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Abstract. Viscous-plastic sea ice models typically overestimate the intersection angle between conjugate pairs of Linear Kine-
matic Features (LKFs) in uni-axial compression tests. These models employ an elliptical yield curve with a normal flow rule.
Mohr—Coulomb yield curve formulations can use different plastic potentials (elliptical, teardrop, parabolic lens) implying dif-
ferent flow rule orientations along the limbs of the Mohr—Coulomb yield envelope. The flow rule affects not only the LKFs
intersection angle, but also the numerical convergence of the model and the approach to transitions between viscous and plastic
states. Some of the proposed Mohr—Coulomb yield curves results in failure angles in the observations 15-30 degree range,
which is generally smaller than the ones obtained with the elliptical yield curve with a normal flow rule. The simulated failure
angles are best described by Arthur’s theory, where both shape of the yield curve and plastic potential influence the orientation
of the failure lines. These new Mohr—Coulomb formulations, in particular the Mohr—Coulomb yield curve with elliptical plastic
potential with wide ellipse (e < 2) or the Mohr—Coulomb yield curve with the teardrop plastic potential, provide interesting
alternatives to the elliptical yield curve for the modeling of LKFs in high-resolution sea ice models, at the cost of a less efficient

numerical convergence.

1 Introduction

The Mohr—Coulomb yield criterion — a simple linear relationship between normal and shear stress at failure — is commonly
used to describe the response of some granular materials such as soil and rocks to applied load (Verruijt, 2018; Handin, 1969;
Kaus, 2010; Lemiale et al., 2008), and to a lesser extent for sea ice (Ip et al., 1991; Hibler and Schulson, 2000; Dansereau
et al., 2016; Tremblay and Mysak, 1997). Specifically, the Mohr—Coulomb criterion defines the critical shear stress (second

invariant, o) as a linear function of the compressive stress (first invariant, or):

o1 = —Ho1+c¢, (D
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where p = sin(¢) > 0, is the slope coefficient, ¢ is the internal angles of friction, c is the cohesion (or shear strength when no
normal stress is applied). This mathematical relation derives from a parametric equation of a circle (called the Mohr’s circle of
stress) that represents all possible shear and normal stress combination on any plane orientation at a point (Mohr, 1882). In sea
ice models, we express the cohesion c as function of i and the tension 7" = k; P (Konig Beatty and Holland, 2010), expressed

as the tensile factor k; and the compressive strength P. The Mohr—Coulomb relationship becomes
CTH:*,LLO'1+,U,]€15P. ()

In a plastic model, a flow rule is necessary to close the system of equations. This equation links the critical stresses (or yield
curve) and resulting (post-failure) strain rates (or deformation) and defines the relative amount of shear and divergence for a
given stress state on the yield curve. Under the assumption of isotropy and no rotation, the principal axes of strain rate and
stress coincide. In this case, the flow rule is perpendicular to the yield curve and is called an associative or a normal flow rule.
Alternatively, if the directions of the principal stress and the principal strain rate do not coincide, the flow rule is non-normal
and the maximum/minimum (normal or shear) deformation and stress do not occur on the same planes (see also, Ringeisen
et al., 2021).

Both in situ observations and laboratory experiments show a linear relationship between the shear and normal stresses at
failure in accord with Mohr—Coulomb theory (Schulson et al., 2006; Weiss et al., 2007). Moreover, the distribution of the
intersection angles between conjugate pairs of LKFs derived from high-resolution satellite images in the Arctic suggests that
(1) the elliptical yield curve overestimates the angles between LKFs (Hutter et al., 2022) and (2) that a Mohr—Coulomb yield
curve is physically better justified than an elliptical yield curve (Ringeisen et al., 2023a).

The orientation (#) of LKFs or shear bands relative to the principal stresses has been studied extensively in granular materials.
Three main concepts are inferred from experiments with granular media: (1) the Coulomb angle 6 defined from the internal
angle of friction ¢ (i.e., the ratio of normal to shear stress along the LKFs Coulomb, 1773), (2) the Roscoe angle 6z defined
from the dilatancy angle § (i.e., the ratio of divergent to shear deformation Roscoe, 1970), and (3) the Arthur’s angle 6 4 that

includes the effects of both the internal angle of friction and dilatancy:

T ¢

90—1—57 3)
)

br =T — 3. @)
T ¢o+0 1

9A—Z—T—§(9R+90)7 (@)

Based on experimental data, f- describes small grain size behaviour and 6y large grain sizes (Vermeer, 1990). When ¢ = 4,
all three angles coincide (0 = 0 = 6 4). The Coulomb, Roscoe, and Arthur theories are useful paradigms to describe sea ice
deformation using a plastic rheology, where the failure angle is dictated by the stress state at failure, the post-failure deformation
or a combination of the two. The failure angles of the Mohr—Coulomb yield criterion in sea ice have been studied before like
here but in the framework of elastic-brittle rtheological framework (Plante and Tremblay, 2021; Dansereau et al., 2019) but

not in the VP rheological framework. Other numerical frameworks might be interesting for studying the relationship between
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failure angles and dilatancy, especially Discrete Element Models (DEM) (e.g., Herman, 2016; Damsgaard et al., 2018; Astrom
et al., 2023).

