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Abstract. Geostatistical simulation (e.g., sequential Gaussian simulation, SGSim) provides an effective framework for 

quantifying variability of geoscientific variables and supporting risk-informed decision-making in various scenarios. These 

approaches are theoretically well grounded under assumptions such as stationarity and Gaussianity, and their practical 10 

implementation typically involves explicit variogram modeling and repeated neighborhood-based computations, which may 

become demanding in large-scale or high-dimensional settings. Recently, data-driven modeling strategies have gained 

increasing attention across scientific disciplines, offering flexible mechanisms for learning spatial dependence structures 

directly from data. This development motivates the exploration of learning-based alternatives for stochastic simulation. In 

this paper, artificial neural network-based models were constructed to address the above issues. A series of simulation 15 

experiments was generated to test and validate the proposed model. Our results suggest that: (1) spatial dependence can be 

captured by two complementary strategies, using neighboring attributes (e.g., spatial lag features) and encoding relative 

positions (e.g., MEM); (2) within our experiments, the proposed data-driven model appears less sensitive to non-Gaussianity 

and non-stationarity; and (3) the model provides a feasible complement to SGSim by reproducing key statistics (histogram, 

variogram) with favorable computational cost and flexible model configuration, particularly for large conditioning 20 

neighborhoods. 

1 Introduction 

Reconstructing the distribution of geoscientific variables (e.g., soil geochemistry) is critical for studying the spatial patterns 

of natural phenomena (Reichstein et al., 2019). However, many geoscientific variables are either directly unobservable (e.g., 

degree of partial melting in the upper mantle) or can be constrained by only a limited number of observations, such as those 25 

obtained from soil profiles or geologic drillholes. Such scarcity of data necessitates the use of spatial predictive modeling to 

estimate or simulate the distributions (Griffith & Peres-Neto, 2006; Mariethoz et al., 2010; Mole et al., 2014; Szatmári et al., 

2021; Talebi et al., 2022).  
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Numerous studies suggest that geoscientific variables inherently exhibit properties such as spatial autocorrelation, 30 

heterogeneity, and covariate correlation, which have been encapsulated in the first, second and third geographical laws, 

respectively (Tobler, 1970; Goodchild, 2004; Zhu et al., 2018). Based on these properties, a variety of spatial predictive 

models have been developed to generate spatially continuous distribution of the quantity of interest based on sparse field 

data and/or conditional covariates (Goovaerts, 1997; Lindgren et al., 2011; Kirkwood et al., 2016, 2022; Lary et al., 2016; Li 

et al., 2020; Georganos et al., 2021; Garajeh et al., 2021; Wikle & Zammit-Mangion, 2022; Zhao et al., 2023; K. Chen et al., 35 

2024). Kriging is such a typical method for estimating the attribute at unsampled locations by accounting for spatial 

autocorrelation among observations (Goovaerts, 1997). Another category of predictive modeling approaches applied 

machine learning (ML) algorithms to capture the (non)linear relationships between covariates and the quantity of interest 

(Kirkwood et al., 2016; Wilford et al., 2016). However, machine learning algorithms typically treat observations as 

independent and identically distributed data, neglecting spatial dependence among nearby observations, which might result 40 

in misleading predictions and inferences (Bergen et al., 2019; Meyer, 2019; Reichstein et al., 2019; Vance et al., 2024). A 

variety of studies have tried to find solutions to incorporate spatial dependence into machine learning framework. For 

example, Hengl et al. (2018) proposed to use Euclidean buffer distances to address spatial dependence between observations, 

and empirical examples indicated that buffer distance-based random forest model can produce comparatively accurate and 

unbiased predictions compared with ordinary kriging. In addition, there are also some other ways to represent spatial 45 

dependence, such as spatial coordinates, neighboring values, Euclidean distance fields, spatial lags, Moran eigenvector maps 

(Dray et al., 2006; Li et al., 2017; Behrens et al., 2018; Ahn et al., 2020; Bai & Tahmasebi, 2021; Liu et al., 2022; Kim et al., 

2023). Recently, location encoding methods have been introduced to represent spatial dependence, such as those using basis 

functions (e.g., radial basis functions, wavelet basis functions) to generate distance-preserved embeddings, thereby enabling 

distance information to be effectively integrated into machine learning models (Nychka et al., 2015; Mac Aodha et al., 2019; 50 

Mai et al., 2022; K. Chen et al., 2024; W. Chen et al., 2024; Su et al., 2024). Without requiring strict stationarity assumptions, 

repeated variogram modeling, and matrix inversions in kriging systems, these newly developed spatial covariates can offer a 

flexible complementary framework for spatial modeling (Kopczewska, 2022).  

 

However, there is still a lack of comprehensive comparison of the capability of these methods for representing spatial 55 

dependence. In addition, although machine-learning solutions are increasingly explored alongside kriging for spatial 

estimation, relatively few studies have examined purely spatial dependence-driven stochastic simulation (Bai & Tahmasebi, 

2022). Stochastic simulation can avoid smoothing effect inherent in weighted average-based estimators (e.g., kriging), and 

provide an arbitrary number of equally probable realizations to help quantify spatial uncertainty (Chiles & Delfiner, 2012). 

