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1 Introduction

Transport processes in plasma can be - using transport equations, which provide a macroscopic

velocity moments of the particle distribution function

(Schunk, 1977; Schunk and Nagy, 2009; Bittencourt,
2004). Th equations are based on linear relationships between the fluxes (e.g., particle flux, heat flux, and current
density)| the external forces and gradients (e.g., in density, temperature, and pressure) that drive those fluxes. The constants
of proportionality in these linear relations are - transport coefficients—namely, the diffusion coefficient, electrical conI

-ductivity, mobility coefficient, thermoelectric coefficient, and thermal conductivity—which quantify how particles and energy
move through a plasma under the influence of gradients, _and applied _ forces. Each coefficient
characterizes a different aspect of transport, that is, the diffusion coefficient measures the flux of particles driven by spatial vari-
ations in density, providing insight into how species spread within the plasma. The mobility coefficient describes how charged
particles drift in response to an applied electric field, and it is directly related to the electrical conductivity, which connects the

-current density to the electric field. The thermoelectric coefficient links electric fields to temperature gradients and character-

izes the generation of electric voltages and currents in nonluniform thermal environments. Finally, the thermal conductivity
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Abstract. This study systematically derives transport coefficients—electrical conductivity, thermoelectric, diffusion, and mo-
bility—for a Lorentz plasma described by a standard Kappa distribution function. Within the five-moment transport framework,
the standard Kappa distribution serves as the zeroth-order function. Momentum and energy collision terms are obtained via
the Boltzmann collision integral for Coulomb, hard-sphere, and Maxwell molecule interactions, and incorporated into the mo-
mentum equation to formulate generalized Ohm’s and extended Fick’s laws, yielding the transport coefficients. This study also
compares the standard Kappa, modified Kappa, and Maxwellian distributions in terms of their influence on plasma behav-
ior. The results show that for velocity-dependent collisions, such as Coulomb collisions, significant differences arise between
the standard and modified Kappa distributions. For low kappa parameter  values, the standard Kappa distribution reduces
collision frequency and thermalization, making it suitable for collisionless or weakly collisional plasmas. In contrast, the mod-
ified Kappa distribution increases these effects, indicating its relevance for more collisional environments. Consequently, in
Coulomb collisions, the standard distribution weakens momentum and energy exchange compared to the Maxwellian case,
while the modified distribution enhances them. Transport properties are also affected differently: as « decreases, the standard
distribution enhances conductivity, mobility, diffusion, and thermoelectric effects, whereas the modified distribution reduces

conductivity, mobility, and diffusion, with no change in the thermoelectric coefficient.

1 Introduction

Transport processes in plasma can be described using transport equations, which provide a macroscopic representation of the
system through velocity moments of the particle distribution function (Schunk, 1977; Schunk and Nagy, 2009; Bittencourt,
2004). These equations are based on linear relationships between the fluxes (e.g., particle flux, heat flux, and current density)
and the external forces and gradients (e.g., in density, temperature, and pressure) that drive those fluxes.

The constants of proportionality in these linear relations are known as transport coefficients—namely, the diffusion coeffi-
cient, electrical conductivity, mobility coefficient, thermoelectric coefficient, and thermal conductivity—which quantify how
particles and energy move through a plasma under the influence of gradients, and applied external forces. Each coefficient
characterizes a different aspect of transport, that is, the diffusion coefficient measures the flux of particles driven by spatial
variations in density, providing insight into how species spread within the plasma. The mobility coefficient describes how

charged particles drift in response to an applied electric field, and it is directly related to the electrical conductivity, which con-
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determines the heat flux produced by temperature gradients and governs the rate of thermal energy transport within the plasma
(Du, 2013; Wang and Du, 2017; Ebne Abbasi et al., 2017; Ebne Abbasi and Esfandyari-Kalejahi, 2019; Glio/and Dib2019;
Husidic et al., 2021).

g0 For plasmas near thermal equilibrium, the Maxwellian distribution is commonly used to evaluate transport coefficients. How-
ever, space and astrophysical plasmas often contain nonthermal particle populations that cause particle velocity distributions

to deviate from the Maxwellian form. In these nonthermal environments, such distributions are well fitted by the Kappa veloc-

ity distribution functions (Marsch, 2006). Maxwellian distributionl,
_ a power-law tail that capture§ the presence of suprathermalfparticles, feature§ that the Maxwellian distribution

85 fails to describe.

Consequently, several studies have extensively investigated transport coefficients in nonequilibrium plasmas using the Kappa
velocity distribution functions. In particular, studies such as Du (2013)} Wang and Du (2017)| Ebne Abbasi et al. (2017)
Ebne Abbasi and Esfandyari-Kalejahi (2019)| Guo and Du (2019)h derived diffusion, mobility, electrical
conductivity, thermoelectric coefficients, and thermal conductivity based on modified Kappa distributions, which assume a x-

#0Windependent effective temperature and therefore produce a stronger low-energy core and enhanced suprathermal tails relative to

I Maxwellianl
ified form differs fundamentally from the standard (Olbertian) Kappa distribution, introduced by Olbert (1968) and Vasyliunas

(1968), in which the effective temperature is x-dependent, leading to weaker core and morelpronounced high-energy tails.
O VAIEa FUSIGIC AN E021) MO eVANENRERARE transport cocficients [ the standard Kappa

#5INERAL distinctions between the WOMORMS are crucial because the choice of distribution fifipdcts the resulting transport coefficients

| However, this mod-

and their physical interpretation.

All -reviewed studies - simplified collision models rather than the full Boltzmann collision integral. The simplest
models appear in Wang and Du (2017), Ebne Abbasi and Esfandyari-Kalejahi (2019),| and Husidic et al. (2021) which used
Krook-type - operatorl, offering computational simplicity but limited accuracy. More physically based models—such as

B0 those proposed by Du (2013) and Guo and Du (2019)—used macroscopic transport equations derived from idealized relaxation
assumptions. The most advanced work, presented by Ebne Abbasi et al. (2017), used the Fokker-Planck equation to model
Coulomb collisions. While this captures cumulative small-angle scattering and better represents long-range Coulomb forces,
it remains an approximation of the Boltzmann collision integral. Thus, all reviewedlworks share the same limitation: reliance
on simplified collision models. To overcome this limitation, Jwailes et al. (2025) recently introduced a comprehensive re-

B5levaluation of the transport coefficients based on the modified Kappa distribution, using the five-moment approximation Gfithe
_With the Boltzmann collision integral as the collision model. In this approach, a new transport theory I
developed by deriving the five-moment approximation and the corresponding collision terms for various types of collisions for
the modified Kappa distribution. The five-moment momentum equation is then linked to the generalizedIOhm’s law and the
extended Fick’s law, from which the transport coefficients are determined.

60 This study is inspired by the work of Husidic et al. (2021) and follows the same methodology @dStepsiintroduced by Jwailes
et al. (2025). As in Husidic et al. (2021), we focus on evaluating the transport coefficients for the standard Kappa distribution,



nects the current density to the electric field. The thermoelectric coefficient links electric fields to temperature gradients and
characterizes the generation of electric voltages and currents in nonuniform thermal environments. Finally, the thermal con-
ductivityldetermines the heat flux produced by temperature gradients and governs the rate of thermal energy transport within
the plasma (Du, 2013; Wang and Du, 2017; Ebne Abbasi et al., 2017; Ebne Abbasi and Esfandyari-Kalejahi, 2019; Husidic

80 etal., 2021).
For plasmas near thermal equilibrium, the Maxwellian distribution is commonly used to evaluate transport coefficients. How-
ever, space and astrophysical plasmas often contain nonthermal particle populations that cause particle velocity distributions to

deviate from the Maxwellian form. In these nonthermal environments, such distributions are well fitted by the Kappa velocity

distribution functions (Marsch, 2006). -Maxwellian distribution, _ a power-law tail
85 that decays more slowly than the exponential tail of the Maxwellian, making them able {0 capture the presence of suprathermal

particles, a feature that the Maxwellian distribution fails to describe

Consequently, several studies have extensively investigated transport coefficients in nonequilibrium plasmas using the Kappa

velocity distribution functions. In particular, studies such as Du (2013)| Wang and Du (2017)| Ebne Abbasi et al. (2017)|

45 Ebne Abbasi and Esfandyari-Kalejahi (2019)/and Guo and Du (2019) derived diffusion, mobility, electrical conductivity, ther-

moelectric coefficients, and thermal conductivity based on modified Kappa distributions, which assume a /{Iindependent effec-

tive temperature and therefore produce a stronger low-energy core and enhanced suprathermal tails relative to-Maxwellian
distribution.

However, this modified form differs fundamentally from the standard (Olbertian) Kappa distribution, introduced by Olbert

-(1968) and Vasyliunas (1968), in which the effective temperature is x-dependent, leading to Iweaker -core and more

pronounced high-energy tails.

transport coefficients

the standard Kappa
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but we adopt the methodology used in Jwailes et al. (2025), particularly in the formulation of the transport equations, the
evaluation of the collision integrals, and the derivation of the transport coefficients. However, in contrast to Husidic et al. (2021),
Weluse the Boltzmann collision integral as our collision model rather than the Krook-type collision model. This substitution

B8 is essential for obtaining results that more accurately capture the velocity-dependent interaction dynamics inherent to Kappa-
distributed plasmas.

This paper is structured as follows: Section 2 provides a brief review of the Kappa distribution family, introducing the math-
ematical formulations and the physical interpretation of two different types of suprathermal tail distributions: the standard
Kappa and the modified Kappa distribution functions. It also explains how their behaviors differ from that of the Maxwellian

@ distribution. Section 3 presents the theoretical framework of this paper, in which we derive the five-moment approximation
and the corresponding collision terms for the standard Kappa velocity distribution function, considering arbitrary drift-velocity
and temperature differences between the interacting plasma species. This includes three types of collisions: Coulomb colli-
sions, hard-sphere interactions, and Maxwell-molecule collisions. The section concludes with the derivation of the transport
coefficients using the five-moment approximation and the derived collision terms. Section 4 discusses the derived results pre-

Bsented in Section 3 for the standard Kappa distribution and compares them with the corresponding results for both the modified
Kappa distribution and the Maxwellian distribution. Three aspects are considered in the comparison: (i) the effective collision
frequency and thermalisation rate; (ii) the behavior of the collision terms in the case of Coulomb collisions, with a focus on
how collisions affect both the momentum and the energy of the interacting particles; and (iii) the transport coefficients and their
dependence on the kappa parameter. The derived formulas are also compared with results from previous studies, highlighting

B0 their dependence on the kappa parameter. Finally, Section 5 presents the conclusions|

2 Distributions with suprathermal tails

Kappa distributions constitute a broad class of non-Maxwellian velocity distribution functions that effectively describe suprather-

mal particle populations in space and astrophysical plasmas

B missions and their observations of the Kappa distributions]i Among the various formulations proposed in the literature, two

main types are commonly used: the standard Kappa distribution and the modified Kappa distribution. While both distribu-
tions share the general objective of characterizing plasmas with high-energy tails, they differ in their mathematical structure,

parameter definitions, and physical interpretations.
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from equilibrium redistribute particles between the core and suprathermal tails, and with presence of collisional plasmas.
Importantly, as highlighted by Husidic et al. (2021), distinctions between the modified Kappa and standard Kappa distributions
are crucial because the choice of distribution directly affects the resulting transport coefficients and their physical interpretation.

