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Abstract. Disturbances to the magnetopause location driven by upstream pressure variations or flow shear instabilities may
be described as surface waves, which act as localised sources of field-aligned currents coupling the magnetosphere to the
ionosphere. However, their impacts on the ionosphere and ground across representative ranges of wave and system properties
are poorly understood. We, therefore, develop a simple numerical model for dispersionless mesoscale magnetopause surface
waves within the coupled magnetosphere—ionosphere—ground system to gain insight into how their amplitudes and spatial
scales throughout the system might vary with conditions. In general, the impacts of finite wave packets can be decomposed into
periodic fluctuations (with matching wavelength to that directly above in the magnetosphere) along with slowly-varying trends
that result from finite wave effects. Finite wave packets act in the far-field like a string of alternating field-aligned currents
well described both in the ionosphere and on the ground as a two-dimensional current dipole. In the ionosphere, near-field
periodic fluctuations exponentially decay over the reduced wavelength latitudinally away from the projected magnetopause
boundary layer flux tubes, which may limit how well they can be resolved by radar. The relationship between the magnetic
field above and below the ionosphere becomes more complicated for surface waves than infinite plane Alfvén waves due
to the additional spatial structure, which introduces interference across the spectrum of wavenumbers present. This modifies
how the ionosphere screens, rotates, and spatially smears magnetic field perturbations across all three components in different
ways;importantly resutting-. For typical mesoscale wavelengths this importantly results in latitudinal scales of amplitude and
polarisation variation smaller than typical ground magnetometer spacings, motivating the need for denser networks. A range
of effective skin depths in the ground are applicable to surface waves, meaning ground induction can vary between a near-
perfect insulator to a good conductor, affecting both observable ground magnetic fields and resulting geoelectric fields. The
predicted peak amplitudes of surface waves’ impacts suggest they may act as significant sources of ionospheric/thermospheric
Joule heating and geoelectric fields in the ground, thereby contributing to space weather impactstheugh-. These are, however,
highly localised latitudinally when considering typical mesoscale waves. Our results provide key insight into interpreting
ground-based observations, of particular timeliness with the rollout of new digital ionospheric radars and the upcoming SMILE

mission’s planned conjugate ground—space campaigns.
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1 Introduction

Field-aligned currents (FACs) are the main physical mechanism mediating magnetosphere—ionosphere (MI) coupling (e.g.
Ganushkina et al., 2018), dynamically connecting/transferring energy to and from these geospace regions. Magnetospheric
ultra-low frequency (ULF, 0:1-100mHz) waves contribute to variability in this coupling and are often described using
magnetohydrodynamics (MHD; Jacobs et al., 1964; Wright et al., 2024). In basic theory the only MHD body wave (free to
propagate through the bulk plasma) to exhibit FACs is the shear Alfvén mode. However, discontinuities separating different
plasmas allow surface waves (Archer et al., 2024b, and references therein), collective evanescent fast magnetosonic modes
that support FACs within the plasmas’ interface (Plaschke and Glassmeier, 2011). Magnetopause surface modes at the solar—
terrestrial interaction’s interface y < g <
to-the-impose a wave pattern of plasma displacements from-equilibrivm-compressing/rarifying-on the boundary. When the
wavelength and amplitude of these displacements is larger the boundary layer’s thickness, a single coupled surface mode

across the entire boundary layer exists rather than distinct modes at the different interfaces (Kivelson and Pu, 1984). This

surface wave compresses/rarefies the magnetic field on either side of the equatorial magnetopause in opposite senses and by
different amounts, locally enhancing/diminishing the Chapman-Ferraro current. These perturbation currents within the closed

field lines of the boundary layer are diverted, preserving current continuity, from largely perpendicular to magnetospheric field
lines to along them, becoming FACs which then close in the ionosphere as longitudinally periodic currents. An illustration of
this is shown in Figure 1. Therefore, magnetopause surface waves directly influence the ionosphere and ground (Kivelson and
Southwood, 1988; Archer et al., 2023), unlike other compressive waves which do so secondarily via coupling to Alfvén waves
due to non-uniformities in the bulk plasma/magnetic field (Southwood and Kivelson, 1990, 1991).