However, widely used geostatistical simulation techniques also involve practical constraints in some applications. One major 60 

drawback is the reliance on assumptions about the statistical distribution of the data, which may not accurately reflect the 

complexity and variability of natural phenomena (Mariethoz et al., 2010). Secondly, these methods may become 

computationally demanding for large and high-dimensional datasets because kriging-system solutions are repeatedly 
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required during simulation (Cressie & Johannesson, 2008; Bai & Tahmasebi, 2021). A variety of methods have been 

employed to reduce the computational time of geostatistical simulation, such as transforming the spatial correlation structure 65 

into a more efficient framework that leverages sparse matrix algorithms (Lindgren et al., 2011), using parallel computing to 

conduct simultaneous calculations to reduce overall processing time (Tahmasebi et al., 2012), reducing the computational 

burden by approximating the covariance matrix with a low-rank matrix (Cressie & Johannesson, 2008), and others (e.g., 

Banerjee et al., 2008). However, few studies attempted to bridge the gap by leveraging machine learning to enhance 

stochastic simulation based on spatial dependence.  70 

 

Artificial Neural Networks (ANNs) are a critical branch of machine learning, known for their flexible architectures that can 

be tailored to various applications (Rumelhart et al., 1986; Hochreiter & Schmidhuber, 1997; LeCun et al., 1998; Krizhevsky 

et al., 2012; Goodfellow et al., 2014; Raissi et al., 2019; Ho et al., 2020). Another useful property of ANNs is their ability to 

approximate complex functions, including with a single hidden layer under the universal approximation theorem (Hornik et 75 

al., 1989). Their adaptability, scalability, and parallel-processing capability make ANNs a powerful tool for modeling and 

solving complex problems across diverse fields. Bai & Tahmasebi (2022) proposed to substitute the extensive inverse 

operations in sequential Gaussian simulation (SGSim) with a physics-informed machine learning (PIML) model, in which 

the constraints defined by the unbiasedness and minimum variance conditions in ordinary kriging were incorporated into the 

empirical loss function to serve as physics-informed regularization terms. The model needs to be trained only once based on 80 

the set of observations and several realizations generated by SGSim, and can be then consistently used in future simulations. 

However, this PIML model is not completely independent from SGSim, in that several realizations require to be generated 

using SGSsim prior to training the model, and that the first several locations for each realization need also to be separately 

simulated using SGSim. Therefore, the PIML model by Bai & Tahmasebi (2022) still involves variogram modeling and 

matrix inversion operations for kriging systems; it also requires switching between two frameworks during simulation, which 85 

may increase workflow complexity. 

 

In this study, we aim to (1) compare the capability of various methods for capturing spatial dependence, and (2) unearth the 

potential of establishing a purely artificial neural network-based model for conditional stochastic simulation (ANNSim) of 

2D variables by leveraging only spatial dependence. We will use simulation cases to evaluate and benchmark the proposed 90 

approach. 

2 Methodology 
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2.1 Spatial covariates construction 

We summarized the following eight ways for encoding spatial dependence:  95 

(1) Direct location encoder (DLE) (Xu et al., 2018). This simple approach directly adopts (normalized) coordinates to 

represent spatial dependence in spatial modeling (Cracknell and Reading, 2014). Studies show that this method often fails to 

capture the fine details of data distributions, and hence show limited prediction accuracy (Mai et al., 2022). 

 

(2) Attribute values of neighboring observations (NO) (Sekulić et al., 2020). As described by Tobler’s first law of geography, 100 

“everything is related to everything else, but near things are more related than distant things”, it might be the most natural 

choice to explicitly include the nearby observations of the query location as spatial covariates 𝑋𝑋 = {𝑣𝑣𝑖𝑖 , 𝑖𝑖 = 1, 2,⋯ ,𝑛𝑛} (Fig. 

1). It is expected that there is a distance threshold, though it might vary with locations, beyond which the observations can 

make little or even negative contribution to the prediction.  

 105 

(3) Euclidean buffer distance (EBD) (Hengl et al., 2018). This method uses the Euclidean distances from the query location 

to neighboring observations as spatial covariates, namely 𝑋𝑋 = {𝑑𝑑𝑖𝑖 , 𝑖𝑖 = 1, 2,⋯ ,𝑛𝑛}(Fig. 1). Studies indicate that the random 

forest model using such distance-based features as predictors can yield similar predictions to ordinary kriging, without 

requiring strict assumptions on data distribution type and stationarity. However, it suffers from exponentially growing 

computational intensity as the calibration data size increases. In addition, the predictive performance reveals high sensitivity 110 

to the input data quality (Hengl et al., 2018).  

 

(4) Euclidean distance fields (EDF) (Behrens et al., 2018). This method is inspired by trend surface analysis, which uses the 

coordinates as explanatory variables and is widely used for detrending (Krumbein, 1959). Euclidean distance fields typically 

consist of seven independent fields. Five fields are generated by quantifying the distances between each query location and 115 

the four corners and the center of the bounding rectangle around the observations, while the other two represents the spatial 

coordinates along the horizontal and vertical axes, equivalently characterizing distances to the lower and left edges of the 

bounding rectangle. Behrens et al. (2018) pointed out that this method should result in high prediction accuracy when the 

spatial autocorrelation is strong.  

 120 

(5) Moran eigenvector maps (MEM) (Getis & Griffith, 2002; Dray et al., 2006). The Moran eigenvector approach refers to 

the spatial patterns represented by maps of eigenvectors, which is derived from eigen decomposition of the diagonalized and 

double-centered spatial weight matrix. The spatial weight matrix is used to quantify the spatial dependence between different 

spatial units by using, such as, contiguity or distance-based approaches. The incorporation of eigenvectors as covariates can 

effectively filter out the spatial dependence structure present in the residuals, thereby leading to more accurate and reliable 125 

statistical results (Tiefelsdorf & Griffith, 2007).  
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(6) Spatial lag feature (SLF) (Li et al., 2017). The spatial lag feature is derived from the weighted average of observations 

within a specified neighborhood of the query location (Fig. 1). Different neighborhood definition can lead to different spatial 

lag features, enabling the representation of variability at multiple scales (Debarsy & LeSage, 2018). Li et al. (2017) proved 130 

that incorporating spatial lags as spatial covariates can significantly improve the predictive performance of spatially-aware 

models in comparison to non-spatial counterparts.  