All reviewed studies employed simplified collision models rather than the full Boltzmann collision integral in evaluating
the transport coefficients. The simplest models appear in Wang and Du (2017), Ebne Abbasi and Esfandyari-Kalejahi (2019),
and Husidic et al. (2021) which used a Krook-type operator, offering computational simplicity but limited accuracy. More
physically based models—such as those proposed by Du (2013) and Guo and Du (2019)—used macroscopic transport equa-
tions derived from idealized relaxation assumptions. The most advanced work, presented by Ebne Abbasi et al. (2017), used
the Fokker-Planck equation to model Coulomb collisions. While this captures cumulative small-angle scattering and better
represents long-range Coulomb forces, it remains an approximation of the Boltzmann collision integral. Thus, all reviewed
works share the same limitation: reliance on simplified collision models. To overcome this limitation, Jwailes et al. (2025)
recently introduced a comprehensive re-evaluation of the transport coefficients based on the modified Kappa distribution, using
the five-moment transport approximation with the Boltzmann collision integral as the collision model. In this approach, a new
transport theory was developed by deriving the five-moment approximation and the corresponding collision terms for various
types of collisions for the modified Kappa distribution. The five-moment momentum equation is then linked to the generalized
Ohm’s law and the extended Fick’s law, from which the transport coefficients are determined.

This study is inspired by the work of Husidic et al. (2021) and follows the same methodology introduced by Jwailes et al.
(2025). As in Husidic et al. (2021), we focus on evaluating the transport coefficients for the standard Kappa distribution, but we
adopt the methodology used in Jwailes et al. (2025), particularly in the formulation of the transport equations, the evaluation
of  the collision integrals, and the derivation of| the transport coefficients. However, in contrast to Husidic et al. (2021), we
use the Boltzmann collision integral as our collision model rather than the Krook-type collision model. This substitution is
essential for obtaining results that more accurately capture the velocity-dependent interaction dynamics inherent to Kappa-
distributed plasmas. The study further examined the transport coefficients derived from both the modified and standard Kappa
distributions, highlighting how the selection of a particular Kappa model can markedly alter the magnitude and trends of these
coefficients.

This paper is structured as follows: Section 2 provides a brief review of the Kappa distribution family, introducing the math-
ematical formulations and the physical interpretation of two different types of suprathermal tail distributions: the standard
Kappa and the modified Kappa distribution functions. It also explains how their behaviors differ from that of the Maxwellian
distribution. Section 3 presents the theoretical framework of this paper, in which we derive the five-moment approximation
and the corresponding collision terms for the standard Kappa velocity distribution function, considering arbitrary drift-velocity
and temperature differences between the interacting plasma species. This includes three types of collisions: Coulomb colli-
sions, hard-sphere interactions, and Maxwell-molecule collisions. The section concludes with the derivation of the transport
coefficients using the five-moment approximation and the derived collision terms. Section 4 discusses the derived results pre-
sented in Section 3 for the standard Kappa distribution and compares them with the corresponding results for both the modified

Kappa distribution and the Maxwellian distribution. Three aspects are considered in the comparison: (i) the effective collision
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The concept of the Kappa distribution was first proposed by Olbert (1968) to explain the presence of high-energy particles
.observed in the solar wind and magnetospheric plasmas, and was subsequently formalized by Vasyliunas (1968), who provided
a more rigorous mathematical formulation. This early version is commonly referred to as the Olbertian or standard Kappa
distribution (SK). In velocity space, the drifting standard Kappa distribution is given byl ILazar and Fichtner| 2021)|
ns€(kKg 2\t
N e m

m3/2w3 KsW?2

where n; denotes the number density and w; is the thermal JEIOGIEY of species s, defined as

I we =y 2BTe @)
ms

with m, and T being the particle mass and the absolute temperature, respectively, and kg the Boltzmann constant. The random

velocity c; is defined in terms of the position r, velocity v, and the drift velocity us(r,t) of the species s,

CS(I',VS,t) =Vs —Ug, (3)
The AORMAlIZAGGH function ¢ (r ) INRICHIAEPERASIORTHEKAPPAPATAMEISEAR! is given by
_as9 I'(ks+1)
_ 3/2 s
I §<K’S) K’S F(KZS _ 1/2)| .

- parameter l determines the slope of the power-law tails. Within this framework, the effective temperature ., obtained

via the second velocity moment, depends on the kappa parameter 4 and is written as

2
Kg msw Kg
T;I: 2 = Ts. 5
ks —3/2 2kg Kk, —3/27° ®)

As k4 increases, the effective temperature decreases until it - the Maxwellian temperature 7. This dependence implies

-that the enhanced presence of suprathermal particles contributes additional energy to the systeml effectively heating the plasma.
Moreover, the expression for the effective temperature in - 5 imposes a condition on the kappa parameter, namely

ks > 3/2; below this value the effective temperature diverges and is therefore undefined (Pierrardland Lazar, 2010).
Decades later, inspired by the principles of non-extensive statistical mechanics introduced by Tsallis (2012)| Livadiotis
(2017) developed a new theoretical perspective reformulated the Kappa distribution into what is now known as the modified
-Kappa distribution (MK). In velocity space, the modified Kappa distribution is given byl ILivadiotisl 2018| Davis et al.l 2023)|
PR cot) = nsn(ks) (1 e c? )_Ks_l’ ©)

Pt o

where w; is defined as in EqUiation 2. The fOfMaliZation function in this case takes the form

,3/2 F(l{s—i-l) 3

n(ks) = Ko, m7 Ko, = Ks — 9 (7

Here, ko, represents the invariant Iappa index, while k, is the shape parameter that governs the slope of the suprathermal

-tails. As before, the condition x, > 3/2 must be satisfied to ensure that the modified Kappa distribution function in -



frequency and thermalisation rate; (ii) the behavior of the collision terms in the case of Coulomb collisions, with a focus on
how collisions affect both the momentum and the energy of the interacting particles; and (iii) the transport coefficients and their
dependence on the kappa parameter. The derived formulas are also compared with results from previous studies, highlighting
their dependence on the kappa parameter. Finally, Section 5 presents the conclusions, summarizing the main findings of this

100 study,

2 Distributions with suprathermal tails

Kappa distributions constitute a broad class of non-Maxwellian velocity distribution functions that effectively describe suprather-

mal particle populations in space and astrophysical plasmas. Among the various formulations proposed in the literature, two

main types are commonly used: the standard Kappa distribution and the modified Kappa distribution. While both distribu-
105 tions share the general objective of characterizing plasmas with high-energy tails, they differ in their mathematical structure,

parameter definitions, and physical interpretations.

The concept of the Kappa distribution was first proposed by Olbert (1968) to explain the presence of high-energy particles

observed in the solar wind and magnetospheric plasmas, and was subsequently formalized by Vasyliunas (1968), who provided

a more rigorous mathematical formulation. This early version is commonly referred to as the Olbertian or standard Kappa
110 distribution (SK). In velocity space, the drifting standard Kappa distribution is given by Lazar and Fichtner (2021) as,

2 —Kks—1
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where n4 denotes the number density and wj is the thermal speed of species s, defined as

wy =/ 22 @)
ms

with m, and T being the particle mass and the absolute temperature, respectively, and kg the Boltzmann constant. The random

115 velocity c; is defined in terms of the position r, velocity v, and the drift velocity us(r,t) of the species s,
cs(ravsat) =Vs —Ug, (3)

The kappa dependent function £(k) is given by

_.—3/2 F(“S""l)
g("is) = Kg F(Iis 7 1/2)7 (4)

where ks is the kappa parameter that determines the slope of the power-law tails. Within this framework, the effective temper-

120 ature T, obtained via the second velocity moment, depends on the kappa parameter 4 and is written as,

2
v Ks MWy Ky
5= ks —3/2 2kp ns—3/2Ts' )

As kg increases, the effective temperature decreases until it approaches the Maxwellian temperature 7 (Lazar et al., 2016).

This dependence implies that the enhanced presence of| suprathermal particles contributes additional energy to the system,






effectively heating the plasma. Moreover, the expression for the effective temperature in . ISI imposes a condition on the

-kappa parameter, namely x5 > 3/2; below this value the effective temperature diverges and is therefore undefined (Pierrard

and Lazar, 2010).
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remainslwell defined. This modified version introduces a stronger thermodynamic basis by decoupling the effective temperature

from the kappa parameter ~, making it a kappa independent quantity, as given by

2
Ko mswy
T4 —2 =T, 8

I KRs — 3/2 2]@‘]3 ( )

which is identical to the Maxwellian temperature and remains constant regardless of the value of x| This ensures that variations
-in the high-energy tails do not change the overall thermal energy -of the plasma. In this sense, thelmodiﬁed Kappa
distribution maintains the same total thermal energy content as a Maxwellian plasma while redistributing the particles between
the core and tail regions.

On the similarity side, both the standard and modified Kappa distributions are used to describe particle populations with
suprathermal tails, since both distributions retain a power-law form and exhibit suprathermal tails that are higher than those of
80 the Maxwellian distribution| Moreover, both distributions reduce to the Maxwellian distribution in the limiting case where £

approaches infinity, (Pierrard and Lazar, 2010).
lim f*= lim fi*= % exp <_c§2> . ©)

w32 w? w?