The Mohr—Coulomb yield curve was introduced for pan-Arctic simulations in the context of a viscous-plastic sea ice model,
but it did not lead to improvement in the sea ice drift compared to buoy data (Ip et al., 1991). Subsequently, the model was
reformulated within a cavitating fluid framework, where shear strength replaced bulk viscosity, yielding a shear-only flow rule,
and the internal ice pressure was solved using a Poisson equation (Flato and Hibler, 1992). A different model used a double
sliding flow rule (based on Balendran and Nemat-Nasser, 1993) to introduce a dilatancy angle and create open water along shear
lines (Tremblay and Mysak, 1997). Other formulations of Mohr—Coulomb yield curves (Hibler and Schulson, 2000; Hutchings
et al., 2005; Wang and Wang, 2009) have not been extensively used in realistic pan-Arctic simulations. Further, the original
formulation (Ip et al., 1991) does not converge numerically with a realistic angle of internal friction sin(¢) ~ 0.7 (Lemieux
and Dupont, 2020). As observations still suggest that sea ice behaves as a granular material governed by a Mohr—Coulomb
yield criterion, so that is remains interesting to explore Mohr—Coulomb formulations in spite of the limited success in sea-ice
models. A successful Mohr—Coulomb rheological formulation would feature a good numerical convergence (comparable to the
elliptical yield curve) and LKFs intersection angles in the same range as observations.

To this end, we report results from uni-axial loading experiments with four formulations (two published and two new) of the
Mohr—Coulomb criterion in the VP rheological model, namely, the original formulation of Ip et al. (1991), a truncated Mohr—
Coulomb yield curve with an elliptical yield curve (Hibler and Schulson, 2000), and two new formulations with a teardrop and
parabolic lens plastic potentials, inspired by the results of (Ringeisen et al., 2023b). We show that the details of the transition
from the viscous to the plastic regimes have a large influence on the numerical convergence and that Mohr—Coulomb yield
curve formulations with an appropriate plastic potential result in failure angles within the observed ranges.

The manuscript is organized as follows. The different Mohr—Coulomb formulations are described in Section 2. The uni-
axial compression experimental setup is described in Sect. 3. The result of these experiments are presented in Sect. 4, and the

discussions and conclusions are given in Sect. 5 and 6.

2 Mohr-Coulomb viscous-plastic rheologies
2.1 Momentum equation and VP rheological framework

We model sea ice as a viscous-plastic material. The ice velocity w is calculated from the momentum equation:

9
pha—’t‘:v-a—phkau+7a+ro—phv¢s, 6)

where o is the vertically integrated internal ice stress tensor defined by the sea ice VP constitutive equations, p is the ice
density, h is the averaged sea ice thickness, f is the Coriolis parameter, k is the vertical unit vector, 7, is the surface air stress,
T, is the ocean stress, and V¢ is the acceleration from the gradient of sea surface height.

We use the general form of the constitutive equations written in terms of the stress and strain rate (Reiner-Rivlin equation)

oij = 2néi; + (¢ —1) €xrdij — pdij, 7)



85

90

95

100

105

110

https://doi.org/10.5194/egusphere-2026-1845
Preprint. Discussion started: 16 April 2026 EG U
sphere

(© Author(s) 2026. CC BY 4.0 License.

where p is the rheology-dependent stress coefficient that depend on the ice strength P, and (, and 7 are the bulk and shear
viscosities. We keep p as function of the ice compressive strength P and tensile factor k; to generalize the equations, as it
is necessary to derive constitutive equations (Ringeisen et al., 2023b). For instance, for the elliptical rheology as defined by
Hibler (1979), p = g, while for the elliptical yield curve with isotropic tensile strength as define by Konig Beatty and Holland
(2010), p = w, and for the teardrop yield curve with normal flow rule, itis p = @ (Ringeisen et al., 2023b).

Equation (7) can also be written in terms of the stress invariants as:

o1 = Cér—p, ®)
o1 = né, )
where

1 1 2 2
0125(011 +022), =g (011 — 022)" + 407, (10

€1 = €k = €11 + €22, € = \/(é11—é22)2+4é%2. (11)

The local maximum compressive strength P in isotropic convergence is defined as a function of the ice thickness h and

concentration A as
P=P*he ¢ 0-4) (12)

where P* is the compressive strength of 1 m thick ice in isotropic compression (typically P* =27.5Nm~!) and C* a param-
eter relating ice strength to ice concentration, typically, C* = 20.

Each Mohr—Coulomb rheological model presented below differs only by their definition of the ¢, n and p terms. Four
different non-normal flow rule are considered: one with only pure shear flow rule (flow rule always pointing vertically upward)
(MC-PS, Ip et al., 1991) and three others with an elliptical (MC-E), teardrop (MC-TD), and parabolic lens (MC-PL) plastic

potentials.
2.2 The Mohr-Coulomb rheology with pure shear flow rule (MC-PS)

The MC-PS constitutive relations can be derived using four different methods, yielding the exact same forms. For the sake of

brevity, we present these derivations in Appendix A. The resulting constitutive equations are

P(l1+k
(Mc—Ps = ( . t)7 (13)
2|éi
P(1+kt) : €1
p{ = —¢a P(1+k) \L =1
MC—PS = ( - ) =L ( ) ( - lIl), (14)
€11 2 €11
1-k
pyc—ps = —5— P, (15)

and o;; as defined by Eq. (7).
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In Ip et al. (1991), for small deformation, the viscosities were capped at a maximum value (pax, Pmax O @ minimum was
set on €1 and éry, a small number €,,;,. Here we use a smoother transition between plastic and viscous states by replacing |é;|

.2 2 .
€f +€2,;,,- The equations become

P(1+k
(Mc—Ps = %7 (16)
2 6I<F€min
(i)
| Pa+k ate,,
115 nyo_ps = min | p (2 ) E.I‘I max | » (17)
1-%
puc-ps = —5—P.. (18)

This change helps the numerical convergence (not shown). The value of (iyax, Jmax and €, are chosen so the transition
between viscous and plastic behavior takes place for deformation around €,;, = 1079571,
There are four different transitions between plastic and viscous deformations with this yield curve (see the circled numbers

120 on Figure 1):

1. In pure shear, sea ice deformation is plastic. The flow rule is vertical (non-normal to the yield curve). Note that in

divergence and convergence the deformation is viscous due to regularization but smaller than €, .

