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Abstract. Satellite altimetry provides valuable measurements of sea surface height (SSH) but is characterized by irregular
spatiotemporal sampling and substantial data gaps arising from orbital configurations, sensor limitations, and environmental
conditions. These sampling properties pose challenges for constructing continuous and dynamically consistent SSH fields. In
this study, we develop an interpolation framework based on implicit neural representations (INRs), in which SSH is repre-
sented as a continuous function of space and time. The framework employs sinusoidal representation networks (SIREN) to
enable smooth gradients and efficient spectral representation. To improve reconstruction in regions with sharp spatial transi-
tions, such as fronts and eddy boundaries, we incorporate a total variation (TV) regularization term, allowing the model to
preserve abrupt features while maintaining global smoothness. The combination of a continuous, differentiable INR formu-
lation with gradient-based regularization provides a compact and flexible approach for SSH reconstruction. We evaluate the
proposed framework using both multi-mission satellite altimetry observations and high-resolution numerical simulations. Ex-
periments conducted indicate that the proposed SIREN-TV framework can recover fine-scale and locally sharp structures while
preserving the large-scale variability of the SSH field. The method maintains a level of global accuracy comparable to existing
interpolation and data-assimilation approaches, but provides enhanced spatial detail in regions affected by strong gradients,
fronts, or mesoscale activity. In addition, the continuous and fully differentiable representation enables direct computation
of spatial derivatives, facilitating higher-order oceanographic diagnostics. These results suggest that INR-based formulations

offer a promising complementary avenue for SSH interpolation under sparse and irregular sampling configurations.
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1 Introduction

Satellite altimetry provides the primary observational foundation for estimating sea surface height (SSH), a key variable for
understanding ocean circulation, sea-level variability, and large-scale climate processes. Gridded SSH products derived from
satellite altimetry are widely used in oceanographic research, supporting analyses of mesoscale and submesoscale dynamics
and their role in the global ocean energy budget (Srinivasan and Tsontos, 2023). However, altimetric observations are in-
herently limited by sensor capabilities, atmospheric interference (e.g., clouds and precipitation), and orbital configurations,
which together lead to irregular spatiotemporal sampling and substantial data gaps (Fablet et al., 2021).These limitations pose
significant challenges for reconstructing SSH fields that are continuous and capable of resolving small-scale variability from
incomplete observations (Shi and Jin, 2024).

Over the past decades, numerous algorithmic approaches have been developed to address the SSH mapping problem. The
Data Unification and Altimeter Combination System (DUACS) represents the most established operational framework, relying
on space—time optimal interpolation (OI) to merge multi-mission altimeter observations into gridded products (Le Traon and
Dibarboure, 1999). The DUACS system provides robust large-scale SSH estimates and resolves oceanic features down to
150-200 km in wavelength at midlatitudes. Nevertheless, OI’s linear statistical formulation limits its ability to capture nonlinear
ocean processes, resulting in the loss or smoothing of mesoscale and submesoscale structures such as fronts and eddies (Stegner
et al., 2021). Many studies have sought to enhance the space—time resolution of gridded SSH products. The dynamical optimal
interpolation (DOI) framework incorporates a dynamical constraint based on potential vorticity conservation into the optimal
interpolation procedure (Ubelmann et al., 2015). This approach demonstrated improved representation of fine-scale structures
that are typically smoothed or filtered out by conventional DUACS products. More recently, the back-and-forth nudging (BFN-
QG) approach introduces a dynamical constraint derived from quasigeostrophic dynamics into the assimilation procedure,
enhancing the resolution of SSH reconstructions (Le Guillou et al., 2021). Despite these advances, enhancing the reconstruction
resolution of gridded altimetry products remains an ongoing challenge.

In recent years, data-driven and artificial intelligence (Al)-based algorithms have been proposed to address problems di-
rectly related to oceanography. Notably, preliminary results indicate promising potential for reconstructing and predicting sea
surface conditions from partial and noisy satellite observations (Manucharyan et al., 2021; Lou et al., 2023; Camargo et al.,
2023; Denvil-Sommer et al., 2023). The concept behind data-driven interpolation is to utilize machine learning to estimate
values based on patterns and statistical relationships derived from training data, rather than relying on external instructions and
assumptions. Despite these advances, most existing approaches still rely on discrete grid-based representations, which limit
spatial continuity and restrict resolution by predefined sampling intervals.

To overcome the limitations of discrete grid-based formulations, implicit representations have emerged as an alternative
framework for modeling continuous fields. Instead of storing discrete values at fixed grid points, an implicit representation
models a field as a continuous function that maps coordinates to signal values, allowing fine-scale structures to be captured
without being constrained by grid resolution. Recent advances in computer vision and graphics have demonstrated that fully

connected neural networks can serve as continuous and memory-efficient implicit representations for geometric entities such
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as shape components (Genova et al., 2019), objects (Oechsle et al., 2019), and scenes (Sitzmann et al., 2019). These models,
known as Implicit Neural Representations (INRs), parameterize continuous functions using multi-layer perceptrons (MLPs)
that learn coordinate-to-value mappings for complex spatial or spatiotemporal signals (Xu et al., 2022).