Kg—00 Kg—00

This behaviour is illustrated in Figure 1, where increasing x, causes both the standard and modified Kappa distributions to
converge smoothly toward the Maxwellian distribution. Although the standard and modified Kappa distributions share this
88 common limiting behavior and exhibit similar qualitative features, they differ in their mathematical formulation and physical
interpretation. The mathematical distinction between the two forms _ their parameterization and normalization.
The standard distribution employs « in the energy-dependent term, while the modified version replaces it with ks — 3/2.
While this shift may appear minor, it significantly affects the scaling of the velocity distributions, resulting slightly flatter high-
energy tails in the modified Kappa distribution compared to the standard Kappa distribution for the same x4 value. Moreover,
f400in the standard Kappa distribution, the effective temperature of the particles depends on k,, making it much higher than the
temperature in the Maxwellian case. However, for the modified Kappa distribution, the effective temperature is independent of

ks, making it identical to the Maxwellian temperature.
Ihese differences are reflected in how the particlel velocit.is distributed. To illustrate how the two Kappa distributions
differ from the Maxwellian distribution, Fig. 2 shows a comparison between the Maxwellian, the modified Kappa, and the
@80standard Kappa distributions. The first thing we can notice is that both the modified and the standard Kappa distributions Ve
_ the Maxwellian distribution, which is a defining characteristic of Kappa distributions. At the same
time, we can also observe differences in the shape of each distribution, which are directly related to the effective temperature.
In the standard Kappa distribution, the effective temperature . is higher than that of both the Maxwellian and the modified
Kappa distributions, as shown in - 5. Consequently, the population of high-energy suprathermal particles (i.e., at large
80 velocity magnitudes) is significantly enhanced compared to the other distributions. At the same time, this increase in high-
energy particles is accompanied by a reduction in the particle population within the low-energy core (i.e., at small velocity
magnitudes). On the other hand, in the modified Kappa distribution, the effective temperature is the same as in the Maxwellian

distribution.
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Decades later, inspired by the principles of non-extensive statistical mechanics introduced by Tsallis (2012)! Livadiotis

(2017) developed a new theoretical perspective and reformulated the Kappa distribution into what is now known as the modified
Kappa distribution (MK). In velocity space, the modified Kappa distribution is given by Livadiotis (2018) and Davis et al.
(2023) as,

2 —ks—1
JMK (1, 1) = Lel0e) (” = 2> : ©)

73/ 2w3 Ko, W

K] S

where w; is defined as in Eq. (2). The kappa dependent function in this case takes the form

- I(ks+1 3
n(@)=%fﬂﬁ, Ro, = hy 5. )

2
Here, x, represents the invariant kappa index, while r is the shape parameter that governs the slope of the suprathermal tails.

As before, the condition x, > 3/2 must be satisfied to ensure that the modified Kappa distribution function in Eq. (7) remains

well defined. This modified version introduces a stronger thermodynamic basis by decoupling the effective temperature from

the kappa parameter s, making it a kappa independent quantity, as given by

2
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which'is identical to the Maxwellian temperature and remains constant regardless of the value of x4 (Lazar et al., 2016).

This ensures that variations in the high-energy tails do not change the overall thermal energy of the plasma. In this sense, the
modified Kappa distribution maintains the same total thermal energy content as a Maxwellian plasma while redistributing the

particles between the core and tail regions.






On the similarity side, both the standard and modified Kappa distributions are used to describe particle populations with
suprathermal tails, since both distributions retain a power-law form and exhibit suprathermal tails that are higher than those of
the Maxwellian distribution.

Moreover, both distributions reduce to the Maxwellian distribution in the limiting case where /-@slapproaches infinity, (Pier-
rard and Lazar, 2010).

lim K= lim fMK= # exp (-Z-Z) . )

Kg—>00 Ks—>00

This behaviour is illustrated in Figure 1, where increasing x, causes both the standard and modified Kappa distributions to

-converge smoothly toward the Maxwellian distribution. Although the standard and modified Kappa distributions share this

common limiting behavior and exhibit similar qualitative features, they differ in their mathematical formulation and physical
interpretation. The mathematical distinction between the two forms _ their parameterization and normalization.
The standard distribution employs x, in the energy-dependent term, while the modified version replaces it with x; — 3/2.

While this shift may appear minor, it significantly affects the scaling of the velocity distributions, resulting slightly flatter high-

155 energy tails in the modified Kappa distribution compared to the standard Kappa distribution for the same r¢ value. Moreover,

in the standard Kappa distribution, the effective temperature of the particles depends on x5, making it much higher than the

temperature in the Maxwellian case. However, for the modified Kappa distribution, the effective temperature is independent of

ks, making it identical to the Maxwellian temperature.
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These differences are reflected in how the particle velocities are distributed. To illustrate how the two Kappa distributions
differ from the Maxwellian distribution, Fig. 2 shows a comparison between the Maxwellian, the modified Kappa, and the
standard Kappa distributions. The first thing we can notice is that both the modified and the standard Kappa distributions
exhibit enhanced tails compared to the Maxwellian distribution, which is a defining characteristic of Kappa distributions. At
the same time, we can also observe differences in the shape of each distribution, which are directly related to the effective
temperature.

In the standard Kappa distribution, the effective temperature 77 is higher than that of both the Maxwellian and the mod-
ified Kappa distributions, as shown in Eq. (5). Consequently, the population of high-energy suprathermal particles (i.e., at
large velocity magnitudes) is significantly enhanced compared to the other distributions. At the same time, this increase in
high-energy particles is accompanied by a reduction in the particle population within the low-energy core (i.e., at small ve-
locity magnitudes). On the other hand, in the modified Kappa distribution, the effective temperature is the same as in the
Maxwellian distribution. To maintain this equality in temperature, particles are redistributed between the low-energy core and
the high-energy tail without changing the system’s total thermal energy. As a result, the high-energy tail of the modified Kappa
distribution is lower than that of| the standard Kappa distribution, while the particle population in the low-energy core be-
comes significantly higher. The mathematical and physical properties of the Maxwellian, standard Kappa, and modified Kappa
velocity distribution functions, discussed above, are summarized in Table 1.

Both the standard and modified Kappa distributions are used in different contexts. The standard Kappa distribution is the
most commonly used tool in space plasma studies, where it provides excellent fits to spacecraft observations from the solar wind
and planetary magnetospheres (Vasyliunas, 1968; Olbert, 1968; Collier and Hamilton, 1995; Collier et al., 1996; Maksimovic
etal., 1997; Lazar and Fichtner, 2021). It captures the empirical relationship between suprathermal particle populations and the
observed nonthermal heating of plasmas. On the other hand, the modified Kappa distribution, is mainly used in theoretical and
statistical modeling, particularly in studies of systems governed by non-extensive entropy, long-range interactions, and quasi-
stationary states (Lima et al., 2001; Livadiotis, 2015; Yoon, 2014; Livadiotis, 2017). It provides a self-consistent description
of plasma systems that exhibit deviations from classical thermodynamic equilibrium without requiring an increase in thermal

energy.

3 Theoretical Formulation

In this section, we present the five-moment approximation of the transport equation system, along with the corresponding
collision terms and transport coefficients, using the standard Kappa distribution as the velocity distribution function. The
derivation follows the same mathematical framework and analytical steps established in Jwailes et al. (2025). While the full

detailed calculations are not repeated here, the essential assumptions and methodological structure remain the same.
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To maintain this equality in temperature, particles are redistributed between the low-energy core andlthe high-energy tail
-without changing the system’s total thermal energy. As a result, the high-energy tail of the modified Kappa distribution is lower
than that of the standard Kappa distribution, while the particle population in the low-energy core becomes significantly higher.

Both the standard and modified Kappa distributions are used in different contexts. The standard Kappa distribution is the

most commonly used tool in space plasma studies, where it provides excellent fits to spacecraft observations from the solar
windl planetary magnetospheres_. It captures the empirical relationship between suprathermal particle
-populations and the observed nonthermal heating of plasmas. On the other hand, the modified Kappa distribution, is mainly
used in theoretical and statistical modeling, particularly in studies of systems governed by non-extensive entropy, long-range

interactions, and quasilstationary states. It provides a self-consistent description of plasma systems that exhibit deviations from

classical thermodynamic equilibrium without requiring an increase in thermal energy.
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3.1 Transport equations

The transport equations describe the spatial and temporal evolution of the physically significant velocity moments, such as
number density, drift velocity, temperature, pressure tensor, stress tensor, and heat flow vector. These equations are obtained by
multiplying the Boltzmann equation by an appropriate velocity-dependent function and then integrating over the velocity space,
as presented in Schunk (1977), Schunk and Nagy (2009), and Bittencourt (2004). However, the general transport equations do
not constitute a closed system since each moment equation depends on a higher-order moment. To close the system, the velocity
distribution function, is approximated by expanding it into a complete orthogonal series around an appropriate zeroth-order
distribution function f§0) (Grad, 1949; Mintzer, 1965). When only the first term of this expansion is retained, the species
distribution function f, is represented by the zeroth-order function, féo). The general system of transport equations then
reduces to the so-called five-moment approximation, in which the stress, heat flux, and all higher-order moments are neglected.
At this level of approximation, the properties of each species are described by five parameters: the number density, three
components of drift velocity, and temperature. If the chosen zeroth-order distribution function fs(o) has a stress tensor T
and a heat flux vector q, equal to zero, as in the drifting Maxwellian, drifting modified Kappa, and drifting standard Kappa
distributions (Scherer et al., 2019), and if the main external forces acting on the charged particles are gravitational and Lorentz

forces, the five-moment approximation equations become (Schunk, 1977; Jwailes et al., 2025),

ons  Ong
5t~ o TV (mews), (10)
oM D.u "
&s = ngms l;ts +Vpt
ﬂwme—m%<E+%XB>, (11)
C

JE, 3D.pf 5 ,
5t —2 Dr TaPs(Vius). (12)

In these equations, the symbol V denotes the gradient in Spatial coordinate§. The operator Dy /D¢, is defined as

D, 0

The partial pressure associated with the species s can be expressed as
ps =nskpT§, (14)

with ng(r,t) being the number density and T (r,¢) the effective temperature associated with the standard Kappa distribution
given in Eq.(5). The charge and the mass of the species s are donated by es and mg, respectively. The vectors E and B
correspond to the electric and magnetic fields, while G represents the gravitational acceleration. Finally, c is the speed of light
in vacuum.

