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Abstract. A desirable characteristic of mantle convection models is the ability to determine surface topography evolution over
time on a global scale. This capability is increasingly important due to growing interest in coupling planetary geodynamics
with climate, landscape, habitats, and biological evolution systems. A common way of achieving this in numerical geodynamic
models with a fixed Eulerian grid is through the implementation of a free-surface boundary condition using the sticky air
method in conjunction with an appropriate method of tracking the free surface. Although existing methods for tracking the
interface between the air and rock layers are available, they often struggle to provide high-resolution results on a global scale
without incurring significant computational costs. We propose a method for representing surfaces directly using Lagrangian
markers that can track the location of a free surface in 2D and 3D models and test it using the finite-volume mantle convection
code StagY'Y. This approach offers a direct, high-resolution representation of the surface without the need for a large number of
high-cost tracers-volumetric markers throughout the model domain. Benchmarks demonstrate the effectiveness of this method
compared to the commonly-used marker-in-cell method. The direct representation of the surface enables additional features
such as the direct tracking of sea levels over time, potential for coupling with surface process models on the global scale, and
enables the implementation of alternative discretisations of the Stokes equations to improve Stokes solver accuracy near the

free surface boundary.

1 Introduction

Modelling the evolution of planetary surfaces over time has attracted considerable attention in geodynamics, since surface
topography is a primary observable of a planet’s internal dynamics and can also change the dynamics compared to assuming a
flat surface (e.g. Crameri et al. (2012b)). The growing interest in coupled planetary systems, particularly the coupling between
geodynamic processes, climatic processes, and biological evolution, further motivates the study of topographic evolution due
to the coupling between these systems occurring primarily at the surface. The study of these couplings, also referred to as
biogeodynamics (Zerkle, 2018; Stern and Gerya, 2023), requires accurate methods of determining how mantle convection
affects the surface, and in turn affects other systems in order to study fundamental questions regarding the habitability of

planetary bodies.
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FRINT3

Geodynamic models commonly represent a free surface using a fixed, Eulerian grid with “sti sticky air”, a low-viscosity,
low-density layer above the surface that approximates a true free surface boundary condition, representing material above the

surface (e.g. the various modelling codes in Crameri et al. (2012a) and Schmeling et al. (2008)). Modelling free surfaces on
fixed Eulerian grids innumerical-geodynamic-medels-requires two key components: an appropriate solver that can model or
approximate the solution to the Stokes equation with a free surface boundary condition, and a method of tracking the location
of the surface over time.

This study implements a method for tracking free surfaces on a global scale —Fhe-methed-isimplemented-into-in StagY'Y

(Tackley, 2008), which uses the staggered-grid finite difference discretisation {equivalent-to-the-finite-volame-diseretisation);
as-is-often—used-as is common in geodynamic modelling codes (e.g. (Patankar, 1980; Ogawa et al., 1991; Tackley, 1993;

Trompert and Hansen, 1996; Gerya and Yuen, 2007; Tackley, 2008; Gerya et al., 2015; Kaus et al., 2016))due-te-its-simpheity

13 29

In-Stag¥¥-as-in-The standard techniue for interface tracking in StagYY and many other codes - the-standard-technique
for-interface-tracking-employsagrangian-tracers-using-a-s _the marker-in-cell method—In-this-approach;Lagrangian-tracers
.in which Lagrangian markers distributed throughout the model are-used-to-represent-information-about-material-properties
{in-this-ease-whether-they-are-domain carry material type information (rock or air), which are-then-averaged-to-determine-the

to-computational-fimitations—A-typieal-globatseale-and infer the surface location (Tackley and King, 2003). Two averaging
approaches are common: simple cell (boxcar) averaging, and the more accurate linear shape function averaging used as the
default in StagYY, which additionally weights markers by their position within the cell. While effective, both approaches
share a fundamental limitation: surface quality depends strongly on the number of markers per cell (here referred to as marker
density). For a global-scale 3D spherical-model-ean-only-achieve-a-model with a typical vertical resolution of approximately
<10 ki near-the-surface whil . . . . . o

U re—the—-ma o N o od—fine esolation A eq noth rambero ACersS-

approachseales-poorly-doubling the verticaltracer(Coltice et al., 2019), resolving topographic variations of order £10 km at
100 m sensitivity would require at least 100 markers per cell. Achieving this is computationally prohibitive: marker advection
cost scales linearly with marker density, and in practice dominates total runtime at the densities required for accurate surface
tracking, accounting for up to 77% of total runtime at 500 markers per cell in our tests. Doubling vertical marker density
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requires 4ﬂmes—&&m&ﬂyfmeefym in 2D and S&fﬂes—&s—mﬁﬂyx more in SD%&mereases—beﬂﬂrmemefyﬂsﬂge
—, making.

this approach impractical at global scale.
For clarity, the Lagrangian points already implemented in StagY'Y are hereafter referred to as “markers”, while Lagrangian
oints introduced in this study specifically for tracking the free surface are referred to as “surface markers”.

A successful surface tracking method must satisfy-several-eriteria:-

Provide-provide fine sub-grid resolution of topography on the global scale—Remain—, remain stable over many timesteps
and across diverse geodynamic regimes s-including-subduetion—Ensure-including subduction, ensure compatibility with the
underlying Stokes solver(e-g—preserve-mass-conservation)—Reduee-, and reduce computational cost relative to the marker-in-

cell method.
Interface-tracking approaches that-meet-meeting these criteria include level-set and volume-of-fluid methods. However, one
of the conceptually simplest options is to track interfaces directly using Lagrangian markers—often—, referred to as direct

interface tracking in the CFD literature (Tezduyar, 2006)—In-this-approach;, in which the surface is explicitly represented by

Eagrangtan-markers that follow the surface flow. Usingsuch-markers-only-atthesurface-Confining markers to the surface alone
avoids the scaling limitations of the full marker-in-cell approach;-effering-potentially-higher-aceuracy-atlowercomputational

€ost.

Several characteristics of

lanetary surfaces make this approach particularly attractive. For Earth-like planets, the maximum surface deviation (=16
+£10 km) is retatively-small relative to the-mantte’s-total-total mantle thickness (2,890 km)—Fhe-, and the surface height can

be eonsidered-a—one-to-one-treated as a single-valued function of posﬁmn&e—%h&su%f&e&eam&e&eveﬂap&fseﬁ% Planetary

surfaces are sharp interfaces ; e—with no diffuse

WMany geodynamlc codes %diﬂg%ﬁg#already use Lagranglan &aeef%eﬂab}mg—ﬂmp}eﬂmplemeﬂfaﬂeﬂ

scale-where-the Eulerian-mesh-is-eoarse—markers, enabling straightforward implementation by adapting existing routines. The
number of markersrequired-to-track-the-surface-is-generally smallin-comparisen-surface markers required is small compared to
the total # tarrmarker population, and surface markers

are well-suited for parallelisation --including on GPUs.