Beyond their conceptual elegance, INRs possess several properties that make them particularly attractive for scientific field
reconstruction. Defined on a continuous domain, INRs are highly memory-efficient and can represent fine-scale variability
limited only by the capacity of the network architecture (Huang et al., 2021). Their differentiable formulation allows analytical
computation of gradients and higher-order derivatives via automatic differentiation, independent of fixed grids. As a result,
INRs have been successfully applied to shape modeling (Ye et al., 2022), texture synthesis (Guan et al., 2023), inverse problems
(Molaei et al., 2023), and generative modeling (Wiesner et al., 2022). However, their adoption in the Earth sciences remains
limited, particularly in oceanographic contexts. Motivated by these advantages, this study leverages INRs to learn a continuous
representation from sparse altimetry observations and to reconstruct high-resolution SSH fields across the domain.

The representational capacity of an INR depends critically on the design of its neural architecture. Conventional MLPs
often struggle to represent high-frequency variations, which has motivated several architectural refinements. For instance,
coordinate-based networks frequently employ Fourier Feature Mapping to enhance the modeling of fine-scale details, but this
approach can lead to noisy or unstable gradients (Tancik et al., 2020). An alternative formulation, the Sinusoidal Representation
Network (SIREN), introduces periodic (sine) activation functions within fully connected networks to operate directly in the
spectral domain (Sitzmann et al., 2020). This design facilitates the representation of complex, high-frequency structures while
maintaining smooth and differentiable signal continuity. In this study, we adopt the SIREN formulation for its simplicity,
differentiability, and strong spectral representation capacity.

In satellite altimetry data, SSH generally exhibits smooth spatial variations; however, localized abrupt changes may arise
due to influences such as seabed topography, mesoscale eddies, wave activity, or storm events. These discontinuities are of
particular importance, as they reflect critical dynamical processes within the ocean system. Therefore, an effective SSH recon-
struction method must not only capture the large-scale continuous structure but also accurately represent these regions of sharp
variation. The standard SIREN architecture, which optimizes a loss function based solely on the difference between predicted
and observed values, performs well in reconstructing smoothly varying patterns. Nonetheless, its ability to represent abrupt or
high-gradient features remains limited. This shortcoming reduces its effectiveness for SSH reconstruction tasks, where both
smooth and discontinuous spatial behaviors are essential to capture.

To address this limitation, we incorporate total variation (TV) regularization into the SIREN framework. TV regularization
penalizes excessive oscillations in the reconstructed field by minimizing the spatial and temporal gradients of the solution,
thereby encouraging piecewise smoothness while preserving sharp transitions. This property is particularly advantageous for
SSH reconstruction, where the underlying field is generally smooth but may exhibit abrupt variations due to strong oceanic
fronts, eddies, or storm-induced disturbances. By constraining spurious oscillations and enhancing edge preservation, the TV-
enhanced SIREN effectively balances global smoothness with the ability to resolve local discontinuities. This modification

enables more accurate and physically interpretable SSH reconstructions from sparse and irregular satellite observations.
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In the proposed framework, satellite altimetry observations are first expressed as irregularly sampled coordinate—value pairs,
where each sample consists of spatial-temporal coordinates and the corresponding measured SSH. These coordinates are used
as continuous inputs to the SIREN network, which learns a mapping from the coordinate domain to SSH values. The network
parameters are optimized by minimizing a composite loss function that combines a data fidelity term and a TV regularization
term. The data term constrains the network to fit the observed SSH values, while the TV term enforces spatial-temporal
smoothness and suppresses nonphysical oscillations. This joint objective allows the model to reconstruct SSH fields that are
both consistent with the available observations and capable of representing sharp gradients where strong oceanic variability
occurs. During training, the model progressively refines the underlying continuous SSH function, enabling reconstruction and
differentiation at arbitrary resolutions.

The remainder of this paper is organized as follows. Section 2 reviews the relevant background and related work, with
an emphasis on INRs and the SIREN framework. Section 3 formulates the SSH reconstruction problem. Section 4 presents
the proposed reconstruction framework, including the SIREN-based implicit representation and the regularization strategy
designed to preserve sharp spatial features. Section 5 reports the experimental results obtained from both real satellite altimetry
observations and simulated SSH fields. Finally, Section 6 concludes the paper and discusses the main findings, along with

potential directions for future research.

2 Background and related work
2.1 Implicit Neural Representations

Implicit Neural Representations (INRs) are coordinate-based neural networks that model continuous scalar or vector fields by
learning a mapping ® : R™ — R"™ from spatial-temporal coordinates to corresponding physical quantities. In the context of
SSH modeling, ®(x,y,t) represents the SSH value at a specific location (z,y) and time ¢. Unlike discrete, grid-based represen-
tations, INRs define the signal on a continuous domain, enabling sub-grid interpolation and compact memory representation.