The five-moment approximation given in Eqs. (10-12) differs from the approximations obtained for the Maxwellian and

modified Kappa distributions (Jwailes et al., 2025). In particular, the partial pressure here depends explicitly on the Kappa
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3 Theoretical Formulation

In this section, we JEfiVE the five-moment approximation of the SJSEEMIOR transport equation§, along with the corresponding
collision terms and transport coefficients, using the standard Kappa distribution as the velocity distribution function. The
derivation follows the same mathematical framework and - steps established in Jwailes et al. (2025). While the full

detailed calculations are not repeated here, the essential assumptions and methodological structure remain the same.
3.1 Transport equations

The transport equations describe the spatial and temporal evolution of the physically significant velocity moments, such as
number density, drift velocity, temperature, pressure tensor, stress tensor, and heat flow vector. These equations are obtained
by multiplying the Boltzmann equation by an appropriate velocity-dependent function and then integrating over the velocity
space, as presented in Schunk (1977), Schunk and Nagy (2009), and Bittencourt (2004). Ihe general transport equations do not

constitute a closed system
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OECHINANIE higher-order momentJEGUAIGAY. To close the system, the velocity distribution functionfif§, is approximated by
expanding it into a complete orthogonal series around an appropriate zeroth-order distribution function

_(Grad, 1949; Mintzer, 1965). When only the first term of this expansion is retained, the
species distribution function f5, is represented by the zeroth-order function, fs(o). The general system of transport equations
then reduces to the so-called five-moment approximation, in which the stress, heat flux, and all higher-order moments are
neglected. At this level of approximation, the properties of each species are described by five parameters: the number density,
three components of drift velocity, and temperature. If the chosen zeroth-order distribution function f§0) has a stress tensor T
and a heat flux vector q5 equal to zero, as in the drifting Maxwellian, drifting modified Kappa, and drifting standard Kappa
distributions (Scherer et al., 2019), and if the main external forces acting on the charged particles are gravitational and Lorentz

forces, the five-moment approximation equations become (Schunk, 1977'
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5t = or TV (naus), (10)
oM, D,u,
i =y Vi

C

B
—nsmsG —ngeg (EI Us X ) , (11)

SE. 3D.p. 5
_3 5 w). 12
5 —2Dr ol (V) (12)

In these equations, the symbol V denotes the gradient in coordinatef§Pa8. The operator D, /D¢, is defined as

D, 0
D—t—a-i-us-v. (13)

The partial pressure associated with flili§ species ISIgIVEIIDY

Ds :nskBTs; (14)

with n4(r,t) being the number density and T (r,t) the temperaturel _he charge and mass of

species s, respectively. The vectors E and B correspond to the electric and magnetic fields, while G represents the gravitational

acceleration. Finally, c is the speed of light_

200MN3.2 Collision terms

The terms appearing on the left-hand side of the five-moment approximation (10—12), are called the collision
terms, also known as the transfer collision integral. These terms represent the
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change of density, momentum, and energy due to collisions, _delned -

considered. The appropriate expression in the

case of binary elastic collisions between particles (collisions governed by inverse power lawsl and resonant charge exchange

BAOMNGBINISIBHR) is the Boltzmann collision[ififegrall(Schunk, 1977; Schunk and Nagy, 2009) JEiNeniby

e general expressions for the collision terms under the assumption that the velocity distribution functions of both
interacting species, s and ¢, follow drifting standard Kappa distributionsl - for the three types of collisionleoulornb
collisions, hard-sphere interactions, and Maxwell molecule collisionsEafeioummarizedibelow:

ong

5t =0, (20)

M, )

5t :ZnsmsVzt(’isaﬁt)(b(gsﬂAust, ( )
i

0F,

3
ot = n [5 kp v o (ks ki) U(es) AT
t

+ Mg V3§ (K, kie) R(est) | Auge|*] @
B85 where the relative drift velocity Aug,; and relative temperature difference ATS are defined by
Auy = u; — ug, (.)

AT = H(ky) T} — H(rks) Ty, 2]



3.2 Collision terms

225 The terms appearing on the left-hand side of the five-moment approximationsystem, Eqs. (10—12), are called the collision

terms, also known as the transfer collision integral. These terms represent the hange of density, momentum, and

energy due to collisions, -denled . 5n3|6t
considered. The appropriate expression in the case of binary elastic collisions
between particles ( ollisions governed by inverse power laws and resonant charge exchange) is the Boltzmann collision

Schunk, 1977;

Nagy, 2009)
The general expressions for the collision terms, under the assumption that the velocity distribution functions of both inter-
240 acting species, s and t, follow drifting standard Kappa distributions) are summarized below for the three types of collisions;

Coulomb collisions, hard-sphere interactions, and Maxwell molecule collisions
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and the drift-to-thermal speed ratio 4, is given by

|Allst| 2kB,I‘st
Est=———, Wst=4{/—, (29)
Wst Mst

B8O with the reduced mass m; and the reduced temperature T’ are defined as

N

3

MMyt msTy + ITS
= T = .
st M _‘r_mta st - ¥ (.)

The kappaldependent terms vy and 13y - represent, respectively, the effective collision frequency and the thermal equilibration

rate (or simply the thermalisation rate) for systems described by the standard Kappa distribution, and they are defined as

1/212(/65,/%) = VstD(’is’ﬁt)a (.)
m
Vibr (s ie) = 25 03, )

where v, denote the effective collision frequency rate for systems governed by the Maxwellian distribution. The factors v, @,

.. and dependf on th tpe ofcolsion OIS UESPHES MBSO SSHEEOIO
- summarized

GO collisions!
P40 Thi effeciive colisian frequency for Coulomb collsions i the Maxwella case
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where the relative drift velocity Aug; and relative temperature difference ATE.are defined by
250 Aug =u;—u,, (20
AT =H(ky) T, — H(ks)Ts, @10

and the drift-to-thermal speed ratio €4 is given by

|Allst| 2kBTst
Est="——) Wst=1/—, (22)

Wst Mt

with the reduced mass m; and the reduced temperature T, are defined as

e T |

The kappa-dependent terms v and v 3%, represent, respectively, the effective collision frequency and the thermal
equilibration rate (or simply the thermalisation rate) for systems described by the standard Kappa distribution, and they are
defined as

I/SStK(K;s,KJt) = l/stD(lis,I’\}t), (.)

o o)< B

where vg; denote the effective collision frequency rate for systems governed by the Maxwellian distribution. The

, D, and H depend on the type of collision

for Coulomb collisions

265 and hard-sphere interactions, they are defined as:
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Hard-sphere interactions|

r Maxwell molecule collisionsfilil the NEXWelliaRIcasels

270NNTENACEOTSIDIERAN arc defined as
D(ks,k¢) = 1, @)

K
H(ko) = ————, a=s,t. (I)
A few remarks - the collision terms _are worth noting. -he collision terms for non-drifting

standard Kappa distributions can be obtained by setting the drift velocities of both interacting particles s and ¢ to zero, us =
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For Maxwell molecule collisions, they are defined as

D(ks, k1) =1, (28)

(Ko —3/2)

A few remarks on the collision terms are worth noting. The collision terms for non-drifting standard Kappa distributions

H(kq) = a=s,t. (29

can be obtained by setting the drift velocities of both interacting particles s and ¢ to zero, us = uy = 0, in Egs. (17-19). The
same result holds when the drift velocities of species s and ¢ are equal, i.e., u; = u;. Another point is that, in the limit as «
approaches infinity, Kk = ks = K¢, the collision terms, Egs. (17=19), exactly recover the same results as those for the Maxwellian
distribution (Schunk and Nagy, 2009), with the same definitions of ®, ¥, and v,,. That is, the effective collision frequency, the
thermalisation rate, and the relative temperature difference, which are the terms that the collision terms depend on the kappa

parameter through, reduce to their form in the Maxwellian case

Nlgrolo vSK(k, k) = v, (30)

: SK
im v (K, K) = Vst,T, 31
K—r 00O

lim ATSK =7, - T, = AT,,. (32)

K—00

Hence,

lim D(x,x) = lim H(k)=1. (33)

K— 00 K—00
With v, 7 denoting the thermalisation rate for systems governed by the Maxwellian distribution, defined as

Mt

Vst, T = 2 Vst (34)

my
Obtaining the Maxwellian result provides a consistency check that the derived collision terms are correct, since the standard
Kappa distribution reduces to a Maxwellian distribution when the kappa parameter « approaches infinity, as discussed in

Section 2.
3.3 Transport coefficients

A Lorentz plasma is a type of plasma characterized by negligible electron—electron collisions compared to electron—ion colli-
sions, allowing the electrons to be treated as moving through a background of nearly stationary ions (Du, 2013). In this setting,
and adopting the standard Kappa distribution, the transport coefficients—namely, the electrical conductivity o., thermoelectric
coefficient ., diffusion coefficient D., and mobility coefficient y.—can be derived using the five-moment approximation.
The procedure starts from the momentum equation with a drifting standard Kappa distribution, equation (18), for a simple

electron—ion collision. By assuming a steady, low-inertia regime with unmagnetized plasma (B = 0), negligible gravitational

12
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7= Equationsi20922 ). The same result holds when the drift velocities of species s and t are equal, i.e., u; = u,. SECONA

, in the limit as k approaches

infinity, K = k4 = Ky, the collision terms, ), exactly recover the same results as those for the Maxwellian
distribution (Schunk and Nagy, 2009), with the same definitions of ®, ¥, and v,,. That is, the effective collision frequency, the
B8O thermalisation rate, and the relative temperature difference, which are the terms that the collision terms depend on the kappa

parameter through, reduce to their form in the Maxwellian case

lim v (%, 5) = Vs, @
K—00
Jim V3 (s, K) = vaer, @

lim ATf =T, —T, = ATy. @

K—00

285 Hence,
lim D(k,x) = lim H(k) =1. @
With v, 7 denoting the thermalisation rate for systems governed by the Maxwellian distribution, defined as

Mgt
Vst, T = 2 - Vst (l)
m

t

Obtaining the Maxwellian result provides a consistency check that the derived collision terms are correct, since the standard
-Kappa distribution reduces to a Maxwellian distribution when the kappa parameter « approaches infinity, as discussed in

Section 2.
3.3 Transport coefficients

A Lorentz plasma is a type of plasma characterized by negligible electron—electron collisions compared to electron—ion colli-
sions, allowing the electrons to be treated as moving through a background of nearly stationary ions (Du, 2013). In this setting,
-and adopting the standard Kappa distribution, the transport coefficients—namely, the electrical conductivity o., thermoelectric
coefficient a., diffusion coefficient D., and mobility coefficient y.—can be derived using the five-moment approximation.
The procedure starts from the momentum equation with a drifting standard Kappa distribution, equation (21), for a simple
electron—ion collision. - assuming a steady. low-inertia regimel unmagnetized plasma (B = 0)
gravitational effects (G = 0), negligible ion drift (u; ~ 0), _ drift velocity
- IE” = 0), the electron momentum equation reduces to the following form (Jwailes et al., 2025),

negligible

to the thermal

kT, nek Nee
N, = 25 Vn, + —2 VT, + —_E. (I)
Mele; Mele; Mele;
By setting Vn, = 0, as in Husidic et al. (2021), - reduces to the generalized Ohm’s law :
Je
E="%1a,VT. (50)
Oc
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where E denotes the electric field and J. is the current density, with e being the electron charge and n. the electron number

-density. From this, we can identify the electrical conductivity and thermoelectric coefficient as

2
Ne€
Oe = — (I)
Mel,;
kB
Qe = —?- (.)

Alternatively, by setting VT, = 0, as in Husidic et al. (2021), we obtain the extended Fick’s law :

T.=-D.Vn.— pienE. 59

Bi0where T, denotes the particle flux density, and the diffusion and mobility coefficients are identified as

D. - kiﬂl (I)
Mol
e

He = @ (.)

