processes. It is commonly used in spatial statistics for 

geostatistical modeling, time-series forecasting, and Bayesian optimization for hyperparameter tuning 

(Stein, 1999; Williams and Rasmussen, 2006). 

(5) Rational quadratic correlation function 215 

The rational quadratic (RQ) covariance function is expressed as: 

𝐶𝑜𝑣 = 𝜎2 (1 +
𝑟2

2𝛼𝑙2)
−𝛽

               (8) 

where parameters 𝛼, 𝛽 > 0  control the relative influence of the polynomial and exponential terms, 

respectively. The RQ function combines exponential and polynomial terms and is thus more flexible 

compared to other common covariance functions. The RQ function is particularly suited to modeling 220 

different spatial or temporal stochastic processes, especially when the most suitable form of the 

covariance function cannot be determined. It is widely used in Gaussian process regression and machine 

learning, particularly for datasets exhibiting multi-scale behaviors or long-range dependencies. It is 

applied in spatial statistics, time-series analysis, and environmental modeling, where it effectively 

captures complex patterns and correlations (Stein, 1999; Williams and Rasmussen, 2006). 225 

2.1.2 Combinations of correlation functions of structural frameworks 

Based on the five correlation functions described above, the EN, EDC, and BG functions were used to 

construct the observation error covariance matrix 𝐑𝛉, while the EN, BG, SE, and RQ functions were used 

to build the prior error covariance matrix 𝐁𝛉, yielding the 12 combinations presented in Table 1. The full 

set of 25 theoretical combinations (5 × 5) were not implemented due to numerical stability issues. In 230 

ideal experiment tests, the excluded 13 combinations produced negative values approaching zero for the 

determinant 𝐑𝛉 + 𝐇𝐁𝛉𝐇𝐓 in Eq. (3), violating the statistical principles of Gaussian distributions (Gelb, 
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1974). This instability likely arose from numerical errors during multiplication of the positive definite 

matrix 𝐁𝛉 by the Jacobian matrix 𝐇 and its transpose 𝐇𝐓. Consequently, only the numerically stable 

correlation function combinations were retained to establish the structural frameworks of the two error 235 

covariance matrices. 

 

 

 

 240 
Table 1. Combinations of correlation functions used for constructing the observation error covariance matrix 

𝐑 and the prior error covariance matrix 𝐁 

Combination No. Correlation function for 𝐑 Correlation function for 𝐁 

1 EN:     𝜎2𝑒−
𝑟

𝑙  EN:     𝜎2𝑒−
𝑟

𝑙  

2 EN:     𝜎2𝑒−
𝑟

𝑙  BG:     𝜎2 (1 +
𝑟

𝑙
) 𝑒−

𝑟

𝑙  

3 EN:     𝜎2𝑒−
𝑟

𝑙  SE:      𝑒−
𝑟2

2𝑙2 

4 EN:     𝜎2𝑒−
𝑟

𝑙  RQ:     𝜎2 (1 +
𝑟2

2𝛼𝑙2)
−𝛽

 

5 EDC:  𝜎2cos (𝜔𝑟)𝑒−
𝑟

𝑙  EN:     𝜎2𝑒−
𝑟

𝑙  

6 EDC:  𝜎2cos (𝜔𝑟)𝑒−
𝑟

𝑙  BG:     𝜎2 (1 +
𝑟

𝑙
) 𝑒−

𝑟

𝑙  

7 EDC:  𝜎2cos (𝜔𝑟)𝑒−
𝑟

𝑙  SE:      𝑒
−

𝑟2

2𝑙2 

8 EDC:  𝜎2cos (𝜔𝑟)𝑒−
𝑟

𝑙  RQ:     𝜎2 (1 +
𝑟2

2𝛼𝑙2)
−𝛽

 

9 BG:    𝜎2 (1 +
𝑟

𝑙
) 𝑒−

𝑟

𝑙  EN:     𝜎2𝑒−
𝑟

𝑙  

10 BG:    𝜎2 (1 +
𝑟

𝑙
) 𝑒−

𝑟

𝑙  BG:    𝜎2 (1 +
𝑟

𝑙
) 𝑒−

𝑟

𝑙  

11 BG:    𝜎2 (1 +
𝑟

𝑙
) 𝑒−

𝑟

𝑙  SE:     𝑒−
𝑟2

2𝑙2 

12 BG:    𝜎2 (1 +
𝑟

𝑙
) 𝑒

−
𝑟

𝑙  RQ:    𝜎2 (1 +
𝑟2

2𝛼𝑙2)
−𝛽

 

 

2.1.3 Settings for hyperparameter optimization 

In parametric optimization, defining appropriate upper and lower bounds for the parameters is essential 245 

to ensure robust results. The hyperparameters σ2 and 𝑙, representing the variance and correlation length, 

respectively, are common to all five selected correlation functions. For the uncertainty hyperparameter 

σ, lower and upper bounds were set to 0.1 < σ < 100, based on the high-emission values in actual prior 

inventories. For the correlation length 𝑙, lower and upper bounds were set to 10 < 𝑙 < 80, based on the 

inversion domain in our study (40 km × 40 km). For the hyperparameters α and β contained in the RQ 250 

correlation function, lower and upper bounds were set to 0.01 < α < 20 and 0.1 < β < 5, based on the 

application of this function in geophysical exploration and climate modeling (Chiles and Delfiner, 2012; 

Stein, 1999). For initial parameter values, relatively small values within the upper and lower bounds were 

selected: 1, 10, 5, 1.5 for σ, 𝑙, α, and β, respectively. 
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2.2 Inversion experiment design 255 

2.2.1 Domain and CO2 monitoring towers 

The study area encompasses the main urban area of Zhengzhou, Henan Province, China. Situated along 

the transitional zone between the middle and lower reaches of the Yellow River, Zhengzhou spans 

112°42′–114°14′E and 34°16′–34°58′N, with a total municipal area of 7 567 km2. For this study, the 

inversion domain was defined as the central portion of Zhengzhou, covering 34.585°–34.875°N and 260 

113.435°–113.825°E. Within this area, two CO2 monitoring towers, with heights of 35 m and 50 m, were 

used for inversion (Fig. 1a, Table A1). The inversion grid resolution was set to 0.01° × 0.01° (latitude × 

longitude), resulting in 1 600 grid cells of 1 km × 1 km for flux optimization. 