Magnetopause surface waves play a global role in filtering, accumulating, and guiding turbulent solar wind driving (Kivelson
and Chen, 1995; Archer et al., 2024b). They form on the boundary maintaining total pressure balance, excited either by
upstream pressure variations (originating from the solar wind, foreshock, or magnetosheath; e.g. Sibeck et al., 1989; Shue
et al., 2009) or grow from seed fluctuations due to velocity shear instabilities (Kelvin-Helmholtz instability, KHI; e.g. Fairfield
et al., 2000). The surface wave dispersion relation dictates how the boundary responds to different driving regimes. While the

general dispersion relation can only be solved numerically, if incompressibility is assumed it has analytic solution

1 = kt ( 0;mshUo;msh + O;mspUO;msp)

o;msh + O;mg

2 2
0:msh (ke VA;msh) + o:msp (ke VA;msp) 0;msh 0;msp

|kt (un'msh uH'msp)
—+ 2 i ,
0;msh 0; Sp ( 0;msh O;msp)

for wave angular frequency ! , transverse wave vector Ky, velocities U, mass densities , and magnetic fields B, where subscript
0’s indicate equilibria, ‘msp’ is the magnetosphere, and ‘msh’ the magnetosheath (Chandrasekhar, 1961; Pu and Kivelson,

1983). Given typical conditions at the magnetopause, a simpler approximate dispersion relation
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Figure 1. Illustration of the current patterns caused by a magnetopause surface wave.
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holds when (k¢ uO;msh)2 0;msp= 0;msh !8 (Archer et al., 2024b). Equation 1 consists of a natural surface wave frequency
for no flow shear due to standing field-aligned structure, !¢ (Chen and Hasegawa, 1974), along with an advective Doppler shift
by the background magnetosheath flow. Along most of the magnetopause, frequencies are dictated by the magnetosheath veloc-
ity (Uo:msh ~ Yo=Ky) and perpendicular wavelengths (K> k), with negligible natural frequency (1o jKi¢ Uo:mshj) (Miura
and Pritchett, 1982; Kozyreva et al., 2019). Typical equatorial wavelengths  2-14 Rg (azimuthal wavenumbers m  4-30 for
exp (im ) dependence) and periods  1-7min are observed (Lin et al., 2014). However, around the subsolar point the mag-
netosheath is slow (Ug:msh 1o=Kky), hence the natural frequency dominate (!¢ jK¢ Uo:mshj) leading to a resonant magne-
topause surface eigenmode (MSE) response to (particularly impulsive) external driving (Archer et al., 2019). This constitutes

the lowest-frequency eigenmode of the dayside magnetosphere, typically less than 2mHz (Plaschke et al., 2009a; Archer and
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Plaschke, 2015; Hartinger et al., 2015b). While MSE from solar wind forcing are global in scale (Hartinger et al., 2015b;
Archer et al., 2021), bow shock/magnetosheath transients of s&erial size m ~ 20-60) also cause MSE (Archer et al.,
2019). In the absence of continuous driving or instabilities, surface modes are strongly damped, likely resulting in only a few
cycles at a time (Chen and Hasegawa, 1974; Kozyreva et al., 2019).

Magnetopause surface waves penetrate the magnetosphere over evamésidary scalek, !, the reduced/angular wave-
length. Thus global and mesoscale waves signi cantly affect geospace and subsequently couple to other modes (Horvath anc
Lovell, 2021; Archer et al., 2021, 2022). This leads to mass, momentum, and energy transport into geospace, contributing to
the viscous-like solar—terrestrial interaction in absence of global magnetic reconnection (Axford, 1964). Understanding mag-
netopause surface waves' energy pathways, particularly with regards to the ionosphere and ground, is therefore important,
especially within the context of space weather. It is being appreciated more that ULF waves signi cantly contribute to iono-
spheric energy input (e.g. Hartinger et al., 2015a). This results in ionospheric/thermospheric dissipation via Joule heating (e.g.
Shietal., 2025a), and induced geoelectric elds (e.g. Hartinger et al., 2020; Shi et al., 2022, 2025b) that drive currents in power
grids (e.g. Belakhovsky et al., 2019; Heyns et al., 2021).
analytic results on the ionosphere's effects of rotating ground magnetic eld uctuatio® bgHughes, 1974; Hughes and
Southwood, 1974) and screening small-scale (compared to the ionospheric altitude) waves (Hughes and Southwood, 1976) al
rely on the assumption of plane Alfvén waves vertically incident on a homogeneous ionosphere. Given limitations with analytic
theory, later works have simulated Alfvén wave transmission using the linearised wave equations in more representative setups
e.g. incorporating dipole magnetic geometries (Lysak, 2004), improved boundary conditions (Lysak and Song, 2006), asym-
metric ionospheric conductances (Lysak et al., 2020), or including multiple altitude-varying ion and neutral species (Sydorenko
and Rankin, 2012). Theoretical models of the MI-response to upstream pressure variations have not directly invoked surface
modes on the magnetopause, instead considering fast—Alfvén coupling Earthward of the boundary (Sibeck, 1990; Southwood
and Kivelson, 1990, 1991). The direct effects of magnetopause surface waves have only recently been appraised through high
resolution general-purpose global MHD simulations (Archer et al., 2023). This pertained to impulsively-excited large-scale
azimuthally-stationary MSE across the dayside, which seeded tailward propagating surface waves in the anks (Archer et al.,
2021). Surface wave FACs at the Ml-interface peaked at the equatorward edge of the magnetopause boundary layer (MPBL)