 

(7) Rotary position embedding (RPE) (Su et al., 2024). This method leverages rotation matrices to encode absolute positions 

such that incorporating relative position dependencies. It offers several key properties: flexibility in data size, coherent 135 

decaying inter-element dependency with increasing relative distances, and compatibility with linear attention mechanisms. 

This method can hence provide a distance-preserved representation that ensures nearby locations receive similar embeddings.  

 

(8) Multi-resolution basis function (MRBF) (W. Chen et al., 2024). This method represents spatial dependence by 

embedding spatial coordinates through multi-resolution basis functions, such as compactly supported Wendland functions. It 140 

constructs an enriched feature space that can capture non-linear and non-stationary spatial patterns. Theoretically, it 

generalizes Kriging by linking to Gaussian processes under infinite network width and offers flexible covariance structures 

(W. Chen et al., 2024).  

 
Figure 1: A schematic diagram of constructing spatial covariates. The region of interest has been discretized into a grid 𝑮𝑮 =145 
{𝒄𝒄𝒊𝒊, 𝒊𝒊 = 𝟏𝟏,𝟐𝟐,⋯ ,𝑵𝑵𝑮𝑮}. The attribute for the 𝒏𝒏 nearest neighbors of the unknown cell 𝒄𝒄𝒊𝒊  are denoted 𝒗𝒗𝒊𝒊 , and the corresponding 
Euclidean distances are 𝒅𝒅𝒊𝒊. 
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The dataset used for evaluating the above methods is constructed in such a way that each of the observations is iteratively 

taken as the response variable 𝑦𝑦𝑖𝑖 = 𝑧𝑧(𝒖𝒖𝛼𝛼), and the predictors 𝐱𝐱𝑖𝑖 = (𝑥𝑥𝑖𝑖1, 𝑥𝑥𝑖𝑖2,⋯ , 𝑥𝑥𝑖𝑖𝑖𝑖)T for 𝑦𝑦𝑖𝑖  are generated using the presented 150 

method above. Therefore, the size of the dataset 𝐷𝐷 = {(𝐱𝐱𝑖𝑖 ,𝑦𝑦𝑖𝑖  )}𝑖𝑖=1𝑁𝑁  is equal to the sample size 𝑁𝑁. 

 

2.2 Data-driven stochastic simulation based on spatial dependence 

A neural network serves as the core component of the proposed framework. It is designed to map spatial covariates 𝑓𝑓:𝑅𝑅𝑛𝑛 →

𝑅𝑅2  and estimate the parameters of the underlying conditional Gaussian distribution. The estimated parameters are then 155 

integrated into a sequential simulation framework, which generates multiple equiprobable realizations by successively 

sampling univariate conditional distributions along a random visiting path (Deutsch and Journel, 1992; Goovaerts, 1997).  

 

2.2.1. Neural network architecture 

The aforementioned methods for constructing spatial covariates generally fall into two groups: those based on neighbor 160 

attributes (e.g., NO, SLF) and those based on their relative locations (e.g., EBD, RPE). While effective in many settings, 

these approaches may be less expressive for some complex spatial patterns, such as non-linear dependencies or anisotropy, 

because they rely on predefined structures. Recent advancements in deep learning, particularly neural processes, offer a 

powerful and flexible data-driven framework to synergistically learn a comprehensive representation of spatial dependence 

by adaptively integrating both neighbor attributes and their relative locations. 165 

 

We borrow the basic idea of neural processes (Garnelo et al., 2018) and structure the model (Fig. 2) into two main 

components: the first learns a compact representation of spatial dependence from local conditioning data, and the second 

predicts the conditional distribution at the query location. The model input, consisting of neighbor attributes and their 

relative locations, synergistically combines the idea of the two categories of spatial covariates to build a comprehensive 170 

representation of spatial dependence. The core of the spatial dependence representation component is a transformer 

architecture, which uses a multi-head attention mechanism to adaptively weigh the influence of each neighbor and capture 

spatial dependencies. The resulting aggregated spatial context vector is then fed into a final decoder, which is a multi-layer 

perceptron (MLP). The MLP, consisting of several fully-connected layers and rectified linear unit (ReLU) activation 

functions, maps the learned representation to parameters of the desired conditional distribution. Skip connections are 175 

incorporated to improve gradient flow and preserve information across deep layers. The model outputs the mean and 

variance of the underlying Gaussian distribution. Throughout the network, ReLU activation functions introduce non-linearity, 

while dropout layers are employed to mitigate overfitting.  
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Given that the model's first component inherently learns spatial correlations, we adopted only the second component, a 180 

feedforward neural network, to evaluate the performance of various methods for capturing spatial dependence. 

 

 
Figure 2: Illustration of the input, output, and the architecture of the proposed model. 

