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Abstract. Accurate retrieval of raindrop size distributions (DSDs) is essential for understanding cloud and precipitation
microphysics. The dual-frequency ratio (DFR) measured by dual-frequency radars is independent of the normalized intercept
parameter (Nw) and depends solely on the mass-weighted mean diameter (Dm). This characteristic makes DFR a powerful
parameter for DSD retrieval. However, the DFR-Dm relationship is subject to a dual-solution ambiguity, particularly for
smaller particles. This study demonstrates that W-band reflectivities obtained through scattering simulations based on
measured raindrop size distributions, combined with the DFR(Ka, W) constraint, effectively mitigate the DFR(X, Ka)-Dm
dual-solution ambiguity. The results demonstrate that incorporating the DFR(Ka, W) constraint substantially reduces the
DFR-Dm ambiguity, raising the proportion of data with a unique Dm solution from 35.38% (DFR(X, Ka) alone) to 87.5%.
The proposed framework shows potential advantages over conventional approaches, particularly for weak echoes (<20 dBZ),
where conventional methods fail but the proposed framework maintains robust accuracy. This proof-of-concept study

provides a reference framework for future three-frequency radar DSD retrieval.

1 Introduction

As a fundamental parameter in cloud and precipitation microphysics, the raindrop size distribution (DSD) characterizes the
size distribution of precipitation particles (Marshall and Palmer, 1948; Ulbrich, 1983; Testud et al., 2001). Accurate retrieval
of DSD is crucial for advancing research in cloud and precipitation microphysics, developing and evaluating cloud
microphysics schemes in numerical models, supporting weather modification activities, and understanding cloud—climate
interactions (Liu et al., 2021). Consequently, how to accurately retrieve DSD has always been an important research topic in
radar meteorology. However, due to the variability in precipitation particle shape, density, size, orientation, and spectral
characteristics, accurately quantifying the microphysical properties of cloud and precipitation systems using single-

frequency radar remains a significant challenge (Li et al., 2023).
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Numerous studies have demonstrated that the dual-frequency radar could retrieve DSD more accurately with the Dual-
Frequency Ratio (DFR) (Seto et al., 2013; Liao and Meneghini, 2019a; Kubota et al., 2020). This technique employs two
distinct wavelengths: one is chosen such that Rayleigh scattering dominates for most precipitation-sized particles, while the
other is sufficiently short to trigger Mie scattering in the presence of large hydrometeors (Liao and Meneghini, 2019b). Since
Mie scattering is more sensitive to particle size, an increase in particle diameter amplifies the difference in scattering
characteristics between the two frequencies, resulting in a noticeable increase in DFR. This makes DFR a key diagnostic
parameter for characterizing the DSD.

Another important advantage of the DFR is its independence on the normalized intercept parameter (Nw) when retrieving
the DSD. Under the normalized gamma size distribution assumption with a fixed shape factor (i), DFR depends only on the
mass-weighted mean diameter (Dm). Meneghini et al. (2022) demonstrated that the retrieved DSD closely matches in situ
observations when p is set to 3. Most studies on DFR-based DSD retrieval have focused on the dual-frequency Ku/Ka-band
radar aboard the Global Precipitation Measurement (GPM) satellite (Hou et al., 2014; Liao et al., 2014; Skofronick-Jackson
etal., 2017, 2018; Iguchi et al., 2021; Seto et al., 2021; Iguchi and Meneghini, 2022; Ladino-Rincon et al., 2025).

A great challenge in DFR-based DSD retrieval is the DFR-Dm dual-solution. For example, when DFR <0, a single DFR
value corresponds to two Dm values (Meneghini et al., 1992, 1997; Mardiana et al., 2004; Liao and Meneghini, 2005; Rose
and Chandrasekar, 2005). A commonly used approach is to select the large Dm value as the solution, which often introduces
retrieval errors, particularly in light precipitation (Mardiana et al., 2004; Meneghini et al., 2022). Another method is to
discard data with DFR < 0 and only use data with DFR > 0 to retrieve Dm, which results in considerable data loss (Wang et
al., 2020; Liu et al., 2020).

To address the DFR-Dm dual-solution, Liao and Meneghini (2019) proposed a generalized dual-frequency ratio, denoted
as DFR* (DFR* =dBZ(f1) — y-dBZ(fz), where y €0, 1]). Although DFR* successfully avoids the ambiguity inherent in the
original DFR formulation, it is no longer a function solely of Dm and introduces a dependence on Nw. Iguchi and Meneghini
(2022) further introduced a retrieval approach based on the differential form of the dual-frequency radar equation,
investigating the stability of Dm retrievals with respect to variations in initial conditions. However, this method primarily
mitigates the dual-solution under conditions of strong attenuation (i.e., intense precipitation). Meneghini et al. (2022) also
noted that it is not always possible to identify the correct solution among multiple candidates although the DFR-Dm dual-
solution can be addressed analytically. Given that the dual-solution in the DFR-Dm relationship has not been adequately
resolved, the GPM currently employs the R-Dm relationship to retrieve Dm (Seto et al., 2021).