In this study, we implement Lagrangian interface tracking in StagY'Y and introduce two methods: the bilinear method and
the integral method, which differ in how they transfer surface information to the underlying grid. We assess their computational
performance and their-abitity-to-track-accuracy in tracking a free-surface boundary condition, comparing them with the existing

marker-in-cell approach.
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2 Surface tracking

2.1 Marker chain/mesh

In 2D models, the surface can be tracked by a marker chain which is initialised as an ordered array of Lagrangian markers,
each of which stores its position x; and a type variable to facilitate manipulation of the chain. The position vector for each
marker x; may be represented in either Cartesian coordinates x; = (z;, 2;), or polar coordinates x;=(r-07)x; = (1;,¢;), and

may be dimensional or dimensionless. The height of each marker (z; or r;) is set by an initial surface height function zj,;(z)

or #in(#)Tinis()-

Air

Advection

Air

e

Rock

Figure 1. The marker chain divides the domain into regions er-of rock and air. Lagrangian markers are advected with the velocity field at

each timestep to model the evolution of the surface over time.
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In 3D models the surface representation extends to a mesh. The initial surface consists of markers arranged in a grid with
coordinates x; = (x;,¥;, 2;) in Cartesian geometry, or x; = (r;,6;,¢;) in spherical geometry. As with the 2D case, the initial
height of the markers z; or r; is given by an initial surface height function zjy(,y) or rini (6, @).

Surface markers are advected with the velocity field, determined from the Stokes solver, using a spatially fourth-order
Runge-Kutta scheme, similar to the treatment of the tracers-markers used in StagY'Y. Velocities, which are face-centred in the

staggered-grid finite-volume discretisation used by StagY'Y, are interpolated to surface markers using a second-order quadratic
spline interpolation method (Gerya et al., 2021).

2.2 Piecewise linear /bilinear-surface reconstruction method (bilinear method)

It is necessary to be able to determine the location of the surface as a function of position through interpolation, i.e. finding z(z)
or #(6¥r(¢) in 2D, or z(x,y) or (6, ¢) in 3D as a function of the position of the Lagrangian surface markers. A straightforward
approach is to construct a piecewise continuous linear or bilinear representation of the surface using a first-order accurate
distance-weighted linear interpolation (Gerya, 2019)(Chapter 18). This method was employed with a 2D marker chain in the
context of modelling free surfaces in numerical geodynamic models by Duretz et al. (2016), and a similar method is used in 3D
models using the regional scale geodynamic code LaMEM (Kaus et al., 2016). The method requires two steps: the interpolation
of surface height data from Lagrangian surface markers to nodal points using distance-weighted linear interpolation, and the
linear or bilinear interpolation of nodal values to arbitrary locations within the domain. Once surface heights are interpolated

to nodes, determining the surface height at any point can be accomplished in constant O(1) time, independently of the number

For consistency, this approach is referred to throughout thischapter-as the bilinear method, reflecting the bilinear interpola-

tion used in 3D models. In 2D, the process is technically linear, but the term bilinear method is retained for uniformity.

Linear interpolation in 2D

.

u.,‘i (x) ol ®
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Figure 2. When using the linear/bilinear representation of the surface, the surface markers are interpolated to the nodes of the Eulerian grid
through distance-weighted linear interpolation. The surface height at a given point e.g. z(z) (red arrow) may then be computed using linear

interpolation.
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2.3 Direct interpolation (integral method
{ﬁﬁ&seeeﬂéﬁepﬂ#suffaeefeemﬁme&eﬁ—fhﬂee&&mfﬁfﬂ&suffae&Another method of determining the surface location

at arbitrary points in
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1
z(x,y) = m(zi,j(mwl —2)(Yj+1—Y) + Ziv15(x — ) (Yj1 — )

+zijr1(Tiv1 — ) (Y —y5) + ziz1 o1 (2 —20)(y — ¥3))-

230
235
dﬁee&yﬂﬁefpelaﬁﬂgfh&sufﬁaeﬂeeaﬂe&ffm%theﬁafkefehaﬁ—%eaﬁb&thls is achieved by locating the markers on the
chain fha%afelmmedlately to the left and right of the interpolation point ;-and-thentinearly-interpolating-the-surface-height
240

zi(Tip1 — ) + zip1 (x — x;)

Ti41 — T4

z(z) =

interpelation;-and linearly interpolating between them. Higher order methods such as piecewise quadratic or cubic spline inter-
polation —In-practice-however,adequate results-ean-be-achieved-with-a-are possible, but in practice simple linear interpolation
245 witheutrecourse-to-higher-order-methodsproduces adequate results.

2.3.1 Serting-the-marker-chainin2D

m-As advection allows markers to move laterally, it

the chain must be
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re-sorted by horizontal coordinate after each timestep. Since the chain is eftenfally-ornearlyfally-typically nearly sorted after
advection, adaptive serting-algorithms such as insertion sort are wel-suited-for-maintaining-the-order-of-the-chainefficient for
this purpose, and an O(logn) binary search can then be used to locate neighbouring markers for interpolation.

24 Direeti lation in3D-G Fmethod

D%e&r&terpelaﬂeﬁ—eﬁfhefnaﬂ{efme&hﬁln 3Dis-mere-diffieult-as-, direct interpolation is more involved since the surface is

eshrepresented by planes rather than line
W As the surface markers are generally unstructured, this-necessitates-the-use-of-a-meshing-algorithm-such-as Delaunay

fh&suffaee—mafkeﬁmﬁﬁ&sufﬂaeﬂ%feﬁheﬁmﬁese&eﬁfhtﬁmdyGEOMPACKZ Joe, 1991) in O(nlogn) time and must be
recomputed at each timestep; adaptive methods exist to reduce this cost (Phongthanapanich and Dechaumphai, 2004). Methods
for performing Delaunay triangulations directly on spheres also exist sfor-example-Renka(1997)—

2.3.1 Interpolation-efthemesh

An-effictent(Renka, 1997), though for the yin-yang grid (Tackley, 2008) the errors introduced by projecting the spherical patch

into a Cartesian plane are negligible. Each Delaunay triangle defines a plane through three markers a, b, ¢, with normal vector
n=(b—a) x (c—a), from which the surface height at any point within the triangle can be recovered. An efficient O(logn)
method-existsin-triangle location method is available in GEOMPACK?2ferloeping-through-a Delaunay triangulation-te-locate

10
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Figure 3. In 3D, Lagrangian markers are advected with the velocity field, and the Delaunay triangulation recomputed at each timestep in

order to create a mesh that continuously tracks the surface.

2.4 Interpolating to the Eulerian grid

In order to couple the surface tracking method to the Stokes solver and to output the-results;itis-necessary-to-interpotate results,
295 the surface heights of the marker chain /mesh-or mesh must be interpolated to the Eulerian grid. When using the bilinear method,

this step is handled automatlcally by 1nterpolat1ng surface helghts to the nodes of the Eulerian grid. When-usingFor the integral
method, i i
used in both 2D and 3D.

y-a cellwise integration approach was-is

11
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2.4.1 Cellwise-integration

The cellwise integration method is-to-eomptite-computes the area (in 2D) or volume (in 3D) enclosed by the surface within the
each computational cell, and te-then-compute-derives the equivalent topographic height in-that-eel-that preserves this area or

volume. This is physically motivated by the need to maintain conservation of mass of both rock and air within the model.

marker chain intervals, which is accomplished in linear time O(n)

where-as the chain is sparse—

using a polygon intersection algorithm (O’Rourke et al., 1982); the volume beneath each intersection polygon is then computed
and summed to obtain the surface height ineach-eotumn—

12
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er column (Figure 4). Both 2D and 3D operations scale as O(n) with

respect to the number of surface markersby

2.5 Parallelisation

n

intersection

Yo

X0 X1 %o

Figure 4. Piecewise integration under the Delaunay mesh using a polygon clipping algorithm is used to compute the volume enclosed by the

surface within a given computational cell.