Formally, an INR can be viewed as a function implicitly defined by a relation F(x,®,V,®,V2®,...) =0, where ® and
its derivatives satisfy certain physical or observational constraints. In practical applications, the goal is to find a function ¢
that satisfies a set of N such constraints {C(®,a; | ;) é\’:l, where C denotes a differentiable functional relating ® to observed
quantities a; over domains £2; C R™. This can be formulated as an optimization problem:

N
" =argmin y_[[C(®,a; | Q)] (1)
L
where @ is typically parameterized by a fully connected neural network. The parameters are optimized using gradient descent,
allowing the model to learn a continuous representation that conforms to the available observations.
INRs have been successfully applied to a variety of fields, including shape modeling, texture synthesis, and physical simula-

tions, due to their ability to represent complex, continuous structures with high fidelity. This property makes them a promising
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framework for reconstructing oceanographic fields such as SSH, which require both smooth and detailed spatial representa-

tions.
2.2 SIREN Framework

Building upon the concept of INRs, most practical INR models adopt coordinate-based MLPs that map spatial or spatio-
temporal coordinates to continuous signal values. Let x € R™ denote an input coordinate. A standard INR can be expressed
as a composition of affine transformations and nonlinear activations ®(x) = W, ¢, _1 ( o (x)), where ¢;(z) = 0;,(W;z +
b;), i=1,...,n—1. Traditional INR architectures commonly use ReLU activations. While effective for representing low-
frequency variations, ReLLU-based networks struggle with high-frequency components and cannot reliably model derivatives
because the activation is piecewise linear with zero second derivative almost everywhere (Sitzmann et al., 2020). Smooth
activations such as tanh or softplus alleviate this limitation to some extent, but often lead to poorly conditioned gradients,
making the learning of fine-scale structures difficult.

To address these issues, Sitzmann et al. (2020) proposed the Sinusoidal Representation Network (SIREN), which replaces

the activation function with a periodic sine:
¢i(z) =sin(W;z+b;), i=1,...,n—1. )

The sinusoidal activation endows SIREN with several advantageous properties. Since the derivative of sin(-) is cos(+), which
corresponds to a phase-shifted sinusoid, the network remains closed under differentiation. In other words, any derivative of ®
can be expressed by a network composed of the same sinusoidal units. Consequently, spatial or temporal derivatives V*® can
be computed analytically through automatic differentiation without compromising numerical stability. This property makes
SIREN particularly suitable for representing smooth physical fields that demand accurate, high-resolution reconstruction to-

gether with reliable gradient information, such as SSH and its spatial variations.

3 Problem Formulation

Satellite radar altimeters provide SSH measurements only along their ground tracks, resulting in sparse and irregular spatio-
temporal observations. Let x; = (;,y;,t;) € R® denote the longitude, latitude, and time of the i-th measurement, and let

f(x;) € R be the corresponding SSH value. The dataset can be written as

D = {(xi, f(xi) }ilns @)

where each observation provides the SSH at a single spatio-temporal coordinate.

The goal of this work is to reconstruct a continuous SSH field over a prescribed spatio-temporal domain Q C R? from these
sparse observations. Formally, we seek a continuous mapping ® : 2 — R such that ®(x) approximates the true SSH at any
location x = (x,y,t) € Q. This formulation naturally aligns with reconstruction problems, where the task is to recover the

underlying SSH at unobserved locations based on a limited set of point measurements. Given D, the reconstruction task is cast
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as a supervised regression problem. The model parameters § are obtained by minimizing the empirical discrepancy between

predicted and observed SSH values:

1 N
Laua(0) = Z [®g(x;) — f(x:)])7, &)

where ®y(x;) denotes the model prediction at the coordinate x;.
Once trained, the function ®y provides a continuous representation of the SSH field, allowing evaluation at arbitrary spatio-
temporal coordinates within 2—including points at which no measurements are available. This implicit formulation enables

high-resolution reconstruction of spatially and temporally complete SSH fields from sparse altimetry observations.

4 Proposed Framework

This section presents the proposed INR framework for reconstructing a continuous SSH field from sparse satellite altime-
try observations. The approach integrates a SIREN to model fine-scale spatial and temporal variability while total variation
(TV) regularization constrains the reconstruction to maintain physical sharpness. Detailed architectural design, normalization

strategies, regularization formulation, and training configurations are described below.
4.1 SIREN-based Implicit Neural Representation

Reconstruction of a continuous SSH field is achieved by parameterizing the mapping Py : (x,y,t) — SSH using a SIREN
architecture. Since the general properties of SIREN have been reviewed in the Background section, this subsection focuses on

the architectural design and implementation choices specific to this work.
4.1.1 Network Architecture

We employ a fully connected network consisting of an input layer, n hidden layers, and a final linear projection. Each hidden

layer applies a sinusoidal transformation,
Zi+1 = sin(szk + bk), ®))

and the SSH estimate is produced by ®y(x) = W, z,,.
The architecture is configured to balance expressive power and training stability for oceanographic fields that contain both

slowly varying background patterns and localized mesoscale fluctuations.
4.1.2 Coordinate Normalization