This paper is structured as follows: Section 2 introduces the theoretical background of the DFR-Dm relationship, the
overall DSD retrieval strategy, and a step-by-step retrieval framework. Section 3 presents the preprocessing steps, including
attenuation correction, sensitivity analysis, and the construction of the retrieval algorithm based on scattering simulation.
Section 4 provides a comprehensive evaluation of the proposed framework using case studies, ground-based disdrometer
validation, and an independent validation strategy. Section 5 discusses the limitations and practical applicability of the

proposed framework. Finally, Section 6 summarizes the key findings and outlines directions for future research.
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2 Overall retrieval strategy
2.1 Retrieval Framework

The overall retrieval framework of this study is built upon the synergy between dual-frequency radar observations and T-
matrix scattering simulations. Figure 1 presents the schematic diagram of the retrieval system. Blue boxes denote the results
from scattering simulations, and green boxes represent those derived from radar observation data. The framework integrates
three fundamental components: (1) observation-based inputs, including X/Ka-band dual-frequency radar reflectivities and
2DVD-measured raindrop size distributions; (2) physics-based simulation, where T-matrix scattering calculations are
employed to derive theoretical relationships between radar observables and DSD parameters; and (3) multi-constraint
retrieval, which combines DFR(X, Ka) and DFR(Ka, W) to resolve the Dm ambiguity while using LWC-Zk, relationship for
liquid water content estimation.

The core concept of this method is rooted in the physical principle that the DFR at distinct frequency pairs, specifically
X/Ka and Ka/W bands, exhibits distinct responses to variations in Dm. This disparity arises from differences in their
sensitivity to particle size and scattering regime. In the DFR(X, Ka)-Dm relationship, the dual-solution means a single DFR
corresponds to two Dm values when DFR(X, Ka) < 0. To resolve this ambiguity, DFR(Ka, W) is employed, which operates

at higher frequencies and exhibits a significantly narrower ambiguity zone than DFR(X, Ka)-Dm.

DSD
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Figure 1. Flowchart of X/Ka dual-frequency radar retrieval for normalized gamma raindrop size distribution ( Blue arrows indicate the

scattering simulation workflow, while green arrows represent the retrieval workflow for real radar observation data ).
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2.2 Retrieval Procedure

The overall retrieval scheme and the detailed procedure is described as follows:
Step 1: The 2DVD observations of raindrop size distributions are collected as ground-truth measurements. According to the
measuring principles of 2DVD, the number concentration of raindrops (N(D;): m™ mm™) per unit volume per unit size

interval at a discrete instant are calculated using the following equations:
_ =1 m 1

ND)2ovp= 1y =i V) )

where At is the time interval (60s is used in this study), i is the size index, j is the particle index, A; (mm?) and V;(m s™') are

the sensing area and fall velocity for drop j, respectively; and m; is the number of drops within size class i and time interval
At. AD (mm) represents size-sorted categories of equivalent-volume diameters, and 0.2 mm is used.

The n-th moment of the DSD can be obtained by integrating the spectrum, as defined by Tokay and Beard (1996):
M,= ™ D"N(D)dD )
The subscripts min and max represent the minimum and maximum diameters of raindrops, respectively. The true values of

Dm, liquid water content (LWC), and Nw can be derived from the moments of the DSD:

D
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LWC=2M;=2x10 s D’N(D)ypypdD (4)
44 (LWC
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where py, is the density of water.

Step 2: T-matrix scattering calculations are performed to simulate radar reflectivities at X-, Ka-, and W-band frequencies
(Zx, Zxa, Zw), specific attenuation at X-band and Ka-band (Ax, Aka), and differential specific attenuation [k(X, Ka)] based
on the DSDs measured by 2DVD.

Step 3: The retrieval relationships of DFR(X, Ka)-Dm, DFR(Ka, W)-Dm, DFR(X, Ka)-Zx, DFR(Ka, W)-Zka., k(X, Ka)-Ax,
k(X, Ka)-Aka and LWC-Zk, are established via fitting.

Step 4: Radar observed reflectivity of X-band and Ka-band (Zx-obs, Zka-obs) are input into the retrieval system and k*(X, Ka)
is calculated using Zx-obs and Zka-obs. Using the retrieval relationships of k(X, Ka)-Ax and k(X, Ka)-Aka, A'x and A’k are
obtained. The observed reflectivities Zx-obs and Zxa-obs are finally corrected, yielding Zx-cor and Zka-cor. Furthermore, the
deviations exist in the reflectivity after correction when applying A"x and A*ka to X- and Ka-band reflectivity. To address
this issue, we impose constraints on the corrected reflectivity using the DFR(X, Ka)-Zx relationship (see Section 3.3 for

details).
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Step 5: Based on the theoretical retrieval relationships for DFR(X, Ka)-Zx and DFR(Ka, W)-Zk,, DFR*(X, Ka) and
DFR"(Ka,W) corresponding to actual radar observations are retrieved from Zx-cor and Zka-cor.

Step 6: Dm-est is retrieved using the combined DFR"(X, Ka) and DFR"(Ka, W) relationships, with the latter used to resolve
ambiguity when DFR(X, Ka)* < 0.

Step 7: LWC-est is retrieved from Ka-band reflectivity using the established LWC-Zk, relationship and Nw-est is computed
from Dm-est and LWC-est using the DSD moment relationship.