When solving on multiple CPU cores, the model-domain is split up-inte—a—number-of-into parallel subdomains. These

for-passing-regular-tracers—to-exchange-this-Surface markers near subdomain boundaries are exchanged via MPI to form a

one-cell-wide overlap region, itis-possible-to-form-this-overtapregion-such-thatensuring the surface is defined at all locations
within-the-demain-for all subdomains (Figure 5).

3 Stabilisation

When implemented naively, the surface marker chain/mesh does not satisfy the criterion of being stable over multiple timesteps.
There are three main reasons for this. Firstly, while the solution to the Stokes equations enstire-ensures conservation of mass,
the surface marker chain/mesh itself is-retdoes not, and may shift up and down over time;-eausing-errors-in-mass-conservation.
Secondly, regions of divergence can cause the surface markers to become widely spaced, compromising the-acecuracyof-the
methodaccuracy. Thirdly, regions of convergence can cause entrainment of markers into the mantle, a feature which is unphys-

ical and must be corrected (Figure 6). There are several ways that these stability issues can be addressed.

3.1 Surfaceheight-adjustment

13
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Exchange boundary markers using MPI
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Surface defined at boundary for all subdomains
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Figure 5. Parallelisation of the marker chain/mesh involves the use of an overlap region which-is-communicated between subdomains -

a) Convergence b) Divergence

Figure 6. Without reinitialisation, regions of convergence experience bunching of the surface markers, while in regions of divergence the
marker density becomes low. These effects must be corrected using reinitialisation to maintain surface marker density.




3.1 Surface height adjustment and reinitialisation

350 Minor numerical errors in the Stokes solution and/or marker advection can cause the surface to drift upward or downward
over time. The-first-stabilisation—method—adjusts—To correct this, the height of the-surface-markers-all surface markers is

adjusted at each timestep to preserve the total area or volume of rock and air in the model, and therefore mass assuming

355
TR
1
Zinew = 2i = 7~ [ 2(2)dx — Zini,
xr
TL
360 where rr7-and-p-denote-left-and right boundaries o § very;—an S ath-wiath: § y
to-the-sitnationfor-ecelwise-integration;-under the assumption of surface-displacements-beingsmall-a-simplified-approximate
Or
1
Tinew = Tq — f T(G) do — Tinit-
0
0r
365
370
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V= // z(x,y)dA  in Cartesian coordinates,
D

V= / / r(0,¢)dA  in spherical coordinates

or Or

dA:Hx

a0 oy

dfdp = ‘r@ X Tsin9¢A> = r?sinfdb do,

where r =

rsinf cos ¢
rsinfsin ¢

rcosf

7

corrections for varying-d-A-asneeded-

Kreyszig, 2010) applied where necessary.

mesh using the same trapezium rule or

Although reinitialisation is essential for preserving the integrity of the marker chain over multiple time-stepstimesteps, it does

come with trade-offs—Speeifically;—: the process may degrade information about the surface geometry and introduce artificial
numerical diffusion. Therefore, reinitialisation should only be applied when neededte-aveid-exeessive-smoothing.

3.1.1 Periodicsclobalreinitialisati

16
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h-Two reinitialisation strategies
are implemented. The first is periodic global reinitialisation, in which the entire surface marker chain/mesh is reinitialised

to align with the current surface level using-one—of-the—interpelation—methods—deseribed—earkier-or-based-on—the Euleria
representation-of-the-surface—

Periodic-globalreinitialisation-at every timestep. This is computationally efficient ;-as-+tand maintains a consistent number of
surface markers— s s e e e e o ele s e D e e e o e L

reinitialisation-at-each-timesteplt does not require the chain to be sorted or the Delaunay triangulation to be computed, makin
it compatible with the bilinear method. Despite the diffusion it introduces, some smoothing is beneficial for stability, and the
effect is relatively mild in practice.

(a) Timestep 1 (b) Timestep 20
Figure 7. Illustration of the smoothing effect caused by global periodic reinitialisation over 20 timesteps using bilinear interpolation. There
is no coupling between the surface marker chain and the underlying model; all deformation of the surface is caused by numerical diffusion

resulting from global reinitialisation.

17



Interval-based-reinitialisationin2D-is-The second strategy is interval reinitialisation, in which markers are added or removed
Mbased on the intervals mbetween adjacent markers —H-the-interval-exceeds-the-maximum-interval-size;-which-is-a

420 in 2D) or the area of Delaunay triangles (in 3D). In 2D
a marker is added te-the-chain-at the m 1dp01nt of fheﬂefval—{f—ﬁieﬂefvahﬁeeﬁma}kﬂweﬁ&ﬂ{efﬁhaﬁnak&ﬂﬁfhe

425 any interval exceeding.
2Axini, and two markers are merged if their spacing falls below 0.2Ax;,; empirical testing confirmed these thresholds give
good results.

430

435

440 thelowerinterval-bounds-—Additionallyreinitialisation by only modifying the chain where necessary. Howeyver, it requires either
sorting or Delaunay triangulation of the surface markers, which precludes its use in-conjunetion-with the bilinear method.

3.2 The need for smoothing

A fundamental problem with the Lagrangian surface marker method is the undesirable entrainment of markers into the mantle
or air layer instead of remaining at the surface. The effect is most pronounced when using the integral method, and results in

445 the formation of unrealistically deep trenches or high mountains that are-net-physically-reasonable-and-canresultinnumerieal
instabilities-in-the-model-can cause numerical instabilities (Figure 8). Solving this problem requires a method of smoothing the
Lagrangian markers.

A natural choice for smoothing

450
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Figure 8. In the absence of an appropriate smoothing algorithm, surface markers can become entrained within rock (red) or the sticky air

layer (blue), causing significant numerical instability.

verit can smooth model features

unnecessarily, and periodic global reinitialisation, if used, already results-n-introduces some numerical diffusion.

3.3 Slopelimiting

marker-chain/mesh-were-investigated—The method implemented forsmoeothing-when-using-here for the integral
novel-slepelimiting-methed*instead a novel slope limiting approach.
The phvsical vation for

method is a

3.3 Slope limiting

The slope limiting method eomes-fromexamining-the-stope-of pHlesis physically motivated by the behaviour of loosely packed

materials-steh-as-sand—A-sand-pile-under-the-influence-of-gravity-witlnaturally form-a-conieal-shape-with-granular materials:
a pile of sand under gravity forms a cone with a maximum angle of repose ¢which-is-related-to-its—, related to the internal
coefficient of static friction #zby—

those above erode until the angle is reached. Eohesion-of-the-material-isnotconsidered-in-this-model-

3.3.1 Governing-equation

19
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The-behaviour-deseribed-above-can-be-This behaviour is expressed as a partial-differential-equation-steady-state PDE based on

the diffusion equation:

aZ 822 2 aZ
o~ Fgp el (a'iw'"> - :

where H is the Heaviside step function s-and s is the critical slope;-and-k-is-a-diffusion-—coefficient—The-effeet-of-the
Heaviside function-isto-ensure-that-. The Heaviside function ensures that only regions where the slope is-belew-the-eritieal

thresheld-exceeds sqrit are notmodified—In-the-implementation;-only-thesteady-stateform-of-this-equation onstdered

m-modified. limiting the smoothing effect to regions
of high deformation such as subduction or collision zones. The nonlinearity introduced by the Heaviside function is handled
using an iterative solver in both 2D and 3D. Applied to sinusoidal test surfaces (Figures 9 and 10), the method flattens steep
wave flanks while leaving shallower regions unaffected.

aceomplished-in-lineartime—Additionally,slepe-limiting-of slope limiting over diffusion is that it is timestep independent,
rlike-diffusion—smoothing-or-bilinear-methods;—meaning-that-it-will-produce-the-same-results-over-a—variety-of-producing

consistent results across different temporal and spatial scales.