distance occurred via fast—Alfvén coupling which exhibited slow poleward phase motion due to damping. The result in the
ionosphere was convection vortices circulating FAC structures. The ground magnetic eld response was predominantly, but
not entirely, controlled by Hall currents. This is because Fukushima's (1976) theorem of the perfect cancellation of eld-aligned
and Pedersen current effects below the ionosphere only holds for semi-in nite FACs along straight vertical eld lines (for ei-
ther a planar or spherical ground geometry) and uniform ionospheric Pedersen conductance. The ground magnetic eld was
rotated from the magnetosphere by clos8®o on average, but with signi cant angular spread interpreted as due to violation

of Fukushima's (1976) theorem. While these basic features are expected for any process generating FACS, e.g. Alfvénic eld

line resonances (Greenwald and Walker, 1980), and have long been associated with magnetospheric dynamics in observatior
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(e.g. Friis-Christensen et al., 1988; Glassmeier and Heppner, 1992; Glassmeier, 1992; Bristow et al., 1995), it is the FACs'
structure and the scales of variations which might enable discrimination between different dynamical phenomena. The effect
of induction in the ground and thus whether surface waves speci cally lead to signi cant geoelectric elds remains an open
question (Archer et al., 2023).

Evidence for magnetopause surface modes from ground-based instruments alone was inconclusive for a long time (Pilipenko
et al., 2017, 2018; Kozyreva et al., 2019), largely due to a lack of robust theoretical expectations and the scarcity of ground—
space conjunctions during clear surface wave events (Archer et al., 2019). The Archer et al. (2023) simulation results demon-
strated qualitative agreemewith previous candidate ground-based events (Archer et al., 2019; Kozyreva et al., 2019; He
etal., 2020; Hwang et al., 2022). Key aspects could not be tested with the data presented though, motivating both reanalysis o
these events and dedicated future observational studies. While global MHD models self-consistently reproduce magnetopaus
surface waves within a representative environment, quantitative predictions from any single run strictly apply to the specic
driver, set of upstream conditions, and geospace plasma con guration used, caveated by the numerics' effects on results (e.g
Zhang et al., 2019; Archer et al., 2024b). More widely-applicable comparisons between theory and observations require a
comprehensive characterisation of expected surface wave responses in the ionosphere and on the ground across broad re
resentative ranges of both wave and system conditions. However, many of these are not easily tuneable in such simulations

Additionally, the resolution required to resolve the wave physics throughout geospace make these simulations computationally

to highly simpli ed environments have provided (e.g. Southwood, 1974; Chen and Hasegawa, 1974; Hughes and Southwood,
1974), we opt to develop a simple local model to advance understanding of how magnetopause surface waves' effects within
magnetosphere—ionosphere—ground (MIG) coupling might scale spatially and in amplitude across key wave and system pa-
rameters. We introduce the model and its numerical implementation in section 2, derive some analytic relations in section 3,

and then compare these with numerical results in section 4.

2 Method

2.1 Model

modelsserveasanessentialrst stepin addressin@ new scienceguestion.
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There are few geometries in which linear MHD surface waves can be derived analytically (Archer et al.;-2024b)

. Employing the electric eld and current paradigm, common of the ionosphere (Vasyliunas, 2001; Laundal et al., 2015), we

solve a boundary value problem using current continuity through different conducting layers to determine the spatial structure

of solutions through the coupled MIG-system given imposed magnetopause currents due to a mesoscale suritiedrwave.

