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Supplementary material
S1 Bayesian approach

Our calibration can be cast as an inverse problem of the form (Sanz-Alonso et al., 2023)
y=6(0)+te, (S1)

where G(-) denotes the forward (data generating) model, in this case the coupled PyGEM-OGGM-SERMeQ glacier model,
and the noise term € represents observation error. For simplicity we have here made the typical strong constraint assumption
(see Evensen et al., 2022) that the forward model is perfect other than errors in the parameters (including forcing) 8, which can
be justified at least to a first order in both atmospheric (Hersbach et al., 2020) and cryospheric applications (Alonso-Gonzélez
et al., 2022; Willmes et al., 2025; Cao et al., 2025). Conceptually, calibration is then tantamount to solving the inverse problem
in (S1): identify the parameters 6 that may have generated the observations y. Due to the nonlinearity of G and noise € this
is a challenging and ill-posed inverse problem with a non-unique solution (Sanz-Alonso et al., 2023). As such, the notion of a
universally objectively optimal solution for the parameters @ is ill-conceived and we instead adopt a Bayesian approach where
we seek to infer plausible parameter sets given the noisy observations.

Adopting the Bayesian approach to calibration via inverse modeling, we infer these parameters by conditioning on data
stored in the observation vector y through Bayes’ rule (Evensen et al., 2022; Sanz-Alonso et al., 2023; Murphy, 2023)

_ p(y10)p(6)

p(01y) o)

(82)

where the target posterior probability density p(6@ | y) of interest is a measure of epistemic uncertainty concerning possible
parameter vector settings @ given the data. This posterior is obtained by updating the prior probability density p(8), which
encodes the initial parameter uncertainty before considering the data, with the likelihood p(y | 8), a function of the parameters
0 that measures the goodness of fit of the modeled observables ¥ = G(6) with parameters 6 to the noisy observations y, all
divided by the evidence p(y) which here plays the role of a normalizing constant. In theory, inferring the posterior via Equation
(S2) is (up to a normalizing constant) a simple distributed multiplication problem that can be approximated up to a desired
accuracy by discretizing the parameter vector 8 over a sufficiently fine grid. This grid approximation is rarely feasible due
to the large number of likelihood evaluations required, where each such evaluation runs the costly forward model to obtain
y = G(0) for each parameter set 6, due to the curse of dimensionality whereby the number of parameter settings (grid points)
grows exponentially with the number of parameters N, (Murphy, 2023).

The challenge of inferring the posterior in (S2), especially when G is nonlinear, has spurred the development of tractable
computational methods for approximate Bayesian inference that can be split into two main approaches: variational and Monte
Carlo methods (see Murphy, 2023, for an overview). In geophysics, this challenging inference task falls under the umbrella of
inverse modeling and, more specifically, the field of data assimilation (DA) when applied to dynamical systems (Evensen et al.,
2022; Sanz-Alonso et al., 2023). Geophysical DA methods can be directly mapped onto the aforementioned computational

methods: ensemble-based DA methods are Monte Carlo approximations and optimization-based variational DA methods are
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plugin variational approximations (cf. Evensen et al., 2022; Murphy, 2023). On the one hand, variational methods have a
long and promising track-record in glaciology (MacAyeal, 1993; Brinkerhoff, 2022; Schmitt et al., 2025), but they require
gradients of the form 0JpG which are often not available in complex geophysical models, including our own. On the other
hand, ensemble-based methods have also recently shown promise in glaciology (Navari et al., 2021; Landmann et al., 2021;
Herrmann et al., 2025; Cao et al., 2025), with the advantage that they are often more uncertainty-aware (Evensen et al., 2022),
but also gradient-free and thus more generally applicable to models like ours that are not (yet) differentiable. As such, herein

we employ an ensemble-based data assimilation method to perform Bayesian calibration of our glacier model.

S2 Model Performance Evaluation

We assess model performance during the calibration (2000-2009) and validation (2010-2019) periods at two complemen-
tary scales: individual-glacier (glacier scale) and whole-region (regional scale). At the glacier scale we quantify probabilistic

accuracy and ensemble reliability, and at the regional scale we evaluate distributional agreement.
S2.1 Glacier-scale metrics
S2.1.1 Normalized Continuous Ranked Probability Score

For each glacier the observed value is denoted by x5 With associated observational standard deviation o,ps, SO that obser-
vational uncertainty is represented by y ~ N (xobs, aobs), and the model output is represented by an ensemble {x;} ZN:1 (here
N =200).