Step 8: Dm-est and Nw-est are substituted into the normalized gamma distribution function (u=3) to obtain the retrieved

raindrop size distribution DSD-est. The normalized gamma distribution is as follow (Testud et al. 2001):

D \H —(4+)D
ND)-Nyf(w)(57) exp [(52] 6)
_ 64t
=g ™

3 Instrument and Data Processing
3.1 Instruments

The dataset utilized in this study comprises radar observations from an X/Ka dual-frequency radar and drop size distribution
measurements from a 2-dimensional video disdrometer (2DVD). Both datasets were collected in vertical pointing mode at
the meteorological observation site in Yangjiang, Guangdong Province, on May 1, May 11, June 11, 2022 and June 14, 2025.
The X/Ka dual-frequency radar, developed by the 38th Research Institute of China Electronics Technology Group
Corporation (CETC-38), employs a fully solid-state frequency-modulated continuous wave (FMCW) system with coaxial
scanning and has undergone absolute calibration prior to field deployment. Its high temporal and spatial resolution enables
the real-time tracking of precipitation system structural evolution. The 2DVD, developed by Austria's Joanneum Research, is
designed to capture the two-dimensional size distribution and phase characteristics of precipitation particles. It provides
essential ground-truth data for DSD research and phase identification algorithm validation. The main technical specifications
of the X/Ka-band radar are presented in Table 1.
Table 1. Key specifications of X/Ka dual-frequency radar system

Paremeters Specification
Operating Frequency 35.02 GHz(Ka-band) ; 9.37 GHz (X-band)
Antenna Diameter 1864 mm
Antenna Gain 54.6 dBi (Ka-band); 44.6 dBi (X-band)
Beamwidth 0.4° (Ka-band); 1° (X-band)
Range Resolution <30m
Detection Capability <-38dBZ@10km(Ka-band); <-25dBZ@10km(X-band)
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Measured Variables Z,V, W, Zpr, Opp, Kpp, puv
Z<1.0dBZ;V<1.0ms!;W<1.0ms"; Zpr <0.2 dB; ®pp

Accurac
Y <1°; Kpp <0.2° km™!; puv <0.01

As shown in Table 1, the mismatch in beamwidth between the X- and Ka-band leads to scale errors. The scale errors can
be reduced by time averaging and spatial smoothing (Ellis and Vivekanandan, 2011). To mitigate the scale mismatch
between the two frequencies, Ka-band reflectivities are temporally smoothed using a 3-point running mean. This increases
the effective averaging scale along the time dimension, rendering the smoothed Ka-band sampling volume approximately

equivalent to that of the X-band.

3.2 Scattering Simulation

The T-matrix method provides an efficient and rigorous approach for computing electromagnetic scattering by nonspherical
particles, which was developed by Waterman (1965, 1971). By directly solving Maxwell equations with appropriate
boundary conditions, the method is particularly suitable for modeling the scattering properties of axisymmetric hydrometeors,
such as raindrops, snowflakes, and graupel. In this study, the T-matrix method is employed to simulate the scattering
characteristics of measured raindrop size distributions at X-, Ka-, and W-band frequencies. The simulations serve as the
theoretical foundation for developing a new DSD retrieval algorithm based on dual-frequency radar observations.

In the context of radar meteorology, the radar reflectivity is defined as follows (in units of mm®-m-3):

7 _X4 m2+2
h,v o lm2-1

Dmax
o o1,y (D)N(D)dD (8)

where A is the wavelength of the electromagnetic wave, m is the complex refractive index of the precipitation particle, and
on,v denotes the horizontal or vertical backscattering cross section. Zn,y represents the horizontal or vertical radar reflectivity.
When expressed in terms of T-matrix elements, the Eq. 8 becomes:

Zy=Cno{ou)=2nCno(M;1~M;~M;+Mp,) )

Z,~Cny(oy)=2nCno(M 1+ M2+ Mz +M,) (10)
where (...) denotes the volumetric ensemble average of the phase matrix elements for precipitation particles, and no
represents the total number of particles per cubic meter. The constant C is defined as C=10"*A%(n[K[?), where K = (e-
1)/(e+2), and ¢ is the dielectric constant of the hydrometeor, given by e=m?2. These parameters are derived from the phase
matrix outputs of T-matrix scattering simulations (Feng et al., 2019).

The axis-ratio model is still required in the T-matrix calculations because the scattering and extinction properties depend
on particle shape. However, under vertically pointing observations, polarization-dependent differences are negligible and do
not directly affect the retrieval framework. In this study, the raindrop axis ratio is determined using the following
relationship (Tang et al., 2014):

r=0.9971 + 0.2193D — 3.5105D? + 5.0746D* — 2.3559D* (11)

6



170 Table 2. Complex refraction index of raindrops at X-, Ka-, and W-band at different temperatures.

Frequency/GHz Temperature Complex refraction index
0°C 7.1421 - 2.8658*i1
o _ *3
X (937) 10°C 7.6978 - 2.4756*1
20°C 8.0227 - 2.0341*1
30°C 8.1539 - 1.6212%*i
0°C 4.0271 - 2.4779*1
o _ *3
Ka (33.44) 10°C 4.5744 - 2.6973 1
20°C 5.1486 - 2.8070*1
30°C 5.7062 - 2.7885*1
0°C 2.7370 - 1.3762*1
10°C 29711 - 1.6413*1
W (93.75) 20°C 3.2455 - 1.8876*i
30°C 3.5639 - 2.1095*i

The vertically pointing radar is configured with a zenith angle of 0°, ensuring a perfectly nadir (vertical) observation
geometry. The complex refractive indices of raindrops at the X-, Ka-, and W-band frequencies at 0-30°C used in the
scattering simulations are summarized in Table 2 (Chang and Wilheit, 1979; Liebe, 1985).