SSH observations span heterogeneous spatial and temporal scales: longitude and latitude typically cover a range of hundreds of
degrees, whereas the temporal domain may extend from days to years depending on the satellite mission. Using raw coordinates

leads to ill-conditioned gradients and inconsistent sensitivity across dimensions. To address this issue, each coordinate is
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normalized by a dimension-specific scaling factor:
Z = factor, x, y = factorg y, t = factor; t. (6)

The spatial factor factors maps the geographical domain to an approximately unit-scale range, ensuring uniform response
of sinusoidal activations across the spatial extent. The temporal factor factor; aligns the temporal dynamics with the spatial
frequencies learned by the network, which is particularly important given the diverse sampling patterns of multi-mission altime-
try (e.g., TOPEX/Poseidon, Jason series, Sentinel-3, HY-2). This normalization substantially improves numerical conditioning,

accelerates convergence, and enhances the physical coherence of the reconstructed SSH field.
4.2 Regularization for Sharp-Feature Preservation

While the SIREN-based INR can accurately approximate smooth large-scale SSH patterns, altimetry-derived SSH fields also
contain sharp spatial gradients associated with important oceanographic processes. These gradients carry meaningful dynam-
ical information. Elevated values of V., ®y and Vi, Py typically arise in dynamically active regions of the ocean, including
areas influenced by strong western boundary currents, frontal transitions between water masses, mesoscale eddy peripheries
and vorticity filaments, as well as coastal zones shaped by bathymetric steering. Preserving these spatial variations is therefore
essential for ensuring that the reconstructed SSH field remains physically consistent and dynamically interpretable.

A reconstruction driven solely by data-fitting may oversmooth such sharp features, especially in regions with sparse or
irregular observations. To mitigate this issue, we enhance the INR with a total variation (TV) regularization term that selectively

penalizes small-scale noise while retaining physically meaningful gradient structures.

Data-Fidelity Loss. Given altimetric observations {(x;,SSH;)}Y; with x; = (lon;,lat;, time;), the network prediction is

SSHyed,i = Po(x;). The data-fitting loss adopts the mean squared error:
N
Laata = 37 ) (SSHpredi — SSHirue:)”. )
i=1

Spatial Gradients via SIREN. Let y(x) = ®y(x) denote the reconstructed SSH field. Since SIREN employs sinusoidal acti-

vations, y is differentiable with respect to its input coordinates, allowing spatial gradients to be computed analytically:

_(9y 9y _
vspy(x) - (81011’81%) - (Ulonuulat)-

Total Variation Regularization. To preserve localized sharp transitions while suppressing noise-induced fluctuations, we

adopt the first-order isotropic TV penalty:

M
1
Lrv =47 § 1 \/ Viong + Vi ®)
=

evaluated over M uniformly sampled spatial points in the reconstruction domain. The TV term encourages sparsity in gradient

magnitude, retaining fronts, eddy boundaries, and other dynamically relevant high-gradient features without over-smoothing.
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Combined Objective. The final loss balances fidelity to observations and preservation of physically meaningful gradients:
Ltotal = Ldata + aﬁTV, (9)

where a > 0 controls the trade-off between smoothness and sharp-feature retention. With an appropriately chosen A, the re-
constructed SSH field captures both the basin-scale background variability and the sharp mesoscale or submesoscale gradients
characteristic of real ocean dynamics.

The complete processing pipeline—including coordinate normalization, SIREN-based implicit representation, and TV-

regularized optimization—is summarized in Figure 1.

Trregular SSH-Track . ren(lon. lat. fi Automatic Reconstructed
Blheeratiens lon. lat. time siren(lon, lat, time) difeiciiation SSH Field
/ \W F
t W t b—a
$SNie $Shpred v=gradient(sshy.q. (lon, lat, time))
t; ‘\J; N \J/ \|/ \|/ - - t, '_‘5’._ |
loss=mean((sshye=$Shyeq)?) loss,,, :a*mean( Vien 1 Via )
|
(/e F
t X /,’/ . Update b "‘
108816 =108S 1088 g min(l 0SS A

Figure 1. Architecture of the proposed INR-based SSH reconstruction framework, combining INR with TV regularization.

5 Experiment

Two experiments were designed to evaluate the performance and generalization capability of the proposed INR-based SSH
reconstruction framework, with all experiments implemented using the publicly available code (Li, 2025b). All datasets used
in this study originate from the Ocean Data Challenges initiative and have been archived at Zenodo to ensure accessibility and
reproducibility (Li, 2025a). The first experiment uses real satellite altimetry observations collected in the Western Mediter-
ranean Sea (MEDIT) within the domain [1°E x 20°E, 30°N x 45°N], as illustrated in Figure 2. A subset of along-track SSH
measurements is used for training, while the remaining observations serve as ground truth for validation. The second exper-
iment is conducted using simulated SSH fields from the NATL60 nature run over a dynamically active portion of the Gulf
Stream region (GF), spanning [65°W x 55°W,33°N x 43°N], as also shown in Figure 2. Pseudo-altimetric nadir and SWOT
datasets are generated by realistically subsampling the NATL60 fields according to representative satellite constellations.
Using both observed and simulated SSH serves complementary purposes: experiments based on real altimetry provide a
realistic assessment under actual sampling patterns and measurement uncertainties, whereas experiments based on NATL60
enable evaluation against a known reference field, thus allowing controlled examination of the ability of the method to recover

fine-scale structures and quantify effective resolution. Taken together, these two experiments provide a comprehensive evalua-
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tion of both practical applicability and intrinsic reconstruction capability of the proposed INR-based framework. Details of the

evaluation metrics used in both experiments are summarized in Sect. 5.1.