To quantify probabilistic model performance at the glacier scale we use the Continuous Ranked Probability Score (CRPS).

We employ the bias-corrected form
CRPS=E, [z —y|] — 1 Ep ||z —2'|], (S3)

where = and 2’ denote independent draws from the empirical ensemble distribution (i.e., from {x;} with equal probability) and
y is drawn from N (Zobs, Oobs). The first term, E,, , [|x — y|], measures the expected model-observation mismatch; the second

term, SE, . [|z — 2’

], is one half of the ensemble self-spread and is subtracted to isolate model-observation error.
To enable comparison across glaciers with differing observational uncertainty we normalize CRPS by the observational
standard deviation to obtain the normalized CRPS (nCRPS):
CRPS
nCRPS = . (S4)

Oobs

Lower nCRPS indicates better probabilistic agreement after accounting for observational uncertainty.
In practice we estimate CRPS and nCRPS with discrete (Monte Carlo) approximations. In our implementation we use M =
2000 independent samples y; ~ N (Zobs, 0obs) and the ensemble members {x;} ¥, . The expectations in (S3) are estimated by

N M

-~ 1
Eqyllz—yl] 2722‘$i—yj’~ (S5)
NM

i=1j=1
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R 1 N N
Ew@f“x—xlu = WZZL’)%—J),‘/ .

i=1i'=1

where the double sum in (S6) corresponds to independent draws = and x’ from the empirical ensemble (with replacement).
Substituting (S5) and (S6) into (S3) yields the estimated CRPS, and (S4) gives the estimated nCRPS. The glacier-wise median
nCRPS reported in the tables (Tables S2 and S3) is the median of the nCRPS values across all glaciers; lower values indicate

better probabilistic performance after accounting for observational uncertainty.
S2.1.2 Fractional overlap

To provide a simple glacier-scale diagnostic of consistency between observational uncertainty and ensemble spread, we com-
pute the fractional overlap between the observational 1 interval and the ensemble range. For a given glacier let x5 denote
the observed value with standard deviation o,ps, and let {xz}fil be the model ensemble. The observational interval is I, =
[%bs — Oobs, Tobs + O’Obs] , and the ensemble range is taken as the central 95% credible interval, I,,s = [Pzg,(l’), P97,5(x)} ,
where P,(z) denotes the pth percentile of the ensemble {x;}.

The fractional overlap is the length of the intersection of these two intervals normalized by the length of the observational

interval.

1 _ |Iobs mIems| _ ‘Iobsmlens‘
overlapg.,. = |I N | = % N .
obs obs

(87

By construction overlapy,,. = 1 when the observational interval is fully contained in the ensemble range and overlap,,. =0
when the intervals do not intersect; intermediate values quantify the fraction of the observational +1¢ interval covered by the
ensemble range.

For reporting, per-glacier overlaps are expressed as percentages, overlaps, = 100 x overlapy,,.. The summary statistic used
in Tables S2 and S3, “Median fractional overlap” is median (overlaup%17 ...,overlapg, Ng), where overlapy, ;. is the overlap

percentage for glacier k£ and Ny is the total number of glaciers.
S2.2 Regional-scale metric

Regional agreement is assessed by comparing empirical cumulative distribution functions (CDFs) of observations and model

output aggregated across all glaciers.
S2.2.1 Observed CDF with observational uncertainty

For each glacier k = 1,..., N, let zops 1, denote the observed value and o, ; its standard deviation. To propagate observational

uncertainty into the regional distribution, we draw Ny;c Monte Carlo realizations (here Nyc = 2000):

m
l’]i )NN(xobs,kao—obs,k)7 m:L-“aNMC'
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For each Monte Carlo replicate m we form the empirical CDF across glaciers,

Ng

1 m
Fapsm(®) = 5= Y Ma” <), (S8)
& k=1

where I(-) is the indicator function. At each x the ensemble { Fyps ()} VM is summarized by its median, denoted Fips(z),

and by the 2.5th and 97.5th percentiles, which define an uncertainty envelope for the observed regional CDF.
S2.2.2 Modeled CDF