 

Figure 1: (a) Inversion domain in Zhengzhou (34.585°–34.875°N, 113.435°–113.825°E) and locations of the 265 

CO2 monitoring towers (red triangles). The base map is provided by Google Maps. © Google, 2023. (b) Nested 

WRF domains (D01–D04) used in this study; the red box indicates the inversion domain in D04. 

2.2.2 WRF-STILT model setup 

The Weather Research and Forecasting Model (WRF v4.3) was used to drive the Stochastic Time-

Inverted Lagrangian Transport (STILT) model, thereby generating the observation operator 𝐇 for both 270 

ideal and real-data experiments (Yang et al., 2012). The WRF configuration included 35 vertical levels 

and four nested domains (Fig. 1b), with a temporal resolution of 1 hour. The horizontal resolutions are 

configured as 27 km, 9 km, 3 km, and 1 km, respectively. A multiple nesting strategy is adopted to 

simultaneously capture large-scale circulation patterns and resolve fine-scale local meteorological 

features, thereby enhancing the spatial resolution over the study area (Madhulatha et al., 2021). To reduce 275 

the accumulation of lateral boundary errors caused by multi-level nesting, a nesting ratio of 3:1 is adopted, 

which minimizes spurious reflections at the nesting boundaries and maintains flux conservation across 

different grid scales (Warner, 2011). Furthermore, the outermost domain is designed to be sufficiently 

large, ensuring that the study area is located at least 100 km away from all lateral boundaries, thereby 

effectively reducing the influence of lateral boundary conditions (Skamarock et al., 2008; Daniels et al., 280 

2016; Imberger et al., 2020).The outermost domain (D01) covers most of China to provide stable large-

scale forcing, featuring a 27 km grid resolution with 99 × 91 grid cells in the zonal and meridional 

directions, respectively. The second domain (D02) encompasses Henan Province and its surrounding 

areas, configured with a 9 km grid resolution and 120 × 123 grid cells. The third domain (D03) focuses 

on the north-central region of Henan Province, utilizing a 3 km resolution with 111 × 90 grid cells. The 285 

innermost domain (D04) is centered on the main urban area of Zhengzhou and its immediate vicinity, 

enabling high resolution representation of urban meteorological processes, with a high-resolution 1 km 

grid with 69 × 57 grid cells. STILT was run in time-reversed mode, driven by WRF-simulated wind 
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fields. Ensembles of 1 000 particles were released from the two monitoring towers and transported 

backward for 24 hours during the afternoon period (12:00–18:00 local time), when the boundary layer is 290 

typically well-developed and more stable. These trajectories yielded hourly footprint data at 1 km spatial 

resolution across the D04 domain for each measurement period. Approximately 90% of the backward 

trajectories reached the boundary of the inversion domain within 6 hours, with a mean travel time of less 

than 4 hours. Based on the monthly averaged footprints derived from the 24-hour trajectories, the D04 

domain contributed approximately 40% of the total footprint (Figure A1). Furthermore, most of the D04 295 

domain was identified as the sensitive area for the monitoring sites, defined as the region contributing 

50% of the total footprint (Sargent et al. 2018), where emissions can be optimally constrained by the 

atmospheric inversion model. Detailed physical parameterizations and domain configurations are 

provided in Ren et al. (2024). 

2.2.3 Pseudo-observation inversion experiment 300 

To evaluate the performance of the optimization method under controlled conditions, inversion analyses 

were conducted using synthetic, or pseudo-observation, datasets. “True” and prior flux fields were 

prescribed for different scenarios. Forward transport simulations of atmospheric CO2, driven by the true 

fluxes, were then performed to generate synthetic concentration data at each tower and time step. The 

inversion period extended from 1 to 31 October 2023. Under this configuration, the dimensions of the 305 

matrices 𝐑 , 𝐁 , and 𝐇  were 434 ×  434 , 1 600 ×  1 600 , and 434 ×  1 600 , respectively. As the 

experiment was conducted under ideal conditions, background contributions could be neglected. The 

inversion experiments were then performed using these pseudo-observations to optimize the fluxes 

relative to the prior estimates.  

(1) Prior inventories and true fluxes 310 

For the prior inventory, pixel-level emissions were generated from a normal distribution with a 

mean of 10 μmol m−2 s−1  and a variance of (3 μmol m−2 s−1)2 , reflecting values from real prior 

inventories in the study region. This approach imposed minimal assumptions on prior emissions. The 

true flux fields were constructed by introducing localized high-emission sources into the prior flux fields, 

establishing seven distinct scenarios containing 1, 4, 7, 10, 15, 20, and 30 high-emission points. These 315 

high values were based on the ODIAC inventory, with emission strengths generated randomly from 

normal distributions with means of 500–800 μmol m−2 s−1  and a variance of (20 μmol m−2 s−1)2 . 

Details of prior and true fluxes are provided in the Appendix (see Fig. A2). 

(2) Error covariance matrices 

       The construction of the error covariance matrices for the optimization method is described in Sect.2.1. 320 

In the traditional method, both matrices and their parameters were defined empirically. For the 

observation error covariance matrix 𝐑 , a diagonal structure was assumed, implying the absence of 

temporal and spatial correlations in observation errors. Consistent with Bréon et al. (2015), each diagonal 

element was assigned a variance of (3 ppm)2 (Staufer et al., 2016; Wu et al., 2016). For the prior error 

covariance matrix 𝐁, an exponential model was used, with the uncertainty for each pixel set to 100% of 325 

its net emissions in the prior inventory. Given that all inversions in this study used the same 40 km × 40 

km domain, the spatial correlation length was fixed at 10 km. 
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(3) Pseudo-observation perturbations 

To further assess the robustness of the optimization method in the presence of observation errors, a 

range of random perturbations was introduced to the pseudo-observations. Posterior-simulated 330 

concentrations derived from both the optimization and traditional methods were compared with the 

original, unperturbed pseudo-observations. Initially, perturbations with a mean of 0 and a variance of 

(0.5 ppm)2  were applied to all seven scenarios. Differences between the posterior-simulated 

concentrations and pseudo-observations were analyzed for each method. In addition, the scenario with 

10 high-emission points was used as a case study for quantitative assessment of the effect of random 335 

perturbation magnitude. The variance was incrementally increased from (0.5 ppm)2  to (1 ppm)2 , 

(1.5 ppm)2, (2.0 ppm)2, (2.5 ppm)2, and (3.0 ppm)2, enabling evaluation of the performance of both 

methods under progressively higher levels of observation error. 