33.1 Limitati £l limiti

A-key-timitation-of-the-slope-timiting-algorithm-A limitation is its relatively poor performanee-in-both—2B-computational
erformance (see Section 5.6.1), and 3D;-as-ecan-be-seen-in-the-performanceresultspresentedinFigures17-and-27—

20



Slope limiter in 2D

0.02 A —
E\ before slope limiting
% after slope limiting
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Figure 9. Slope limiter in 2D showing topography (top) before and after the slope limiter has been applied to an initial surface

2z =0.02sin(57x), and its derivative (bottom) showing the limiting of the slope to a maximum of seit = 0.5.

& S

(a) Before slope limiting (b) After slope limiting

Figure 10. A-test-on-a-Cartesian-grid-showing-the-effeet-Effect of the slope limiting algorithm with st = 0.5 in 3D on an initial surface
z = 0.05sin(57z) sin(57y), where z,y € [0,1].

the fact that it only modifies the
%e&&e&ef%h&wfﬁae%ggrvfgcvg\lgg@gg& and not the underlymg ffaeefsrfhafﬂayeﬂs%mﬁtefﬂedel—%ﬁesu}&efmdﬁymg

‘markers, which can become unmixed as a

result. Solutions to this problem-are discussed in Section 224.1.
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4 Coupling between surface tracking and the Stokes solver

Although it is useful to track the location of the free surface by itself, the utility of the method ean-be-is significantly increased

by coupling the representation-of-the-surface-surface representation to the mechanical solver such that the height of the surface
affects cell-averaged density (hence buoyancy) and viscosity. There are two methods of couplingthe-medel-to—theselver:

indirectly through manipulation of the existing Lagrangian tracers-volumetric markers in the modelt, which then determine the

density and viscosity fields), and directly through modification of the-density-and-viscosity fields-through-the-use-of these fields

using volume fraction functions.
4.1 Traeer-Marker unmixing

During advection, itis-pessible-forrecktracers-to-rock markers can end up above the surface -andlikewise forairtracers-to-end
w&mﬁuﬁ%e%mwammwm can also occur iftheloeation-of-the-surface-when the surface

Mmls directly manipulated

a smoothing algorithm. The resulting erroneous marker distribution leads to numerical instability ;-and must be correctedby
an-appropriate-method-of-unmixingerroneous-tracers. Two methods were implemented to-unmix-tracers-nearthe-surface - tracer
bouneing-and-tracerexchange(Figure 11).

Tracer bouncing Tracer exchange

Figure 11. Two methods of dealing with tracers-markers which are erroneously on the wrong side of the surface. Air tracers-markers (red)
should remain above the surface, while rock tracers-markers (blue) should remain below. In the bouncing method, erroneous tracers-markers

(circled) are bounced back to their side, while with the exchange method they are directly converted to the opposite type.

4.1.1 Fraeer-bouncing

"

In the bouncing method,
W%reﬂecte(ﬂ)ack to their correct side —In-3D;-the-bouncing-distance-is-the-distanee—to-of the surface,
with the displacement equal to their distance from the surface. No markers are created or destroyed, making this method
mass-conserving and applicable to models with many marker types. A downside is that bouncing can create gaps in the surface
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z(x,y) + |zoa — z(2,y)| if air tracer below surface

z(x,y) — |zoa — 2(x,y)| if rock tracer above surface

field in convergent regions s-where the surface peﬂﬂeﬂﬁ%medfﬁedﬁfeﬁgh%meeﬂﬂﬁgﬁgeﬁmm& s modified by smoothin
but the underlying

In_the exchange method, erroneous
markers are directly converted to the appropriate type—Adr—tracers-erroneously— air markers below the surface are-directly

For the conversion of air markers to rock markers, a random template roek-tracer-marker is selected from the cell betow-the
free-surface—While-this-methed-immediately below the surface. This works well for simple medel-setupswhere-the-number-of
mﬂqa%@mp@ﬁ&@mﬂ%—%mﬂhmd%ﬁ&eeﬂ—afeﬂe%ﬁsed%e—advee%com ositional setups, but becomes unsuitable when markers

carry physical properties such as temperature 4
] TR ] : il | .
Afurthercaveat-to-thismethod-is-the factthatitis-or viscosity, or when many distinct compositions are present. The method

is not strictly volume conservinget

W@wmge%we%ﬁmmm number of feeleffaeef&exehaﬂged%eﬁaﬁﬂﬂdﬂtﬁfaeeﬁ—exehaﬁged

forroek-conversions in each direction remains roughly equal;-and-so-total-tracer-mass-is-preserved-on-average; i not-on-the
smallseale.

4.2 Density and viscosity coupling

StagY'Y typically tses-the-marker-in-cel-method-to-ealeutate-determines the density and viscosity fields ;-which-are-essential
inputs-for-the-Stokessotver—However-with-from the marker-in-cell marker distribution. With Lagrangian surface tracking, itis
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570

possible-to-achieve-greater-aceuracy-by-direetly-greater accuracy can be achieved by coupling the surface location directly to
these fields —

- through volume fractions. The volume fraction ¢ -
Thes&sealaf—vaﬂab}es—afeowfavvgggtvr\wwmleﬁned as the fraction of materialin-a-given-contrel-velume-with-the-material
that volume occupied by rock, ranging from
0 MM&WM&MMWMl ifitis-completely-full(Figure12)—In-the-vicinity-of
the-surface;-(completely full), with partially filled cells ean-be-found-in-which-near the surface having 0 < ¢ < 1 (Figure 12).

~ . _._ _ ~»Surface location

0<¢p<1

_e_

Figure 12. The volume fraction function ¢ for a given control volume is defined as 0 if the control volume is completely empty, and 1 if it is

completely full.

StagY'Y uses a fully staggered grid

%ﬁSfagﬁ’%’- (Patankar, 1980; Ogawa et al., 1991; Gerya, 2019), in which the density field is defined fertwolocations-on-the
Cell-centres(pressure--points)-at cell centres and v, points
Likewise-viscosities-are-defined-, and viscosity at up to four locations on-the-staggered-grid:

(Ppeints-, 0, points-opoints{, and in 3D enly)-also o, and o, points(3B-only)). Volume fractions are computed for

each of these control volumes offset from the main cells.

As an example, fe—medffy—fhe—deﬂsﬁy—ﬁe}drthe effective density used in the Z—fnemeﬂfufﬂequaﬂeﬂ—te—aeeeuﬂ{—feﬁhe%eeaﬂeﬂ

#meﬁm%@ﬁhefe%ﬂ%mgeﬁeeﬁveﬂeﬁw&gnw@js given by:
Peff = Pref ¢Uz 5 (2)
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Figure 13. The staggered-grid stencil in 2D and 3D used by StagY'Y. Note that the vertical axis is denoted by z for both 2D and 3D.

where p..¢ is a reference near-surface rock density and
is the volume fraction for the v, control volume (Figure 14). A similar approach ean-be-is applied to the viseosities-at-the
variouslocationsused-in-the-mementum-equationsviscosity field at each of the relevant staggered grid locations.

