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Abstract. Karst aquifers supply drinking water to hundreds of millions of people but remain among the least understood

freshwater systems because of their strongly heterogeneous conduit–matrix structure. Spring recession analysis is widely used

to infer karst storage dynamics, yet most existing models either treat different parts of the hydrograph separately or rely on

empirical formulations with limited physical interpretability. Here we derive a unified analytical model for karst spring recession

by combining turbulent conduit flow, represented by a Forchheimer-type relationship, with linear drainage from a porous matrix.5

The resulting governing equation, dQ/dt =−αQn + γe−λt, simultaneously describes nonlinear conduit depletion and delayed

conduit–matrix exchange. The parameters α,n,γ, and λ are can be related to aquifer properties, reflecting conduit drainage

efficiency, flow nonlinearity, and the magnitude and timescale of matrix drainage. We apply the model to hourly discharge

records (2013–2023) from climatically and geologically contrasting karst systems in monsoon-influenced southwest China and

Mediterranean central Italy. Event-based calibration shows that the unified recession model reproduces complete recession limbs10

and consistently outperforms a classical dual-reservoir benchmark. Beyond goodness of fit, the inferred parameter patterns

reveal systematic regional contrasts: Chinese spring exhibits higher nonlinear exponents (n = 2) and larger α, indicating strongly

turbulent, conduit-dominated drainage with short memory, whereas Italian spring is characterised by n = 1 and negligible γ,

consistent with large, slowly draining matrix storage. Using regional-average parameter sets without further calibration, the

unified recession model also reproduces independent multi-week drought recessions in both regions, demonstrating that these15

parameter contrasts are robust and transferable within each hydrogeological setting. Mapping events in the (n,S̃) parameter

space delineates distinct functional regimes of karst aquifers that can be related to differences in drought resilience and baseflow

support. The unified recession model thus provides a diagnostic tool to infer karst aquifer functioning from discharge data alone,

supporting water-resource assessment and climate-impact studies in data-scarce regions.

Keywords. Karst aquifers; Spring recession; Physically based modelling; Conduit–matrix exchange; Regional hydrological20

functioning; Drought resilience
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1 Introduction

Karst aquifers supply nearly a quarter of the global population with drinking water yet rank among the most dynamic and

vulnerable hydrological systems. Their dual-porosity structure,comprising fast-flowing conduits embedded within a slow-

draining porous matrix,drives complex hydrograph responses, particularly following rainfall events (Hartmann et al., 2014; Giese25

et al., 2025). Karst spring hydrographs typically exhibit a rapid rise and peak, followed by a prolonged, nonlinear recession limb.

Understanding this recession phase is critical for characterizing storage dynamics, predicting drought resilience, and managing

groundwater resources (Fiorillo, 2014; Zhang et al., 2025).

Traditional models like Maillet’s exponential decay law (1905) describe spring recession using a single linear reservoir

assumption. However, observed karst systems frequently deviate from simple exponential behavior, especially during early to30

intermediate recession stages (Wittenberg, 1999). These deviations reflect turbulent conduit flow, matrix leakage, structural

heterogeneity, and climatic influences (Fauzi et al., 2021; Şen, 2020; Chin et al., 2009). Recent advances emphasize both physical

realism and empirical flexibility (Sivelle et al., 2025). Basha (2020) derived analytical solutions from simplified dual-flow models,

capturing multiple recession regimes (e.g., linear, square-root, exponential). Schuler et al. (2020) calibrated semi-distributed

pipe-network models with high-frequency discharge data, revealing temporal shifts from conduit- to matrix-dominated flow.35

Wittenberg (1999)’s nonlinear reservoir framework enables flexible fitting of complex hydrographs and classification of spring

types by flow-component dominance (Michel et al., 2003; Gan and Luo, 2013).Enhanced data and modeling tools now support

deeper karst hydrograph interpretation (Olarinoye et al., 2020). Examples include KarstID for recession-based classification