2.2.4 Real observation inversion experiment  

For the real observation inversion experiment, two towers (SP and DD) were used for flux estimation, 340 

with each inversion covering a one-month period. This inversion was conducted from January to March 

2023, spanning three consecutive months. In accordance with the restriction of the WRF-STILT model 

to afternoon-only backward transport, the observation data used for the inversion were selected from the 

afternoon period (12:00–18:00 local time) for the two towers. 

(1) Prior inventories 345 

The EDGAR (Emissions Database for Global Atmospheric Research, v7.0, 2022; 

https://edgar.jrc.ec.europa.eu; Janssens-Maenhout et al., 2019) inventory was used as the anthropogenic 

CO2 prior in the real observation inversion. EDGAR supplies annual emission data, and the original 

spatial resolution is 0.1° × 0.1° (~10 km × 10 km at the equator). To ensure consistency with the inversion 

grid resolution, the EDGAR data were resampled to 1 km × 1 km using nearest-neighbor interpolation 350 

(Li et al., 2004). The spatial distributions of the prior emissions for the three months are shown in the 

Appendix (see Fig. A3). 

(2) Error covariance matrices 

For the real observation inversion experiment, the construction of the two error covariance matrices 

𝐑 and 𝐁 under both the optimization and traditional methods followed the same procedures as described 355 

for the pseudo-observation inversion experiment in Sect. 2.2.3. 

(3) Background mixing ratios 

Because flux correction depends on observed concentration enhancements relative to the 

background level, accurate determination of this background is critical for the real observation inversion 

experiment. In this study, the background mixing ratio was defined as the minimum value within a 24-360 

hour moving window for each day, following approaches used in previous CO₂ studies (Karion et al., 

2021; Nickless et al., 2019; Turnbull et al., 2015). The daily minimum typically occurs during afternoon 

hours when the boundary layer is fully developed and vertical mixing is strongest, at which point local 

emission signals are maximally diluted and the observed concentration most closely approximates the 

regional background. By updating the background on a daily basis, this approach captures synoptic-scale 365 

meteorological variations, rather than imposing a single static value across the entire study period. The 
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potential influence of regional transport on the estimated background and the associated uncertainties are 

discussed in the conclusions. 

2.4 Evaluation metrics 

(1) Optimal correlation function combination selection 370 

In the ideal experiments, the primary objective was to evaluate the performance of each method in 

capturing high-emission points in “true” fluxes. The root mean square error (RMSE) between the 

posterior and true fluxes was used as the selection criterion for the optimal covariance function 

combination under each true flux scenario, defined as: 

RMSE = √∑ (𝐟𝐢
𝐚−𝐟𝐢)

2N
i=1

N
               (9) 375 

where N denotes the number of grid cells and 𝐟𝐢
𝐚 and 𝐟𝐢 represent the posterior and true fluxes at the 𝑖th 

grid cell, respectively. RMSE provides a quantitative measure of the deviation between posterior and 

true fluxes. To further verify the robustness of this selection criterion, daily posterior emissions from 

each covariance function combination were compared with daily emissions derived from the true fluxes. 

For the real observation experiments, RMSEs between the posterior-simulated concentrations and 380 

corresponding observations were used to select the optimal covariance function combination. The 

optimal combinations, their associated optimized hyperparameters, and the corresponding RMSE values 

for all inversion experiments conducted with the optimization method are summarized in Table A2. 

(2) Relative uncertainty algorithm 

In the posterior covariance matrix 𝐀 defined in Eq. (2), diagonal elements represent the variances 385 

of the posterior fluxes for each grid cell, while off-diagonal elements denote covariances between 

different grid cells. 

In this study, inversion performance was further assessed by comparing the relative uncertainties of 

CO2 emissions derived from the posterior fluxes obtained using the optimization and traditional methods. 

CO2 emissions over the inversion domain for a given time period 𝑡 can be defined as: 390 

E = stf1 + stf2 + ⋯ + stfn = st(f1 + f2 + ⋯ + fn)          (11) 

where s represents the area size of the inversion domain and f1  to fn represent all elements of the 

posterior flux  𝐟  corresponding to the posterior fluxes of each grid cell. The synthesis formula of 

uncertainty is defined as (JCGM, 2008):  

uc(y) = √∑ (
∂f

∂xi
)

2

u2(xi) + 2 ∑ ∑
∂f

∂xi

∂f

∂xj
u(xi, xj)

n
j=i+1

n−1
i=1

n
i=1         (12) 395 

where uc(y) is combined standard uncertainty, 
∂f

∂xi
 is the sensitivity coefficient, u(xi) is the standard 

uncertainty of the input xi, and u(xi, xj) is the covariance of xi and xj. For our emission model Eq. (11), 

∂f

∂xi
 is equal to 𝑠𝑡  and u2(xi)  and u(xi, xj)  correspond to the diagonal and off-diagonal elements of 

matrix 𝐀, respectively. Finally, based on the relative uncertainty (UR) formula: 

𝑢𝑟𝑒𝑙(𝑦) =
𝑢𝑐(𝑦)

|𝑦|
                 (13) 400 

where 𝑦  denotes the measured quantity, here representing the posterior CO2 emissions, the relative 

uncertainty of the emissions can be computed. Notably, the coefficients 𝑠𝑡  cancel out during the 
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calculation, indicating that the relative uncertainty of emissions is independent of both the emission 

duration and area size. 

3 Results and Discussion 405 

This study employed a two-stage validation strategy. First, a theoretical evaluation was conducted by 

comparing the inversion performance of the optimization method with that of the traditional method 

using ideal experiment results, thereby establishing the fundamental advantages of the proposed approach. 

Empirical validation was then carried out through real observation inversion experiments to further 

demonstrate the superiority of the method. 410 

3.1 Pseudo-observation inversion experiment 

In the ideal experiments, where the true fluxes were known, a rigorous comparison was performed 

between the posterior fluxes from both methods and the true fluxes. To better approximate real-world 

conditions, controlled perturbations were then applied to the pseudo-observations to simulate observation 

errors commonly encountered in operational inversions, enabling evaluation of the robustness of each 415 

method under error-affected conditions. Finally, a comprehensive uncertainty assessment of posterior 

emission estimates was performed to directly compare the statistical reliability of the two methods. 