_, and . represent the mathematical forms of the transport coefficients governing electron dynamics in

a Lorentz plasma with a standard Kappa distribution. Together, they demonstrate that electrical conducti., thermoelectric

BABINEITEEHS, diffusion, and mobility coefficients are controlled primarily by the electron—ion collision frequency.

4 Comparison of collision processes and transport coefficients

In this section, we present a comprehensive comparison of the results derived in Section 3 for three types of distributions: the
standard Kappa, modified Kappa, and Maxwellian distributions. The comparison focuses on three aspects. First, we examine
the effective collision frequency and the thermalisation rate. Next, we analyze the collision terms, specifically for Coulomb

collisions. Finally, we compare the resulting transport coefficients for each distribution.
4.1 Effective collision frequency and thermalisation rate

The effective collision frequency describes the average rate of how frequently collisions occur, determining the efficiency of
momentum transfer within the system, while the thermalisation rate measures how rapidly the system approaches thermal
equilibrium through collisions. Both quantities are essential for understanding the exchange of momentum and energy between
particles due to collisions. Within the five-moment approximation of the transport equations, these quantities are obtained
directly from the momentum and energy collision terms. Expressions for the standard Kappa distribution are given in EqUiations
-and (.). Corresponding expressions for the modified Kappa distribution can be found in Jwailes et al. (2025), while those
for the Maxwellian distribution are provided in Schunk and Nagy (2009).

BGQUations (27) and (28) show that, for the standard Kappa distribution, both the effective collision frequency and the ther-

B80malisation rate are affected by the kappa-dependent function D(ks, ;). This function depends on the kappa parameters r ¢ and
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effects (G = 0), and negligible ion drift velocity (u; ~ 0), as appropriate for a Lorentz plasma, while allowing electrons to
retain a small but finite drift velocity relative to the thermal speed (so that e.; = 0), the electron momentum equation reduces

to the following form (Jwailes et al., 2025),

kTt ck e
“nou, = G U+ TG VTS + G B (35)

mev

eVei eZeq et

By setting Vn. = 0, as in Husidic et al. (2021), and substituting the expression for the effective temperature 7 using Eq.(5),
Eq. (35) reduces to the generalized Ohm’s law :

Je
E="+a/VT.. (36)
Oe
where E denotes the electric field and J. is the current density, with e being the electron charge and n. the electron number
density. From this, we can identify the electrical conductivity and thermoelectric coefficient as

nee?

= —, 37

oe mevSK (37)
kB Ke

— = ). 38
e € (ne -3/ 2) '
Alternatively, by setting VT, = 0, which consequently implies that VI;* = 0, as in Husidic et al. (2021), we obtain the extended
Fick’s law :
I'.=-D.Vn.—penE. (39)

where I'. denotes the particle flux density, and the diffusion and mobility coefficients are identified as

kpTr
D, = o K (40)
e
= 4
fe mevSK 41)

Egs. 37), (38), (40), and (41) represent the mathematical forms of the transport coefficients governing electron dynamics in
a Lorentz plasma with a standard Kappa distribution. Together, they demonstrate that electrical conductivity, thermoelectric,

diffusion, and mobility coefficients are controlled primarily by the electron—ion effective collision frequency.

4 Comparison of collision processes and transport coefficients

In this section, we present a comprehensive comparison of the results derived in Section 3 for three types of distributions: the
standard Kappa, modified Kappa, and Maxwellian distributions. The comparison focuses on three aspects. First, we examine
the effective collision frequency and the thermalisation rate. Next, we analyze the collision terms, specifically for Coulomb

collisions. Finally, we compare the resulting transport coefficients for each distribution.

13



EGUsphere®

k¢ of the interacting species s and ¢ and its form varies with the type of collision process considered. In collision processes
such asjMaxwell molecule interactions, where the collision frequency is independent of particle velocity, the redistribution of
particles’ velocities introduced by the standard Kappa distribution has no effect. In this case, D = 1, and both the effective

collision frequency and the thermalisation rate remain identical to the Maxwellian case,

SO ARaRANE = v 1 6)

In contrast, for collision processes that strongly depend on particle velocity, the standard Kappa distribution significantly
affects both the effective collision frequency and the thermalisation rate. This effect becomes particularly evident in processes
such as Coulomb collisions and hard-sphere interactions, where the velocity distribution plays a central role. In these cases,

B4 the function D vary according to the kappa parameters r s and r, as given in Equation (38). To compare the effective collision
frequency and thermalisation rate with the Maxwellian case, and to better understand their behaviour, we consider the special

case Kk = K = Ky, so that the expressions, v3; and 3§ I, reduce to

—1/2\?
Vit = Vst (%) ) (I)
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Figure 3. Dependence of the effective collision frequency 5 and thermalisation rate usstIfT on the kappa parameter ~ for Coulomb collisions

and hard-sphere interactions, as defined in Eq. (43).

4.1 Effective collision frequency and thermalisation rate

The effective collision frequency describes the average rate of how frequently collisions occur, determining the efficiency of
momentum transfer within the system, while the thermalisation rate measures how rapidly the system approaches thermal
equilibrium through collisions. Both quantities are essential for understanding the exchange of momentum and energy between
particles due to collisions. Within the five-moment approximation of the transport equations, these quantities are obtained
directly from the momentum and energy collision terms. Expressions for the standard Kappa distribution are given in Egs. (24)
and (25). Corresponding expressions for the modified Kappa distribution can be found in Jwailes et al. (2025), while those for
the Maxwellian distribution are provided in Schunk and Nagy (2009).

Eqgs. (24) and (25) show that, for the standard Kappa distribution, both the effective collision frequency and the thermalisation
rate are affected by the kappa-dependent function D(ks, ;). This function depends on the kappa parameters 4 and k; of the
interacting species s and ¢ and its form varies with the type of collision process considered. In collision processes such as
Maxwell molecule interactions, where the collision frequency is independent of particle velocity, the redistribution of particles’
velocities introduced by the standard Kappa distribution has no effect. In this case, D = 1, and both the effective collision

frequency and the thermalisation rate remain identical to the Maxwellian case,

SK SK
Vg =UVst, and Vstor = Vst,T- 42)
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B45IEGUATeNS (57) and (58) show that both the effective collision frequency and the thermalisation rate are reduced at low values
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of k and increase as k increases. As x goes to infinity, the kappa term in - (.) approaches 1, and the results converge
to those of the Maxwellian distribution, as illustrated in Figure 3. In this figure, we plot the kappa dependency for both the

effective collision frequency and the thermalisation rate; in other words, the ratios v35 /vs; and V:IZ)T /Vst,T as functions of the
kappa parameter. This behaviour arises from the redistribution of the particles’ velocities in the standard Kappa distribution.
As discussed in Section 2, low values of x correspond to a reducf in the population of particles near the core with a small
velocity magnitude compared to a Maxwellian distribution. Since collision frequency in Coulomb collision and hard sphere

interactions are inversely proportional to function of velocity, this reduction leads to lower effective collision frequency and

thermalisation rates at small x values.
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ForthemodiiedRappadiSHibution, ) wailes et al. (2025) derived both the effective collision frequency and the thermalisation

rate. Since both the standard and the modified Kappa distributions primarily redistribute particles’ velocities, the effective
collision frequency remains unchanged when the collision frequency is independent of velocity. This is the case for Maxwell

molecule interaction, for which the collision frequency is constant across Maxwellian, standard Kappa, and modified Kappa
distributions

SK ___ MK __ SK _— MK —
Vg = Vg = Vst, and Vst 7 = Vst 7 = Vst, T+ (.)



835  In contrast, for collision processes that strongly depend on particle velocity, the standard Kappa distribution significantly
affects both the effective collision frequency and the thermalisation rate. This effect becomes particularly evident in processes
such as Coulomb collisions and hard-sphere interactions, where the velocity distribution plays a central role. In these cases,
the function D vary according to the kappa parameters x5 and x;, as given in . (l). To compare the effective collision

frequency and thermalisation rate with the Maxwellian case, and to better understand their behaviour, we consider the special

2
vk = vy (H—_1/2> : (I)
KR

(43) and (44) show that both the effective collision frequency and the thermalisation rate are reduced at low
f x and increase as  increases. As x goes to infinity, the kappa term in . (I) approaches 1, and the results converge
to those of the Maxwellian distribution, as illustrated in Figure 3. In this figure, we plot the kappa dependency for both the
effective collision frequency and the thermalisation rate; in other words, the ratios Vsstr /st and VsStIfT /vst,r as functions of the

kappa parameter. This behaviour arises from the redistribution of the particles’ velocities in the standard Kappa distribution.
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where v}y and V;“tl‘l represent the effective collision frequency and the thermalisation rate, respectively, for systems described
by the modified Kappa distribution. For collisions in which the collision frequency depends on particle velocity, such as
Coulomb collisions or hard-sphere interactions, the choice of distribution strongly affects the effective collision frequency and
the thermalisation rate. As discussed earlier, in the standard Kappa distribution, low values of « lead to a reduced effective
collision frequency compared to the Maxwellian case. However, this is not the case for the modified Kappa distribution, which
predicts the opposite behaviour, showing an increased effective collision frequency at low x values. Figure 4 illustrates this
behaviour by showing the effective collision frequency as a function of reduced temperature in the case of Coulomb collision
for Maxwellian, standard Kappa, and modified Kappa distributions. -gure shows that all three distributions exhibit the
same general behaviour. However, the standard Kappa distribution shows a lower effective collision frequency compared to
the Maxwellian distribution, while the modified Kappa distribution shows a significantly higher effective collisions frequency
relative to the Maxwellian case. This behaviour arises from the redistribution of particle velocities in the standard and modified
Kappa distributions, as discussed in Section 2. At low « values, the low number of particles near the low energy core in the
standard Kappa distribution leads to a lower effective collision frequency and thermalisation rate compared to the Maxwellian
case. For the modified Kappa distribution, the number of particles near the core with small velocity magnitudes is higher than

in the Maxwellian distribution, which increases the collision frequency for Coulomb collisions and hard sphere interactions.
4.2 Collision terms