(Cinkus et al., 2023), dynamic storage estimation via recession parameters (Abirifard et al., 2022), and assessments of aquifer

memory (Fatoni et al., 2024). Automated recession extraction (Çallı and Hartmann, 2022) and ensemble-data assimilation (Pansa40

et al., 2023) further enable large-scale analysis and uncertainty quantification (Cerino Abdin et al., 2021).Hydrological controls

have also been scrutinized, including climate-induced biases in recession parameters (Jachens et al., 2020), rainfall-event impacts

on conduit responses (Chang et al., 2021), and matrix–conduit exchange coefficients (Shirafkan et al., 2023), with regional

flow-duration controls also documented (Ghotbi et al., 2020). Storage variation metrics have quantified precipitation influence in

karst systems (Dong et al., 2025; Elhanati et al., 2024).45

Conceptual and physical modeling progress includes head-driven flow in sinkhole-fed springs (Li et al., 2016), effective

porosity–based recession models (Xu et al., 2018), siphon-flow mechanisms for intermittent springs (Guo et al., 2023), and

recharge estimation in fractured-karst systems (Teixeira et al., 2023; Bauer et al., 2003). Comparative recession techniques assess

seasonal flow changes (Kale et al., 2024), while foundational work on nonlinear flow (Reimann and Hill, 2009; Chen et al., 2015)

informs process understanding.Recession curve analysis increasingly supports resource management and climate adaptation,50

addressing data-scarce catchments (Sivelle and Jourde, 2021), artificial regulation (Çelik et al., 2024), spring characterization

via time-series metrics (Geravand et al., 2022; Mujib et al., 2024), and catchment-state identification (Rusjan et al., 2023).

Despite these advances, a critical gap persists: no unified model reproduces the fast initial decline, nonlinear mid-term decay,

and long-tail behavior of karst recessions within a single framework. Current approaches either focus on isolated recession
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stages or rely on segmented fitting, introducing subjective bias and obscuring parameter interpretation (Shirafkan et al., 2021).55

Many models also lack physical grounding or climatic generalizability (Klammler et al., 2024).

In this study we address three questions. (i) Can the entire recession limb of karst spring hydrographs, from the early turbulent

drainage phase to the prolonged tail, be described within a single physically consistent framework that explicitly represents both

conduit and matrix processes? (ii) To what extent do the parameters of such a unified model provide robust and interpretable

indicators of aquifer functioning, allowing us to distinguish conduit-dominated, matrix-influenced and mixed karst systems? (iii)60

Can parameter patterns inferred from recession curves be related to regional climatic and geological settings, thereby providing

insight into the drought resilience and baseflow support of karst aquifers?

To address these questions, we derive a unified recession model from first principles of turbulent conduit flow and head-driven

conduit–matrix exchange and apply it to high-resolution spring discharge records from monsoon and Mediterranean karst

systems. By comparing the resulting parameter distributions and their uncertainties across regions, we interpret systematic65

contrasts in how karst aquifers store and release water under different hydro-climatic conditions.

2 Unified recession model(URM)

2.1 Conceptualisation and assumptions of the conduit–matrix system

Karst aquifers are commonly conceptualized as dual-domain systems in which a high-permeability conduit network is hydrauli-

cally coupled to a lower-permeability porous matrix (Ford and Williams, 2007; Hartmann et al., 2014). The integrated recession70

of the spring hydrograph emerges from the dynamic coupling between conduit and matrix domains, driven by time-varying

hydraulic gradients. Denoting hydraulic head by h, in a one-dimensional representation along a conduit segment of characteristic

length L, a mean head gradient can be approximated as J ≈∆h/L, where ∆h is the head difference between upstream and

downstream control volumes (Bear, 1972). Matrix–conduit exchange is represented here as a lumped head-dependent flux driven

by the head difference between domain-averaged matrix head hm(t) and conduit head hc(t) (Warren and Root, 1963). Figure 175

illustrates this framework: matrix drainage supplies the conduit through distributed exchange fluxes driven by hm−hc. The

hydraulic heads in the matrix and conduit, hm(t) and hc(t), may change at different rates in time, collectively controlling the

spring discharge Q(t). Matrix flow is assumed to follow Darcy’s law. Conduit flow during recession is represented using a

quadratic head-loss relation (Darcy–Forchheimer form), dhc/dx = aQ + bQ2, where a and b lump viscous and turbulent losses,

respectively(Whitaker, 1996). During post-recharge recession, hydraulic gradients typically remain directed toward the outlet, so80

matrix-to-conduit exchange is predominantly unidirectional. This conceptualization provides the basis for the unified recession

model derived below.