 185 

2.2.2. Loss function 

We used the negative log-likelihood to define the loss function for the conditional distribution of the query location (Fig. 2): 

ℒ[𝜽𝜽;𝓓𝓓] = −
1
𝑁𝑁
� log 𝑝𝑝(𝑦𝑦𝑖𝑖 = 𝑧𝑧𝑖𝑖|𝐱𝐱𝑖𝑖;𝜽𝜽)

𝑁𝑁

𝑖𝑖=1
,                                                                                                                                             (1) 

where 𝓓𝓓 = {(𝐱𝐱𝑖𝑖,𝑦𝑦𝑖𝑖  )}𝑖𝑖=1𝑁𝑁  represents the dataset, 𝜽𝜽 = 𝑓𝑓(𝒘𝒘;𝓓𝓓) represents the parameters of the underlying distribution, 𝒘𝒘 

represents the model parameters. In the current implementation, we parameterize the local conditional distribution as 190 

Gaussian (𝒩𝒩�𝜇𝜇(𝐱𝐱),𝜎𝜎2(𝐱𝐱)�, 𝜽𝜽 = (𝜇𝜇,𝜎𝜎 )), i.e., the network outputs a mean and a variance at each location. This choice is 

mainly made for likelihood tractability and stable optimization. The negative log-likelihood can then be written as: 

ℒ[𝜽𝜽;𝓓𝓓] = � �
1
2

log�2𝜋𝜋𝜎𝜎2(𝐱𝐱𝑖𝑖)� +
�𝑦𝑦𝑖𝑖 − 𝜇𝜇(𝐱𝐱𝑖𝑖)�

2

2𝜎𝜎2(𝐱𝐱𝑖𝑖)
�

𝑁𝑁

𝑖𝑖=1
,                                                                                                                      (2) 

This formulation penalizes the model according to how well the predicted conditional-distribution parameters (𝜇𝜇(𝐱𝐱) and 

𝜎𝜎2(𝐱𝐱)) fit the observed data 𝑦𝑦 under the selected output family (Gaussian in this study). Note that this model did not account 195 

for the unbiasedness and minimum variance conditions used in ordinary kriging. Nevertheless, if we replace the output 𝜇𝜇(𝐱𝐱) 

with 𝑛𝑛 weights 𝜆𝜆𝑗𝑗 , 𝑗𝑗 = 1,2,⋯ ,𝑛𝑛, and substitute 𝜇𝜇(𝐱𝐱) in the loss function (Eq. 2) with 𝜇̂𝜇(𝐱𝐱𝑖𝑖) = 𝝀𝝀T𝐱𝐱𝑖𝑖 = ∑ 𝜆𝜆𝑗𝑗 ∙ 𝑥𝑥𝑖𝑖𝑖𝑖𝑛𝑛
𝑗𝑗=1 , then the 

constraints as defined in kriging can also be incorporated. The forward pass computes the distribution parameters based on 

the given input data through linear weighted summation and nonlinear transformation. In the backward pass, the error 

defined by the negative log-likelihood function is propagated backward through the gradient to update the model parameters. 200 
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In addition, regularization term can be applied to encourage the model to prioritize predictions with spatial correlations to 

decay with increasing separation distances. 

 

2.2.3. Overall procedure of the data-driven stochastic simulation model 

The proposed approach mainly consists of the following steps: 205 

(1) For the current Gaussian-output implementation, transform the data to be approximately normally distributed. Here, 

normal score transformation is used as a practical preprocessing step to improve optimization stability and parameter 

calibration in the Gaussian-output setting. For correlated multivariate data, decorrelation, such as using min/max 

autocorrelation factors (Desbarats & Dimitrakopoulos, 2000), spatial multivariate morphing transformation (Avalos & Ortiz, 

2023), should be performed prior to normal transformation. For geochemical data that is not only multivariate but also 210 

subjected to closure effect, transformations like flow anamorphosis (Van Den Boogaart et al., 2017) should be employed.  

 

(2) Prepare the spatial covariates and construct the training dataset from the observations. The dataset is then partitioned into 

training and validation subsets according to a predefined ratio for model fitting and performance evaluation.  

 215 

(3) Build the model and train it by the training dataset. Regularization schemes, such as early stopping, dropout and batch 

normalization, can be optionally used to avoid model overfitting.  

 

(4) Generating realizations via the trained model should follow these steps:  

a) Define a random path visiting each node of the simulation grid once; 220 

b) For each node, construct the spatial covariates based on the original data and previously simulated values; 

c) Obtain the parameters of the underlying distribution, and draw a value from the distribution 𝒩𝒩�𝜇𝜇(𝐱𝐱𝑖𝑖),𝜎𝜎2(𝐱𝐱𝑖𝑖)� and add 

it to the dataset; 

d) Proceed to the next node along the random path and repeat the steps (b)-(c) until all nodes have been visited. 

 225 

(5) Transform the simulated realizations back to the original space. 
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2.3 Model evaluation 

2.3.1. Model accuracy 

Model accuracy is evaluated by comparing the model output (i.e., the conditional mean) with the observations in the test 230 

dataset using mean absolute error (MAE), root mean squared error (RMSE) and the coefficient of determination (𝑅𝑅2). The 

model with higher 𝑅𝑅2 values and lower MAE and RMSE scores indicates higher accuracy in capturing spatial dependence. 

 

2.3.2. Reproduction of lower-order statistics 

The ability to reproduce lower-order statistics, including histograms and variograms, was examined to check whether the 235 

model effectively captures the variability within the data. The close agreement between the simulated and observed 

histograms and variograms demonstrates the model's effectiveness in capturing the data variability. 

 

2.3.3. Time complexity 

The time complexity of the proposed model was evaluated by measuring the computational time required for stochastic 240 

simulation. It should be noted that the trained model can generate new realizations when new data are added; by comparison, 

geostatistical workflows often require re-estimating variograms and re-running simulation with the updated data. 