2. In pure convergence or divergence, all the stress states are located at o1 = —P, o1y = u(P+ ki) or (o1 =k, P =T,
o1 = 0), respectively. For these two stress states, there is no unique relationship between strain rate and stress state,
125 different strain rates lead to the same stress. We see this behavior emerge clearly from the division of é; by the absolute

value of itself in Eq. 14.

3. On the cap of the Mohr—Coulomb yield curve, strain rates are plastic (large) in convergence and viscous (small) in shear.
As the stress moves from the limb (point 2) towards the o7 axis, the shear deformation decreases from e, to zero. Note

that on the cap of the yield curve, the flow rule is normal to the yield curve.

130 4. In the interior of the yield curve, the strain rates are viscous (small) in both divergence and shear. The deformation
transitions from axial convergence to pure shear as the stress states move from the o7 axis to the limb in both shear and
divergence inside the yield curve. For small strain rates, the stresses tend to (01 =— W L0 = 0) . The deformation

is fully viscous.

Note that we did not apply here the truncation for high compressive stress done for the constitutive equations of the other
135 flow rules (Sect. 2.3 and 2.4), as (1) there is no issue of flow rule directed inside the yield curve, and (2) it would move all the
plastic states with convergent deformation to a state of no shear strength which would be highly unphysical and would lead to

more numerical convergence issues.
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Figure 1. Mohr—Coulomb yield curve inspired by Ip et al. (1991) with the illustration of the four flow-rule behaviors: 1 is plastic in shear

and viscous in divergence, 2 is purely plastic behavior, 3 is plastic in divergence and viscous in shear, and 4 is purely viscous.

2.3 Mohr-Coulomb yield curve with elliptical plastic potential (MC-E)

To obtain a yield curve with a well-defined flow rule all along the Mohr—Coulomb yield curve limbs (including at the corners
@ in Figure 1), we apply the flow rule of the elliptical yield curve to the Mohr—Coulomb yield curve.

Note that the yield curve derived in this section is not built by using the yield curve and the plastic potential as in Ringeisen
et al. (2021), but by setting a different 7 to have a Mohr—Coulomb-shaped yield curve and ( the same as with the elliptical
yield curve with normal flow rule. We derived the constitutive equations using a plastic potential, but we were unsuccessful to
use this rheology in our sea ice model, for completeness we report our derivations in Appendix B.

We start by using the ¢ from the elliptical yield curve with tensile strength (Konig Beatty and Holland, 2010)

P(1+ky)

(MCe-E = SN (19)
with A defined as (see Eq. 9, Hibler, 1979),
A= \/(é11+é22)2+612[(é11 —é2)2+4¢é2,). (20)
and
pvo—p =1 p @
We use Eq. (2) and insert the constitutive equations in stress invariant space Eq. (9) so that
on = nén = —o1p + Pk (22)
Solving Eq. (22) for 7 yields
:—mufPhu (23)
€11
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and after inserting Eq. (8)

H {M —Cé +Pkt]

MC—-E = ) (24)
€11
which can be simplified by inserting Eq. (19)
P(l+k)[1-%
io_n =MDk L8] 25)

€11
At the apex of the Mohr—Coulomb yield curve, as the deformation becomes directed toward convergent states, this flow rule
directs post-failure deformation towards the interior of the yield curve, which implies an unphysical increase of energy instead

of energy dissipation. Because this will lead to instabilities, we introduce a new limb in the yield curve by
o1 = 4c01 + pre P (26)

which can be written as

e el — P05 1 )

Tlcap = . . (27)
€11

Then we use

mvc—g = min (7{1c_g, Meap) - (28)

Note that 1 is now uncoupled from ¢ when it comes to viscous-plastic transition, unlike for the elliptical yield curve. For
small deformation rates, if { reached its maximum (,ax, 17 does not reach a maximum. To ensure that the state is viscous we

define Nmax,Mc—g as a function of (max, 17, and ¢

Thmax,MC—E = min (Cmax?;ﬁmax) (29)

And then we take the minima

n= min{nMcfEanmaX,MCfE} (30)

C = min{CMC7E7<max}' (31)

In this way, we have plastic deformation along the Mohr—Coulomb limbs, viscous deformation inside the yield curve, and half-
plastic deformations for high compressive stress, as shown in Figure 2. This rheology has a non-normal flow rule for linear
limbs, except on one point, where the flow rule is perpendicular to the yield curve.

The MC-E yield curve can be used to create a Mohr—Coulomb yield curve with a quasi-shear flow rule that can be compared
to the Mohr—Coulomb yield curve with a shear flow rule. To create such a flow rule, we increase the ellipse ratio to e = 50. The
ellipse becomes very thin, and all flow rule vectors are approximately aligned with the shear direction (Figure 2b). The MC-E
rheology with e = 50 is referred to by the acronym MC-ES.