Starting from a 1-D momentum balance for conduit flow and a linear exchange representation for the matrix contribution,

we obtain a governing equation for spring discharge. Assuming spatially averaged gradients and slowly varying exchange, the

conduit resistance can be represented by an effective power-law recession term, while matrix drainage acts as an exponentially85
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Figure 1. Conceptual model of coupled conduit–matrix flow during spring recession

decaying input. Under these approximations, the spring recession dynamics can be written as

dQ

dt
=−αQn + γe−λt (1)

We hereafter refer to equation (1) as the unified recession model (URM). where α and n capture the magnitude and nonlinearity

of conduit drainage, respectively, and γ and λ describe the magnitude and decay rate of matrix-to-conduit exchange, respectively.

For later interpretation we define the exchange-input scale S ≡ γ/λ, which equals the time integral of the exponentially90

decaying exchange term,
∫∞
0

γe−λt dt = γ/λ. Thus, S provides a compact measure of the potential magnitude of delayed

matrix-to-conduit exchange contributing to the recession tail. We further use a parameter-space diagnostic by mapping events

in the (n,S) space, where n is the drainage nonlinearity exponent. For regime classification we use the dimensionless ratio

S̃ = S/Q0 (Sect. 4.3), where Q0 is the discharge at the start of the recession segment.

Detailed steps of the asymptotic analysis and the identification of α, n, γ, and λ in terms of hydraulic and geometric properties95

are provided in Appendix A.

2.2 Relation to classical recession models

To evaluate the physical realism and generality of the unified recession model (URM; Eq. 1), Table 1 summarizes classical

recession formulations and indicates how many of them can be recovered as special cases of the URM under specific parameter

constraints or lumping assumptions. These include early empirical formulations (Boussinesq, 1904; Maillet, 1905; Coutagne,100

1948), dual-component models (e.g., Mangin, 1975), nonlinear storage–discharge relationships (Wittenberg, 1999), and more

recent physically based or data-driven approaches (e.g., Reimann et al., 2011; Rusjan et al., 2023). As shown in Table 1, many

of these models represent special cases of the URM under specific parameter constraints. For instance: linear reservoir models

with exponential decay (Maillet, 1905) correspond to the linear case n = 1; power-law recession models (Coutagne, 1948;

Drogue, 1972) align with the nonlinear term αQn (with γ = 0); empirical long-tail or delayed-release components (Mangin,105
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Table 1. Summary of classical recession models and their correspondence to the unified recession model (URM)

Typical recession models Mathematical form Key assumptions
Recoverable

from URM

Boussinesq (1904) Q(t) = Q0/(1+ α′t)2 Dupuit assumption γ = 0, n = 1.5

Maillet (1905) Q(t) = Q0 e−αt Linear reservoir γ = 0, n = 1

Coutagne (1948) Q(t) = Q0 [1+ (n− 1)αt]
n

1−n Power-law storage γ = 0, n ̸= 1

Drogue (1972) Q(t) = Q0/(1+ α′t)m Gravity-driven drainage γ = 0, n = m+1
m

Mangin (1975) Q(t) = Qr0 e−at + q0
1+ ηt

1+ ϵt
Dual-reservoir system Qfast + Qslow

Wittenberg (1999) dQ/dt =−kQb Single-reservoir γ = 0, n = b

Barnes (1939)

Schoeller (1948)
Q(t) =

∑k
i=1 qi e−kit Multi-reservoir

∑
i γi e−λit

Kirchner (2009) diagnostic storage–discharge method Multiple reservoirs and tailing term γ e−λt