A A A
T T T
, X P ow, oy
— X :|:>(..|> X e A TR
Pl i S L - 1
A\ i \ x * L
, T T T : v,
’ * 0y
— X . i G X —  aasmmmamaas
[ ]
A A A Oxz
T T T

v, momentum equation

Figure 14. The ¢,, volume fraction is used to couple the surface location to the density used in the z-momentur-z-momentum equation
near the surface.A
the-surface:

Tn-erder-to-workpreperlyFor this to work correctly, the density and viscosity fields must not already include the effect of
the sticky air layer, otherwise the effeet-of-an-airtayer-air contribution would be counted twice. Itis-therefore-necessary-to-set

the-The air density and viscosity are therefore set to the reference density-and-viscosityvalues. A caveat of-this-approachis
thatitis that this approach does not produce exactly correct results when there are large lateral variations in surface density or

540 such

viscositys;

cases, reference values can be copied from the cell immediately below the surface;-the-elosesteell-that-deesnot-contain-air.

4.2.1 Computing-volumefractions

1n-2D;-velume-Volume fractions are computed geometrically in 2D using the marker chainte-determine-if-a-cetH-iesfully-below;
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jr"he«m{egfahﬁﬁefhedﬁ and in 3D

Delaunay-based approach described in Section 2.4, both in linear time O(n).
In all benchmark tests, computing volume fractions incurred negligible cost compared to everall-runtime-and-other surface

marker operations.

be-compared—Using—:_the existing marker-in-cell method (baseline), the bilinear method using surface markers with lin-
earfmefpehﬁeﬁ»e#ﬂ%e—s&#aeeﬂﬁ%%/blhnear interpolation in 2D/3D ;-similar-to-the-method-used-byKaus-et-al(2016)-

e—(Kaus et al., 2016; Duretz et al., 2016), and the
integral method using cellwise integration to evaluate surface heights on the Eulerian gridusing-. All methods were tested usin
the sticky air method to isolate the effect of surface tracking. In all benchmarks, 100 volumetric markers per cell are used for
the integral-method—

5.1 2D-benchmark-summary

Unless-otherwise stated;-ath-marker-in-cell method, a density chosen to represent a reasonable compromise between accuracy.
and computational cost as demonstrated in the introduction. The same marker population is retained for the Lagrangian methods
to ensure a fair comparison by isolating the effect of the surface tracking approach alone. Default parameter combinations for
2D results-use-these combinations-of parametersand 3D benchmarks are summarised in Tables 1 and 2.

5.1 2D relaxation benchmark

The 2D surface relaxation benchmark (Figure-22)-is based on Case 1 as presented by Crameri et al. (2012a). It considers the

time dependent relaxation of an initially non-flat surface with initial topography zni(x) given by the function:
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Table 1. Summary of Lagrangian surface tracking options used in 2D benchmarks

Method Surface MPC Reinitialisation Smoothing method Unmixing method
Marker-in-cell - - - bouncing
Bilinear method 8 global reinitialisation after each timestep - bouncing
Integral method 8 interval method Az /Aziyic € [0.2,2.0] slope limiter Seri¢ = 0.5 exchanging

A summary of the combination of options used for the three methods compared in 2D benchmarks. An initial density of 8 surface markers per cell (MPC) and 100

volumetric markers per cell are used in all 2D models.

Table 2. Summary of Lagrangian surface tracking berehmarks-options used in 2B3D benchmarks

2P-relaxation-Marker-in-cell Cartesian— 512428
2D-ptume-Bilinear method Cartestan-16_ 1024-<256-global reinitialisation after each timeste

2D-constant-viseosity-Integral method Spherieal-annutas-16 Varteus-interval method Az / Az € [0.2,3.0 Constant-viseosity-meod

A summary of the combination of options used for the three methods compared in 3D benchmarks. An initial density of 16 = 4 X 4 surface markers per cell (MPC) is used in all 3D models.

2mx
Zinit(x) = T cos (28001{111) km. 3)

615

This problem is simple enough to have an analytical solution for surface position as a function of time as derived using a

three-layer model (Ramberg, 1981). Starting from an initial maximum of 7 km, the maximum topography as a function of time

Zmax (t) is given by:

Zmax () = Texp ( 4

t
14825ky) km.,
The model domain is a 2800 x 800 km Cartesian box consisting of three compositional layers: a 600 km thick mantle layer,
a more viscous 100 km thick lithosphere, and a 100 km thick air layer. The resolution is 512 x 128, with 100 tracers-markers
per cell for advecting material properties and tracking the surface in the case of the marker-in-cell method. The sticky air layer
has a viscosity of 10'® Pa s. Symmetric boundary conditions are imposed at the horizontal edges of the model, while a no-slip
625 boundary condition is imposed at the bottom boundary, and a free slip condition is imposed at the top. Acceleration due to

gravity g is set to 10 m s 2. For consistency with the benchmarks run by Crameri et al. (2012a), models were run until ¢ = 100
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635

ky to show the system reaching equilibrium. Timesteps were limited to 500 years in order to give high temporal resolution for
plots of model evolution.
The five-three surface tracking methods can be compared against the analytical solution when plotting maximum topography

with time, as in Figure 15.

2D relaxation benchmark: comparison of tracking methods

i = Analytical solution
' Relaxation time 14.825 ky —— Marker-in-cell

= = Bilinear method
Integral method

Maximum topography (km)

0 20 40 60 80 100
Time (ky)

Figure 15. Topography-Maximum topography with time for the 2D relaxation benchmark. Both Lagrangian marker based methods closely
match the analytical solution. The existing marker-in-cell method, while also tracking the analytical solution closely initially, fails to converge

with the analytical solution near the end of the model run.

All methods are qualitatively able to track the analytical solution closely in agreement with the results presented in Crameri
et al. (2012a). Minor divergence between the methods becomes more apparent after 30 ky, with the marker-in-cell method
failing to match the analytical solution as closely as Lagrangian tracking methods after this point. At 100 ky, while the other
methods have converged to a maximum topography near zero, the marker-in-cell method resulted in around 200 m of topogra-
phy, a result that can also be seen in Figure 2 of Crameri et al. (2012a). This result can be attributed to the maximum topography

being affected by the noise inherent in the marker-in-cell method when using a finite number of randomly initialised tracers
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markers throughout the model. Meanwhile, the Lagrangian surface marker-based tracking methods all converge to near zero at
100 ky, indicating that Lagrangian surface tracking methods are less susceptible to this noise.

It should be noted that part of the remaining discrepancy between the methods presented here and the analytical solution
can also be explained by the limitations of the stlcky air method MW used to produce the solution to

the Stokes equations -

the-surface-tracking-methodrather than the surface tracking method itself. The primary value of this benchmark is therefore in
the relative comparison between methods: the Lagrangian tracking methods converge more closely to zero at 100 ky than the

marker-in-cell method, demonstrating a clear reduction in marker-density-dependent noise that is independent of the Stokes
solver used.