3.1.1 Comparisons between true and posterior fluxes 

Seven emission scenarios were analyzed, each containing a different number of high-emission points 

within the true flux distribution (1, 4, 7, 10, 15, 20, and 30) (see Fig. A2 for complete prior inventories). 420 

For detailed comparison, Figure 2 presents performance metrics of the optimization method across 

covariance function combinations, highlighting four representative scenarios with 1, 4, 10, and 20 high-

emission points. For the 1-point case, optimal performance was achieved with the BG-BG combination 

(BG for both matrix 𝐑 and matrix B), yielding an RMSE of 0.54 × 10−6 kg CO2 m−2 s−1,while in the 

4-point case, the EN-EN combination (EN for both matrix 𝐑 and matrix B) performed best, with an 425 

RMSE of 0.95 × 10−6 kg CO2 m−2 s−1. In the 10-point and 20-point cases, the EN-BG combination and 

EDC–EN combination yielded the lowest RMSE values, 1.86×10
-6

 and 2.43×10
-6

 kg CO2 m-2 s-1 , 

respectively.  

Analysis of daily posterior emissions confirmed that these selected combinations consistently 

produced relatively small deviations from the true emissions across all scenarios, outperforming most 430 

other combinations as illustrated in Figure 2. Compared with the traditional method, the optimization 

method delivered statistically significant RMSE reductions in every case: 31.65% (0.79 × 10−6  to 

0.54 × 10−6 kg CO2 m−2 s−1 ) for the 1-point case, 37.50%( 1.52 × 10−6  to 0.95 ×

10−6 kg CO2 m−2 s−1) for the 4-point case, 15.45% (2.20 × 10−6 to 1.86 × 10−6 kg CO2 m−2 s−1) for 

the 10-point case, and 19.00% (3.00 × 10−6 to 2.43 × 10−6 kg CO2 m−2 s−1) for the 20-point case. 435 
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Figure 2: Results of the optimization method for “true” flux scenarios containing 1, 4, 10, and 20 high-emission 

points. RMSE denotes the root mean square error between posterior fluxes from each error covariance matrix 

combination and corresponding “true” fluxes. Values in grid cells indicate absolute biases between posterior 

daily emissions and “true” daily emissions for each combination. Units for daily emissions: tons (𝐭).  440 

 

Figure 3 shows the spatial distributions of posterior fluxes derived from both the traditional and 

optimization methods across multiple true flux scenarios. The traditional method exhibited limited spatial 

resolution, with elevated flux values concentrated primarily in the central inversion domain and poor 

localization of high-emission points. In contrast, the optimization method achieved markedly improved 445 

spatial accuracy, particularly for high-emission sources located near the domain center, as evidenced by 

the closer alignment between simulated and true flux distributions. Inversion results corresponding to 

additional high-emission points scenarios are provided in the Appendix (see Fig. A4).  

 

 450 

 
Figure 3: Posterior fluxes from traditional and optimization methods for “true” flux scenarios with 1, 4, 10, 

and 20 high-emission points. (a–d) “True” fluxes for the four scenarios. (e–h) Posterior fluxes from the 

optimization method. (i–l) Posterior fluxes from the traditional method.  

 455 

Figure 4 provides a quantitative comparison of the traditional and optimization methods for 

estimating posterior fluxes across multiple true flux scenarios. Panel (a) shows that the RMSE between 

the posterior and true fluxes increased almost linearly with the number of high-emission points for both 

methods (R2 > 0.95), reflecting the increasing complexity of flux distributions. Across all scenarios, the 

optimization method consistently outperformed the traditional approach, achieving an average RMSE 460 
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reduction of 21.40% (1.80×10
-6

 vs 2.29×10
-6

 kg CO2 m-2 s-1). Posterior fluxes from the optimization 

method also exhibited smaller deviations from the true fluxes than those reported in previous studies (Wu 

et al., 2018; Turner et al., 2016), highlighting its improved accuracy. Panel (b) indicates that although 

both methods displayed a similar scaling trend in daily emission discrepancies with increasing high-

emission points, their response patterns differed fundamentally. Results from the traditional method 465 

showed significant scenario-dependent variability in flux estimation errors, whereas the optimization 

method exhibited a steady and predictable error growth trend. In all scenarios, the optimization method 

produced smaller discrepancies. These systematic differences, occurring under identical experimental 

conditions except for the construction of the error covariance matrix, demonstrate that covariance matrix 

formulation is a critical determinant of inversion accuracy. The proposed optimization method delivered 470 

closer agreement with the true fluxes while maintaining robust performance across increasingly complex 

emission fields. 

 

 
Figure 4: (a) RMSE between posterior fluxes and the “true” fluxes and (b) absolute daily emission biases for 475 

the optimization and traditional methods across different ideal flux scenarios.  

3.1.2 Performance of the two methods under concentration perturbations 

Method robustness was assessed by introducing random perturbations (σ = 0.5 ppm) to the pseudo-

observations in the ideal experiments, where background concentration variability and instrumental 

measurement errors were negligible. Figure 5a presents the RMSE-evaluated differences between 480 

posterior-simulated concentrations and pseudo-observations under various true flux scenarios. The 

central point represents the lowest RMSE values. For both the SP and DD towers, the polygons 

connecting all scenarios for the optimization method were more closely clustered toward the central point 

than those from the traditional method, indicating greater consistency and closer agreement between 

simulations and pseudo-observations. The RMSE values for the optimization method remained 485 

consistently low across all emission scenarios, ranging from 0.38 to 1.01 ppm at SP tower and from 0.37 

to 1.20 ppm at DD tower, substantially narrower than the ranges obtained using the traditional method 

(1.66 – 19.99 ppm at SP tower and 1.82 – 37.13 ppm at DD tower). These results demonstrate that the 

optimization method provides a more stable and accurate representation of concentration responses under 

different flux perturbations. Detailed comparisons between posterior-simulated concentrations and 490 

pseudo-observations under true flux scenarios (Fig. A5) further confirm the closer agreement achieved 

by the optimization method. 