 

3 Experimental setup 

Two-dimensional random fields were generated to compare the model performance of different methods for encoding spatial 245 

dependence, and further explore the potential of the proposed model in generating realizations comparable to SGSim. The 

size of the simulation domain is set to 100 × 100 with a uniform cell size of 1 × 1, and an omnidirectional exponential 

covariance model with range 30 and nugget 0 was adopted here. The expectation and marginal variance of the Gaussian field 

were set to 0 and 1, respectively. A range of randomly sampled points, namely [400, 800, 1200, 1600, 2000], was used to 

evaluate the effect of sampling density. The constructed dataset was split into a training and testing subset at a ratio of 8:2. In 250 

addition, to explore the applicability of the model for non-stationary scenario, a deterministic trend generated by a nonlinear 

function of the coordinates (e.g., Ba et al., 2012): 𝑡𝑡(𝒖𝒖) = sin{30(𝑢𝑢� − 0.9)4} cos{2(𝑢𝑢� − 0.9)} + (𝑢𝑢� − 0.9) 2⁄ , where 𝒖𝒖 =

�𝑢𝑢𝑥𝑥 ,𝑢𝑢𝑦𝑦�
T ∈ ℝ𝟐𝟐 and 𝑢𝑢� = �𝑢𝑢𝑥𝑥 + 𝑢𝑢𝑦𝑦� 2⁄ , was added to the Gaussian field. Moreover, a random field characterized by heavy-

tail distribution is constructed to investigate the model performance in non-Gaussian scenarios.  

 255 
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The transformer-based encoder is configured with 2 dense layers and a 2-head attention mechanism. The model uses an 

embedding dimension of 16 and a model dimension of 32, followed by a multi-layer perceptron decoder consisting of fully-

connected layers for conditional mean and log-variance prediction. For training, the model uses the Adam optimization 

algorithm with a learning rate of 0.0002 and a batch size of 32. For the method of rotary position embedding, the dimension 

embedded in the feature space is set to 128. 260 

 

All the model components are coded via Python (Wang et al., 2026). The computational platform is a personal laptop with 

an intel i5-1260P 2.10 GHz central processing unit, and RAM 16G. 

 

4 Results and discussions 265 

4.1 Model performance for encoding spatial dependence 

The model performance on the test dataset (Table 1) suggest that the performance varies with the method used to construct 

spatial covariates, and the uncertainty and variation patterns also differ with increasing sampling density. The methods DLE, 

NO, MEM, SLF, RPE and MRBF generally captured spatial dependence in our experiments, as indicated by improved 

model performance with increasing sampling density. Moreover, the evaluation metrics exhibit largely consistent variation 270 

patterns across these methods. The method of RPE is sensitive to the sampling density, provided that a dramatic performance 

gain was observed from the case 𝑛𝑛 = 400 to 𝑛𝑛 = 2000. For MRBF, the model performance increases from 𝑛𝑛 = 400 to 𝑛𝑛 = 

1600, but declines at 𝑛𝑛 = 2000, suggesting that there might be a trade-off between the complexity of the underlying field and 

the number of levels of basis functions required to represent spatial dependence. Generally, a higher performance can be 

obtained by encoding the spatial coordinates into a higher dimensional feature space, as evidenced by the performance 275 

metrics of the methods MEM and MRBF compared with DLE. The model performance using neighboring observations and 

spatial lag features as spatial covariates are generally high, indicating they are favorable in capturing spatial dependence 

under the Gaussian assumption. By contrast, because the spatial lag feature is constructed from neighboring observations, it 

may provide a relatively stable representation of spatial dependence compared with NO. Among all methods, SLF achieved 

the highest performance scores for 𝑛𝑛 = 400 and ranked second in other cases, indicating performance that is close to ordinary 280 

kriging under the Gaussian setting. The method of EBD used alone cannot well capture the spatial dependence, as suggested 

by the general poor performance for the wide range of sampling densities. It might be due to the limited number of 

neighboring observations accounted for by the current model (Hengl et al., 2018). For the EDF method, model performance 

improves slightly with increasing sample size, indicating a limited capacity to capture spatial dependence.  

 285 
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Table 1 Model performance metrics for different methods representing spatial dependence. 