Figure 2. Geographical domains used in the experiments: Western Mediterranean (MEDIT) and Gulf Stream (GF) regions.

5.1 Evaluation Indexes

To quantitatively assess reconstruction performance, three complementary metrics are used: pointwise error, normalized accu-

racy score, and spatio-temporal spectral fidelity.

(1) Root Mean Square Error (RMSE). The RMSE between reconstructed and true SSH is computed as:

N
1
RMSE = | = > " [SSHiec(lon;, lat;, time;) — SSHiyye (lony, lat;, time; )], (10)
i=1
where N denotes the number of evaluation points. SSH,.. (lon;, lat;, time;) is the reconstructed SSH at the i-th spatio-temporal

location, and SSHy, e (lon;, lat;, time;) is the corresponding reference SSH value.

(2) RMSE-based score. A normalized accuracy score is defined as:

RMSE

RMSEg=1— — '
§ RMS(SSHrue )’

(1)

where RMS(+) denotes the root-mean-square of the reference SSH field. A score of 1 corresponds to a perfect reconstruction.

(3) Wavenumber—frequency spectral score. To assess spectral consistency, we compute the wavenumber—frequency power

spectral density score:

PSD“/ (SSH,cc — SSHirue)

PSDY/ =1 :
PSD“/ (SSHi e )

: (12)
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where PSD"/(-) denotes the wavenumber—frequency power spectral density.

Two characteristic spectral resolutions are also derived from the wavenumber—frequency power spectral density, denoted as
Az and A;. The quantity A, (in degrees) represents the minimum resolvable spatial wavelength, while A; (in days) denotes
the minimum resolvable temporal wavelength. Both metrics are defined using the standard 0.5-contour level of the normalized

spectral score PSDg’f , providing a consistent measure of the smallest scales that the reconstruction method can reliably resolve.
5.2 Implementation details

The proposed INR-based reconstruction framework is implemented in PyTorch. Unless otherwise specified, the SIREN model
is configured with three hidden layers , each containing 256 units. Following established INR design principles, the first layer
is initialized with an elevated angular frequency (first_wg = 10) to enhance the representation of fine-scale spatial structures,
while the hidden layers employ a larger frequency factor (hidden_wy = 30) to increase the network’s spectral expressiveness.
Model parameters are optimized using the Adam optimizer with an initial learning rate of 1 x 10~%. All experiments are

conducted on a single NVIDIA GPU within a controlled computational environment to ensure reproducibility.
5.3 Observed SSH Experiment

This experiment aims to evaluate the capability of the proposed method to reconstruct sequences of SSH maps from incomplete
real-world satellite altimetry measurements. All observations used in this section originate from operational nadir altimeters

and correspond to actual SSH acquisitions.
5.3.1 Data Preparation

The study focuses on the Western Mediterranean Sea, defined by the region [1°E x 20°E, 30°N x 45°N]. The SSH data used
in this analysis includes altimeter measurements from several satellites: SARAL/Altika (alg), Haiyang-2B (h2b), Jason 3
(G3), Sentinel 3A (s3a), Sentinel 3B (s3b), and the new orbit of Cryosat-2 (c2n). This constellation of nadir altimeters was
operational and will be investigated during the period from January 1, 2021, to March 31, 2021, and will be analyzed in this
study. Specifically, the SSH data from SARAL/Altika, Haiyang-2B, Jason 3, Sentinel 3A, and Sentinel 3B are used as training
data, while the data from Cryosat-2’s new orbit are reserved for testing. The training data spans from January 1, 2021, to
January 15, 2021, and from March 15, 2021, to March 31, 2021, while the test data covers the period from January 15, 2021,
to March 15, 2021.

5.3.2 Experiment design

Two classes of comparative experiments are conducted to assess reconstruction performance.
(1) Comparison with optimal interpolation (OI). We first compare our approach with the optimal interpolation (OI), which

serves as the present-day standard for DUACS products provided by AVISO. This detailed comparison is conducted from

10
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multiple perspectives, including the orbital distribution of absolute errors, the spatial distribution of residuals on the grid, the
temporal evolution of the RMSE-based score, and the spectral performance assessed via PSD.

(2) Comparison with state-of-the-art methods. Second, to further validate the robustness and general applicability of our
approach, we compare it with several representative state-of-the-art methods, namely the Covariance-based optimal interpola-
tion (BASELINE OI), the back-and-forth nudging algorithm combined with a quasigeostrophic model (BFN_QG) (Le Guillou
et al., 2023), BFN_QG with Dirichlet boundary conditions (BFN_QG with coasts), and Wavevar (Ubelmann et al., 2021).