At equilibrium the model consists of two uniform half-spaces, the magnetosheath and magnetosphere, separated by the

magnetopause around= 0. In the magnetospher& & 0) the geomagnetic eldomsp 2 is uniform with vertical eld lines

x < 0 corresponds to open eld lines in the polar cap. This is appropriate since there is little evidence that the magnetosphere
is ever entirely closed under even prolonged northward interplanetary magnetic eld, with in practice some regions of open
ux still remaining (Raeder, 1999; Vennerstrom et al., 2005; Bhattarai and Lopez, 2013). Since scales of uniform box models
cannot be globally representative and our focus is on ground-observable effects due to principally ionospheric current systems,
it is at the Ml-interface where the box model must be most representative of physical scales and conditions. Thus horizontal
scales up td.250kmfrom the origin are considered, corresponding to the distance to the horizon from ionospheric altitude.
This necessarily makes our model local to the eld lines which map to the mesoscale magnetopause surface wave, hence we
make no comment on the global state of the magnetosphere.

Plaschke and Glassmeier (2011) derived the electrical currents for an in nite wave train of incompressible MHD mag-

netopause surface waves within a box model by nding solutions on closed eld lines and requiring continuity of pressure

current within a nite-width boundary via the integral form of Ampére's law. Archer et al. (2023) demonstrated surface wave






170

175

180

185

190

Figure 2. a) Diagram of the surface wave magnetosphere—ionosphere coupling model showing the current systems for a nite magnetopause
surface wave packet: ( eld-aligned) magnetopause currents, ionospheric Pedersen and Hall currents, and internal currents via the comple
image method. Example model outputs are shown in the low-altitude magnetosphere (b—f), ionosphere (g-I), and on the ground (m-r). Shown
are the ionospheric potential (g), electric eld (h), drift velocity (i), and Pedersen (j), Hall (k), and total (I) currents; along with the horizontal
magnetic eld (f,q) and contributions to this from magnetopause (b,m), Pedersen (c,n), Hall (d,0), and internal (e,p) currents; and nally the
horizontal geoelectric eld (r). Only the imaginary parts are depicted.

ing longitudinally periodic FACs at the Ml-interface (see Figure 1). The equatorial magnetopause current sheet is typically
500km thick (Berchem and Russell, 1982), which projected along Tsyganenko (1995) model eld lines corresponds to

ionospheric widtld  40km (8% the magnetospheric value). This is much smaller than projected surface mode wavelengths
250-3000km Therefore, for simplicity, we can represent magnetopause currents as having in nitesimal-thiskhess$

0 1 0 1
Jor. ) ik,sin(k,[z+ h
@Iy Az Bomwg kg MeEET W Aoy w0 220 Mm@
Jmp;z 0 k§+ k% kyCOSQ(Z [Z+h])
0 1
i & sin(k, [z + h]) , o
' Josgnk,) @ K ’ Aexp(ilkyy '] (x) Dk kg

cos(k; [z + h])

Here ¢ is the amplitude of boundary displacements in the equatorial magnetosphere and we have neglected the in uence of the
magnetosheath magnetic eld on the currents siBggsn  Bo;msp (Plaschke and Glassmeier, 2011). The resulting current
amplitude into/out of the ionosphedg  oBomspK.= o is surprisingly independent of azimuthal wavelength for all realistic
ionospheric scalegkyj k).

Since surface modes are highly-damped, we model nite trains of constant-amplitude purely-sinusoidal waves. This is
achieved by multiplying the (complex phasor) currents in equation 3 by a rectangular function of totaNwidtentred
ony =0, whereN is the number of cycles, giving zero net FAC at the Ml-interface. This simple rectangular modulation is
unlike the typical picture of a wave packet, which usually has a smooth envelope. The nite wave packet constitutes a localised
mesoscale source of FACs, as depicted in Figure 2a. The rectangular function introsincespactrum of wavenumbers about
ky, which in general might lead to dispersion. However, the approximate surface wave dispersion relation (equation 1) has two
dispersionless limits. The rst corresponds to propagating waves where the frequency is controlled by the magnetosheath ow
I'" K¢ Uomsh , typically valid in the anks { o negligible; (Chandrasekhar, 1961; Miura and Pritchett, 1982; Kozyreva et al.,
2019)), with phase and group velocitiesk yﬁy. The second are azimuthally stationary waves at xed frequenty! o,
typical of the subsolar magnetopause fsh negligible; Chen and Hasegawa, 1974; Archer et al., 2021, 2023), which has zero
group velocity. Stationary waves are formed from a superposition of waves with opposite azimuthal wavenumbers, equivalent to



taking the imaginary part spatially while keeping the complex time variation. This makes our model static, since magnetopause
currents form time-invariant structures that either propagate downtail or are stationary. Our focus is determining the spatial
structure of the waves transmitted through the systeimeeNote, the rectangular function introduces discontinuities at the

195 wave packet edges in FACs' real pamsiy-hence the imaginary parts (displayed throughout Figushd)ldbecensidered