  n=400 n=800 n=1200 n=1600 n=2000 

DLE 

MAE 0.647 ± 0.074 0.588 ± 0.043 0.539 ± 0.030 0.525 ± 0.024 0.511 ± 0.022 

RMSE 0.804 ± 0.093 0.738 ± 0.053 0.675 ± 0.036 0.658 ± 0.028 0.642 ± 0.025 

R2 0.325 ± 0.122 0.454 ± 0.071 0.545 ± 0.058 0.564 ± 0.037 0.581 ± 0.036 

NO 

MAE 0.493 ± 0.048 0.431 ± 0.028 0.382 ± 0.015 0.353 ± 0.015 0.336 ± 0.011 

RMSE 0.624 ± 0.053 0.547 ± 0.033 0.485 ± 0.019 0.446 ± 0.017 0.428 ± 0.015 

R2 0.591 ± 0.076 0.700 ± 0.037 0.765 ± 0.028 0.800 ± 0.016 0.814 ± 0.014 

EBD 

MAE 0.790 ± 0.053 0.803 ± 0.051 0.802 ± 0.048 0.803 ± 0.035 0.799 ± 0.021 

RMSE 0.988 ± 0.072 1.006 ± 0.051 1.005 ± 0.054 1.000 ± 0.033 0.996 ± 0.027 

R2 -0.015 ± 0.075 -0.008 ± 0.045 0.000 ± 0.033 -0.004 ± 0.032 -0.005 ± 0.027 

EDF 

MAE 0.778 ± 0.060 0.776 ± 0.058 0.778 ± 0.047 0.774 ± 0.045 0.766 ± 0.027 

RMSE 0.967 ± 0.081 0.971 ± 0.065 0.972 ± 0.054 0.964 ± 0.044 0.957 ± 0.035 

R2 0.030 ± 0.065 0.060 ± 0.068 0.064 ± 0.044 0.066 ± 0.043 0.070 ± 0.050 

MEM 

MAE 0.596 ± 0.072 0.512 ± 0.035 0.481 ± 0.027 0.465 ± 0.028 0.453 ± 0.021 

RMSE 0.773 ± 0.090 0.676 ± 0.051 0.646 ± 0.046 0.626 ± 0.043 0.619 ± 0.038 

R2 0.370 ± 0.151 0.540 ± 0.070 0.584 ± 0.056 0.604 ± 0.054 0.611 ± 0.044 

SLF 

MAE 0.465 ± 0.049 0.404 ± 0.029 0.358 ± 0.018 0.328 ± 0.014 0.308 ± 0.014 

RMSE 0.591 ± 0.054 0.520 ± 0.032 0.464 ± 0.022 0.428 ± 0.014 0.407 ± 0.016 

R2 0.634 ± 0.056 0.730 ± 0.032 0.785 ± 0.027 0.816 ± 0.014 0.832 ± 0.016 

RPE 

MAE 0.839 ± 0.079 0.708 ± 0.043 0.616 ± 0.044 0.547 ± 0.026 0.505 ± 0.022 

RMSE 1.073 ± 0.095 0.921 ± 0.054 0.815 ± 0.059 0.733 ± 0.035 0.673 ± 0.039 

R2 -0.202 ± 0.169 0.150 ± 0.101 0.340 ± 0.080 0.457 ± 0.056 0.540 ± 0.046 

MRBF 

MAE 0.571 ± 0.045 0.501 ± 0.038 0.447 ± 0.022 0.408 ± 0.018 0.413 ± 0.019 

RMSE 0.718 ± 0.055 0.652 ± 0.055 0.587 ± 0.035 0.533 ± 0.026 0.552 ± 0.028 

R2 0.459 ± 0.090 0.573 ± 0.069 0.657 ± 0.046 0.713 ± 0.033 0.691 ± 0.029 

OK 

MAE 0.466 ± 0.040 0.386 ± 0.027 0.337 ± 0.013 0.314 ± 0.014 0.297 ± 0.011 

RMSE 0.595 ± 0.048 0.497 ± 0.031 0.437 ± 0.016 0.406 ± 0.016 0.387 ± 0.013 

R2 0.627 ± 0.071 0.752 ± 0.033 0.809 ± 0.023 0.834 ± 0.016 0.847 ± 0.014 

Note: 30 experiments were performed to derive robust metrics. 

 290 
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Geostatistical theory argues that if the target and neighboring positions are not jointly Gaussian, the conditional mean under 

Gaussian assumptions remains the best linear unbiased prediction; however, nonlinear predictors may perform better in some 

settings. We firstly evaluated the model performance for the scenario where the underlying spatial process is non-stationary. 

Only the methods SLF, MRBF and Kriging are investigated here, among which the first one represents the spatial attribute 

covariates and the second one represents the spatial distance covariates (Fig. 3). It can be observed that for non-stationary 295 

field, the model performance also increases with the sampling density since more observations available in the neighborhood 

can help capture hidden patterns of the data. The reason for the performance of the method MRBF staying at a plateau when 

the sampling density ranges from 𝑛𝑛 =600 to 𝑛𝑛 =1000 consists in that it uses the same number of levels (hence basis functions) 

in this size range, which is determined by 𝐻𝐻 = 1 + �log2�√𝑛𝑛 10⁄ �� (Nychka et al., 2015). The model performance decreased 

relative to the case where the field is stationary. More importantly, baseline kriging showed a larger performance decline 300 

than the other tested methods, suggesting that data-driven methods may offer complementary robustness when data depart 

from kriging assumptions. The model performance for the methods SLF, MRBF and kriging is also compared in the situation 

where the random field distributed with a heavy tail (such as a multifractal distribution), a very common situation in earth 

sciences. A field with t-distribution with a degree of freedom being 1.0 was used in this study (Fig. 4). It can be observed 

that model performance declined and did not increase with sampling density as in the previous setting. This suggests that 305 

spatial dependence cannot be captured solely by obtaining more observations in the local neighborhood, if the local 

variability is high. The variability of the model performance metrics is especially high for kriging. By contrast, SLF showed 

slightly better and more stable performance in this setting; however, kriging may still outperform SLF in some cases because 

metric variability is relatively large.  

 310 

 
Figure 3: The model performance against sampling density for non-stationary field. (a) The trend term, (b) the non-stationary 
random field generated by adding the trend term to the Gaussian field, and (c) model performance (R2 score) for the methods SLF, 
MRBF and Kriging. 

 315 
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These results suggest that the data-driven model may be less sensitive to non-stationarity and non-Gaussianity than kriging 

in the tested scenarios. However, the observed improvement on approximately Gaussian data indicates that normalization 

and detrending are beneficial preprocessing choices for the current formulation (note that it is not mandatory assumptions of 

the overall framework). The above results reveal two distinct, yet effective, strategies for spatial dependence modeling. The 

first leverages the attributes of neighboring data, in which SLF shows strong performance. The second, exemplified by MEM 320 

and MRBF, demonstrates the utility of encoding spatial coordinates into a higher-dimensional feature space. This latter 

finding is particularly salient, as it underscores the power of projecting location information into a rich embedding space, a 

core mechanism utilized by advanced generative frameworks, such as neural processes, to synergistically learn from both 

spatial context and feature attributes. 