Note that if e — oo then from Eq. (20), A — |€;], and Eq. (25) and Eq. (19) become the same as the Mohr—Coulomb rheology
with a non-normal shear flow rule MS-PS described in Sect. 2.2 and Ip et al. (1991).
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Figure 2. (a) Schematics of the MC-E yield curve with a plastic potential ellipse ratio e = 2.75. (b) MC-E yield curve with a plastic potential
ellipse ratio e = 50, referred to as MC-ES. Here, both yield curves are shown with ;1 = 0.7, and p1. = 4

2.4 Mohr-Coulomb yield curve with teardrop (MC-TD) and parabolic lens (MC-PL) plastic potentials

We introduce two new rheologies, both based on a Mohr—Coulomb yield curve with a non-normal flow rule: one employs a

teardrop plastic potential, and the other a parabolic lens plastic potential (Figure 3). The equation of the plastic potentials is

\ 011 N

Figure 3. Mohr—Coulomb yield curves with a yield curve slope © = 0.7, a tensile strength factor of k& = 0.1 and a compression cap with

slope p. = 4, with a Teardrop (MC-TD) and Parabolic Lens (MC-PL) plastic potentials.

defined by
G=%+(%—kt)(%+1)q:0, (32)
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with ¢ = % for the TD and ¢ = 1 for the PL. The flow rule requirement is then that

oG

A
o111

- (33)

Using this, we can write that

o°P [ ¢ a2 2k
o1 = —— .I+\/<.I) +3(1+k) | é1— p, (34)
9érr | € €11 3
PMC—-TD
CMC*TD

for the TD, and

2P 1—-k
or= — - tp (35)
4611 2
~~ —
{Me—PL PMC—-PL

for the PL (see Ringeisen et al., 2023b, Sect. 2.2).
Then we use the Mohr—Coulomb criterion Eq. (1) to get, as for the MC-E rheology Eqgs (22) in Sect. 2.3:
p(pvc-x — Que—xér — Phy)
érr

where X is either TD or PL.

IMC—X = (36)

As for the MC-E rheology, we use the compressive cap as defined by Eq. (27) to avoid flow rules pointing inward into
the yield curve. Also, we apply the viscosity maximum jointly to avoid stress states that are plastic in shear and viscous in

divergence, or inversely (Eq. 30 and 31).

3 Experimental setup

The Mohr—Coulomb rheologies are implemented in the MIT general circulation model (MITgcm, Marshall et al., 1997) sea
ice package (Losch et al., 2010). We do not use the ice thickness category scheme (e.g., Lipscomb, 2001). The model domain
has dimension L, = 10km by L, = 25km. The domain is covered with sea ice with a thickness A = 1m and concentration
A =1, except for two 1 km vertical bands of open water on both side of the domain(Figure 4). The southern boundary at y =0
is closed with a no-slip and no flow boundary condition.

We use two numerical experiments, one to study the angles of failure and one to study the numerical convergence. These
two experiments use different spatial and temporal resolutions, types of forcing (boundary or surface forcings, circled numbers

on Fig. 4), and numerical convergence criteria:

1. For uni-axial loading experiments to study the angles of failure, we ramp-up a prescribed (linearly varying) ice velocity at

the northern border (y = L,) fromv; = 0ms~ ' tov; = 0.1ms™!

over a period of 5 s, in order to have a spatially uniform
stress state in the ice field (see also Ringeisen et al., 2019). The northern boundary (with prescribed ice velocities) uses

a Neumann boundary condition on ice thickness (h = 1m) and concentration (A = 1) entering the domain, while the
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Boundary forcing

Failure lines

Sea ice

Open water

()  Closed boundary L X
x

Figure 4. Idealized domain for the uni-axial experiment with two separate boundaries and surface forcing considered, similar to the one used
in Ringeisen et al. (2023b). The orange arrows (1) represent the uniform surface wind stress used for the numerical convergence experiment.
The teal area (2) represents the boundary forcing used to investigate the failure angles (Ringeisen et al., 2019). The southern boundary where
a no-slip boundary condition is used is shown in red. The blue lines show the failure lines and the intersection angle equal to twice the failure

angle 6 .

eastern and western boundaries (x = 0 and © = L, ) we use Neumann boundary conditions (no normal gradient) on both
the velocity and mass fields. The vertical bands of open water on the eastern and western boundaries are used to ensure

there is no influence of the choice of boundary conditions on sea ice dynamics.

Numerically, we use a Picard solver with 1500 outer-loop iterations (or pseudo-timesteps) (Zhang and Hibler, 1997);
and the linearized set of equations are solved using the Line-Successive-Relaxation (LSOR) solver with a norm ( €1, =
10~ ms~1) accuracy or 1500 iterations, whichever comes first. The grid spacing in 25 m, the timestep is 0.1 s and the

experiment total length is 5s.

After failure, the angles are measured manually using the Measure Tool of the GNU Image Manipulation Program
(GIMP, version 2.8.16, https://www.gimp.org, last accessed 2025-12-31). We used and tested a similar experimental

setup extensively, see details in Ringeisen et al. (2019).

10
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Figure 5. Failure angles as a function of the yield curve slopes for the MC-PS and MC-ES rheologies. The green range indicated the most

common failure angles observed in the Arctic sea ice.

2. For the numerical convergence experiments (Fig 8), we increase the grid spacing from 25m to 1 km and accordingly

the timestep (from 0.1 s to 10s) and the total integration time (from 5 s to 1000s), in line with current high-resolution

coupled ice-ocean standards. Moreover, we use a uniform surface stress of 0.15Nm~2 — as opposed to a specified

velocity at the boundary. Also, a band of 1km width is left ice free at the northern boundary to avoid the non-physical

no-normal flow boundary condition for offshore winds.