175 To evaluate the impact of temperature on raindrop size distribution retrieval, we take DFR(Ka,W) as an example to
simulate the retrieved relationship between DFR(Ka,W) and Dm for raindrops at different temperatures (Fig. 2a). As shown
in Fig. 2b, the RMSE of Dm retrieval is minimized at 20°C. Therefore, the DFR-Dm retrieval model was established with

20°C adopted as the reference temperature.
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180 Figure 2. Fitting curves(a) and Dm retrieval error(b) of DFR(Ka,W)-Dm at different temperatures (blue: 0°C; green: 10°C;

black: 20°C; red: 30°C ).
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3.3 Attenuation Correction

The profiles of reflectivity measured by the X/Ka dual-frequency vertically pointing radar are shown in Fig. 3. Since both X-
and Ka-band signals are subject to rain-induced attenuation, attenuation correction must be applied to the observed

185  reflectivity prior to DSD retrieval.
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Figure 3. Time-height indicator of the dual-frequency radar reflectivity (X-band: a, c, e; Ka-band: b, d, f; top row: June 11, 2022; middle
row: May 11, 2022; bottom row: May 1, 2022). The height of the melting layer bright band indicates that the zero-degree layer is
approximately 5 km.

190 In order to ensure comprehensive coverage of various precipitation types, we utilizes observation data from May 1 and 11,
2022, June 11, 2022, and June 14, 2025. The 2022 datasets are employed to construct the raindrop size distribution retrieval
model, while the observation data from June 14, 2025, serve for model validation. The case on May 1, 2022 was dominated
by stratiform precipitation, while the case on May 11, 2022 was dominated by convective precipitation. The June 11, 2022

case evolved from convective to stratiform precipitation as the convective activity gradually weakened.



195

200

205

210

Taking the case on June 11, 2022 as an example, the X-band exhibits less attenuation than the Ka-band. As a result, a
pronounced bright band near the melting layer is evident at X-band in the stratiform precipitation (Fig. 3a), whereas the
corresponding feature is barely discernible at Ka-band (Fig. 3b). Junyent et al. (2019) found that Mie scattering at X-band
becomes significant only when raindrop diameters exceed approximately 6 mm. Chudler et al. (2022) found that raindrops
exceeding 4.5 mm in diameter primarily form through the melting of hail and graupel, not the warm-rain process. As no hail
or graupel was observed during either event, Mie scattering at X-band is expected to be negligible. Therefore, the X-band
reflectivity is primarily influenced by rain attenuation, while Ka-band reflectivity is affected by both attenuation and Mie
scattering.

Fig. 4 shows the ground-measured rain rate, Dm and Nw for the three precipitation events, including both extreme

precipitation with hourly rain rate exceeding 100 mm h'!' (Fig. 4a: 0519-0719 BJT; Fig. 4b: 0253-0453 BJT) and stable
stratiform precipitation (Fig. 4a: 0819-1019 BJT; Fig. 4c: 0800-2200 BJT).
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Figure 4. Time series plots of ground-observed rain rate (a-c), mass-weighted mean diameter (Dm, d-f), and normalized

intercept parameter (Nw, g-i). (left: June 11, 2022; middle: May 11, 2022; right: May 1, 2022 ).

The X/Ka reflectivity is corrected for attenuation by applying the differential specific attenuation (Meneghini et al., 1992).
The differential specific attenuation of the X/Ka-band is defined as:

k(X Ka) [ZX-obs(r2)~ZKa- ObS(rj()lz_[er))( obs(r1)—ZKa-0bs(r1)] (12)
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where r1, 12 represent the near and far ends of the radar beam path, respectively. Zka-obs(r1) and Zka-obs(r2) denote the Ka-band
observed reflectivity at the near and far ranges, while Zx.obs(r1) and Zx-obs(r2) denote the corresponding X-band observed
reflectivity. The relationships between the specific attenuation at X-band (Ax), Ka-band (Ax.), and k(X, Ka) are estimated by

scattering simulation based on measured DSDs (Fig. 5).
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Figure 5. Scatterplots of the differential specific attenuation [k(X,Ka)] and specific attenuation (a: Ax, b: Aka).

The differential specific attenuation formula provides accurate results when hydrometeors are relatively small and Mie
scattering is negligible at both X- and Ka-band. However, in the presence of larger particles where Mie scattering becomes
significant at Ka-band, the differential specific attenuation tends to be overestimated, leading to inflated values of Ax and
Axa. To address this, the attenuation correction procedure for X/Ka dual-frequency radar should be constrained by theoretical
DFR(X, Ka) values obtained from fitted scattering simulation results.

Furthermore, to reduce the ambiguity of DFR(X, Ka)-Dm, theoretical DFR(Ka, W) are similarly obtained and used to
retrieve Dm when DFR(X, Ka) is less than 0 (Section 3.5). The scattering simulation results and fitted curves are illustrated
in Fig. 6, and the corresponding polynomial coefficients are listed in Table 3.

y=p1X04po x> +pyx g +psxP+pextp, (13)

x10°

Probability

DFR(X, Ka) (dB)

20 0 20 40 60
z, (dB2)

Figure 6. Scatterplots of the X-band reflectivity (Zx) and X/Ka dual-frequency ratio [DFR(X, Ka)]; the Ka-band reflectivity
(Zka), and Ka/W dual-frequency ratio [DFR(Ka, W)]. The red curve represents the polynomial fit.