Sensitivity analysis was performed for the 10-point high-emission scenario, with perturbation 

magnitudes progressively increased from σ = 0.5 ppm to 3 ppm (Fig. 5b). Increasing perturbation 

magnitude led to growing variability in differences between the posterior-simulated concentrations and 495 
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observations for both methods. Across all perturbation levels, however, the optimization method 

consistently maintained smaller concentration differences -- ranging from 0.59 to 2.56 ppm at SP tower 

and from 0.66 to 2.47 ppm at DD tower -- compared with the traditional method (6.72 – 7.75 ppm at SP 

tower and 2.42 – 4.16 ppm at DD tower). These results demonstrate that the optimization method 

consistently achieves higher accuracy and sustained greater robustness under increasing observational 500 

uncertainty. 

 

 

Figure 5: Radar charts showing deviations between posterior-simulated concentrations and pseudo-

observations after applying perturbations, evaluated using RMSE (ppm). (a) Results for random 505 

perturbations with σ = 0.5 ppm under different ideal flux scenarios. (b) Results for the 10-point high-emission 

scenario with perturbations ranging from σ = 0.5 ppm to σ = 3.0 ppm. Note that a logarithmic transformation 

was applied to the RMSE values for improved visualization, while the radial axis is labeled in the original 

RMSE scale.  

3.1.3 Relative uncertainty of posterior emissions for the two methods 510 

The relative uncertainty of the posterior emissions generated by the two distinct inversion approaches 

across multiple true flux scenarios is shown in Fig. 6a. Across all scenarios, the optimization method 

consistently produced markedly lower relative uncertainties (0.50% to 1.35%) compared with the 

traditional method (3.40% to 8.15%), indicating a clear theoretical advantage in producing more reliable 

posterior estimates. In the traditional method, the relative uncertainty of posterior daily emissions 515 

decreased as the number of high-emission points increased. As indicated by Eq. (13), relative uncertainty 

is a function of the combined uncertainty derived from the posterior error covariance matrix elements in 

Eq. (12) and posterior flux magnitude. In the traditional framework, parameters including error 

covariance matrices 𝐁 and 𝐑 and the transport operator 𝐇 in Eq. (2) remain fixed, resulting in identical 

posterior combined uncertainty across scenarios. However, larger true emissions yield proportionally 520 

greater pseudo-observations, increasing the posterior flux magnitude. With the numerator (combined 

uncertainty) unchanged and the denominator (posterior flux) increasing, the relative uncertainty value 

decreases, generating a spurious trend of uncertainty reduction with increasing high-emission points. The 

optimization approach, through rigorous construction of error covariance matrices, avoids this artifactual 

reduction. 525 

To examine the interplay between individual grid-cell posterior emission uncertainties and inter-

grid flux correlations in determining domain-wide combined uncertainty, comparative analyses were 

performed for 4-, 10-, and 20-point high-emission scenarios. As shown in Fig. 6b–e, the diagonal 
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elements of matrix 𝐀 (individual grid uncertainties) in the optimization method were generally larger 

than those from the traditional method, with averages of 1.95×10
-6

, 1.18×10
-6

, and 1.98×10
-6

 kg CO2 530 

m-2 s-1 for the three high-emission scenarios, respectively. In contrast, the traditional method yielded 

significantly lower average identical individual grid uncertainties (0.27×10
-6

 kg CO2 m-2 s-1), identical 

across all three scenarios (Fig. 6e), reflecting the invariance of its posterior error covariance matrix A to 

changes in true flux distribution. The optimization method generated sums of off-diagonal elements in 

matrix A  (inter-grid correlations) of −3087.29, -1135.80, and -3181.97  (kg CO2 m-2 s-1)
2
 across the 535 

different emission scenarios, contrasting sharply with the value of 1727.87 (kg CO2 m−2 s−1)
2
 obtained 

for the traditional method (Table A3).  

This approximately 200% difference of the summed off-diagonal elements of  𝐀 between the two 

methods can be attributed to the distinct approaches to constructing the posterior error covariance matrix, 

𝐀 = (𝐁−1 + 𝐇T𝐑−1𝐇)−1 . In the traditional method, the observation error covariance matrix 𝐑  is 540 

assumed to be diagonal, and most elements of the transport operator 𝐇 are inherently close to zero due 

to the sparse sensitivity of concentration observations to distant grid emissions. As a result, the 

contribution of 𝐇T𝐑−1𝐇 relative to 𝐁−1 becomes negligible, and 𝐀 effectively approaches (𝐁−1)−1 = 𝐁. 

Since 𝐁 is constructed using an exponential-decay correlation function, 𝜎2𝑒−
𝑟

𝑙 , where the parameter 𝜎 is 

scaled by the magnitude of prior fluxes, all elements of 𝐁 are positive. This leads to a large positive sum 545 

of off-diagonal elements in 𝐀. In contrast, the optimization method employs multiple combinations of 

correlation functions to construct both 𝐁 and 𝐑, allowing for more flexible spatial structures in the prior 

and observation uncertainties. In particular, 𝐑 includes inter-station and inter-grid correlations that can 

introduce negative or compensating covariance terms. Consequently, the resulting posterior covariance 

matrix 𝐀  exhibits pronounced negative off-diagonal sums, indicating stronger negative correlations 550 

among grids.  

These negative correlations are consistent with the spatial characteristics of the true fluxes. As 

shown in Figure 3, the posterior fluxes derived from the optimization method more accurately capture 

the location and magnitude of the prescribed high-emission grids, reflecting their closer agreement with 

the true fluxes. Because the fluxes of these high-value grids are much larger than those of the remaining 555 

low-value grids, the resulting disparity induces statistically negative correlations, which account for the 

negative inter-grid correlations observed in 𝐀. In contrast, the traditional method yields posterior fluxes 

characterized by a regionally aggregated high-emission center, where flux values gradually decrease 

toward surrounding grids (Section 3.1.1). This smooth gradient results in neighboring grids having 

similar flux magnitudes, thereby increasing inter-grid correlations and generating a positive off-diagonal 560 

sum in matrix 𝐀. Because total uncertainty is a function of both grid-level variances and inter-grid 

covariances, the higher variances in the optimization method were offset by markedly reduced 

covariances, resulting in lower overall relative uncertainty in posterior daily emissions. These findings 

substantiate both the methodological superiority of the optimization framework and the importance of 

accurately representing spatial correlations in emission inversion systems, particularly for uncertainty 565 

quantification. 
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The spatial distributions of posterior uncertainty differed markedly between the optimization and 

traditional methods (Fig. 6b–e). In the traditional framework, uncertainties were spatially homogeneous 

across the domain, aligning with the uniform structure of the prior inventory (Fig.  A2). As delineated in 