Numerically, we increase the numerical solver settings to 15 000 outer-loop iterations , and a maximum of 15000 LSOR

iterations. For reference, we repeated all experiments with a typical convergence criteria for pan-arctic simulations, i.e.,

10 outer-loop iterations, er.gg = 10"°ms~! or 200 maximum LSOR iterations (whichever come first).

For all the experiments, a tensile strength factor of 5% (i.e., k; = 0.05) is used if the value is not precised.

4 Results

4.1 Failure angles

The failure angles of the MC-PS and MC-ES rheologies are similar, and follow closely the Arthur’s angle (Figure 5). However,

the failure angles are too large and do not reach the 15° to 30° range of the observations (Ringeisen et al., 2023a). The MC-

ES rheology is a good replacement for the MC-PS rheology, as it gives the same failure angles but with a better numerical

convergence, see Sect. 4.2 below. The main difference between these two rheologies is the viscous-plastic transition.

11
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For the MC-E rheology, We study the evolution of the failure angles with the parameters e and p. In a first step, the yield
curve is kept the same (i.e., the yield curve slope p is constant) and we study the effect of changing the plastic potential or
ellipse ratio e). The failure angles change with the flow rule orientation (as a function of e) in contradiction with the Coulombic
theory of the internal angle of friction, which does not account for the orientation of the flow rule but only the slope of the yield
curve (Figure 6a). However, the angles do not follow the predictions given by the Roscoe angles either. The simulated angles
agree best with the Arthur’s angle 6 4 (Equation 5), although even the Arthur’s angle underestimates the failure angles slightly.
For e ~ 1.35, the flow rule is normal at this precise point of uni-axial compressive stress (the point where all three predictions
are the same), and the simulations develop clear failure lines with a very small variation range (Figure 6a, second data point
from the left).

In the second step, the plastic potential is kept constant (i.e., e is constant), and we change the yield curve slope u. For two
different values for the plastic potential ellipse ratio (e = 1.4 and e = 4.0), the modeled angles show a good agreement with
the Arthur’s angle. The failure angles are influenced by both the yield curve shape and the flow rule direction (Figure 6b).
As for Fig. 6a, and for both values of e, Arthur’s angle underestimates the angles slightly. With e = 1.4, no failure angles are
shown for ;¢ = 0.3 and p = 0.4 because there is no clear failure pattern. For these two cases, no angles could be derived from
Roscoe’s angle predictions because the absolute value of the slope of the plastic potential is greater than 1. It appears to be
necessary that both Coulomb and Roscoe angles are defined to create a failure line.

As with the other Mohr—Coulomb rheologies, the failure angles with MC-TD and MC-PL rheologies also follow the Arthur
failure angles predictions (Figure 7). Both MC-TD and MC-PL can also create smaller failure angles in uniaxial compression,
that fall into the observed range. The numerical convergence with the MC-TD and MC-PL rheologies was harder to attain
when compared to the MC-E rheology, visible by the large spread of angles measured. Also, we experience more convergence
issues with these two rheologies especially when the tensile strength factor k; is smaller or equal to 5%. These convergence
and stability issues can probably be traced back to the pointy tips of both TD and PL plastic potentials where differentiability
is lost (Ringeisen et al., 2023b). For this reason, to have the failure point further away from the problematic area of the yield

curve, we used here a higher tensile factor k; = 0.1.
4.2 Numerical convergence

The numerical convergence of sea-ice dynamics solvers is delicate (Lemieux et al., 2010; Ringeisen et al., 2021; Kimmritz
et al., 2016). More complicated rheologies (non-normal flow rules, shapes with kinks, etc...) tend to lead to poorer convergence
(Ringeisen et al., 2023b). We see the same here, where the fastest convergence with respect to an L2-norm of the residuals is
achieved for the elliptic yield curve with normal flow rule (Figure 8a, blue line). For all Mohr—Coulomb rheologies, the solver
reduces the residuals by 1-2 orders of magnitude and then stalls, indicating a noisy solution.

If we use a less stringent convergence criterion (10 non-linear iterations, 200 linear iterations, LSR convergence criteria of
Au =10"%ms~1), the convergence properties of the Mohr—Coulomb rheologies are similar to that of the elliptical yield curve
(Figure 8, right panel). The difference of improvement between the hard and relaxed convergence criteria for the elliptical yield

curve and the Mohr—Coulomb rheologies suggest that this rheology may be ill-posed. In previous studies, stress states lying
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Figure 6. (a) Average failure angles as a function of the plastic potential ellipse ratio e, in blue, with the theoretical predictions, in red. The
ranges show the 20 deviation. With a normal flow rule, at the intersection of the predictions, the variations are minimal. The shaded green
area on the graph shows the range of failure angles in Arctic observations. (b) Average failure angles as function of the yield curve slope u
for e = 1.4 (red) and e = 4.0 (blue). The theoretical predictions of the Roscoe angles and the Arthur’s angle are shown in the corresponding
color. The predictions from the Coulomb angle are the same for both cases and are shown in black. The error ranges are the 2¢ deviation of
the measure angles. With a normal flow rule, at the intersection of the predictions, the angle variations are minimal. The shaded green area

on the graph shows the range of failure angles in observations.

outside of the yield curve was considered an indication of poor numerical convergence (e.g., Zhang and Rothrock, 2005); we
do not observe this behavior in any of the simple experiments using the Mohr-Coulomb yield curve with both the strict and the

usual convergence criteria (not shown).