10



Table 3. Coefficients of the fitted polynomial

coefficients Zx.-DFR(Ka, W) Zx-DFR(X, Ka)
pl -4.823x10-10 0
p2 -8.014x10-9 0
p3 2.746%10-6 5.456x10-7
p4 -7.539x10-5 -2.216x10-6
p5 2.419%10-3 3.618x10-5
p6 8.842x10-2 -8.324x10-3
p7 -6.192x10-2 -4.585x10-1
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Figure 7. Corrected reflectivity of the dual-frequency radar (X-band: a, ¢, e¢; Ka-band: b, d, f; top: June 11, 2022; middle:
May 11, 2022; bottom: May 1, 2022).
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Since this study focuses on retrieving raindrop size distributions, all figures presented herein display physical parameters
exclusively below the melting layer. As shown in Figure 7, the corrected reflectivities at X- and Ka-band exhibit improved
consistency within weak echo regions. In contrast, within strong echo zones, the corrected X-band reflectivity exceeds that at
Ka-band, which aligns with theoretical expectations that the dual-frequency ratio increases with reflectivity. Additionally, a
bright band feature is evident near the melting layer in the corrected Ka-band reflectivity (Fig. 7b). A similar effect was
observed on 1 May 2022 (Fig. 7f), further supporting the physical consistency and accuracy of the attenuation correction.

The corrected reflectivities were validated against the theoretical reflectivity values derived from ground-based raindrop
size distributions measurements. The X/Ka dual-frequency radar begins recording at the fourth gate (gate length: 30 m) and
the reflectivity at 120 m is taken as an approximation of the ground-level value. As shown in Figure 8a, the X-band
reflectivity exhibits negligible attenuation and closely agrees with the values calculated from raindrop size distributions.
While the Ka-band reflectivity suffers marked attenuation (especially above 30 dBZ, Fig. 8b), the corrected results

demonstrate close agreement with theoretical values.
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Figure 8. The comparison between the observed and corrected reflectivity values for X-band (Zx) and Ka-band (Zk.) at 120m

height and the corresponding reflectivity derived from measured raindrop size distributions (Zx-psp, Zka-DsD).

The performance of the attenuation correction was quantitatively evaluated using the mean bias (MB), mean absolute error

(MAE), root mean square error (RMSE) and correlation coefficient (CC), defined as follows:

MB=- " (E~T) (14)
MAE=~ ! |E~T| (15)
RMSE = /l " (E-T)? (16)
e — ZuEBID an

e ey

where E; is the observed or corrected value, Ti is the true value, E and T is the mean value, and n is the total sample size.

12



As presented in Table 4, the corrected Ka-band reflectivity (Zka-cor) aligns much more closely with theoretical values than
the observed reflectivity (Zka-obs). This improvement is evidenced by a significant reduction in MB, along with decreased
265 MAE and RMSE, and an increased CC.

Table 4. Error statistics of Ka-band reflectivity before and after correction

Parameter MB (dB) MAE (dB) RMSE (dB) CC
ZKa-obs -5.2206 5.4504 7.5531 0.9017
ZKa-cor 0.1720 3.0525 4.9096 0.9413

Using the accurately corrected X- and Ka-band reflectivity, the DFR(X, Ka) and DFR(Ka, W) are obtained (Fig. 9). The
results show that DFR(Ka, W) has a broader dynamic range than DFR(X, Ka), and regions of high values coincide for both

270 ratios.
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Figure 9. Time-height indicator of the dual-frequency ratio [DFR(X,Ka): a, ¢, ¢; DFR(Ka,W): b, d, f; top row: June 11, 2022;
middle row: May 11, 2022; bottom row: May 1, 2022].

3.4 Sensitivity Analysis of p

275 The setting of the shape parameter (i) can influence the retrieval results. To minimize retrieval errors, the optimal value of p
was determined through sensitivity tests. As shown in Figure 10a, the retrieval error for Dm is smallest when p = 0, and
gradually increases as p takes values of 3 and 6, though the differences among these positive values are not substantial. In
contrast, Figure 10b shows that the retrieval error for Nw decreases progressively as p increases, with @ =3 and p = 6

yielding notably smaller errors than p = 0. The corresponding statistical results are summarized in Table 5.
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Figure 10. Sensitivity test of p (a: retrieval of Dm; b: retrieval of Nw).

Table 5. Retrieval errors of Dm and Nw for different values of p.

Parameter n MB MAE RMSE
-3 0.3211 0.3211 0.3234
0 0.0002 0.0004 0.0006
Dm
3 -0.0466 0.0466 0.0466
6 -0.0639 0.0639 0.0639
-3 -0.7067 0.7067 0.7414
0 -0.1609 0.1609 0.1809
Nw
3 -0.0684 0.0684 0.0819
6 -0.0316 0.0316 0.0412
285 Although a full DSD reconstruction error metric would be desirable, the primary purpose of the retrieval framework is to

estimate Dm and Nw, which are the governing parameters of the normalized gamma distribution. Therefore, Dm and Nw

retrieval errors were selected as the optimization criteria in this study. To determine the optimal p that minimizes the

14



290

295

300

retrieval errors of both Dm and Nw against the ground-truth values, the Euclidean distance from each candidate p to ideal

point —serving as the cost function:

J=\/ [RMSE(Dm)-min(RMSE_Dm)]>+[RMSE(Nw)-min(RMSE_Nw)]? (18)

Here, min(RMSE Dm) = 0.0006 and min(RMSE Nw) = 0.0412 (Table 5), defining the coordinates of the ideal point in
the objective space. The Euclidean distance between each candidate p and ideal point is presented in Fig. 11. The results
indicate that p=3 corresponds to the shortest distance (0.061), closely followed by p=6 (0.063), while p=—3 exhibits the
largest deviation. Therefore, u=3 represents the optimal value that minimizes the retrieval errors of Dm and Nw, consistent

with the value adopted by Meneghini et al. (2022).
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Figure 11. The Euclidean distance between each candidate p and ideal point.