The collision terms for the five-moment approximation, presented in equations (-), describe how the density, momentum,
and energy for species s change due to collisions. These terms depend onl the number density ng, drift velocity ug, and
temperature 7 for species s, as well as on the .corresponding parameters of species ¢, number density n;, drift velocity uy,
and temperature 7;. Additionally, two functions of ks and x;, namely D(ks, ;) and H(k ), @ = s,t, which contribute to the
effective collision frequency, the thermalisation rate, and the relative temperature difference. The particle masses mg and my
are constant and remain unchanged throughout the collision process for all types of collisions; as a result, the density collision
term vanishes, as shown in _

In the Maxwellian case, both functions D(ks, ) and H(k,), o = s,t, are set equal to one; see Sub-subsection 3.2. The
behaviour of the momentum and energy collision terms in this case was studied in detail by Jwailes et al. (2025), providing an
explanation for the physical trends shown in Figures 5a and 5b. Figure 5a shows the isolines of the magnitude of the momentum
collision term, assuming that the direction of Aug, along the z-axis, while Figure 5b shows the isolines of the corresponding
energy collision term. Both figures display the dependence on Aug; and T, with all other constants set to 1.0 for simplicity.
Assuming identical parameters for all ¢ particles, the summation over ¢ in _) reduces to multiplication by their
number, V¢, which is set to 1000 for the sake of comparison with other cases.

To understand how the standard Kappa distribution changes the collision terms, we plot the isolines of the momentum and
energy collision terms as functions of Aug; and T, as shown in Figure 6. We assume equal kappa values for both species, s

and t, i.e., ks = Ky = K, to allow a direct comparison with the Maxwellian case and under the same conditions as in Figure Sa.

The corresponding cross-sections at T = 0 are shown in Figure 7 QR UG MOMERIUMICOUISION (et (e Behavior CIosely
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As discussed in Section 2, low values of « correspond to a reduction in the population of particles near the core with a small
velocity magnitude compared to a Maxwellian distribution. Since collision frequency in Coulomb collisions and hard sphere
interactions are inversely proportional to function of velocity, this reduction leads to lower effective collision frequency and
thermalisation rates at small s values.

For the modified Kappa distribution, Jwailes et al. (2025) derived both the effective collision frequency and the thermalisation
rate. Since both the standard and the modified Kappa distributions primarily redistribute particles’ velocities, the effective
collision frequency remains unchanged when the collision frequency is independent of velocity. This is the case for Maxwell

molecule interaction, for which the collision frequency is constant across Maxwellian, standard Kappa, and modified Kappa

distributions
SK MK SK MK
Vst = Vst = Vst and Vst, T = Vst, T = Vst, T+ (45)
where v Y and v MX represent the effective collision frequency and the thermalisation rate, respectively, for systems described
b

by the modified Kappa distribution. For collisions in which the collision frequency depends on particle velocity, such as
Coulomb collisions or hard-sphere interactions, the choice of distribution strongly affects the effective collision frequency and
the thermalisation rate. As discussed earlier, in the standard Kappa distribution, low values of « lead to a reduced effective
collision frequency compared to the Maxwellian case. However, this is not the case for the modified Kappa distribution, which
predicts the opposite behaviour, showing an increased effective collision frequency at low x values. Figure 4 illustrates this
behaviour by showing the effective collision frequency as a function of reduced temperature in the case of Coulomb collision
for Maxwellian, standard Kappa, and modified Kappa distributions. Figure 4, shows that all three distributions exhibit the
same general behaviour. However, the standard Kappa distribution shows a lower effective collision frequency compared to
the Maxwellian distribution, while the modified Kappa distribution shows a significantly higher effective collisions frequency
relative to the Maxwellian case. This behaviour arises from the redistribution of particle velocities in the standard and modified
Kappa distributions, as discussed in Section 2. At low « values, the low number of particles near the low energy core in the
standard Kappa distribution leads to a lower effective collision frequency and thermalisation rate compared to the Maxwellian
case. For the modified Kappa distribution, the number of particles near the core with small velocity magnitudes is higher than

in the Maxwellian distribution, which increases the collision frequency for Coulomb collisions and hard sphere interactions.
4.2 Collision terms

The collision terms for the five-moment approximation, presented in equations (17—19), describe how the density, momentum,
and energy for species s change due to collisions. These terms depend on the number density ng, drift velocity u,, and
temperature T for species s, as well as on the corresponding parameters of species ¢, number density n;, drift velocity uy,
and temperature T;. Additionally, two functions of x4 and x:, namely D(ks, x¢) and H(x,,), @ = s,¢, which contribute to the
effective collision frequency, the thermalisation rate, and the relative temperature difference. The particle masses ms and m;
are constant and remain unchanged throughout the collision process for all types of collisions; as a result, the density collision

term vanishes, as shown in Eq. (17).

16
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Figure 5. (a) The momentum collision term in units of [ N/ 'm? ], and (b) the energy collision term in units of [ W/ m? ] for the Maxwellian

velocity distribution function in the case of Coulomb collisions.

In the Maxwellian case, both functions D(ks, %) and H(k,), o = s,t, are set equal to one; see Sub-subsection 3.2. The
behaviour of the momentum and energy collision terms in this case was studied in detail by Jwailes et al. (2025), providing an
explanation for the physical trends shown in Figures 5a and 5b. Figure 5a shows the isolines of the magnitude of the momentum
collision term, assuming that the direction of Aug; along the z-axis, while Figure 5b shows the isolines of the corresponding
energy collision term. Both figures display the dependence on Auy; and T, with all other constants set to 1.0 for simplicity.
Assuming identical parameters for all ¢ particles, the summation over ¢ in Egs. (17-19) reduces to multiplication by their

number, Ny, which is set to 1000 for the sake of comparison with other cases.

For the momentum collision term, the behavior closely follows the Maxwellian case, with D(x, ) scaling the effective

To understand how the standard Kappa distribution changes the collision
terms, we plot the isolines of the momentum and energy collision terms as functions of Aug; and T, as shown in Figure 6. We
assume equal kappa values for both species, s and ¢, i.e., ks = k; = K, to allow a direct comparison with the Maxwellian case
and under the same conditions as in Figure 5a. The corresponding cross-sections at 7 = 0 are shown in Figure 7.

For the energy collision term, the function
W(k,k) =D(k,k)H(k) (46)

appears in the first term of Eq. (19), while D(k, ) contributes to the second term. The overall behavior is similar to the
Maxwellian case, with smaller values of « yielding a smaller energy collision term. Overall, both collision terms increase with

increasing k, converging toward the Maxwellian result.
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For the energy collision term, the function

W(k, k) = D(x, k) H(k) (60)

appears in the first term _, while D(k, %) contributes to the second term. The overall behavior is similar to the
Maxwellian case, with smaller values of x yielding a smaller energy collision term. Overall, both collision terms increase with
increasing x, converging toward the Maxwellian result.

For the modified Kappa distribution, Jwailes et al. (2025) have studied the behavior of the collision term and compared it
with that of the Maxwellian distribution under the same conditions previously applied to the standard Kappa distribution. The
results show that the collision terms behave similarly to the standard Kappa and the Maxwellian distribution; however, the
modified Kappa distribution amplifies the collision terms at low values of «. That is, collisions have a stronger influence on
momentum and energy exchange between particles due to Coulomb interactions, which is the opposite behavior of the standard
Kappa distribution discussed earlier. This significant difference is shown in Figure 8, which presents the cross sections of the
momentum and energy collision terms at Ts = 0 as functions of Au;. It is clear that, at the same value of &, the collision terms
in the modified Kappa distribution are much larger than those in both the standard Kappa and the Maxwellian distributions.
This behavior is consistent with the results of Sub-section 4.1, where we found that the effective collision frequency and the
thermalization rate are significantly higher for the modified Kappa distribution than for the standard Kappa distribution, as a

result of how the particles distribute near the core.
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For the modified Kappa distribution, Jwailes et al. (2025) have studied the behavior of the collision term and compared it
with that of the Maxwellian distribution under the same conditions previously applied to the standard Kappa distribution. The
results show that the collision terms behave similarly to the standard Kappa and the Maxwellian distribution; however, the
modified Kappa distribution amplifies the collision terms at low values of . That is, collisions have a stronger influence on
momentum and energy exchange between particles due to Coulomb interactions, which is the opposite behavior of the standard
Kappa distribution discussed earlier. This significant difference is shown in Figure 8, which presents the cross sections of the
momentum and energy collision terms at T; = 0 as functions of Aug,. It is clear that, at the same value of &, the collision terms
in the modified Kappa distribution are much larger than those in both the standard Kappa and the Maxwellian distributions.
This behavior is consistent with the results of Sub-section 4.1, where we found that the effective collision frequency and the
thermalization rate are significantly higher for the modified Kappa distribution than for the standard Kappa distribution, as a

result of how the particles distribute near the core.
4.3 Transport coefficients

The transport coefficients for the standard Kappa distribution exhibit a clear and systematic dependence on the kappa param-
eters. This dependence is primarily determined by two factors: the effective electron temperature 7 and the electron—ion
effective collision frequency v/5X.

In particular, the kappa dependence associated with the effective temperature appears in coefficients that are directly related
to the system temperature, specifically the thermoelectric coefficient e, and the mobility coefficient u.. Both of these coeffi-
cients are directly influenced by changes in the effective temperature associated with the standard Kappa distribution, where at
low values of the kappa parameter, the system temperature increases compared to the Maxwellian case, leading to an increase
in both the thermoelectric coefficient ., and the mobility coefficient 1. Because this dependency arises from the effective
temperature, it impacts the entire system regardless of the type of interaction between particles (i.e., the effect is the same for
all three types of collisions: Coulomb collisions, hard-sphere interactions, and Maxwell molecules).