5.3.3 Detailed Comparison with Optimal Interpolation

(1) Along-track Absolute SSH Errors. Figure 3 shows the absolute SSH error along the CryoSat-2 new orbit. Along the
satellite tracks, INR systematically yields smaller errors than OI. The error distribution produced by INR is also more spatially
uniform, exhibiting fewer isolated spikes or abrupt deviations. This improvement arises from the continuity of the SIREN
representation and the ability to compute analytical derivatives, which allows the TV regularization to impose precise gradient
constraints and preserve sharp transitions. Consequently, INR stabilizes interpolation along individual altimetric tracks and

better captures local-scale SSH variations, even in regions with sparse sampling or energetic dynamics.

Absolute error of SSH with INR Absolute error of SSH with OI
45°N A ‘ 45°N 1 ’
" . . . ' . 0.20
o |
L] » , ¢ °
40°N { " . 40°N 1 F 0.15 &
3 | - : 5
2 2 | A 5
= = |
5 ‘ 5 ’ L0.10 £
35°N A ‘ 35°N - o 2
2 <
! -0.05
(a) (b)
300N L T T T T T 300N L T T T T T
I°E 5°E 10°E 15°E 20°E 1°E 5°E 10°E 15°E 20°E
Longitude Longitude

Figure 3. Absolute SSH reconstruction errors computed along the CryoSat-2 orbit (a) Errors produced by the proposed INR-based frame-

work, and (b) errors obtained from the conventional OI method.

(2) Gridded Spatial RMSE. The gridded RMSE computed from Eq. (10) for the different reconstruction methods is shown in
Figure 4. Overall, the INR-based reconstruction exhibits smaller RMSE values than the OI scheme over most of the domain,
indicating a systematically improved fit to the reference SSH field. Regions with comparatively large errors are present for both
methods and are mainly located near the boundaries of the reconstruction domain, where the observational coverage is sparse

and the extrapolation component of the mapping problem becomes more pronounced.

11
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In these boundary areas, however, the INR method yields noticeably fewer grid points with high RMSE than OI. This
improvement can be related to the properties of the proposed framework: the INR provides a globally continuous mapping
from spatio-temporal coordinates to SSH, which avoids grid-induced discontinuities, while the TV regularization constrains
spurious oscillations and suppresses noise-driven gradients. As a result, the reconstructed field remains coherent in poorly
sampled edge regions without excessively smoothing sharp transitions, leading to a more accurate and spatially consistent

RMSE pattern compared with the classical OI approach.
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Figure 4. Spatial distribution of RMSE for the mapped SSH fields obtained with (a) the INR-based framework and (b) the conventional OI

method.

(3) Temporal Performance: RMSE-based Score. The temporal behaviour of the reconstruction is assessed using the RMSE-
based score (RMSEs), computed according to Eq. (11) and shown in Figure 5. Figure 5(b) indicates several distinct drops
(e.g. around 22 January, 8 February, and 20 February), which correspond to pronounced temporal variations in the observed
SSH shown in Figure 5(a). These episodes highlight periods of increased reconstruction difficulty. Despite these abrupt tran-
sitions, INR consistently yields higher RMSEg values than OI throughout the examined period. This advantage can be linked
to the continuous implicit representation learned by INR, which provides a smoother yet flexible temporal interpolation, and
to the TV regularization, which suppresses spurious oscillations while preserving physically meaningful sharp variations. As a
consequence, INR remains closer to the observed SSH during periods of strong temporal gradients, resulting in systematically

improved temporal performance compared with the classical OI approach.
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Figure 5. Temporal evolution of the RMSE-based score defined in Eq. (11). (a) Along-track SSH time series extracted at the CryoSat-2
observation points, showing several periods of strong temporal variability. (b) Corresponding RMSE-based score RMSEs for the INR and

OI reconstructions.

(4) Spectral Diagnostics and Effective Resolution Spectral diagnostics are presented in Figure 6. Figure 6(a) shows the
wavenumber—frequency power spectral density (PSD“/). The SSH field reconstructed via INR more closely matches the true
PSD“/ derived from observations, indicating improved preservation of the energy distribution across spatial and temporal
scales. Figure 6(b) shows the corresponding spectral score, where intersections with the 0.5 contour indicate effective resolu-
tions. Across all scales, INR achieves higher spectral scores than OI. Notably, INR resolves spatial scales down to 106 km,
whereas Ol resolves only to 154 km. This gain can be attributed to the sinusoidal representation in SIREN, which alleviates
spectral bias and enables the network to represent higher-frequency components associated with small-scale SSH variability.
In addition, the TV regularisation mitigates unwanted oscillations during reconstruction and helps preserve sharp gradients,

thereby improving the fidelity of fine-scale structures.
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Figure 6. Spectral diagnostics of the reconstructed SSH fields. (a) Wavenumber—frequency power spectral density (PSD™/) of the INR
reconstruction compared with the reference and OI. (b) Corresponding PSD%7 score, where the intersection with the 0.5 contour indicates
the effective spatial resolution. Higher scores across a wider range of wavenumbers illustrate the improved capability of the proposed INR

framework in recovering fine-scale SSH variability.