Eq. (2), the structure of matrices 𝐁 and 𝐑 plays a decisive role in shaping inversion outcomes. Here, 𝐑 570 

was constrained to a diagonal form and 𝐁 adopted an exponential decay structure, a configuration that 

inherently emphasizes prior errors over observation errors during inversion. Moreover, because the 

uncertainty parameter 𝜎2 in the exponential decay model was derived directly from the prior inventory, 

the resulting grid-level posterior uncertainty field was dominated by prior information, consistent with 

earlier reports (Lauvaux et al., 2016; Wang et al., 2018). In contrast, the optimization method removed 575 

any fixed weighting between prior and observation errors, with parameters 𝐁 and 𝐑 determined through 

a mathematically rigorous optimization process based on objective numerical criteria (likelihood 

maximization), ensuring that the posterior uncertainty field reflected a more balanced integration of the 

prior inventory, observation data, and transport operator. Across all three flux scenarios (Fig. 6b–d), the 

optimization method produced comparable spatial patterns of posterior uncertainty, with minima near 580 

inversion towers and a gradual increase with distance from observation sites, while maintaining relative 

homogeneity in remote regions. This distribution is consistent with previous studies (Lopez-Coto et al., 

2017; Nalini et al., 2022) showing that transport models achieve greater emission characterization 

accuracy in proximity to monitoring locations, thereby reducing uncertainties locally. Overall, within the 

controlled conditions of these experiments, the optimization method yielded posterior uncertainty fields 585 

that more faithfully represented the underlying atmospheric transport processes and inversion system 

behavior than those produced by the traditional method. 

 

Figure 6: (a) Relative uncertainty of posterior daily emissions obtained using traditional and optimization 
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methods under different ideal flux scenarios. (b–e) Standard uncertainty of posterior fluxes obtained using 590 

traditional and optimization methods for different ideal flux scenarios. 

3.2 Real observation inversion experiment 

The optimization method was further assessed through inversion experiments incorporating CO2 

concentration measurements from monitoring towers collected between January and March 2023, 

combined with the EDGAR prior inventory. Evaluation focused on quantifying the goodness-of-fit 595 

between posterior-simulated concentrations and observations, alongside a comparative assessment of the 

relative uncertainty of posterior daily emissions obtained from both the optimization and traditional 

methods. 

3.2.1 Comparisons between CO2 observations and simulated concentrations 

Figure 7 presents the correspondence between simulated and observed CO2 concentrations at the two 600 

inversion towers (SP and DD). For both methods, the prior and posterior simulations reproduced the 

temporal dynamics of the observed concentrations, demonstrating that the transport model effectively 

captured the influence of local emissions on atmospheric CO2 levels at the monitoring sites. Nevertheless, 

the prior simulation exhibited noticeable discrepancies, with RMSE values of 12.57 ppm and 11.66 ppm 

and correlation coefficients (R) of 0.85 and 0.69 at SP and DD towers, respectively.  605 

 

 

Figure 7. Comparison of hourly observed and simulated CO2 concentrations at the inversion towers (a) SP 

and (b) DD under the EDGAR prior inventory from June to August 2023. 

 610 

Inversion markedly reduced these discrepancies for both approaches (Fig. 8). The traditional method 

reduced the RMSE to 10.57 ppm at both towers, accompanied by increasing in the correlation coefficients 

(R) to 0.89 and 0.74, respectively. The optimization method achieved further improvements, yielding 

RMSE values of 10.31 ppm at SP tower and 10.05 ppm at DD tower, with corresponding R values of 

0.91 and 0.81. This improvement is consistent with the results in Sect. 3.1.1, where analogous gains were 615 

observed in the ideal experiments with concentration perturbations. Given that both frameworks employ 

the same transport model and differ solely in their error covariance matrices specification, the improved 

performance can be attributed to the optimized error structure, which more effectively constrains 

posterior emissions under the EDGAR prior inventory. Despite these improvements, the absolute RMSE 

values remain on the order of 10 ppm, indicating that residual discrepancies persist in the real-observation 620 

inversions. Such discrepancies are consistent with limitations associated with the coarse spatial and 

temporal resolution of the EDGAR prior inventory, WRF-STILT simulation errors， as well as 

uncertainties in the background CO2 determination based on the 24-hour moving-window minimum. 

Although the adoption of a four-domain nested configuration enhances the spatial resolution and physical 
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consistency of the WRF model, lateral boundary effects remain difficult to avoid entirely in a limited-625 

area model (Skamarock et al., 2008; Imberger et al., 2020). Inaccurate outer boundary information can 

propagate inward and accumulate across domains. Moreover, discontinuities in physical processes 

between different resolution domains may further exacerbate uncertainties near nested boundaries 

(Daniels et al., 2016), thereby affecting meteorological field simulations and concentration estimates over 

the study region. Furthermore, air mass trajectories simulated by the STILT model are predominantly 630 

oriented from the northeast and west directions (Figure A1).  According to the EDGAR inventory, 

emission contributions from regions along these pathways (e.g., Luoyang, Xinxiang, and Shandong 

Province) can also interfere with observed concentrations within the inversion domain, leading to 

additional uncertainties in emission estimates. In addition, while the 24-hour moving-window minimum 

approach accounts for part of the meteorological variability, it does not fully isolate large-scale or 635 

persistent signals, which may influence the simulated concentration enhancements. 

 
Figure 8. Scatter plots of observed versus posterior simulated CO2 concentrations at the inversion towers (a) 

SP and (b) DD under the EDGAR prior inventory.  