3.5 Reduction of the Ambiguous Zone in the DFR-Dm Relationship

Based on scattering simulations using the measured DSDs, the true reflectivities at X-, Ka-, and W-bands (denoted as Zx,
Zxa, and Zw) were derived. These values were then used to compute the corresponding dual-frequency ratios [DFR(X, Ka)
and DFR(Ka, W)]. As noted earlier, the relationship between DFR and Dm exhibits ambiguity when DFR is less than 0. This
issue is illustrated in Fig. 12a: while a unique Dm value corresponds to each positive DFR, an ambiguous zone emerges
(marked by dashed lines in Fig. 12a) for negative DFR values, where a single DFR corresponds to two different Dm values.

This region is referred to as the ambiguous zone in the study.
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Figure 12. Scattering simulation scatterplots. (a) the DFR-Dm where blue dots represent DFR(X, Ka) and red dots represent
DFR(Ka, W). The black dashed area indicates the ambiguous zone when DFR<0. (b) the Zk.-Dm scatterplots when DFR(X,
Ka)<0, with the black dashed area representing the Zx.-Dm scatter plot when DFR(Ka, W)<O0.

Although the DFR(Ka, W)-Dm relationship also contains an ambiguous zone, its range is substantially narrower than that
of DFR(X, Ka). As shown in Figure 12b, the ambiguous zone for DFR(Ka, W) is confined to a Zka range of approximately
—20 to 20 dBZ, corresponding to Dm values between 0.3 and 0.8 mm (dashed area). In comparison, the ambiguous zone for
DFR(X, Ka) covers a much wider Zk, range of about —20 to 45 dBZ, corresponding to Dm values from 0.3 to 1.6 mm.
Therefore, DFR(Ka, W) provides a effective constraint on Dm retrievals, particularly where DFR(X, Ka)-Dm is ambiguous.
This result validates the strategy adopted in this study: using DFR(Ka, W) to resolve ambiguities in the DFR(X, Ka)-Dm
relationship.

Table 6 summarizes the statistics of the DFR data used in this study. The results show that 1,013 data points fall within the
unambiguous zone of DFR(X, Ka) (>0), allowing unique retrieval of Dm. In comparison, the number increases significantly
to 2,505 for DFR(Ka, W) (>0), demonstrating that DFR(Ka, W) effectively narrows the ambiguity zone associated with
DFR(X, Ka). Relying solely on DFR(X, Ka), only 35.38% of the dataset yields a unique Dm solution. This proportion rises
markedly to 87.5% when the constraint from DFR(Ka, W) is incorporated. These results confirm that DFR(Ka, W)
substantially reduces retrieval ambiguity and improves the robustness of Dm retrieval.

Table 6. Dual-frequency ratio statistical results.

DFR DFR >0 DFR<0 DFR Proportion(DFR > 0)
DFR(X,Ka) 1013 1850 2863 35.38%
DFR(Ka,W) 2505 358 2863 87.50%
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4 Raindrop Size Distribution Retrieval and Evaluation

4.1 Retrieval of Dm

Given that DFR(Ka, W) exhibits a significantly narrower ambiguity zone than DFR(X, Ka), we leverage this characteristic to
constrain and improve Dm retrieval. A combined approach has been formulated to resolve the ambiguity in the DFR(X, Ka)—

Dm relationship. The derived relationship is presented in Fig. 13 and Eq.19.
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Figure 13. DFR-Dm fitting curve [a: DFR(X, Ka)>0, b: DFR(Ka, W) when DFR(X, Ka)<0]

_ { 0.251DFR(X,Ka)*6391+1.2445 DFR(X,Ka)>0 (19)
0.11DFR(Ka,W)+0.6064 DFR(X,Ka)<0

As shown in Figure 13, the combination of DFR(X, Ka) and DFR(Ka, W) can accurately retrieve raindrops with Dm

m

greater than 0.5 mm. Specifically, the DFR(Ka, W)-Dm accurately retrieves larger Dm values when DFR(Ka, W) is less
than 0, with retrieval errors remaining only for raindrops smaller than 0.5 mm (Fig. 13b). Furthermore, as indicated in Fig.

14, rain rates do not exceed 0.6 mm h™! when Dm is below 0.5 mm. Therefore, the retrieval error associated with DFR(Ka,

W) in this range is almost negligible.
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Figure 14. Scatterplots of rain rate versus Dm when Dm is below 0.5 mm based on measrued DSDs
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4.2 Retrieval of Nw and LWC

The normalized intercept parameter (Nw) is retrieved by Eq. 5, which depends on both LWC and Dm. While Dm is retrieved
through the combination of DFR(X, Ka) and DFR(Ka, W), the retrieval of LWC is still required. In this study, the method
proposed by Oh et al. (2018) is adopted to estimate LWC from Ka-band reflectivity.

%107
LWC=0.00112%74%¢
Ka

LWC (g m™)
Probability

0
40 -20 0
z,, (@B2)

Figure 15. Scatterplots of the Ka-band reflectivity (Zk.) and liquid water content (LWC) through scattering simulation

The fitted retrieval relationship between Zx. and LWC is presented in Fig. 15. This curve is derived from T-matrix
scattering simulations based on measured raindrop size distributions. The monotonic and nonlinear nature of the Zx.-LWC

relationship enables reliable LWC estimation over a broad dynamic range of the reflectivity.

4.3 Retrieval Results and Validation

To investigate the vertical structure of precipitation microphysics, Figure 16 shows retrieved profiles of Dm and Nw from
X/Ka-band dual-frequency radar data. The results reveal distinct microphysical characteristics between convective and
stratiform precipitation. Convective clouds generally exhibit larger Dm and Nw with significant vertical inhomogeneity,
whereas stratiform clouds are more uniform. Notably, Dm increases at lower altitudes accompanied by a substantial
enhancement in Nw in the convective regions. This indicates the occurrence of intense microphysical processes, such as
raindrop coalescence and breakup, within convective updrafts and downdrafts.