Let x;, ; denote the modeled value for glacier k = 1,..., N and ensemble member j = 1,..., Neps (here Nepg = 200). For each

ensemble member j we form the empirical CDF across glaciers,

N,
1 g
Finoa (%) = 5~ > ap; < ). (S9)
& k=1

Ateach z the collection { Fiyoa ; ()}

;=4 is summarized by its median, denoted Finoq (), with the 2.5th and 97.5th percentiles

providing the modeled uncertainty envelope.
S2.2.3 CDF overlap metric

Regional agreement is quantified by an overlap metric between the median observed and modeled CDFs on a common evalu-

ation domain [Zin, Tmax)- The continuous form is

Tmax

CDF overlap =1 — N / |Fobs(w) — Fmod(m)|dx, (S10)

Tmax — Lmin
which yields a value in [0,1] (1 for identical median CDFs, 0 for maximal discrepancy). In practice the integral is evaluated
numerically on a discrete grid {z;} covering [Zmin, Tmax]:

1
CDFoverlap=1— ———— Z‘Fobs(xi) — Fmod(xi)‘ Ax;, Ax;=xi01 — ;. (S11)

Tmax — Lmin

The CDF overlap is reported as a percentage by multiplying the result by 100 in Tables S2 and S3. The higher CDF overlap

(%) indicates closer regional agreement between observed and modeled distributions.

S3 Delta Normalized RMSE

In this study, we assess the predictive accuracy of our model outputs for each glacier, by calculating the delta normalized
Root Mean Square Error (RMSE) with respect to observational data, both before (prior) and after (posterior) the integration of

observational information.



115

120

125

S3.1 Normalized RMSE

The normalized RMSE (NRMSE) is calculated for both the posterior and prior model predictions using the following formula:

n M 1, 2
(Obsl odez) S12)

1
NRMSE = - Z

.
i=1 v

where Obs; represents the observational values, Model; denotes the model output (either posterior or prior), o; is the uncertainty
associated with each observation, and 7 is the number of years and ¢ denotes the specific year. This normalization adjusts the

RMSE based on the observational uncertainties, providing a more meaningful comparison of model performance.
S3.2 Delta Normalized RMSE

After obtaining the normalized RMSE for both the posterior and prior model results, we compute the delta normalized RMSE
(ANRMSE):

ANRMSE = NRMSE yogerior — NRMSEyior (S13)

The resulting ANRMSE is a unitless metric that quantifies the change in model performance following data assimilation. If
ANRMSE < 0, the posterior model demonstrates improved accuracy compared to the prior model, indicating effective as-
similation of new data while accounting for uncertainty. Conversely, if ANRMSE = 0, it suggests no improvement in model
performance. If ANRMSE > 0, the posterior model is less accurate than the prior model, indicating a deterioration in perfor-

mance due to data assimilation. The result in this study is shown in Figure S2.
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Figure S1. Modeled results against observations for 71 glaciers in Svalbard during the calibration period 2000 - 2009. (a, b) Total length
change along the glacier centerline; (¢, d) Mean climatic mass balance; (e, f) Mean frontal ablation. Panels (a, ¢, €) show observations (blue
error bar) and modeled ensemble means (orange box represents the interquartile range (IQR) of the ensemble of each glacier). Panels (b, d,
f) illustrates the empirical cumulative distribution functions (CDFs) for observations (blue line + 95% confidence interval via Monte Carlo

sampling) and model results (orange line + ensemble range). 7
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Figure S2. Histogram of A Normalized RMSE (ANRMSE) for 71 glaciers in Svalbard. The blue bars represent converged cases, while
the red bars indicate unconverged cases. Dashed vertical lines mark the mean ANRMSE for each group. Positive ANRMSE values reflect
a deterioration in model performance, whereas negative values signify an improvement. The annotated t-statistics and p-values are derived
from a one-sample Student’s t-test that evaluates whether the mean ANRMSE for each group significantly differs from zero, indicating

whether the model has significantly improved. A diagonal slash is included to denote a break in the x-axis.
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Figure S3. Comparison of modeled results with observations from 2000 to 2020 for (a) annual length change rate, (b) cumulative length

change of Sabinebreen, which illustrate results from OGGM’s flowline model. The observed values in blue include the associated uncertain-

ties. The light green shading refers to the calibration period.



Table S1. List of studied glaciers and associated model convergence information. RGIIDs are listed without the common “RGI60-0" prefix.
In the column “Iterations to converge” (Iter.), “Converged” denotes convergence within 10 iterations; numerical values indicate convergence

@

achieved after more than 10 but fewer than 100 iterations; indicates no convergence within 100 iterations. Superscript { denotes cases

with physical inconsistencies.