Electrostatic MI-coupling is applied to the northern hemisphere ionosphere (e.g. Wolf, 1975), solving the ionoiggheric (
potential through current continuityr( J =0)

Jmpiz(y;2= h)=r1 2 Jigp
200 =r, (_[r 2 Ds (4)
20 ' 1 3
=r 5 4@ P H oA ro 5
H P
_ @ @
= P @+ @ (5)

, Wwhere denotes the height-integrated conductivity tensor (or conductance) consisting of PeB¢m=sed Hall H ) conduc-

tances, both assumed uniform. Current continuity is appropriate in the absence of ionospheric induction wherl + 2= 2
205 =k, (1+coth ko h) 1 (Yoshikawa, 2002; Lotko, 2004; Lysak and Song, 2006), found ta®€-10 ° across the ranges

explored. Given the ionospheric potential (example shown in Figure 2g), the ionospheric electfc @absma drift velocity

v, and currents are obtained

E=r (6)
E Bo.

V= . 0;msp (7)
BO;msp

210 Jp = pE (8)
0;msp

Often in modelling work the ground is treated as either a perfectinsulator (e.g. Tanaka et al., 2020), where no telluric/internal
215 currents are induced in the ground (particularly in global MHD simulations), or a perfect conductor (e.g. Hughes, 1974; Hughes
and Southwood, 1974), where there is no geoelectric eld and telluric currents lead to no vertical ground magnetic eld while
doubling the horizontal components from MI-currents. Clearly neither regime is realistic. The Complex Image Method (CIM)
provides a simpli cation to the general induction problem (Weaver, 1971) for oscillatory MI-currents by placing image currents
atadeptlz = h+2 for complex skin depth (Wait and Spies, 1969; Thomson and Weaver, 1975; Boteler and Pirjola, 1998).
220 While this approximation is technically valid for skin depths much smaller/larger than either the characteristic horizontal scale
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(Thomson and Weaver, 1975) or distance to the source (Wait and Spies, 1969), Pirjola and Viljanen (1998) report in practice
CIM works very well across all typical parameter ranges in geomagnetic induction (much wider than considered here). They
also detail how to apply CIM to arbitrary horizontal and vertical current systems. Given constant ionospheric conductance this
is equivalent to image currents equal and opposite to the ionospheric Hall currents here, as shown in Figure 2a. For simplicity
we consider uniform ground conductivity, resulting in skin depth

e (10)

Given our model does not rely on all parameters in the surface wave dispersion relation (equations 1-2) we are free to set the
frequency independently.

Magnetic elds can be evaluated at any location ( x;y;z) using the Biot-Savart law, the general solution to Ampere's law
when retarded time can be ignored (Grif ths and Heald, 1991),

2727
Jr9y (r r9 _ Jr9 (r 9 (11)

B(r)= 4>  d o h i
X x9’+(y ¥9+(z 297 (x x9’+(y y9P+(z 297

3
2

and are computed for the magnetopause, Pedersen, Hall, and internal current systems separately along with their totals, a
shown in Figure 2 on the ground (panels m—q) and above the ionosphere (panels b—f). Finally, the horizontal geoelectric eld
E g is found via the Coulomb gauge magnetic vector poteitial

Eq(r) = @@\;Zi!A(r) 12)
A= (9 (13)
x x9%+(y y9*+(z 29

Pirjola and Viljanen's (1998) procedure in our model is equivalent to applying these only to the ionospheric and image Hall

currents. Unlike for the ground magnetic eld, contributions from each current system have no physical meaning thus only the
total is calculated, as shown in Figure 2r. Since the skin depth is complex, calculations differ for propagating and stationary
waves (the currents' imaginary part must rst be taken for stationary waves).

2.2 Numerical implementation

Given the large number of parameters that can be varied within this model, we choose to investigate effects of the ionospheric

10



250

255

260

265

270

ing them crucial to MIG-coupling. Representative values betwieBAl2 Sare used (Ridley et al., 2004). Wavelengths also
strongly affect Alfvén wave transmission to the ground (e.g. Hughes and Southwood, 1976). Only horizontal scales up to

netopause/ionosphere grids extend @600km Given this domain size, we only consider ionospheric wavelengths between

200-1600km corresponding ton  8-70 or 1-9Rg at the equatorial magnetopause35 factor from the ionosphere),
covering the majority of the observed range. Since nite wave effects are also of interest given damping, we also vary the
number of oscillations from one up to the maximum possible within our domain for each wavelength. Finally, a wide range of
ground conductivities applicable from cit9:d mSm 1) to salt water$Sm 1) environments are considered, given the variety
of ground magnetometer locations.