5 Discussion

The results comparing the MC-PS and MC-ES rheologies show that numerical convergence is better when the flow rule of a
sea ice VP model is fully plastic, in both convergence/divergence and shear. Our analysis of the formulation and behavior of
the MC-PS formulation shows that numerical convergence is much better when we avoid a mix of viscous and plastic state and
it could be the reason why the Mohr—Coulomb formulation of Ip et al. (1991) needs a very small angle of friction (¢ = 0.01)
to reach an acceptable numerical convergence (Lemieux and Dupont, 2020). The MC-ES numerical convergence is better.
However, even for the MC-ES rheology, the failure angles spread considerably: the flow rule is non-normal so the convergence
is more difficult to achieve than with a normal flow rule (Ringeisen et al., 2021). A downside of the MC-ES rheology is that

while it approximates a pure shear flow rule, the deformation in convergence and divergence is still non-zero. A pure shear
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flow rule could be conceptually interesting but it would require an incompressible formulation in which the divergence is set
to zero explicitly (Rothrock, 1975). This is beyond the scope of the present work and is therefore left for future work.

The failure angles with the Mohr—Coulomb yield curve with all the different plastic potentials follow the Arthur’s angle
(Arthur et al., 1977; Vermeer, 1990). This combined theory can be called a macroscopic angle of friction that results from the
equal and joint influence of a microscopic angle of friction and an angle of dilatancy (Balendran and Nemat-Nasser, 1993;
Tremblay and Mysak, 1997). In Ringeisen et al. (2019, Figure 4) and Ringeisen et al. (2021, Figure 3), we developed rationals
for the Coulomb and Roscoe angles, respectively, using the Mohr’s circle of stresses and the shape of the yield curve and plastic
potential. We are unsure why the angle of failure is the Arthur’s angle and not the Roscoe or Coulomb angles. We speculate that
the Arthur’s angle leads to the most efficient dissipation of energy. The dissipation of energy as a function of the orientation
and the parameters of the rheologies remains to be investigated.

All Mohr—Coulomb yield curves examined in this work present significant challenges for numerical convergence. This
contrasts with the elliptical yield curve, for which convergence is readily achieved with both normal (Zhang and Hibler, 1997)
and, in a lesser way, with non-normal (Ringeisen et al., 2021) flow rules, as well as with the teardrop yield curve (Ringeisen
et al., 2023b). Increasing the number of (linear or non-linear) iterations of the solver helps but does not resolve this issue. The
numerical convergence properties of existing rheological formulations as well as the new formulations proposed here, remain
problematic. Nevertheless, we consider it important to highlight these issues to encourage further advances in numerical solvers
and in the design of more stable rheological models. For example, the recent analysis of the elliptical yield curve (Brandt et al.,
2022; Binz et al., 2025) could be extended to more yield curves/flow rule configurations. In practice, sea ice models used in
climate simulations are practically never iterated to convergence because of the computational cost, and other errors dominate
the momentum equation (e.g., coupling) (Lemieux and Tremblay, 2009; Kimmritz et al., 2016, e.g.,). Instead, a fixed small
number of iterations is often used (e.g., Zhang and Hibler, 1997, suggest 15). This problem is not unique to sea ice modeling,
the Mohr—Coulomb yield curve with non-normal (or non-associative) flow rule is showing same issues in the field of soil
modeling. Several studies have looked into possible solutions, for example using a Cosserat formulation that allows rotation
(de Borst et al., 2022) or a smooth approximation of the Mohr—Coulomb limbs (Abbo et al., 2011; Abbo and Sloan, 1995),
which could be explored for sea ice as well.

Using an MC-E, MC-TD, and MC-PL rheology reduces the angles of failure of conjugate faults in sea ice models below
the 30° limit of the elliptical yield curve rheological model (Ringeisen et al., 2019). We note that using a small ellipse ratio
(e < 1.0) is counter-productive, as the area of the plastic potential where the magnitude of the slope is lower than one — allowing
failure to be simulated — reduces. As shown using the Mohr’s circle in the appendix of Ringeisen et al. (2019), a failure can be
only created if the slope of the yield curve and the plastic potential are inside the range [—1,1]. We observe this behavior in
Figure 6b, where no failure pattern could be found for ;x < 0.5 when e = 1.4.

The MC-E rheology appears as a suitable candidate for high-resolution sea ice modeling with realistic failure patterns. It
features a well-defined flow rule that captures divergent behavior with open-water creation, convergent behavior associated
with ridge formation, and the full range in between, as observed (Stern et al., 1995; Bouchat and Tremblay, 2017). The most

common and well-established viscous-plastic rheology with an elliptical yield curve and normal flow rule suffers from several
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issues, most notably, an overestimation of the LKFs intersection angles (Ringeisen et al., 2019). This could potentially be
addressed with the MC-E rheology: The angle of failure and the post-failure deformation are partially decoupled from the
yield curve, hence giving more control over the behavior of the rheology. However, more tests are necessary to assess how the
Mohr—Coulomb yield curves would perform in pan-Arctic simulations (Bouchat et al., 2022; Hutter et al., 2022) apart from
the issues of numerical convergence. A recent study, Lemieux et al. (2025) showed that using the elliptical yield curve with a
non-normal flow rule does not seem to change the failure angles significantly in pan-arctic simulations, but there was a clear

change of the deformation along the LKFs.