5.2 2D plume benchmark

The 2D plume benchmark €thﬂfe—‘ulhs based on Case 2 presented in Crameri et al. (2012a)~[%eeﬂﬁdef€—akbueyaﬁ&p}ume

TFhe-buoyant-mantle-plume—with-, considering a buoyant plume (radius 100 km, has-a-density-of-density 3,200 kg m—?; 100
kg m~3 less than that-ef the surroundlng mantle and l1th0sphere%99+meef&peﬁeeﬂ—afﬁmed—feﬁad¥eemigﬁaa{eﬂa}pfepefﬁes

m-s—2) rising through a 2800 x 850 km domain at 1024 x 256 resolution over 20 My. The sticky air layer has a viscosity of

10'Y Pa s. Free slip boundary conditions are imposed at the horizontal edges and top of the model, while a no-slip boundary

condition is imposed at the bottomboundary

arameters follow Crameri et al. (2012a).

Analytical solutions for this benchmark are not available. However, results from multiple numerical geodynamic models,

including finite element models with true deformable free surfaces, were run as part of the study of Crameri et al. (2012a) and
consistently show a maximum surface deformation 866-856-800-850 km after 20 My.

The results of the plume benchmark further demonstrate the strengths of Lagrangian tracking methods in isolating the
topographic response of the model without the noise associated with the marker-in-cell method. The marker-in-cell method
introduces random noise, which results in a 2100 m discrepancy in topography at the centre of the plume. Lagrangian tracking
methods closely matched the results demonstrated by Crameri et al. (2012a) for both the maximum topography at 20 My and

the evolution of topography in the intervening time.
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2D plume benchmark at 20 My

1000
‘//’f A —— Marker-in-cell

~ 800 -
é —— Bilinear method
= 600 1 —— Integral method
S 400 -
=~
%D 200
g
E - ‘

—200

800 7 Sticky air layer

Lithosphere

0 500 1000 1500 2000 2500
x (km)

Figure 16. After 20 My all methods produce results similar to those demonstrated in Crameri et al. (2012a);-however-the-, The marker-in-
cell and-integral-method demeonstrate-demonstrates significantly more noise compared to the ether-Lagrangian methods and a systematically

raised maximum topography.

5.3 2D scaling tests

Scaling tests 1

ing-used a non-dimensional model in spherical geometry;-an-example-of-whichisshown

eometry with constant viscosity (Ra = 107), run for 5,000 time-steps-to-ensure-that-a-statistically-steady-state-convection-was
reached—
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ensure statistically steady-state convection (Figure 2?). Figure 17 shows performance as a function of surface marker density.

695 for both methods. The bilinear method consistently accounts for approximately 3% of eemputationak-effort-total runtime
across all tested MPC values—Cenversely,, while the integral method exhibits-a-significantinerease-in-computational-demand
asmafkeffleﬂsﬁyﬂiefeases—pea:lﬂﬂgpvegwﬁt 11% of-total-runtime-at 64 MPC.

In both cases the

dominant cost is marker unmixing, which requires looping through all markers in the model to determine their posmon rela-

700 tive to the surface-
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marker-method but O(logn) for the integral method. Tests across four resolutions (128 x 16 to 1024 x 128) at a fixed density

using-the-integral-method;-MPC confirm this pattern: unmixing scales with marker count rather than surface marker count
leaving the bilinear method performs-better-overallconsistentty-takingtess-than-below 3% of the-overattruntime-total runtime

at all resolutions tested.
5.4 3Dbenchmarksummary
Sismitar]

5.4 3D plume benchmark

The 2D plume benchmark presented-in-Seetion—5-2-can-be-extended-into3D—The-domainin-was extended to 3D is-on a
1400 x 1400 x 850 km Cartesian box-with-a-resotation-of-domain at 256 x 256 x 64 —&fese}uﬁeﬂeheseﬂ%ebalaﬂe&fh&high

a150-km-thick-air layer—The-geometry-of-the-mantle plame-isresolution, with the plume geometry modified to a sphere with
an-initial-diameter-of-of initial diameter 100 km. A rigid-(ne-slip)no-slip boundary condition is imposed at the lower boundary,

while free slip boundary-econdition-is-conditions are imposed on all other boundaries. All other physical parameters remain
identical-between-are identical to the 2D a i ton here-are-n

The performance of different tracking methods, as illustrated in Figure 18, highlights the inherent noise challenges of the

marker-in-cell method in 3D. This method struggles with noise generation due to the inherent dependence on tracer-marker
density and positioning. Nonetheless, it is still able to capture the main features of the mantle plume, particularly the central

topographic uplift created by the buoyant upwelhng The-Both the bilinear and 1ntegra1 methods oa}fheugh—semewhakeﬁfeeﬂve
aHeeluc—mgehmmate this noise, sti
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2D surface tracking methods by MPC as % of total runtime

Bilinear method Integral method

Bl Advection
W Interpolation
87 mmm Smoothing

B Unmixing

% of total runtime
(o))

0 10 20 30 40 50 60 0 10 20 30 40 50 60
Surface markers per cell (MPC) Surface markers per cell (MPC)

Summary-scaling test evaluating the impact of Lagrangian-surface marker density (MPC) on tracking benehmarks-performance. The integral

method demands more computational effort than the bilinear method, reaching a maximum of 11% of total computational effort at 64 MPC

compared to 3% for the bilinear method. Marker unmixing accounts for the majority of computational cost in %M@N

745 the-plume’s-influence-ontopography-

imprevement—Minor-providing visually similar results that isolate the plume’s influence on topography, with minor differences
between the two methods are—vistble-visible in the cross-sectional profile (Figure 19), possibly a side effect of the differing

750 smoothing methods used.
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3D plume benchmark topography at 20 My

Marker-in-cell Bilinear method Integral method

0 50 100 150 200 250 300
Topography (m)

Figure 18. 3D plume benchmark topography at 20 My (top-down view). The marker-in-cell method with 100 markers per cell captures the
topography generated by the mantle plume but with visually apparent noise. Both the bilinear and integral methods eliminate this noise.

5.5 3D constant-viscosity Cartesian boxconvection

As—a—eempaﬂseﬂ—t&fheﬁede}s—shewmﬁtgﬂfeﬂﬂA simple Cartesian box setup Figure 20) with a relatlvely coarse 64 x 64 x

32 resolution was used as

with-a-constant-viseosity-using-to compare the three methods under constant-viscosity convection with non-dimensional pa-
rameters with-(Ra = 107-

). Visual inspection of the-results-in-Figure-21-show-Figure 21 confirms that both the Bihi%eﬁﬂﬁd%%egﬁﬁﬂmfh@dﬂfﬁﬂe

to-eliminate-the-bilinear and integral methods eliminate the marker-density-dependent noise of the marker-in-cell methodand
isolate-the—plume—topography, producing visually smooth topography that isolates the underlying plume and downwellin

structure.
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3D plume benchmark topography cross section at 20 My

400
—— Marker-in-cell
300 k i“, Bilinear method
p ' \ —— Integral method
200 "N

100

Topography (m)

—100

1
0 200 400 600 800 1000 1200 1400
x (km)

Figure 19. 3D plume benchmark topography at 20 My by—surface—tracking—method—(cross section). Similar—to—the—corresponding2D
benehmark;-both-Both the bilinear and integral methods are-able-to-effectively capture topography without the noise inherent in the marker-in-

cell method. Minor differences between the two Lagrangian methods are visible, likely a consequence of the differing smoothing approaches.
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Surface topography

A nondimensional constant-viscosity Cartesian box test model (Ra = 107). A sticky air discretisation with a viscosity contrast

Figure 20.

of Nair/Mrock = 1072 is used. A relatively coarse resolution of 64 x 64 x 32 is used to better highlight the effect of low volumetric marker

densities on topography.
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Surface topography by method

Marker-in-cell ~ Marker-in-cell =~ Marker-in-cell Bilinear method Integral method
(10 MPC) (100 MPC) (500 MPC)

—0.004 ~0.002 0.000 0.002 0.004
Surface topography (dimensionless)

Figure 21. Surface topography generated by the marker-in-cell method at various marker densities, compared against the bilinear and integral

Lagrangian tracking methods at a density of 100 markers per cell. Both Lagrangian approaches yield smoother topography, achieving a qualit

comparable or exceeding the high-density marker-in-cell results.