 325 

 
Figure 4: The model performance against sampling density for field with heavy-tail t-distribution. (a) The simulated random field, 
(b) histogram of the simulated observations and fit of normal and t distributions, and (c) model performance (R2 score) boxplots 
for the methods SLF, MRBF and Kriging. Note that the random field is displayed with an interquartile range (IQR)-based scale 
(data limits are determined by 𝐐𝐐𝟎𝟎.𝟐𝟐𝟐𝟐 − 𝟏𝟏.𝟓𝟓 × 𝐈𝐈𝐈𝐈𝐈𝐈 and 𝐐𝐐𝟎𝟎.𝟕𝟕𝟕𝟕 − 𝟏𝟏.𝟓𝟓 × 𝐈𝐈𝐈𝐈𝐈𝐈, respectively) to accommodate the extremely-large data 330 
limits of the generated heavy-tailed distribution. The Kolmogorov–Smirnov test statistics for normal and t distributions are also 
calculated and annotated in the figure. 

 

4.2 Evaluation of the data-driven stochastic simulation method 

A total number of 600 observations randomly drawn from a 100 × 100 Gaussian field generated by an exponential model 335 

was simulated (Fig. 5a). Experimental variograms were calculated and an omnidirectional exponential model was fitted 

based on the least square method (Fig. 5b). The nugget, sill and effective range for the fitted exponential model is 0, 1.05 and 

23.15, respectively. The histogram of the simulated observations (Fig. 5c) indicates that it follows normal distribution 

(Kolmogorov-Smirnov Test: 𝑝𝑝 = 0.459 > 0.05). The observations were then used to construct the dataset for calibrating 

and evaluating the proposed model. The negative log-likelihood loss for the model converged successfully for both the 340 

training and validation datasets (Fig. 6).  
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Figure 5: The simulated two-dimensional Gaussian field and observations. (a) The simulated Gaussian field and the spatial 
distribution of the observations, (b) and (c) are the variogram and histogram of the observations, respectively. The dashed line in 345 
(b) represents the marginal variance of the observations, and the dashed line in (c) represents empirical cumulative distribution 
function. Please refer to the text for more information. 

 

 
Figure 6: The training process of the ANNSim model. We used 20% of the dataset, namely 120 examples, as the validation dataset. 350 
The parameter ‘patience’ represents the number of consecutive epochs with no significant performance improvement, after which 
training will be forced to stop. 

 

A total of 100 realizations were generated by the trained ANNSim model (Fig. 7). The same number of realizations were 

produced by SGSim for comparison. It can be observed that the large-scale variation patterns were successfully reproduced 355 

by the data-driven stochastic simulation model, given that there are approximately 10, 000 grid cells to simulate while only 

several hundreds of conditional data entries are available. The difference in local details between the realizations from the 

two types of methods is evident, as suggested by the enlarged subfigure, which depicts the spatial uncertainty at unsampled 
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locations. Compared with SGSim, the realizations generated by ANNSim shows slightly weak continuous patterns at small 

scales, as evidenced by the local region ‘A’ enclosed by the white dashed ellipse. In addition, the simulated values 360 

surrounding the conditional point, as pointed by the white arrow in the local region ‘B’, are consistently low for the 

realizations generated by SGSim; by contrast, there are some relatively high values in the simulated results of ANNSim. The 

presence of screening effect in solving kriging systems, the phenomenon that optimal linear prediction of a spatial process on 

an unobserved location mostly depends on nearby observations, forces the distribution of surrounding locations to be 

significantly affected by the conditional low data values in SGSim. In contrast, ANNSim may retain more long-range 365 

correlation information, which can lead to larger variability in local simulated patterns. 

 

 
Figure 7: Visual comparison of the realizations produced by ANNSim and SGSim. (a) and (b) are two realizations generated by 
ANNSim, (c) and (d) are two realizations generated by SGSim. Note that the realizations were randomly selected from the 370 
ensemble of realizations. Two local regions, denoted by “A” and “B”, were selected and enlarged for ease of comparison of 
simulation details. Note that the circle symbols in the enlarged figures represent conditional training data. 

 

The model accuracy, evaluated by comparing the mean of realizations with random hold-out references in the test dataset, 

showed that both ANNSim and SGSim provide effective estimates of unknown values, with SGSim giving slightly lower 375 

error for conditional-mean prediction in this experiment (Fig. 8a and 8d). Both ANNSim and SGSim reproduce the observed 

histograms well. However, ANNSim generates a noticeably wider data range than SGSim (Figs. 7 and 8b), indicating greater 
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variability, particularly in the tails. This enhanced dispersion likely stems from the nonlinear mapping inherent in neural 

networks, while the overall distributional pattern remains preserved. The variograms (Fig. 8c) show that both methods 

capture the spatial structure of the observations on average. Nevertheless, ANNSim realizations display slightly stronger 380 

ergodic fluctuations than those from SGSim. 

 

 
Figure 8: Evaluation of the realizations produced by ANNSim and SGSim. (a) Model accuracy for ANNSim, (b) and (c) represent 
the capability of reproducing the histogram and variogram of the observations, respectively for ANNSim; (d) model accuracy for 385 
SGSim, (b) and (c) represent the capability of reproducing the histogram and variogram of the observations, respectively for 
SGSim. The reference variogram model and empirical cumulative distribution for the observations are also plotted for 
comparison. 

 

4.3 Time complexity 390 

To assess computational efficiency, both ANNSim and SGSim were benchmarked under two experimental settings. The first 

experiment varied the number of spatial neighbors involved in local conditioning, while the second altered the number of 

realizations generated. All tests were performed on Gaussian random fields with identical grid dimensions (100 × 100), and 

an exponential covariance structure. For ANNSim, the number of hidden dimensions, attention heads, and latent 
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representation layers were kept constant, ensuring that timing differences arose solely from neighborhood size and 395 

realization number. 