3.2.2 Relative uncertainty of posterior daily emissions under different prior inventories 640 

Following the approach used in the ideal experiment, the relative uncertainties of the posterior daily 

emissions were quantified, with the corresponding posterior covariance matrices 𝐀 derived using the two 

inversion methods under EDGAR prior inventory shown in Fig. 9. The results showed that the 

optimization method produced a lower relative uncertainty (5.19%) than the traditional method (9.69%) 

(Fig. 9a). This 46.44% reduction indicates that the optimization framework provides a substantially 645 

tighter constraint on posterior emissions. Furthermore, the relative uncertainties achieved with the 

optimization method were markedly lower than the values reported in related studies (11.54%–25.00%) 

(Sargent et al., 2018; Lauvaux et al., 2016; Turnbull et al., 2019). Examination of the posterior covariance 

matrices revealed that the optimization method yielded a larger cumulative grid-level variance (sum of 

diagonal elements of 𝐀) than the traditional method yet exhibited a substantially smaller cumulative 650 

inter-grid covariance. This combination mirrors the behavior observed in the ideal experiments (Section 

3.1.3). The consistency between the ideal and real experiments underscores that spatial correlations 

among posterior fluxes play a decisive role in determining overall uncertainty in atmospheric inversion 

analyses.  

 655 
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Figure 9. Relative uncertainty of posterior daily emissions (a) and posterior covariance matrices 𝐀 (dimension 

𝟏 𝟔𝟎𝟎 × 𝟏 𝟔𝟎𝟎) derived from the optimization (b) and traditional (c) inversion methods under the EDGAR 

prior inventory. 

4 Conclusion 660 

This study introduces an advanced framework for constructing error covariance matrices in 

atmospheric inversion, integrating correlation-function combinations, a hierarchical Bayesian model, and 

maximum-likelihood estimation. By explicitly representing coupled spatiotemporal error structures in 

both prior fluxes and observation errors, the proposed approach circumvents key limitations inherent to 

traditional inversion methods, which rely on simplified covariance assumptions or sensitivity-based 665 

parameter selection. The framework draws on earlier work employing maximum-likelihood estimation 

to optimize covariance hyperparameters (Michalak et al., 2005; Gourdji et al., 2010; Wu et al., 2013), 

while simultaneously addressing findings from urban-scale studies that posterior flux estimates are 

acutely sensitive to prior error covariance specification — particularly the spatial correlation length — 

despite these parameters being largely subjectively prescribed (Lauvaux et al., 2016; Nickless et al., 2019; 670 

Wu et al., 2018; Cohen and Prinn, 2011). 

The ideal experiments showed that the optimization method consistently outperformed the 

traditional approach across diverse emission scenarios, producing more accurate reconstructions of true 

flux distributions and more precise localization of high-emission sources. For scenarios with multiple 

high-emission points, the optimization method reduced the RMSE between posterior and true fluxes by 675 

an average of 21.4%. When random perturbations (σ = 0.5 ppm) were introduced, the resulting 

concentration differences remained within 0.37–1.20 ppm, substantially narrower than the 1.66–37.13 

ppm range obtained using the traditional method. The relative uncertainty of posterior daily emissions 

was consistently reduced to 0.50%–1.35%, compared to 3.4%–8.15% for the traditional method. 

Variance–covariance analysis further showed that this improvement is primarily associated with reduced 680 

inter-grid correlations, underscoring the importance of explicitly representing spatial correlation 

structures rather than relying solely on variance-based metrics. The real-observation inversions 

confirmed these advantages under the EDGAR prior inventory. At the two inversion towers, the 

optimization method achieved improved agreement with observed CO₂ concentrations, reducing RMSE 

to 10.31 ppm and 10.05 ppm and increasing correlation coefficients to 0.91 and 0.81, compared to 10.57 685 

ppm and lower correlations (0.89 and 0.74) from the traditional method. The optimization method also 

achieved an approximately 46% reduction in the relative uncertainty of posterior daily emissions. This 

marked improvement in posterior precision carries direct and actionable implications for urban carbon 

monitoring. First, it strengthens top-down constraints on urban emission inventories, enabling more 

rigotous independent verification of reported emissions. Second, it improves the detectability of 690 

sustained emission trends, allowing earlier and more confident identification of policy-induced emssion 
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reductions. Third, it enhances the identification of high-emission hotspots for targeted mitigation, 

supporting spatially explicit intervention strategies such as sector-specific retrofits or infrastructure 

upgrades. Collevtively, these capabilities are essential for evaluating the effectiveness of city-scale 

emission-control policies and for providing information support for carbon peak and carbon neutrality 695 

roadmaps. 

Nevertheless, the absolute RMSE values in the real-observation experiments remain on the order of 

10 ppm, reflecting uncertainties that lie beyond the scope of covariance optimization alone. Two factors 

are particularly relevant. First, the prior EDGAR global inventory, while globally consistent, displays 

insufficient spatial and temporal resolution relative to high-resolution local inventories. Inversion inter-700 

comparison studies that integrate dense observation networks with regionally refined inventories—

exemplified by the European CH₄ emissions analysis of Ioannidis et al. (2026)—have yielded 

substantially superior model–observation agreement. These results imply that prior inventory quality 

critically constrains the absolute accuracy of posterior concentration fields. Second, the background CO₂ 

mixing ratio was estimated using a 24-hour moving-window minimum. While this method effectively 705 

accounts for meteorological variability, it cannot fully eliminate the influence of persistent upwind 

emission sources, potentially introducing a conservative bias into the estimated concentration 

enhancements. Future work will focus on incorporating higher-quality local emission inventories, 

refining background determination through upwind reference stations or model-derived background 

fields, and integrating additional observational constraints such as satellite retrievals or denser ground-710 

based networks. Extending the framework to longer-term datasets or multi-species inversions may further 

improve the detection of emission trends and better constrain temporal variability. Overall, the results 

demonstrate that explicitly optimized spatial–temporal covariance structures substantially enhance the 

reliability of atmospheric CO₂ inversions and provide a stronger methodological foundation for urban 

carbon monitoring and emission verification. 715 
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Appendix 

 
Figure A1: (a) EDGAR mean monthly anthropogenic emissions. The red and blue boxes represent the 

D04 and D03 boundaries, respectively.  (b) Mean wind rose at the meteorological monitoring station for 955 

January–March 2023. (c) The average monthly footprint of the urban tower stations at afternoon (1200-

1800 Local) for January–March 2023.Surface footprints are provided in log10 (ppm μmol-1m2s). 

Receptor release point is indicated by the black cross. The magenta (blue) contour encloses 50% of the 

average footprint initiated at the DD (SP) site (sensitive area). The white and red boxes represent the 

inversion domain and D04 boundaries, respectively.  (d) Cumulative sum of sorted (high to low) average 960 

monthly footprint for January–March in 2023. Percentiles selected as points at or below fractional cutoff 

of summed ordered footprint. 