6 Conclusions

The Mohr—Coulomb yield criterion is a classical representation of stress for models of granular materials. Numerical tests with
four formulations of the Mohr—Coulomb criterion for the VP sea ice rheological models with different plastic potentials (hence
different flow rules) show that the way the flow rule is defined is important for the numerical convergence of the momentum
equation. It appears to be better to avoid stress states with mixed behaviors (plastic in shear and viscous in convergence,
or vice versa). Mohr—Coulomb yield curves with elliptical, teardrop, and parabolic lens plastic potential allow for failure
angles that can be close to the observed range of 15 — 30° (Ringeisen et al., 2023a). For the elliptical plastic potential, with
a slope p € [0.6,0.8] (Schulson, 2004; Weiss and Schulson, 2009), this is achieved by having a plastic potential ellipse ratio
e € [1.2,2]. The failure angles are both influenced by the shape of the yield curve and the shape of plastic potential, giving
LKFs failure angles close to the Arthur’s angle (Arthur et al., 1977; Vardoulakis, 1989).

The VP rheological model for sea ice is well established in climate modeling. In comparison to implementing completely
new rheological models (e.g., brittle models) or approaches (discrete element models) to improve the sea-ice component in
a climate model, it is still an interesting alternative to improve the VP model. Here we demonstrated for the example of
overestimated failure angles (Hutter et al., 2022; Ringeisen et al., 2023a), how relatively small changes of introducing a new
yield curve and plastic potential can fix a persistent problem in VP models. However, poor numerical convergence and increased
computer load could be an obstacle. The mathematical properties (e.g., well-posedness) of the VP rheology is currently still
subject of study (e.g., Brandt et al., 2022; Chatta et al., 2023) and we hope that it will lead to improved rheological formulation

in the future.

Appendix A: Derivation of the MC-PS constitutive equations

In this appendix, we are giving the detailed derivations of the MC-PS rheology. The derivation of the Mohr—Coulomb with
pure shear (MC-PS) rheology is not presented in Ip et al. (1991) and other previous studies. As the method used to derive the
constitutive equation can lead to some issues but also highlight special properties of the rheology, we wanted to be as exhaustive
as possible and explored different possible derivations, reaching the exact same equations. In the following, we present four

different ways to derive the constitutive equations for the MC-PS yield curve that all give the same equation:
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1. From Egs (8-9), p = (1 — k;) P/2 (Hibler, 1979; Konig Beatty and Holland, 2010) and considering the yield criterion in

compression (o1 = —P when ¢é; < 0, and o1 = 0 when é; > 0) and shear (Eq 1), we have,
P(1+k
(o—ps = DL E) (A1)
2|61‘
i (P(l;—kt) _ Cél)
MMC—-PS = ; ) (A2)
€11
where
1-k
pyc-ps = —— P, (A3)

. Egs. (A1-A3) can also be derived directly from the constitutive equations (7), first by assuming pure shear deformation

(dilatation or § = 0, and ¢ = 0) along two failure lines at angles plus and minus 7/4 — ¢/2 from the main loading axis

as per Mohr—Coulomb failure criterion (see Tremblay and Mysak, 1997, for details),

045 = 2?761j — 776151] +p5ija (A4)
with
kP
_ Mp kD) ’ (AS)
2¢11
and write p as a step function going from oy = —Ptoor =T = k; P at ¢; =0, (see Fig. 1)
ér\ P
p= ((1—kt)—(1+k;t)_l) —. (A6)
|€I| 2
In this formulation, ¢ appears naturally, resulting in the same Eq. (A1-A3)
P(1+k
(mo—ps = (L+ k) (A7)
2|éi|
1% (Pu;kt) - Cél)
MC-PS = : (A8)
€11
1-k
pyc-ps = —5— P (A9)

for the general constitutive equation Eq. (7). In the above equation, the é;-dependent and independent terms are the bulk
viscosity and the pressure term (p), respectively. Capping the denominator to a minimum value of ¢ transforms the step
function into a linear transition over a finite range (-¢; : €1), enabling the use of standard (efficient) numerical methods to
solve for the velocity field without having the solve for the pressure independently using a Poisson equation (Flato and
Hibler, 1992; Tremblay and Mysak, 1997).

. We can also use a plastic potential methods as used in Ringeisen et al. (2021). As described in Sect. 2.2, the plastic stress

states are grouped together at the tips of the Mohr—Coulomb yield curve and we cannot represent them w ith a plastic
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potential (see behavior 2 on Fig. 1). However, we can define the flow rule and stress along Mohr—Coulomb limbs of
the yield curve where ¢ = (,ax by choosing the appropriate plastic potential. We use the Mohr—Coulomb yield curve as

defined by Eq. (1) and we define the plastic potential as

1 (1—k) _\?
= — P A10
G 26'IICmax <JI 2 * on ( )
with the flow rule conditions
oG
A =€ (ATl)
oy 11

where A > 0. Using these conditions we obtain

CMCfF’S = Cmax (A12)
w (w - Cmaxél)
IMC-PS = ; (A13)
€11
1-k
pyc-ps = —— P (A14)

Note that the proposed plastic potential function G (Eq. A10) is highly unusual, as it contains the shear strain rate érr. It
would mean that G changes shape as the shear strain rates change. This can explain the complex behavior of this yield

curve, present in Sec. 2.2 and its poor performance in simulations.

4. We can finally use the Mohr—Coulomb yield curve with an elliptical plastic potential by making the ellipse ratio tend to

infinity, see the last paragraph of Sect. 2.3.

It is important here to compute ¢ and apply the viscous capping (.x before computing 7, because it is the capping that creates

the Mohr—Coulomb limbs (see behavior 1 on Fig. 1).