All other parameters are xed as detailed in Table 1. The eld line length is representative of the dayside magnetopause (e.g.
Archer et al., 2022). The magnetospheric magnetic eld is that of Earth's dipole at ionospheric altitud@Pwithagnetic

Archer etal., 2019whichdoesnotrequirerescalingo theionosphereinceits in uence onthecurrentss accountedor by the

11
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Parameter Value
Magnetospheric eld line length Z0 =30Re
Magnetospheric background magnetic eld Bo;msp =59;600nT
lonospheric altitude h=110km

k:= =z¢

Surface wave eld-aligned wavenumber

=1:64 10 °km !

Surface wave equatorial displacement amplitude 0=1RE
_ oBomsp k; jkyj
- Jo= v e
Surface wave current amplitude 0 y T Kz
=4:97Am * jkyj  k,

Magnetopause grid

y 2 [ 2500, 2500] km, 1km resolution
z2[ h; zo h], 200cubically-spaced points

lonospheric grid

Calculationxx;y 2 [ 2500 2500] km, 1km resolution
Output:x;y 2 [ 1250 1250] km, 1km resolution

Magnetic eld grid

X;y 2 [ 1250 1250] km, 25km resolution

z=0 (ground), 2h (low-altitude magnetosphere)

Table 1.Fixed parameters of the surface wave model and values used.

, whereR =

ZZ In
dXOdyo Jmp;z (quo;z = h)

q

P——s . - N .
X2 + y2 denotes the perpendicular radius in cylindrical coordinates, such that

(x x9%+(y y9?

(xy) =

P

q

Z In
- dyo Jmp;z (yO;Z: h)

2

x2+(y y9?

Integration is performed numerically using the trapezium rule, since this converges faster than Simpson's rule for periodic
functions (Rahman and Schmeisser, 1990; Weideman, 2002). The ionospheric electric eld is calculated with a second-order
centred difference. Given the discontinuityxat 0, potentials at the midpoints between the discontinuity and adjacent grid-
points are calculated for improved gradients. The Biot-Savart law is also evaluated using the trapezium rule. These calculations
are the most sensitive to grid resolution, hence we performed grid convergence tests on the ground magnetic eld. We repeatec
calculations fol200 kmwavelength (the shortest considered) in the rahgex 75kmand t a power law to the differences

from the highest resolution (x = 0:5km). The average fractional error in the magnitude varie@:8621 ( x:km)1:Og and

the angular error a8:60 ( x=km)%“°, from which we chosd km resolution. While the same resolution was used for the
magnetopause currentsyinthe large scales along the magnetospheric magnetic eld render a uniform grid inef cient. Given

the integrand falls offj z] % at its fastest, we employ a cubically-spaced grid. Similar tests on the number of points along the

b 2

12
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eld N, showed errors converged quickly, with fractional error in magnitud24dN, 2% and angular erro2120 N, 2%,
leading us to settle oN, = 200.

3 Analytic theory

Before presenting numerical results we rst attempt to derive analytic relatitie surfacewave effectsin theionosphere

simpler case of an in nite wave. This is particularly relevant for long wave trains, e.g. resulting from KHI (e.g. Fair eld et al.,
2000) or solar wind periodic density structures (e.g. Viall et al., 2009). The second case is the far- eld, pertinent to localised
sources of FACs which result from a limited number of cycles, e.g. due to damping (Chen and Hasegawa, 1974; Kozyreva
etal., 2019).

3.1 lonosphere
3.1.1 Near- eld approximation

For an in nite wave, equation 5 for the ionospheric potential becomes

g%%g; (yi)= “Csgnk)explily 1D ()

By separation of variables(x;y;t) = (x)exp(i[kyy !t ]) we have
2

G K= sk (9

This is the Green's function problem for the “screened Poisson” or “modi ed Helmholtz” operator which leads to solutions
(Abramowitz and Stegun, 2000; McLean, 2000; Schulz, 2001)
Jo 1 . .
(x)= ZEGXP(J Ky X])

Jo
2 pky

(xy;t) = exp(] kyxj+ifkyy !t])

13
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from which it is straightforward to derive the ionospheric electric eld, drift velocity, and Pedersen and Hall currents

o 1 0 1
E
e=@5 A= 20@%9) Aqikxitiky ]
Ey 2 p [
0o 1 0 1
v=@¥ A= Y @ | Aexp(j kyxj+ilkyy !'t])
vy 2 pBomsp  sgn(ky)
0 1 0 1
Jo.
Jp=@ J"'X A= %0@ SO0 A axp(j kyxi+ilky 1D (14)
P; '
o 1 0 1
Ine i
=@M AL e ' A kxitilyy 1t]) (15)
Iy 2 p  sgn(kyX)