 

In the first experiment, the number of neighbors was systematically increased from 10 to 60 while keeping the number of 

realizations fixed. The results show that the computational time of ANNSim remained nearly constant across different 

neighborhood sizes, suggesting that the attention-based encoding efficiently handles neighbor information without explicit 400 

pairwise distance recalculations during simulation. In contrast, SGSim showed a faster and nonlinear increase in 

computational cost as the number of neighbors increased under this benchmark. This behavior stems from its sequential 

conditioning scheme, in which each simulated node requires kriging-based estimation using all selected neighbors, making 

its complexity scale approximately with 𝒪𝒪�𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛ℎ𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏2 � due to repeated covariance matrix operations. 

 405 

In the second experiment, the number of realizations increased from 2 to 30 while the neighborhood size was fixed. Both 

models showed nearly linear growth in computational time with respect to the number of realizations, consistent with the 

expectation that each realization represents an independent simulation pass. Nevertheless, ANNSim maintained lower 

absolute computation time in this benchmark, indicating potential scalability benefits for larger simulation tasks. 

 410 

Also, note that the training time required by ANNSim is related to the model architecture and hyperparameters, where more 

model parameters involved will generally induce more training time. However, in our setup, training time was typically 

lower than simulation time and had limited impact on total runtime. 

 

 415 
Figure 9: The relation of time complexity with the neighborhood size for SGSim and ANNSim (a), and the computational time for 
ANNSim when different number of realizations are generated (b). 
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4.4 Implications and limitations 

Considering that a geostatistical observation can be formulated as a generalized additive model 𝑍𝑍(𝒖𝒖) = 𝒙𝒙(𝒖𝒖)𝑇𝑇𝜷𝜷 + 𝑠𝑠(𝒖𝒖) +420 

𝜀𝜀(𝒖𝒖), where 𝑠𝑠(𝒖𝒖) denotes a spatially dependent and zero-mean random process, this study provided implications about how 

to incorporate spatial dependence into data-driven modeling using artificial neural networks. However, it is still an open 

topic on what is the optimal and generalizable way to represent spatial dependence in data-driven models, given that more 

and more location encoding techniques are being emerging in recent years. 

 425 

The current study suggests that the proposed data-driven framework can be considered as a complementary option to 

geostatistical approaches for spatial prediction or simulation. Although it did not outperform geostatistical methods in all 

cases, the current data-driven formulation provides an additional framework that can be less sensitive to stationarity and 

distributional misspecification in the tested scenarios, while still using a Gaussian conditional output head. In addition, it is 

scalable in that the model input can be easily extended to incorporate secondary covariates, and the model output can be 430 

adjusted to model different types of distributions. The loss function can be also tailored to account for different effects of the 

spatial model. For heavy-tailed distributions that are hard to normalize, future extensions may replace the current Gaussian 

output head (mean/variance) with alternative likelihoods (e.g., Student-t, mixture density, or quantile-based objectives), 

together with corresponding customized calibration losses. More importantly, the model can provide an estimation of the 

non-stationary covariance structure, whose parameters can serve as useful criteria for understanding the underlying spatial 435 

process, in addition to benefit spatial modeling.  

 

Nevertheless, due to the data-driven nature of the proposed model, it may show poor performance when only a small number 

of observations are available while the underlying spatial patterns are complicated. In particular, it is impracticable to use 

such data-driven model for unconditional simulation. 440 

5 Conclusions 

This study presents a data-driven framework (ANNSim) for stochastic geostatistical simulation. By leveraging an 

autoencoder architecture inspired by neural processes, ANNSim is designed to implicitly learn complex spatial dependence 

structures directly from neighboring data. The findings offer several significant contributions to the field: 

 445 

Firstly, the comparative analysis of spatial dependence representations yielded a key insight: effective spatial modeling 

benefits from two distinct strategies. The strong performance of attribute-based methods (e.g., SLF) confirms the importance 

of neighboring values. Simultaneously, the success of coordinate-based methods (e.g., MEM, MRBF) underscores the 

https://doi.org/10.5194/egusphere-2026-1126
Preprint. Discussion started: 17 June 2026
c© Author(s) 2026. CC BY 4.0 License.



19 
 

critical power of location embedding. This dual success validates ANNSim's architectural approach, which synergistically 

integrates both neighbor attributes and their relative locations to build a comprehensive spatial representation. 450 

 

Secondly, the data-driven method is flexible and shows less sensitivity to the non-Gaussianity and non-stationarity 

characteristic of complex geological datasets. Compared with workflows such as SGSim that are typically implemented 

under Gaussian and stationarity assumptions, ANNSim learns spatial representations directly from data; in this study, 

however, the final conditional sampler is parameterized with a Gaussian output head. This representation-learning design 455 

may better accommodate complex local statistical variations without imposing a single global stationarity structure.  

 

Thirdly, ANNSim appears to be a computationally efficient option that can complement SGSim. The model can successfully 

reproduce the target marginal distribution and spatial continuity. The time-complexity analysis indicated that, in our 

implementation, ANNSim runtime was nearly constant with respect to neighbor count, whereas SGSim increased 460 

approximately polynomially. This makes ANNSim exceptionally scalable for problems requiring large neighborhoods to 

capture long-range dependencies. While both methods scaled linearly with the number of realizations, ANNSim showed 

lower CPU time per realization in our experiments, supporting its practical use. 
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