In contrast, stratiform precipitation displays vertically uniform distributions of Dm and Nw, consistent with its stable,
layered structure. However, the melting layer (bright band) causes a local enhancement in these parameters, leading to peaks
in Dm and Nw near the 0°C isotherm. This characteristic is attributed to the increased radar reflectivity of melting
hydrometeors.

These findings suggest that the proposed retrieval framework has the potential to capture microphysical differences across

precipitation types and vertical levels, offering insights into cloud structure and precipitation formation mechanisms.
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The performance of the proposed retrieval method was evaluated by comparing near-surface X/Ka-band radar retrievals

with ground-based 2DVD observations.
conventional methods (Fig. 18) and the retrieval formula is shown in Eq. 20. The first estimates Dm only when DFR(X,

Ka) > 0, ignoring the dual-solution problem (Wang et al., 2020; Liu et al., 2020). The second follows the same procedure as

the first when DFR > 0, but it selects the large Dm when DFR < 0 (Mardiana et al., 2004).
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Figure 17. The mass-weighted mean diameter retrieved by conventional methods versus the true value. [Dm (black): true

value; Dm-estl (blue): the first conventional method; Dm-est2 (red): the second conventional method].

D = 0.251DFR(X,Ka)%6%1+1.2445 DFR(X,Ka)>0 (20)
™St | —0.563DFR(X,Ka)2+0.088DFR(X,Ka)+1.254 DFR(X,Ka)<0
375 As shown in Figure 18, the first conventional method performs well only for large raindrops, but fails to capture Dm
smaller than 1.3 mm (Fig. 18b). The second conventional method tends to overestimate the small Dm (Fig. 18c). In contrast,
the proposed framework demonstrates a substantial improvement by accurately retrieving Dm across the entire size spectrum
(Fig. 18a), including smaller raindrops that are commonly found in stratiform and light precipitation.
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Figurel8. Retrieved mass-weighted mean diameter (Dm) and normalized intercept parameter [logio(Nw)]. (a, e: the proposed

framework; b, f: the first conventional method; ¢, g: the second conventional method; d, h: the retrieved Dm and Nw of June

14, 2025 by the proposed framework).
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In terms of Nw retrieval, the first conventional method can only accurately retrieve Nw for large raindrops (Fig. 18f). Due
to the inverse relationship between Dm and Nw, the overestimation of Dm by the second conventional method leads to
underestimated Nw retrievals for small raindrops (Fig. 18g). In contrast, the proposed framework overcomes these
limitations of conventional methods, demonstrating good consistency between the retrieved Nw and ground truth (Fig. 18e).
Furthermore, the proposed framework was applied to a precipitation case on June 14, 2025 to evaluate its applicability. As
shown in Figures 18d and 18h, the retrieval results agree well with ground-based measurements, suggesting the potential
applicability of the proposed framework. As quantitatively assessed in Table 7, the proposed framework shows improved
accuracy and a degree of generalizability in retrieving both Dm and Nw compared to the two conventional methods. Notably,
despite the second conventional method performing better than the first for Dm retrieval, it shows weaker capability in

retrieving Nw.

Table 7. Retrieval error statistics for the mass-weighted mean diameter (Dm) and the normalized intercept parameter (Nw).
*Note: “-est” denotes results from the proposed framework; “-est1” and “-est2” denote results from the first and second
conventional methods, respectively; “-validation” denotes the retrieval results from the proposed framework for June 14,

2025.*

Parameter MB MAE RMSE CC
Dm-est -0.0016 0.0804 0.1242 0.9441
Dm-estl -0.0004 0.1349 0.1491 0.6831
Dm-est2 0.0943 0.1762 0.2578 0.7829

Dm-validation 0.0321 0.0934 0.1490 0.9419
Nw-est 0.0671 0.2658 0.3662 0.8924
Nw-estl 0.1881 0.3529 0.4332 0.8761
Nw-est2 -0.1446 0.4530 0.6507 0.7504
Nw-validation 0.0676 0.2718 0.3673 0.8900

A comparison of retrieved raindrop size distributions with ground truth across reflectivity intervals is shown in Fig. 19.
The proposed framework outperforms the conventional ones, accurately retrieving DSDs across all intervals with particular
improvement for weak echoes (Fig. 19a). While conventional methods improve with higher reflectivity (Figs. 19b-d), the
proposed framework consistently achieves the best accuracy, followed by the second and then the first conventional method.

This conclusion is validated by the Dm and Nw error statistics (MB, MAE) in Fig. 20.
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Figure 19. The mean raindrop size distributions retrieved by conventional methods (DSD-estl, DSD-est2) and the proposed
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Figure 20. Retrieval performance of Dm (a, b) and logio(Nw) (c, d) across multiple reflectivity intervals (-est, proposed

framework; -estl, first conventional method; -est2, second conventional method).

4.4 Independent Validation

The retrieval relationships (DFR-Dm and LWC-Zk.) were established using DSD data from three precipitation events in
2022 (May 1, May 11, and June 11), and the retrieval performance was independently evaluated using data from a separate
precipitation event on June 14, 2025, which was not included in the relationship development.