3.1.2 Far- eld approximation

A nite FAC distribution centred on the origin with zero net current into/out of the ionosphere is a localised source of iono-
spheric dynamics. We can employ a multipole expansion of the electrostatic potential far from the extent of the current sources
(R N = 2) to understand the large-scale impact of this localised source

1
(xy)= Tp rG
1 1
= —Pp r Z—InR
-_tpr
"2 p R?
, where the current dipole momemt(analogous to the electric dipole moment in electrostatics) is
z
p= r%,(r%d?r°
NZk y
= Josgn(ky) y %exp (ikyy9) dy®
N =k
2N (M !

= JOSQn(ky)Ty
y

The concept of a current dipole is more readily used in biophysics (e.g. Cohen and Hosaka, 1976; Sarvas, 1987) and geophysic
(Poikonen et al., 1997; GeoSci.xyz Project, 2015), describing a localised current source within a conducting medium. Indeed,
our nite wave packet can be thought of as a string of current dipole sources (see Figure 2a), hence the scalind kigh

leads to ionospheric potential in polar coordinates

. N 1 _.
py sin _. N( 1) sin

14
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from which the ionospheric electric eld, drift velocity, and currgnts are derilved (equations 6-9)

Y sin COS A _ . N( 1) 1 sin2
E= R+ =iJ ——_—@ A
2 » ren T Re THe)TRT R ® s
0 1
_ Py COS sin A _ . JoN( DN 1 @0032 A
v = + = isgnky) —————— —
2 PBO;mSp R? R2 g (ky) PBO;mspk§ R? sin2
0 1
_py sin COS A _ . JoN( DN 11 sin2
Jp= X Z_R+_" = o2 @ A
P2 RN R S0k T RS os2
0 1
_ py u cos sin A _ . JoON( DN 4 1 5 cos2
Ju= 220 R+ = =22 2 1 @ A
HT 2 . R? RZ 'sgniky) kZ P RZ sin2

Note these solutions are static in the frame of the wave packet travellirg atfor propagating waves, hence are not oscilla-

tory.
3.2 Ground magnetic eld

The Biot-Savart law (equation 11) applied to ionospheric currents for an in nite wave involves complicated integrals over
sources in bott®andy® (equations 14—15). While it is possible to evaluateyttiategral, recovering that the ground magnetic

eld is periodic iny with wavenumbeky as expected, this leaves integrals of the form
q__
z K kg (x x9%+h2
dx%exp(j kyx9)

(x x9%+ h2 B
whereK is the modi ed Bessel functions of the second kind and different orders/expongnfsapply to each component..
We are not aware of any closed form for these integrals, hence cannot provide analytic solutions for the ground magnetic eld
in the near- eld limit.

In contrast, the far- eld approximation can be derived by considering an ideal current dipole — a pair of opposite semi-
in nite FAC sources separated by distandg@long they-axis. If we assume Fukushima's (1976) theorem is approximately
valid, given that in our model eld lines are vertical and ionospheric conductances are uniform, then one needs only consider
the contributions from Hall currents. Using equation 13, Pirjola and Viljanen (1998) gave solutions to the magnetic vector
potential due to Pedersen currents from a single FAEthe origin

Ap = %qiR R :z> h
R2+(z+ h)®+z+h

Since in our modely = —';Jp 2, the vector potential due to Hall currents is

I R
AH:Liqi n :z> h

4 R2+(z+ h)?+z+h
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350 with ground ¢ =0) magnetic eld

" 4
R 1
I8 Q+ p— %
4 p "RZ+hZ "RZ+hZ+h " RZ+ h?

(16)

Considering sources gt= d=2 and series expanding abalt 0 yields

p #
By, = O H Xo d_ xy 2 R+ o)
4 p R2+h2+h RZ+h2 2(R2+ h2)? PRZ+hz+h 2
" 0 #
2 2 2
BH_y:LIi yp 9 y 23Rp+h +h . g 1p +O(d2)
’ 4 p R2Z+h2+h R2+h? 2(R2+h22e§ RZ+ h2+ h 2R2+ h2+ h R2+ h?
35 By, = -0 " p 1 d_y +0O(d?)