The second source of kappa dependence arises from the effective collision frequency, whereas the electrical conductivity,

ySK

el ?

diffusion, and mobility all reflect this dependence through as these transport coefficients are inversely proportional to
the effective collision frequency. As discussed earlier, when k = ks = K, the standard Kappa distribution affects the effective
collision frequencies of various collision types differently. For Maxwell molecules, the effective collision frequency is identical
to the Maxwellian case, and the kappa dependency of the effective collision frequency does not appear in their transport
coefficients. However, for Coulomb collisions and hard-sphere interactions, the effective collision frequency decreases as x
decreases, leading to a increase in the transport coefficients at low values of x compared to the Maxwellian case!

In Figure 9, we show the kappa dependence of the electrical conductivity, mobility coefficient, thermoelectric coefficient,
and diffusion coefficient by plotting the ratio§ o. /oM, e /M, @ /oM, and D, /DM as functions of the kappa parameter &.

Here, 02’[, /f;’l, agl, and Dg’[ represent, respectively, the electrical conductivity, mobility coefficient, thermoelectric coefficient,
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4.3 Transport coefficients
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sphere interactions, the effective collision frequency decreases as x decreases, leading to a increase in the transport coefficients
at low values of x compared to the Maxwellian case_ Figure 9, - showl the kappa dependence of the electrical
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B4 a simplified representation of collisions, our work uses the full Boltzmann collision integral, which offers a more realistic

description, particularly for Coulomb collisions.
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For the modified Kappa distribution, the transport coefficients were derived by Jwailes et al. (2025). the standard
Kappa distribution, the modified Kappa distribution _ the thermoelectric coefficient

, the remaining transport coefficients are influenced through the effective collision
frequency . If the collision frequency is independent

of particle velocity, the effective collision frequency remains unchanged, and the transport coefficients are _
_. For collisions in which the collision frequency depends on
particle velocity—such as Coulomb collisions or hard-sphere interactions—the effective collision frequency is affected by the
modified Kappa distribution. As a result, the transport coefficients acquire a kappalparameter dependence, where the transport
-coefﬁcient at small kappa values becomes smaller than in the Maxwellian case. This behavior is opposite to that of the standard
Kappa distribution, where, as mentioned earlier, small kappa values increase the transport coefficient relative to the Maxwellian
caseFigure 10 illustrates this difference by plotting the electrical conductivity as a function of the reduced temperature . the
_Maxwellian, modified Kappa, and standard Kappa. The figure shows thatlall three distributions exhibit the
same general behavior; however, the standard Kappa distribution yields a higher electrical conductivity than the Maxwellian,
-while the modified Kappa distribution yields a lower value. This difference arises from the redistribution of particle velocities.
At low &, the standard Kappa distribution contains fewer particles in the low-energy core than the Maxwellian, reducing the
collision frequency for interactions inversely proportional to velocity, such as Coulomb collisions and hard sphere interactions.

This lowers the effective collision frequency _t low k. In contrast, the modified Kappaldistribution
increases the population of core particles, leading to higher collision frequencies for these interactions.



The difference in the kappa dependence _a.rises from the collision models used in deriving the trans-
port coefficients. While Husidic et al. (2021) employed a Krook-type collision model, which provides a simplified representa-

tion of collisions, our work uses the full Boltzmann collision integral, which offers a more realisticldescription, particularly for

455 Coulomb collisions.

B B B B 5 ¥
\

3
\

For the modified Kappa distribution, the transport coefficients were derived by Jwailes et al. (2025).
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bution. As a result, the transport coefficients acquire a kappa parameter dependence, where the transport coefficient at small
kappa values becomes smaller than in the Maxwellian case. This behavior is opposite to that of the standard Kappa distribution,
where, as mentioned earlier, small kappa values increase the transport coefficient relative to the Maxwellian case.

Figure 10 illustrates this difference by plotting the electrical conductivity as a function of the reduced temperature in the
case of Coulomb collisions for the Maxwellian, modified Kappa, and standard Kappa distributions. The figure shows that
all three distributions exhibit the same general behavior; however, the standard Kappa distribution yields a higher electrical
conductivity than the Maxwellian, while the modified Kappa distribution yields a lower value. This difference arises from the
redistribution of particle velocities. At low «, the standard Kappa distribution contains fewer particles in the low-energy core
than the Maxwellian, reducing the collision frequency for interactions inversely proportional to velocity, such as Coulomb
collisions and hard sphere interactions. This lowers the effective collision frequency at low x. In contrast, the modified Kappa
distribution increases the population of core particles, leading to higher collision frequencies for these interactions.

The results presented in Figure 10 are consistent with those reported in previous studies. In particular, the behavior of the
standard Kappa distribution shown in the figure agrees with the findings of Husidic et al. (2021), as also illustrated in Figure 9.
For the modified Kappa distribution, similar trends have been reported in earlier work. As discussed in Jwailes et al. (2025),
the results are in good agreement with those of Ebne Abbasi et al. (2017). Both studies indicate that plasmas described by
a Maxwellian distribution exhibit higher electrical conductivity than those described by a modified Kappa distribution. The
reason for this agreement is that Ebne Abbasi et al. (2017) used the Fokker—Planck collision operator, which models Coulomb
collisions similarly to the approach used by Jwailes et al. (2025). However, when comparing Jwailes et al. (2025) with the
work of Du (2013), the same behavior is not observed. This difference arises because the collision model used in that study
is not appropriate for modeling Coulomb collisions. In particular, the simplified approach does not adequately account for the
enhanced thermal core of the modified Kappa distribution function; instead, the suprathermal tails dominate the trend of the
electric conductivity.

A comparison of the electrical conductivity for three distributions: Maxwellian, modified Kappa, and standard Kappa made
by Husidic et al. (2021) reveals a different ordering , as the one shown in Figure 10. The modified Kappa distribution lies
between the Maxwellian and the standard Kappa distributions. This is because the simplified Krook-type collision operator
does not adequately distinguish between different Kappa distributions. More specifically, it underrepresents the contribution
of the enhanced thermal core in the modified Kappa distribution while overemphasizing the role of suprathermal tails. Since
the modified Kappa distribution has weaker tails than the standard Kappa distribution but stronger tails than the Maxwellian
distribution, its electrical conductivity falls between the two—higher than the Maxwellian case but lower than the standard
Kappa case.

Another point of agreement between our results and those of Husidic et al. (2021) concerns the relationship between the
electrical conductivity and the mobility coefficient. Specifically, the expressions derived for the electrical conductivity and

mobility, given in Egs. (37) and (41), respectively, for the standard Kappa distribution, satisfy the well-known relation

Oc = Nee e, (51)
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Table 2. Mathematical and physical comparison between the Maxwellian, standard Kappa, and modified Kappa velocity distribution func-

tions for Coulomb collisions

Feature / Aspect Maxwellian (M) Standard Kappa (SK) Modified Kappa (MK)
—1/2\? —1/2\?

Effective collision frequency Ve s <%) v <: — 3; 2)

Eftective collision frequency behavior at low x  Baseline Lower than Maxwellian ~ Higher than Maxwellian

Thermalisation rate
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M (r=1)2 2
ei,T 5—3/2

Thermalisation rate behavior at low < Baseline Lower than Maxwellian ~ Higher than Maxwellian
Momentum exchange at low & Baseline Lower than Maxwellian =~ Higher than Maxwellian
Energy exchange at low < Baseline Lower than Maxwellian ~ Higher than Maxwellian

Thermoelectric coefficient

Thermoelectric coefficient behavior at low «
Electrical conductivity

Electrical conductivity behavior at low s
Diffusion coefficient

Diffusion coefficient behavior at low s
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Baseline Higher than Maxwellian
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Lower than Maxwellian




Table 2. Mathematical and physical comparison between the Maxwellian, standard Kappa, and modified Kappa velocity distribution func-

tions for Coulomb collisions

Feature / Aspect Maxwellian (M) Standard Kappa (SK) Modified Kappa (MK)

. . . o (k—1/2\7 o (E—1/2\°
Effective collision frequency Vs V< < - / ) v (&_—3;2)
Effective collision frequency behavior at low x  Baseline Lower than Maxwellian Higher than Maxwellian

2 2
Thermalisation rate W= Mei vSe M k=172 v K172
’ mi ’ K ’ k—3/2
Thermalisation rate behavior at low x Baseline Lower than Maxwellian Higher than Maxwellian
Momentum exchange at low & Baseline Lower than Maxwellian Higher than Maxwellian
Energy exchange at low x Baseline Lower than Maxwellian Higher than Maxwellian

Thermoelectric coefﬁcient—

Thermoelectric coefficient behavior at low
Electrical conductivit
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Diffusion coefficien
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Table 3. Mathematical and physical comparison between the Maxwellian, standard Kappa, and modified Kappa velocity distribution func-

tions for hard sphere interaction

Feature / Aspect Maxwellian (M) Standard Kappa (SK) Modified Kappa (MK)

. iy -1/2)° —1/2\?
Effective collision frequency VHS VHS <%> PHS <Z — 3; 2)
Effective collision frequency behavior at low x  Baseline Lower than Maxwellian ~ Higher than Maxwellian

2 2
- ei —-1/2 —-1/2
Thermalisation rate 1/2 = 2m—1/§is 1/2 T u 1/2/; T K1/
’ m; ’ K T \k—3/2
Thermalisation rate behavior at low ~ Baseline Lower than Maxwellian ~ Higher than Maxwellian
Momentum exchange at low Baseline Lower than Maxwellian ~ Higher than Maxwellian
Energy exchange at low x Baseline Lower than Maxwellian ~ Higher than Maxwellian

Thermoelectric coefficient . .