RGIID Area (km?) Iter. (< 100) RGIID Area (km?) Tter. (< 100) RGIID Area (km?) Iter. (< 100)
7.00025 1095.9 55 7.00471 213 Converged 7.00892 222.6 Converged
7.00026 153.5 Converged 7.00474 165.2 Converged 7.00896 34.0 16
7.00027 1226.4 17 7.00502 126.6 Converged 7.00903 69.9 Converged
7.00029 662.9 Converged 7.00551 356.5 Converged 7.00910 41.6 Converged
7.00031 218.6 Converged 7.00552 328.3 Converged 7.00945 93.0 21
7.00036 67.4 Converged 7.00558 88.7 Converged 7.01328F 14.1 Converged
7.00042 109.8 Converged 7.00645 50.7 Converged 7.01353 9.5 Converged
7.00060 79.9 Converged 7.00659 28.1 Converged 7.01449 331.5 Converged
7.00061 84.7 Converged 7.00681 641.0 Converged 7.01458 163.4 21
7.00064 69.1 Converged 7.00682 129.1 Converged 7.01464 295.5 Converged
7.002241 15.8 Converged 7.00714 10.4 Converged 7.01487 326.5 Converged
7.00250 52.8 Converged 7.00715 36.6 Converged 7.01488 200.8 Converged
7.00251 16.6 Converged 7.00724 33 Converged 7.01492 76.3 Converged
7.00276 244 Converged 7.00727 190.8 Converged 7.01493 38.1 Converged
7.00277 29.4 - 7.00733 41.8 Converged 7.01494 394.3 Converged
7.00301 312.5 Converged 7.00789 3.6 Converged 7.01499 179.5 Converged
7.00315 29.8 Converged 7.00790 16.7 Converged 7.01500 318.8 Converged
7.00425 472.6 Converged 7.00791F 43.2 Converged 7.01503 55.4 Converged
7.00448 42.1 Converged 7.00794 55.6 Converged 7.01506" 963.9 -
7.00463 38.1 Converged 7.00832 98.5 Converged 7.01507 77.2 Converged
7.00464 110.3 Converged 7.00854 288.5 Converged 7.01559 876.6 60
7.00465 119.1 Converged 7.00859 117.6 14 7.01560 594.9 Converged
7.00468 29.3 Converged 7.00874 108.7 Converged 7.01561 76.9 Converged
7.00470 46.6 Converged 7.00883 359 Converged




Table S2. Model performance for 62 converged glaciers during calibration (2000-2010) and validation (2010-2020) periods. Glacier-scale
metrics: “Median nCRPS” denotes the median normalized Continuous Ranked Probability Score (lower is better, dimensionless); “Mean
fractional overlap” denotes the mean fractional overlap between observational uncertainty (£10) and the model ensemble range. Regional-
scale metric: “CDF overlap” denotes overlap between observed and modeled empirical cumulative distribution functions (percent). AL

denotes total length change over the period; Bciim denotes period-averaged climatic mass balance; Ar denotes period-averaged frontal

ablation.
Median nCRPS Mean fractional overlap (%) CDF overlap (%)
Period
AL Beiim As AL Bciim As AL Beiim As
2000-2010 1.5 1.6 1.1 39 34 31 96 96 98
2010-2020 32 1.9 4.4 40 39 24 97 95 96

Table S3. Model performance summary for the nine unconverged glaciers during calibration (2000-2010) and validation (2010-2020)

periods. See Table S2 for metric definitions and notation.

Median nCRPS Mean fractional overlap (%) CDF overlap (%)
Period
AL Belim Ar AL Belim Ap AL Belim Ar
2000-2010 24 32 11.1 18 10 0.1 91 82 71
2010-2020 53 3.7 3.6 11 0 9 96 86 91

10



Table S4. Overview of 12 GCMs used in the study for the period 2000-2100 over scenarios SSP1-2.6 and SSP5-8.5 (24 projections total).
All models use the CMIP6 variant label rlilp1fl.

GCMs Variant Label

BCC-CSM2-MR rlilplfl

CESM2 rlilplfl
CESM2-WACCM rlilplfl
EC-Earth3 rlilplfl
EC-Earth3-Veg rlilplfl
FGOALS-f3-L. rlilplfl
GFDL-ESM4 rlilplfl
INM-CM4-8 rlilplfl
INM-CM5-0 rlilpl1fl

MPI-ESM1-2-HR rlilplfl
MRI-ESM2-0 rlilplfl
NorESM2-MM rlilplfl

11
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