4 p | R2+ h2 E(R2+h2)%
Summing over both sources, converting back to cylindrical coordinates, and remembering the current dipolegnentdnt
here, we then have

« - Py # )
R?2 2 R?+h? +h R2Z+h?
Brpor = —P M 1p7 sin - N— 1 R cos” (17)
’ 4  p R2+h2+h RZ+h? R2+ h2+ h RZ+ hZ (R2+ h?)
n o
‘ Zpy%% snR cos” ;R h (18)
Rsin Rsin
360 By, = ¥ A 7 3 (19)
4 P (R?+ h?)™ (R2+ h2)2
. oPy wsin
2 e r D (20)

The limitR  his valid for typical magnetopause wavelengths when considering the far- eld.
The Biot-Savart law applied to internal (image) currents takes the same form as for Ml-currents, thus it is not possible to
solve analytically in the near- eld limit. In the far- eld limit, disturbances due to a propagating wave packet are not periodic,
365 instead varying slowly compared to ULF timescales leading to negligible telluric currents. On the other hand, stationary waves'
disturbances will be periodic and one could use a similar approach to that above to derive approximate expressions. Given the
more limited scope and that elds in this limit are likely small, we shall not consider them further.

3.3 Geoelectric eld

As with the ground magnetic eld, near- eld solutions to the geoelectric eld have no closed form we are aware of. Far- eld

370 solutions are again only appropriate for stationary waves, which for similar reasons we shall not assess here.

3.4 Outlook

Itis clear that, even for the simplest model setup under several approximations, analytic solutions of surface wave transmission
throughout the MIG-system are highly limited. The near- eld for even an in nite waseshasno closed form on the ground.
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While far- eld solutions for nite FAC sources can be derived throughout the system, nite wave effects in the near- eld
(where they are most important) cannot be expressed in terms of elementary functions. This motivates numerical results within
our model, guided by analytic theory, to elucidate scaling relations for surface wave transmission across the input parameters
of interest.

4 Numerical results
We now present numerical results from our model, comparing these to theory from section 3 where possible.
4.1 lonosphere

The ionospheric impacts show distinct behaviours in the near- and far- eld limits, as seen in Figure 2g—I (imaginary parts
are shown). Near the wave packet centre the potential (panel g) is similarly periodi&ast—\West) to the FACs, peaking

at their maxima/minima (white circles), and decaying with distance perpendicular to the MPBL-projection, consistent with
section 3.1.1. These result in periodic ionospheric electric elds, velocities, and currents that all exibit maximum magnitudes
along the MPBL. Pedersen currents (panel j) emanating from FAC sources close at their adjacent opposite polarity sinks, but
are not simply con ned to the East—West direction spreading out laterally also. An identical pattern occurs in the electric eld
(panel h) since the conductance is uniform. Hall currents form vortices around FAC maxima/minima (panel k), which are
clockwise for downwards FACs and anticlockwise for upwards. lonospheric ow vortices (panel i) with identical patterns but
the opposite rotation sense are a result of the uniform conductances and magnetic eld. All these features are qualitatively
consistent with MHD simulations (Archer et al., 2023). Far- eld ionospheric signatures are instead strongly in uenced by the
potentials near the ends of the wave train, which exhibit larger maxima/minima than in the centre. These result in electric elds
and Pedersen currents that resemble a dipole eld, as predicted in section 3.1.2, and two large-scale vortices in both the ow
and Hall currents. While this was not clear in the simulation of Archer et al. (2023), likely due to the larger wavelengths making
spherical effects important, ow patterns at mid-latitudes certainly exhibited scales larger than the distance between adjacent
opposite-polarity FACs.

Figure 3 shows cuts along and perpendicular to the MPBL for the same model run, depicting both real (thinner/lighter) and
imaginary (thicker/darker) parts. It is clear the surface wave's sinusoidal FACs at the Ml-interface (panel a) result in similarly
sinusoidal ionospheric properties within the extent of the wave train (panels b—f). However, uctuations are not about zero as
slight offsets and/or trends occur throughout the surface wave, most clearly seen in the potential (panel b) where the real part
has a positive offset and the imaginary part exhibits a slope. Mathematically these arise from the Green's function integration
resulting in a modulated complex phasor superposed with the logarithm of a polynomial. We apply a spline-based ltering
method detailed in appendix A to extract the offsets/trends, shown by the dashed lines. Periodic uctuations are then de ned
as the difference between the two, which we denote with tilde marks. These offsets/trends occur within the surface wave
due to its nite extent. For an in nite wave an equally in nite number of FAC oscillations about zero exist to the left and
right of any point along the MPBL, which leads to overall cancellation in the Green's function integration. In contrast, for a
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