Thermoelectric coefficient behavior at low s

Electrical conductivity -

Electrical conductivity behavior at low x Higher than Maxwellian

Mobility coefficient g (Y w(o2y
He T omets He k—1/2 He k—1/2
Mobility coefficient behavior at low Baseline Higher than Maxwellian ~ Lower than Maxwellian

Diffusion coefficient

Diffusion coefficient behavior at low s




Table 3. Mathematical and physical comparison between the Maxwellian, standard Kappa, and modified Kappa velocity distribution func-

tions for hard sphere interaction

Feature / Aspect Maxwellian (M) Standard Kappa (SK) Modified Kappa (MK)
2 2
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Table 4. Mathematical and physical comparison between the Maxwellian, standard Kappa, and modified Kappa velocity distribution func-

tions for Maxwell molecule interactions

Feature / Aspect Maxwellian (M) Standard Kappa (SK) Modified Kappa (MK)
Effective collision frequency e vMe vMe
Effective collision frequency behavior at low =  Baseline Same as Maxwellian Same as Maxwellian

Thermalisation rate
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2

M
Vei, T

M
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Thermalisation rate behavior at low x Baseline Same as Maxwellian Same as Maxwellian
Momentum exchange at low Baseline Same as Maxwellian Same as Maxwellian
Energy exchange at low k Baseline Higher than Maxwellian ~ Same as Maxwellian

Thermoelectric coefficient

Thermoelectric coefficient behavior at low k
Electrical conductivity

Conductivity conductivity behavior at low &

Diffusion coefficient

Diffusion coefficient behavior at low k

Mobility coefficient

Mobility coefficient behavior at low

ame as Maxwellian
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Table 4. Mathematical and physical comparison between the Maxwellian, standard Kappa, and modified Kappa velocity distribution func-

tions for Maxwell molecule interactions

Feature / Aspect Maxwellian (M) Standard Kappa (SK) Modified Kappa (MK)
Effective collision frequency vMe M e
Effective collision frequency behavior at low x  Baseline Same as Maxwellian Same as Maxwellian
Thermalisation rate ulevlin = mEAi zlggc Vgi’T ygli’T
Thermalisation rate behavior at low Baseline Same as Maxwellian Same as Maxwellian
Momentum exchange at low & Baseline Same as Maxwellian Same as Maxwellian
Energy exchange at low x Baseline Higher than Maxwellian ~ Same as Maxwellian
. . M kg M M
Thermoelectric coefficient Qg = —— Qe Qe
e
Thermoelectric coefficient behavior at low x Baseline Higher than Maxwellian ~ Same as Maxwellian
2
nee K
Electrical conductivit M= ] i o
uctivity Oe¢ e Oc K=/ Oe
Conductivity conductivity behavior at low & Baseline Same as Maxwellian Same as Maxwellian
e . kpTe K
Diffusion coefficient DY = DY —— DY
iffusi i © = o A =ys P
Diffusion coefficient behavior at low & Baseline Higher than Maxwellian ~ Same as Maxwellian
Mobility coefficient M= LMC M M
meyei
Mobility coefficient behavior at low & Baseline Same as Maxwellian Same as Maxwellian
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5 Conclusions

For a Lorentz plasma described by a standard Kappa distribution, we derive expressions for the transport coefficients: elec-
trical conductivity, thermoelectric, diffusion, and mobility. The analysis begins with a closed system of transport equations
for isotropic plasmas within the five-moment approximation. Transport properties are defined relative to the random velocity
-of each species, with the velocity distribution function expanded in an orthogonal polynomial series about a drifting standard
Kappa distribution. By taking only the first term and neglecting higher order moments yields the five-moment approxima-
tion. The corresponding momentum and energy collision terms are evaluated via the Boltzmann collision integral for several
interaction types, including Coulomb collisions, hard-sphere interactions, and Maxwell molecule collisions. Under suitable as-
sumptions for an unmagnetized, steady-state plasma, explicit expressions for the transport coefficients for the standard Kappa
-distribution are obtained from the momentum equation.

The methodology adopted in this study is broadly comparable to that of Jwailes et al. (2025), particularly in terms of the
formulation of the transport equations, the evaluation of the collision integrals, and the derivation of the transport coefficients.
However, a fundamental distinction between the two studies leads to markedly different physical outcomes. While Jwailes et al.
(2025) employed a modified Kappa distribution function, the present work is based on the standard Kappa distribution. These

-two distributions differ substantially in their statistical representation of plasma particle populations, resulting in distinct plasma
responses and transport properties. Although the mathematical forms of the governing equations appear similar, the physical
interpretation of the quantities involved depends critically on the specific Kappa distribution adopted. This difference motivates
the detailed comparative analysis presented in Section 4. That analysis compares three velocity distributions: Maxwellian,
standard Kappa, and modified Kappa, across three stages. The first stage examined the effect of the kappa parameter on the

-effective collision frequency and the thermalisation rate. The second stage focused on how the kappa parameter affects the
momentum and energy collision terms for Coulomb collisions. The third stage investigated the impact of the kappa parameter
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5 Conclusions

For a Lorentz plasma described by a standard Kappa distribution, we derive expressions for the transport coefficients: elec-
trical conductivity, thermoelectric, diffusion, and mobility. The analysis begins with a closed system of transport equations
for isotropic plasmas within the five-moment approximation. Transport properties are defined relative to the random velocity
of each species, with the velocity distribution function expanded in an orthogonal polynomial series about a drifting standard
Kappa distribution. By taking only the first term and neglecting higher order moments yields the five-moment approxima-
tion. The corresponding momentum and energy collision terms are evaluated via the Boltzmann collision integral for several
interaction types, including Coulomb collisions, hard-sphere interactions, and Maxwell molecule collisions. Under suitable as-
sumptions for an unmagnetized, steady-state plasma, explicit expressions for the transport coefficients for the standard Kappa
distribution are obtained from the momentum equation.

The methodology adopted in this study is broadly comparable to that of Jwailes et al. (2025), particularly in terms of the
formulation of the transport equations, the evaluation of the collision integrals, and the derivation of the transport coefficients.
However, a fundamental distinction between the two studies leads to markedly different physical outcomes. While Jwailes et al.
(2025) employed a modified Kappa distribution function, the present work is based on the standard Kappa distribution. These
two distributions differ substantially in their statistical representation of plasma particle populations, resulting in distinct plasma
responses and transport properties. Although the mathematical forms of the governing equations appear similar, the physical
interpretation of the quantities involved depends critically on the specific Kappa distribution adopted. This difference motivates
the detailed comparative analysis presented in Section 4. That analysis compares three velocity distributions: Maxwellian,
standard Kappa, and modified Kappa, across three stages. The first stage examined the effect of the kappa parameter on the
effective collision frequency and the thermalisation rate. The second stage focused on how the kappa parameter affects the
momentum and energy collision terms for Coulomb collisions. The third stage investigated the impact of the kappa parameter
on transport coefficients, including electrical conductivity, diffusion, mobility, and the thermoelectric coefficient. The results
of this comparison reveals that the standard Kappa distribution exhibits behavior that is qualitatively different from that of the
modified Kappa distribution.

The main distinctions between the results of the standard and modified Kappa distribution functions are summarized as
follows: (1) The standard Kappa distribution introduces an explicit dependence on the kappa parameter x4 through the partial
pressure in the five-moment approximation system, whereas this dependence is absent in the modified Kappa distribution.
(2) For velocity-independent interactions, such as Maxwell molecules, the choice of velocity distribution does not affect the
collision frequency or the thermalization rate. (3) For velocity-dependent interactions, including Coulomb and hard-sphere
collisions, low x values in the standard Kappa distribution reduce the effective collision frequency, the number of collisions,
and the thermalization rate, making it suitable for collisionless or weakly collisional environments, while in the modified Kappa
distribution, low « values increase these quantities, indicating its appropriateness for collisional plasmas. (4) As a result, in the
case of a Coulomb collision, the standard Kappa distribution leads to weaker momentum and energy exchange compared to

the Maxwellian case, whereas the modified Kappa distribution significantly enhances this exchange. (5) The standard Kappa
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large-velocity approximation, reducing accuracy at low velocities (Fichtner et al., 1996). Additionally, the standard Kappaldis-

tribution becomes unphysical for x < 3/2,

oping a transport theory for the standard Kappa distribution via a generalized polynomial expansion, extending the theory to

collision frequency- thermalization

only for « > 3/2. Future work should address these limitations by devel-

anisotropic plasmas, incorporating the exact velocity-dependent Coulomb cross-section| _the Iegularized Kappa

listribution (Scherer et al., 2017, 2019) l ensure finite moments and thermodynamic consistency.
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distribution affects transport coefficients through both the effective temperature and the effective collision frequency, while the
modified Kappa distribution does so only via the effective collision frequency. (6) In the Coulomb collision case, a plasma
described by the standard Kappa distribution exhibits enhanced transport properties as the value of x decreases. Specifically,
lower x values lead to more efficient electrical conductivity, greater mobility of charged particles in response to electric fields,
faster particle diffusion, and a stronger conversion of temperature gradients into electric current compared to the Maxwellian
case. In contrast, when the plasma is described by the modified Kappa distribution, decreasing « produces the opposite effect.
Electrical conductivity becomes less efficient, the motion of charged particles under electric fields is more restricted, and
particle diffusion is slower than in the Maxwellian case. However, the conversion of temperature gradients into electric current
remains unchanged, occurring at the same rate as in the Maxwellian distribution.

While this study advances non-Maxwellian transport theory, it has several limitations. The approach relies on the five-
moment approximation, retaining only the first expansion term and neglecting higher-order moments that could affect system
behavior. It assumes isotropic plasmas, limiting applicability to real space environments, where magnetization and tempera-
ture or pressure anisotropies are common. The Coulomb collision cross-section is simplified using a constant logarithm and
large-velocity approximation, reducing accuracy at low velocities (Fichtner et al., 1996). Additionally, the standard Kappa
distribution becomes unphysical for « < 3/2, and therefore quantities derived from it, such as the collision frequency, ther-
malization rate, and transport coefficients, are only physically meaningful for x > 3 /2. This restriction is consistent with the
mathematical behavior of the kappa dependent terms D and H, which exhibit divergences: in some cases for k < 1/2, and in
others for k < 3/2.

Future work should address these limitations by developing a transport theory for the standard Kappa distribution via a gen-
eralized polynomial expansion, extending the theory to anisotropic plasmas, and incorporating the exact velocity-dependent
Coulomb cross-section. Alongside these theoretical developments, ongoing research is investigating transport coefficients de-
rived from the regularized Kappa distribution (Scherer et al., 2017, 2019), which ensures finite moments and maintains ther-
modynamic consistency, including a detailed comparison with the results reported by Husidic et al. (2022). Additionally,
comparisons with observational data—particularly from the solar wind—are crucial, with efforts focused on evaluating the

predictive accuracy of both the Standard Kappa and Modified Kappa distributions against in-situ measurements.

Appendix A
The effective collision frequency for Coulomb interactions in the case of a standard Kappa distribution is given by
2
—1/2
vSK = (M) : (A1)
K

where v, is the effective collision frequency in the Maxwellian case. For Coulomb collisions in a Maxwellian plasma, v, is
inversely proportional to the mean free path Ang, (Livadiotis, 2019), which represents the average distance a particle travels

between successive collisions. Therefore, for a standard Kappa distribution, the effective collision frequency can be expressed
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