5.3.4 Comprehensive Comparison with Multiple Methods

This section provides a broader evaluation of the proposed approach by comparing it against several representative reconstruc-
tion methods. The assessment relies on the two quantitative metrics introduced in Sect. 5.1, namely the mean RMSE-based
score u(RMSEg) and the shortest resolved spatial scale ). The results are summarized in Table 1. A key point is that global
accuracy metrics such as u(RMSEg) are strongly influenced by large-scale SSH variability, which dominates the total variance
of the field. Methods that capture these large-scale components well may obtain high u(RMSEg) values even if their recon-
struction of finer-scale structures remains limited. In contrast, although small-scale features contribute relatively little to global
error statistics, they are dynamically important and determine the effective spatial resolution.

In this context, while INR attains a slightly lower ©(RMSEg) than the best-performing method, it achieves the smallest
Az, indicating the highest spatial resolution among all approaches. This balance results from the design of INR: the SIREN
representation provides a continuous and coherent functional mapping over the entire domain, whereas the TV regularization
constrains gradients and preserves sharp transitions. As a result, INR captures fine-scale SSH variability without substantially

compromising large-scale accuracy, yielding a reconstruction that is both globally consistent and highly resolved.
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Table 1. Results of different methods using satellite altimetry observations in the Mediterranean region. Bold values denote best performance.

Method u(RMSEg) A, (km)

Ol 0.674136 148
BFN_QG 0.720857 125
BFNQG_coast 0.724554 125
WaveVar 0.759956 118
INR 0.747545 106

5.4 Simulated SSH Experiment

This section evaluates the proposed method using simulated SSH data. Unlike real altimetric observations, the model gener-
ates complete reference SSH fields, enabling detailed quantitative assessment of interpolation accuracy and effective spatio-

temporal resolution.
5.4.1 Data Preparation

To assess the accuracy of the reconstructed SSH, satellite altimetry data are generated using model simulation data for model
training, while model data corresponding to missing values are employed as validation data for model verification. Specifically,
NATL60 simulations, based on the Nucleus for European Modelling of the Ocean (NEMO) (Ajayi et al., 2020) and conducted
without tidal forcing, are utilized to simulate the sea surface height in the Gulf Stream region for the period from October
1, 2012, to September 30, 2013. Subsequently, the corresponding satellite altimetry data are simulated using the orbital co-
ordinates and repeat cycles of various satellites, including Topex-Poseidon, Jason 1, Geosat Follow-On, Envisat, and SWOT
altimeters. Specifically, data from January 2, 2013, to September 30, 2013, are used for training, while data from October 22,
2012, to December 2, 2012, serve as the test data.

5.4.2 Experiment design

The experimental setup aims to comprehensively evaluate the proposed approach’s performance and robustness. First, we
focus on comparing the reconstructed SSH with the model-simulated SSH, evaluating the accuracy from both direct SSH
comparisons and the calculation of higher-order derivatives to assess how well the method captures the underlying spatial
dynamics. Second, to further validate the general applicability of our method, we compare it with several existing state-of-
the-art interpolation and reconstruction methods, including DUACS (traditional covariance-based optimal interpolatio(Taburet
et al., 2019)),three model-based data assimilation schemes: BFN(a data assimilation method that follows quasi-geostrophic
dynamics(Le Guillou et al., 2021)), DYMOST (dynamic OI accounting for the SSH nonlinear temporal propagation(Ubelmann
et al., 2016)), MIOST (multiscale OI (Ardhuin et al., 2022)). Finally, we compare with the supervised 4DVarNet(based on a

neural network architecture backed by a variational formulation(Beauchamp et al., 2023)). Performance is assessed using the
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statistical metrics defined in Sect. 5.1, including the mean RMSE-based score u(RMSEg) and the spectral metrics A, and A,
which together characterize both reconstruction accuracy and the smallest spatial and temporal scales that each method can

resolve.
5.4.3 Evaluation of Reconstructed Sea Surface Height

Figure 7 illustrates the INR—based SSH reconstruction at four randomly selected times (t,t2,t3,ts). The first row shows the
along-track observations used for reconstruction, where the slightly thicker tracks correspond to simulated SWOT measure-
ments. As expected in realistic multi-mission sampling, the spatial coverage and density of satellite swaths vary significantly
among time steps, introducing substantial challenges for reconstructing a spatially continuous SSH field.

The second row displays the fully reconstructed SSH maps produced by the proposed INR-based framework. The spatial
structure of mesoscale eddies is consistently recovered across all four snapshots, including their positions, amplitudes, and
morphological asymmetries. This capability is primarily enabled by the SIREN-based implicit representation, which provides
sufficient spectral flexibility to represent higher-frequency components beyond the limitations of grid-based interpolation. In
parallel, the TV regularization imposes a constraint on spatial gradients of the reconstructed SSH field, limiting over-smoothing
and preventing the emergence of artificial oscillations. The combined effect of these two components yields reconstructions
that preserve both large-scale coherence and sharp local transitions, even under sparse and irregular sampling conditions.