Appendix B: Mohr—-Coulomb yield curve with an elliptical plastic potential - alternative derivation

In this appendix section, we describe an unsuccessful attempt to derive a Mohr—Coulomb yield curve with an elliptical plastic
potential. We want to document this derivation to report a negative result, avoid useless replication in the future, and stimulate
discussion around the derivation of sea ice rheologies.

We want to derive a constitutive equation for sea ice based on a Mohr—Coulomb failure criterion and a plastic potential.

Given the stress invariants o1 and oy, the Mohr—Coulomb failure criterion is expressed as
o1 = —po1 + ¢ = —por + pPky, (B1)

where g is the coefficient of friction, and the cohesion c¢ is expressed as p7" with the tensile strength T'= k; P. P is the ice

strength. Following Ringeisen et al. (2021), the flow rule is defined based on an elliptical plastic potential given by

G =201+ (1 — k) P)* + 4e0% — (1 + k)2 P2. (B2)
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Assuming a normal flow rule with respect to the plastic potential, we can write

)\% = éI and )\ﬁ = éH (B3)
80’1 8011

405 and solve for the unknown flow rate A > 0 an unknown to find, and the stress invariants based on three equations (B1,B3).

Differentiating equation (B2) with respect to o7 and oy yields
4N(201 + (1 — k) P) = ¢é1 and 8X\e?oy1 = é11. (B4)

Reordering gives expressions for the stress invariants

éI (1 — /{Et) éII
=—_X Y PpPand = . B5
173 g L AGomT e (B5)
410 After inserting Eqs (BS) in Eq. (B1), we can write
éH ‘LLE.I (1 + kt)P
__pa B6
VRS W T (B6)
which can be rearranged as
MA = pe? (14 k)P, (B7)
with
415 A =¢+ MGQéI. (B8)
The flow rate ) is therefore
A
A= — B9
(1+k¢)pe?P (B9)
We use
oij = 2néij + [C — nléxrdij — poij (B10)
420 which we can be rewritten for the stress invariants as
JI:Céprand 0'11:2’!7én. (Bll)
Combining with Eqgs (B5) yields
1 pe*(1+k)P
_ - B12
¢ 8\ 2A ’ (B12)
1 p(l+k)P ¢
_ _ _ 5 B13
T 3xe? 2A e?’ (B13)
11—k
425 p= 5 P (B14)
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Figure B1. (a) MC-E rheology from using an elliptical plastic potential G, as derived in App. B. The angle shown in red denotes the part
of the plastic potential that cannot be represented on the Mohr—Coulomb yield curve. (b) MC-E rheology from using an elliptical plastic

potential G with the proposed compressive cap with p. = 4. For both (a) and (b), we use ¢t = 0.7, k; = 0.1, and e = 2.

There is the immediate problem that A < 0 is possible because A in Eq (B8) is not positive definite. If A < 0 then the
viscosities can become negative, and the viscosity terms, per definition an sink of energy by dissipation, will become an energy
source, leading to instabilities.

As explained in the corrigendum of Ringeisen et al. (2021), the flow rule from the elliptical plastic potential does not move
along a line with constant oy onto the yield curve, but it moves along a line that passes through the center of the ellipse at
o= 1+T’“‘P and o1 = 0. Hence, for a Mohr—Coulomb yield curve, there is a part of the plastic potential that cannot fall onto

the yield curve, namely when the slope of the line passing by the center of the ellipse is < u (Figure B1).

20



435

440

445

450

455

https://doi.org/10.5194/egusphere-2026-1845
Preprint. Discussion started: 16 April 2026 EG U
sphere

(© Author(s) 2026. CC BY 4.0 License.

The MC-E yield curve derived in Sect. 2.3 does not have this problem because the bulk viscosity ( is kept the same as the
elliptical yield curve with normal flow rule and only the shear viscosity 7 is changed to create a Mohr—Coulomb yield curve
shape.

The MC-TD and MC-PL rheologies derived in Sect. 2.4 also do not suffer from this problem as their formulation is based
onl= ééTII’ so the bulk viscosity of MC-TD and MC-PL are also the same as the bulk viscosity of the Teardrop and Parabolic
lens yield curves with a normal flow rule (Ringeisen et al., 2023b).

To solve these issues, we can use a compressive cap, as done in Sect. 2.3 and 2.4. The equations of the cap would then

become
A = p1e€*éy — én (B15)
2
pee (1 4+ k)P
cT T oA B16
8 2A, (B16)
Nc(l + kt)P Cc
_ _ > B17
T]C 2Ac 627 ( )
1—
b= ke (B18)
2
and the cap would be applied as
¢=min(¢,¢), (B19)
n= min (nvnc) . (B20)

This solution is shown in Fig. B1b. Using this compressive cap would work, however, the presence of the two minimum
functions makes it unusually complex to implement and slow to use in pan-Arctic simulations due to convergence issues. It
is worth mentioning that the advantage of this rheology is that the viscous behavior is very easily implemented. Applying

the maximum (.5 on ¢ immediately translated to a maximum on 7 of Npax = Crg;", as for the elliptical yield curve (Hibler,

1979). Unfortunately, all tests using this formulation in MITgcm have been unsuccessful and further exploration is outside of

the scope of this manuscript.

Code and data availability. The MC-PS rheologies are implemented in the sea ice package of the MIT general circulation model, or MITgecm
(Marshall et al., 1997; Losch et al., 2010) and published the MITgcm 67z (Campin et al., 2021). The version of the MC-E, MC-TD and MC-

PL rheologies used are implemented in MITgcm in the authors release published on Zenodo (Campin et al., 2026).
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