 

 
Figure A2: (a) Prior inventory and (b–h) “true” fluxes with varying numbers of high-emission points in the 965 

ideal experiment. 

 

Figure A3: Spatial distributions of the EDGAR prior emissions for (a) January, (b) February, and (c) March 

used in the real observation experiment. 
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 970 
Figure A4. Posterior fluxes from traditional and optimization methods for “true” flux scenarios with 7, 15, 30 

high-emission points. (a–c) “True” fluxes for three cases, (d–f) posterior fluxes obtained using optimization 

method, and (g–i) posterior fluxes derived from traditional method. 

 

 975 
Figure A5. Comparisons between the posterior-simulated concentrations and pseudo-observations after 

adding perturbations with a standard deviation of 0.5 ppm under different assumed ideal flux scenarios. (a–

g) Comparisons for tower SP. (h–n) Comparisons for tower DD. 

 

 980 
Figure A6. Comparisons between the posterior-simulated concentrations and pseudo-observations after 

adding perturbations with varying standard deviations under assumed ideal flux scenario with 10 high-
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emission points. (a–g) Comparisons for tower SP. (h–n) Comparisons for tower DD. 

 

  985 
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Table A1. Urban observation towers, including latitude, longitude, and height above ground level (AGL). 

Urban tower Longitude Latitude AGL (m) 

Sculpture Park Tower (SP) 113.59 34.78 50 

Dream of Dragon Community Tower (DD) 113.76 34.80 35 
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Table A2. Optimal combinations of covariance functions, corresponding optimized hyperparameter values, 

and associated selection metric (RMSE) for ideal and real experiments.  990 

Experiment 

scenarios 

Correlation 

function(R) 

Optimized 

hyperpara (R) 

Correlation 

function (B) 

Optimized 

hyperpara (B) 

RMSE 

1-high 

 
𝜎2 (1 +

𝑟

𝑙
) 𝑒−

𝑟
𝑙  

 

σ = 0.10 
𝑙 = 44.05 

𝜎2 (1 +
𝑟

𝑙
) 𝑒−

𝑟
𝑙  σ = 25.04 

𝑙 = 0.10 

12.29 

4-high 𝜎2𝑒−
𝑟
𝑙  

 

σ = 0.10 
𝑙 = 23.83 

𝜎2𝑒−
𝑟
𝑙  σ = 50.78 

𝑙 = 0.10 

21.69 

7-high 𝜎2𝑒−
𝑟
𝑙  

 

σ = 0.10 
𝑙 = 27.43 

𝜎2𝑒−
𝑟
𝑙  σ = 32.06 

𝑙 = 0.10 

30.24 

10-high 𝜎2𝑒−
𝑟
𝑙  

 

σ = 0.10 
𝑙 = 80.00 

𝜎2 (1 +
𝑟

𝑙
) 𝑒−

𝑟
𝑙  σ = 30.87 

𝑙 = 0.10 

42.24 

15-high 𝜎2 (1 +
𝑟

𝑙
) 𝑒−

𝑟
𝑙  

 

σ = 6.98 
𝑙 = 80.00 

𝜎2𝑒−
𝑟
𝑙  σ = 37.11 

𝑙 = 0.18 

51.10 

20-high 𝜎2cos (𝜔𝑟)𝑒−
𝑟
𝑙  

 

σ = 0.10 
𝑙 = 70.99 

𝜎2𝑒−
𝑟
𝑙  σ = 52.77 

𝑙 = 0.10 

55.21 

30-high 𝜎2cos (𝜔𝑟)𝑒−
𝑟
𝑙  

 

σ = 0.10 
𝑙 = 3.36 

𝜎2𝑒−
𝑟
𝑙  σ = 51.20 

𝑙 = 0.10 

74.03 

EDGAR/01 𝜎2cos (𝜔𝑟)𝑒−
𝑟
𝑙  

 

σ = 28.87 
𝑙 = 30.58 𝜎2𝑒

−
𝑟2

2𝑙2  
σ = 85.39 
𝑙 = 1.22 

13.17 

EDGAR/02 𝜎2 (1 +
𝑟

𝑙
) 𝑒−

𝑟
𝑙  

 

σ = 6.35 
𝑙 = 0.78 

𝜎2 (1 +
𝑟

𝑙
) 𝑒−

𝑟
𝑙  σ = 49.27 

𝑙 = 2.70 

 

9.27 

EDGAR/03 𝜎2cos (𝜔𝑟)𝑒−
𝑟
𝑙  

 

σ = 7.59 
𝑙 = 4.27 

𝜎2𝑒−
𝑟
𝑙  σ = 81.01 

𝑙 = 12.37 

 

8.38 

For ideal experiments, RMSE refers to differences between posterior and true fluxes (μmol m⁻² s⁻¹); for real 

experiments, RMSE refers to differences between posterior-simulated concentrations and observations (ppm). 
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Table A3. Summary of inter-grid covariances, grid-level variances, and corresponding combined posterior 

uncertainties for optimization and traditional methods under three true flux scenarios.  995 

Experiment 

scenarios 

4-high/ 

opt 

4-high/ 

tra 

10-high/ 

opt 

10-high/ 

tra 

20-high/ 

opt 

20-high/ 

tra 

∑ (
∂f

∂xi
)

2

u2(xi)

n

i=1

 
 

6 860.25 

 

169.46 

 

4 588.95 

 

169.46 

 

 

6 905.42 

 

169.46 

∑ ∑
∂f

∂xi

∂f

∂xj
u(xi, xj)

n

j=i+1

n−1

i=1

 
 

−3 260.00 

 

3 542.51 

 

−2 232.04 

 

3 542.51 

 

−3 269.63 

 

3 542.51 

 

𝑢𝑐 

 

18.44 

 

85.17 

 

11.17 

 

85.17 

 

19.14 

 

85.17 

 

Inter-grid covariance and grid-level variance sums (𝐤𝐠 𝐂𝐎𝟐 𝐦−𝟐 𝐬−𝟏)𝟐 , combined uncertainty 

𝐤𝐠 𝐂𝐎𝟐 𝐦−𝟐 𝐬−𝟏. 
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