A key advantage of the INR framework is that it produces a continuous and differentiable functional representation of
SSH. Leveraging this property, the third row presents the corresponding first-order spatial gradients, which reveal fine-scale
structures such as eddy peripheries and frontal regions that are critical for interpreting dynamical processes. These gradient
fields are computed analytically through SIREN’s sinusoidal activations, avoiding numerical differentiation and maintaining
high precision.

While Figure 7 provides a snapshot-based assessment, the full temporal evolution of the along-track observations, the recon-
structed SSH fields, and the corresponding SSH gradient norms is presented in Supplementary Video S1. This video further
illustrates the temporal continuity of the implicit representation and the stability of fine-scale structures over time. Collectively,
the results demonstrate that INR provides high-fidelity SSH reconstructions even in the presence of irregular and temporally

varying sampling patterns, while its differentiable representation enables higher-order analysis of oceanic features.
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Figure 7. Along-track SSH observations (top row), reconstructed SSH fields (middle row), and the norm of the SSH gradient (bottom row)
shown at four representative time steps. An animated version illustrating the full temporal evolution is provided as Supplementary Video S1

(https://doi.org/10.5281/zenodo.17991117).

5.4.4 Comparison of Multiple Methods for SSH Reconstruction

Table 2 reports the performance of the proposed INR method in comparison with several representative state-of-the-art ap-
proaches. In terms of the normalized RMSE score u(RMSE), INR performs on par with the top-performing schemes. Although
its u(RMSE) value is slightly lower than that of 4DVarNet v2022, INR achieves the highest effective spatial and temporal res-
olutions among all evaluated methods. In particular, INR attains the smallest resolved spatial wavelength A, and temporal
wavelength \;. These gains can be interpreted in light of the INR formulation: the sinusoidal building blocks of SIREN reduce
spectral bias and allow the representation of higher-frequency components, while the continuous and differentiable nature of
the implicit model permits analytical gradients that preserve sharp SSH variations. Together with the TV regularisation that dis-
courages spurious oscillations, this yields reconstructions that retain finer-scale structures than methods relying on predefined
covariance models or dynamical constraints.

Overall, INR maintains competitive global accuracy while substantially enhancing the reconstruction of mesoscale and
submesoscale patterns. This balance indicates that the proposed approach provides SSH fields with improved spatial-temporal

resolution, complementing classical interpolation and data-assimilation techniques.

17



385

390

395

400

https://doi.org/10.5194/egusphere-2025-6389
Preprint. Discussion started: 24 February 2026 G
© Author(s) 2026. CC BY 4.0 License. E U Sp here

Table 2. Results of different methods using the simulated altimetry dataset in the Gulf Stream domain. Bold values denote best performance.

Method uw(RMSE) A, (degree) \; (days)

DUACS 0.92 1.22 11.37

BEN 0.93 1.00 10.24

DYMOST 0.93 1.19 10.04
MIOST 0.94 1.18 10.33
4DVarNet 0.95 0.70 6.48
4DVarNet v2022 0.96 0.62 4.35
INR 0.94 0.03 2.05

6 Conclusion and Discussion

This study proposed an INR framework for SSH reconstruction, combining the SIREN with TV regularization. The SIREN
component provides a continuous and highly expressive functional mapping with analytically computable derivatives, while the
TV term constrains spatial gradients to preserve fronts, eddy peripheries, and other sharp structures. Together, these components
yield a compact and differentiable representation capable of reconstructing both smooth large-scale variability and fine-scale
features. Comprehensive experiments using real altimetric observations and high-resolution simulated SSH demonstrate that
the proposed framework outperforms conventional optimal interpolation schemes and several state-of-the-art reconstruction
approaches. The method exhibits competitive or superior global accuracy while achieving substantially finer effective spatial
and temporal resolution. Notably, the differentiable nature of the INR allows for direct computation of spatial derivatives,
enabling more reliable characterization of mesoscale and submesoscale dynamics compared with grid-based methods that rely
on numerical differencing.

These findings suggest that INR-based framework offer a promising alternative to traditional SSH interpolation and data-
assimilation techniques, particularly in contexts involving sparse, irregular, or multi-mission satellite sampling. Future work
should explore the incorporation of additional observational modalities, such as sea surface temperature or ocean color, in order
to improve the spatial and temporal coverage and enhance physical consistency. Another perspective is to integrate explicit
dynamical constraints or physical priors, with the aim of further improving interpretability and operational applicability. The
combination of implicit representations with oceanographic knowledge offers a useful direction for advancing high-resolution

and dynamically coherent reconstruction of ocean surface variability.

Code availability. The source code used in this study is publicly available at https://doi.org/10.5281/zenodo.18019725(Li, 2025b). The

repository includes all scripts necessary to reproduce the main experiments.
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