As presented in Table 7, the independent validation results (Dm-validation and Nw-validation) demonstrate comparable
accuracy to the training-period evaluation (Dm-est and Nw-est), with correlation coefficients exceeding 0.94 for Dm and
0.89 for Nw. This consistency supports the generalizability of the proposed retrieval framework to unseen precipitation
events. However, it should be acknowledged that the current validation is based on a limited number of rainfall events from a
single observational site and therefore may represent an upper-bound estimate of retrieval performance. Future studies will
employ event-independent validation using leave-one-event-out cross-validation with a larger sample size to further quantify

the robustness and generalization capability of the proposed framework.

5 Discussion and Limitations
5.1 Practical Applicability of Ka-W Constraints

It is important to explicitly acknowledge that this study does not include W-band radar observations. The W-band
reflectivities used herein were obtained entirely through T-matrix scattering simulations based on measured DSDs. Therefore,
the DFR(Ka, W) constraint should currently be regarded as a theoretical assessment of its potential to mitigate DFR-Dm
ambiguity, rather than a fully operational retrieval constraint that has been validated with real three-frequency radar data.
The practical implementation of this approach would require a three-frequency radar system with X/Ka/W bands, and the
actual performance may be affected by W-band radar calibration accuracy, atmospheric attenuation at W-band, and signal-
to-noise ratio limitations. This study provides a proof-of-concept demonstration that motivates the development of future

three-frequency radar systems for operational DSD retrieval.

5.2 Radar Calibration and DFR Uncertainty

Several sources of uncertainty may affect the accuracy of DFR calculations and subsequent DSD retrievals. First, radar
calibration errors at either frequency will directly propagate into DFR estimates. The X/Ka dual-frequency radar used in this
study employs a fully solid-state FMCW system, and calibration procedures followed manufacturer specifications and
internal calibration routines. Second, beam mismatch between the X- and Ka-band antennas (beamwidth: 1° vs. 0.4°) can
introduce sampling volume differences that affect DFR accuracy. In this study, temporal smoothing was applied to reduce

this effect. Third, attenuation correction uncertainties, particularly at Ka-band where both attenuation and Mie scattering are
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significant, can affect the accuracy of corrected reflectivities and derived DFR values. Fourth, DFR error propagation: small
errors in individual reflectivity measurements can be amplified in the DFR calculation, particularly in weak echo regions
where signal-to-noise ratios are low. This study serves as a proof-of-concept investigation; for operational implementation,
these uncertainties require quantitative assessment and the development of corresponding mitigation strategies to minimize

their impact.

5.3 Representativeness of 2DVD Validation

The validation of radar retrievals against 2DVD measurements is subject to several representativeness issues. First, wind
drift during raindrop fall can cause horizontal displacement between the radar sampling volume and the disdrometer location,
particularly under strong wind conditions. Second, the time required for raindrops to fall from the radar sampling height (120
m in this study) to the ground introduces a temporal lag that may result in sampling different parcels, especially for rapidly
evolving precipitation systems. Third, the fundamental difference in sampling volumes between the radar (30 meters) and the
2DVD (10 centimeters) can lead to statistical representativeness errors, particularly for inhomogeneous precipitation fields.
These factors limit the accuracy and usefulness of quantitative comparisons between X/Ka dual-frequency radar and 2DVD.

The 2DVD measured DSDs are used to ensure that the radar retrieved results are reasonable and relatively accurate.

5.4 Generalization and Sample Limitations

The retrieval framework presented in this study was developed and evaluated using data from a single observational site
(Yangjiang, Guangdong Province) and a limited number of precipitation events (four cases total, with three used for
relationship development and one for independent validation). While the cases include both stratiform and convective
precipitation types, the sample size is insufficient to fully characterize the performance of the proposed framework across
diverse meteorological regimes, seasonal variations, and geographical locations. The generalization capability of the retrieval
relationships to other climatic regions and precipitation regimes remains to be demonstrated. Future studies should
incorporate a larger and more diverse dataset, including observations from multiple sites and different seasons, to further
validate and refine the proposed retrieval framework. Furthermore, the radar operates in a vertically pointing mode in this
study, which largely eliminates polarimetric differences and limits the application of polarimetric parameters. Incorporating

polarimetric constraints will be one of the priorities for future work.

6 Conclusions

This study presents a proof-of-concept DSD retrieval framework that explores the potential of combining X/Ka-band radar
observations with simulated DFR(Ka, W) constraints to mitigate the DFR(X, Ka)-Dm ambiguity problem. The main findings

are summarized as follows:
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The results suggest that the DFR(Ka, W) has the potential to significantly reduce the ambiguity in the DFR(X, Ka)-Dm
relationship. The proportion of data capable of yielding a unique Dm solution increased from 35.38% to 87.5% after
incorporating the simulated DFR(Ka, W) constraint. This improvement could enable more accurate retrievals of Dm in weak
precipitation where DFR(X, Ka) <0.

The proposed framework shows potential advantages over conventional approaches, particularly for retrieving DSDs of
weak echoes (< 20 dBZ) where conventional methods exhibit substantial errors. The independent validation using a separate
precipitation event demonstrates comparable retrieval accuracy, suggesting that the proposed relationships have a degree of
generalizability.

It is important to emphasize the W-band reflectivities were obtained through scattering simulations rather than actual radar
observations, and the evaluation is based on a limited sample from a single observational site. The practical applicability of
the Ka-W constraint for operational three-frequency radar systems requires further validation with real W-band observations
and more extensive datasets covering diverse precipitation regimes. Future work should also address the assumptions
regarding the DSD model shape parameter, incorporate height-dependent DSD models for upper-level retrievals, and

quantify the impact of radar calibration and attenuation correction uncertainties on retrieval accuracy.
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