5.6 3D scaling tests

The same Cartesian box model was used in-erder-to test scaling of surface tracking methods with respect to three-variables:
modelresolution-tracer-density-and-surface-model resolution and marker density.

5.6.1 Resolution dependencetest

The resolution dependence test involved-the-simple-Cartesian-box-model-evaluated-evaluated the model at four resolutions 5
ranging from 32 x 32 x 16 to 256 x 256 x 128;+while-keeping-all-other parameters-constant—

22 shows that smooth topography is achieved consistently across all length scales using the integral method, in contrast to the
grainy and-unrefined-topography produced by the marker-in-cell method—Similarresults-were-observed-for-; similar results are
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obtained with the bilinear method. As-expeeted;-higherresolutionsreveal-Higher resolutions resolve greater detail, particularly
around fegleﬂ&ﬂeaﬁdownwelhngs while %hese—fea%ufes—&ppeaﬂﬁefeéﬁuseﬂﬂeweﬁese%uﬂeﬁs—

The-analysis—indicates—a—<clear-dependenece—on—modelreselutionlower resolutions produce more diffuse but still smooth
features. The median topography increases with higherresolutions;resolution while the mean topegraphyremains-consistently
remains at 0. O*Tht&paftem—s&ggest&fheﬁfeseﬂeeef—deepeﬁfeﬂehe& consistent with deeper trenches being better resolved at

higher resolutions

dependence can only be observed using the Lagrangian tracking methods, as the marker-in-cell metheds;—~which-are-heavily
influenced-by-both-tracer-density-and-model-resolutionresults are dominated by marker-density-dependent noise at equivalent

marker counts.
The performance of each method was-alse-evaluated-at different resolutions s-as-is shown in Flgure 23. Similar-to—the
As in 2Dseali ; ; . .

mmwmmmmﬁmwmmwm For the
bilinear method, H i surface location lookups
are O(1)si i, keeping unmixing
cost roughly constant across resolutions. For the integral method, the O(logn) twherer-is-the-rumber of surface-markers)

fese}uﬂeﬂs—Hewever—ﬂiefﬂfegfa}me%heeF&looku cost means unmixing generally increases with resolution. The slope limiting

~adds further cost to the

algorithm

integral method, scaling with resolution due to the increased iterations required to relax the marker meshat-higherreselutions.
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Surface topography by resolution (integral method)
32x32x16 64x64x32 128x128x64 256x256x128

1 1
—0.004 ~0.002 0.000 0.002 0.004
Surface topography (dimensionless)

Figure 22. 3D surface topography tracked using the integral method at different resolutions. Smooth topography is consistent across length

scales, with higher resolutions resolving greater detail around downwelling regions. Similar results are obtained with the bilinear method.

5.6.2 FraeerMarker density dependencetest

A key question is whether the implemented methods ean—eliminate the dependence on tracer—density—and-the—asseciated

815

mooth-surface-topography-demonstrates-that-there-isno-longer-any-depend of-surface-topography-on-tracer-density;

o &

820 in-eontrastto-the-volumetric marker density discussed in the introduction. Figure 24 shows surface topography produced b
the integral method across a range of volumetric marker densities: no qualitative differences are visible, in stark contrast to

marker-in-cell

825
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3D scaling with resolution

Bilinear method Integral method
30 30

B Advection
W Interpolation

20 4 BN Smoothing 20
B Unmixing
15 15
10 10 -
) 5 -l
N BN BN I

32x32x16  64x64x32  128x128x64 256x256x128 32x32x16  64x64x32  128x128x64 256x256x128
Resolution Resolution

25 - 25 A

% of total runtime

Figure 23. Performance of each method with resolution as a percentage of total runtime. The bilinear method performs significantly better

than the integral method in 3D, i i with marker unmixing -which-was-the-biggest-contributor-to-the performance

of-dominant cost in both methedscases.

830

both-the-integral-and-bilinearmetheds-as-shown-inFigure-22topographic quality, since the density and viscosity fields near the
surface are determined directly from the tracked surface position rather than from the marker distribution.

835 6 Summary and discussion

6.1 Summary of key results
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Surface topography by volumetric marker density

10 MPC 20 MPC 50 MPC 100 MPC 500 MPC

~0.004 ~0.002 0.000 0.002 0.004
Surface topography (dimensionless)

Figure 24. Surface topography as determined using the runtime-in—3D-models;—espeetally-at-high-marker-integral method with varyin

markers per celleeunts. No qualitative differences are seen in surface topography reconstruction. A similar result is obtained for the bilinear

method.

This study implemented and benchmarked two Lagrangian surface marker tracking methods, the bilinear method eensistenthy
outperforms-and the integral methodaeross-al-MPEcounts—Unmixing-dominates-eomputational-effort for-the-same reasens

the mantle convection code StagYY, comparing them against the existing marker-in-cell approach. Both new methods produce
high-resolution, low-noise surface topography that is independent of volumetric marker density, unlike the marker-in-cell
method, allowing significant reductions in volumetric marker count and associated computational cost. The bilinear method

able—to—tra B T e R does—introduee—offers the best computational

erformance, consistently accounting for less than 3% of total runtime, and is straightforward to implement, though it introduces
some artificial numerical diffusion due to periodic global reinitialisation. The integral method is-alse-able-to-track-—surfaces
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than-the bilinear-method—produces topography of comparable quality but at greater computational cost, due primarily to the
@BWW&WMM&BOW methods can be used to
obtain volume fractions for coupling the
to the density and viscosity fields used by the Stokes solver (p,n eeuphﬂgi—eeup}mgef—fheﬁuffae&%faekmgmefhed%eﬂie
mmﬁwkmm%ﬁﬂoupllngw&wmk essential for smooth and accurate sur-

face tracking results.

he-surface location

6.1 Discussion of key results

6.1.1 Novelty and relation to prior work

The bilinear method presented here is not entirely new: a closely related approach is already used in the regional-scale code
LaMEM (Kaus et al., 2016). and a simplified 2D version was employed by Duretz et al. (2016) to test free surface discretisation
methods. A related approach using a Delaunay-triangulated surface embedded in an Eulerian mesh was previously implemented
in the code DOUAR (Braun et al., 2008). The novelty of this study lies in the extension and thorough benchmarking of both
methods to 3D spherical geometry within StagY, the development of the slope-limiting stabilisation algorithm for the integral
method, the introduction of p.7 coupling to the Stokes solver, and the demonstration that volumetric marker density can be
substantially reduced without loss of topographic accuracy.

6.1.2 Implementation

The implementation of Lagrangian surface markers, especially the bilinear method, is relatively straightforward. Since La-
grangian tracers-markers already exist in StagY'Y, as they do for many other numerical geodynamic modelling codes, existing
routines for manipulating these tracers-markers were easily adapted for the new surface markers. Reconstructing the surface
using the bilinear representation was similarly straightforward and could likely be implemented in other numerical geody-

namic codes with minimal effort.

In contrast, the integral method is significantly more complex to implement, particularly due to the need for surface marker

reinitialisation and smoothing. The 3D implementation requires a significant amount of code for performing complex opera-
tions, such as computing the Delaunay triangulation and determining cellwise volume fractions. Developers considering these
methods should carefully weigh the cost-benefit trade-offs, especially given the integral method’s performance limitations 5
which-are-diseussed-further-discussed below.
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6.1.3 Bilinear method

The bilinear method was able to produce high-resolution topography ;-and demonstrated the best computational performance

among the methods tested.

y—Key surface marker chain/mesh-opera-
tions, such as marker advection and surface reconstruction, are performed in linear time O(n) with respect to the number

of surface markers. Once surface locations are interpolated to nodes, determining the surface height at a specific point can

be achieved in constant time O(1)—Fhis-efficieney—, which significantly benefits operations thatrequire-frequentloekups-of

surface-heightsrequiring frequent surface height lookups, such as the-tracer-unmixingoperationmarker unmixing.
Global reinitialisation introduces implicit numerical diffusion ;-whieh-helps—stabilise-that stabilises the marker chain and

avoids the need for explicit smoothingeperations, improving performance However, this same-diffusion can gradually re-

duce the accuracy of the surface representation—Wh

entrainmentit-can-potentially-eome-, potentially at the cost of precision when considering sub-grid scale features.

6.1.4 Integral method

The integral method can produce similarly high-quality topography to the bilinear method but is less performant.

Its main advantage is the absence of artificial numerical diffusion, as surface markers move independently of the Eulerian
grid and are only adjusted where needed. In 3D, Delaunay triangulation offers a natural surface representation ;-suitable for
visualising fine-scale features, tracking sea level, and potentially integrating surface process models. However, the method’s
reliance on several O(nlogn) operations such as marker sorting and reinitialisation limits its efficiency—Adtheungh-adveetion
and-reconstruetion—remain-O{n)—, and slope limiting adds further cost and-that cannot be solved in linear time. The largest
performance bottleneck in both 2D and 3D is ix i e i i

fheﬂimegrﬂl—mefhed—feqﬂ%fes—Q{ﬁﬂ}egﬁ}—peﬁﬁlaeefmarker unmixing, which requires O(logn) per marker, leading to O(mlog n)

overall with m tracersmarkers. This cost remains significant even after optimisation of the unmixing algorithmte-reduce-the

bopof o th biccted otk .

6.1.5 Comparison of-implemented-methoeds-with the marker-in-cell method

Both the-implemented methods improve upon the existing marker-in-cell method in several-waystwo key respects. Firstly,

bypasses-they bypass the need for a-high-tracer-density-high volumetric marker densities to obtain high-quality surface topogra-
phy, aﬁel—thefe#efe—alrlew&mfor significantly decreased computatlonal effort and memory consumption;-with-the-tradeoff

s. Secondly, the implemented methods are
more accuratethan-marker-in-eell-based-methods, reducing topographic noise on all scalesand-allewingthe-accurate-modeling
of surfacetopography. The trade-off is a modest increase in computational effort for the surface tracking operations themselves

which in all tests remained well below the cost of volumetric marker advection at the densities required by the marker-in-cell
method.
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6.1.6 Necessity of density and viscosity coupling

A key result of this study is the necessity of coupling the location of the surface to the underlying physical model through the
density and viscosity fields, referred to as p,n coupling in Section 4.2. This coupling is essential to avoid topographic noise

that arises as-a-result-of-from determining density and viscosity based on a finite number diserete-tracers-of discrete markers

with a random initial distribution.
The requ1rement for eeﬁp}mgf}eﬂsﬁyéfeeﬂy%e—theﬁlfﬂaeeggw%was also noted m—fhefesu}fs—ef—Bﬁfe&eFal—(—Z@Jré)
e Duretz et al. (2016); the meth-

ods presented here take-extend this further with application to the viscosity field as well.

6.2 Applications and future directions
6.2.1 Surface processes

A potential future research direction would be the im

direct implementation of surface processes into StagY'Y. While the diffusion and slope limiting methods presented here can
be considered to-be-very-simple-metheds—of-medeling-very simple representations of erosion and sedimentation, a direct
representation of the surface thatis-coupled to the underlying model theoretically allows for fully coupled modelling of surface
processes on the global scale for the first time.

Potential futureresearch-directions-mightPrior work coupling geodynamic codes to surface process models has been carried

out at regional scales (e.g. (Simpson, 2004; Burov and Toussaint, 2007; Braun, 2010; Bahadori et al., 2022; Wolf et al., 2025

, but global-scale coupling remains an open problem. A natural direction would be the incorporation of a surface process model
such as Badlands (Salles, 2016) directly into StagY Ywhich-coutd-modify-, modifying the surface at each timestep —With-the

eeuphﬂgef—%h&ffe&suffaeﬁer in a way that feeds back into the underlylng model through tfaeer—ﬂﬂmﬁemg—&ndfeup}mgfe

existing marker unmixing and p, 7 coupling machinery.

6.2.2 Alternative Stokes solvers

are—solved—within—the-airlayer,—and-free surface boundary condition, the direct surface representation is compatible with
alternative solvers. The staircase discretisation of Duretz et al. (2016) eliminates the need for a sticky air layer entirely b

43



945

950

955

960

965

applying alternative boundary conditions are-applied-to cells near the surfacein-order-to-approximate-afree-surface-solution
without-the-need-for-a-sticky-airlayer—A-prerequisite-of-this-method-is-, requiring only a method to determine whether the
midpeint-of-a-giveneetisa cell centre lies above or below the surface, which is readily achieved-using-provided by a marker

chain or mesh.

The variational Stokes discretisation
is also compatible, requiring volume fraction functions ;-which-were-atready implemented-that are already computed as part of
the eoupling-method-p, ) coupling described in Section 4.2.

6.2.3 Sea level modelling

Accurately tracking the evolution of sea levels over time is a key capability of the direct surface tracking methods presented
hereand-has-several-promising-applications—

. Sea level tracking is a necessary step toward coupling geodynamic models with climate and biological evolution models-
Climate-;_climate models such as FOAM (Tobis et al., 1997) and biological models like Gen3sis (Hagen et al., 2021) require
information about continental configurations --whieh-that can be more accurately provided by dynamically computing sea level

changes from an initial ocean volume.

&be&%ehzmges—mﬁeﬁevehméfevemgeﬂfe#As StagY'Y already includes functionality to estimate volatile outgassing rates
’mcludlng water, it would theoretlcally be possible to 1ncorporate this-inte-a-medel-which-eonsiders-a changing sea volume

into the

model, enabling more integrated models linking deep Earth dynamics with climate, landscape, and biosphere evolution.

Code availability. The code StagY YFS, a testbed code based on StagY'Y, may be used to produce the benchmark results and figures used in
this paper. It is archived on Zenodo under the GPLv3 license under https://doi.org/10.5281/zenodo.18096249 (Tackley and Gray, 2025).
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Appendix A: Spherical annulus benchmark

Constant viscosity model temperature and topography
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Figure A1l. Example of topography generated using a simple constant viscosity model in 2D spherical geometry. The underlying temperature
field shows the location of various plumes and downwellings, which are captured in the surface topography generated using the bilinear
method. This model forms the basis of the 2D scaling tests performed.
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