Reimann et al. (2011) CFP–MODFLOW (process model) Turbulent in conduit, Darcy in matrix URM-consistent

Li et al. (2016) Q(t)∝ (H0−H)2 Turbulent flow driven by head drop URM-consistent

Basha (2020) Q(t)∝ e−kt, t−1/2, t−1 Varying drainage phases URM-consistent

Shirafkan et al. (2023) dQ/dt = f
(
Q(t),Qex

)
Matrix–conduit exchange control URM-consistent

Rusjan et al. (2023) dQ/dt = g
(
Q(t), t, state

)
Data-driven dynamical system URM-consistent

Note: “URM-consistent” indicates that the model is structurally compatible with Eq. (1) under lumping assumptions.

1975; Verhoest and Troch, 2000; Basha, 2020) can be represented, in the single-timescale limit, by the exponential term

γe−λt. Even physically based exchange models (Reimann et al., 2011) and dynamical-systems formulations (Rusjan et al.,

2023) show structural parallels to the unified equation. These correspondences confirm that the URM unifies diverse recession

behaviors within a single framework while enhancing physical interpretability and modeling flexibility beyond purely empirical

or fixed-structure approaches.110

3 Data and Methods

3.1 Study Areas and Spring Data (China and Italy)

This study examines representative karst spring systems in both southern China and central Italy to evaluate the perfor-

mance of the proposed recession model under contrasting geological and hydrological conditions. The Chinese study site

is located in a region characterized by strong karst development, high conduit connectivity, and rapid drainage dynam-115

ics. In contrast, the Italian spring system represents a weakly karstified aquifer, with weaker structural permeability and

slower recession behavior. The Zhaidi karst aquifer system is located in eastern Guilin City, Guangxi Province, China

(25◦13′26.08′′–25◦18′58.04′′ N, 110◦31′25.71′′–110◦37′30′′ E; Figure 2).The catchment drains an area of about 33 km2

This synclinal valley exhibits a marked topographic contrast, with a central lowland area at approximately 198 m elevation

bordered by ridges to the east and west reaching up to 900.1 m This pronounced relief generates a strong north–south hydraulic120

gradient that governs regional groundwater flow. The hydrogeological setting is predominantly composed of carbonate rocks,
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which account for 83.9% of the catchment area. The stratigraphy includes highly karstified Upper Devonian pure limestones

(D3d), moderately permeable Middle Devonian dolomites (D2t), non-karstic Upper Devonian sandstones (D3x), and Quater-

nary alluvial deposits (Q) The G047 spring serves as a major discharge outlet for the aquifer, emerging along a NE–SW–oriented

fault zone. Recharge is primarily allogenic, conveyed through the G037 sinkhole, which integrates surface runoff into a master125

conduit approximately 2175 m in length, with an average hydraulic gradient of 23.90‰ The region is characterized by a humid

subtropical monsoon climate, with a mean annual precipitation of 1613 mm, approximately 78.00% of which occurs between

May and September. This seasonal concentration of rainfall results in substantial variability in spring discharge, ranging from

0.10 to 25.30 m3 s−1, predominantly governed by rapid conduit flow responses to storm events.

Figure 2. Geological and hydrological setting of the Zhaidi karst system in China (Basemap: World Topographic Map. Sources: Esri and its

data providers | Powered by Esri).

Lupa Spring is located east of Arrone (Umbria, central Italy) along the right-bank footslope of the Fosso di Rosciano130

valley, at 365 m a.s.l. (42◦33′44.05′′–42◦36′17.80′′ N, 12◦48′18.39′′–12◦53′36.29′′ E; Figure 3) The contributing catchment

area is 18 km2 The subsurface divide is governed not only by topography but, more importantly, by several steeply dipping

faults and associated damage zones. The principal aquifer is a fractured–karstic carbonate sequence locally mantled by a thin

alluvial–colluvial veneer. The spring issues where the fault zone intersects the eroded valley flank and the bedrock–valley-fill

contact is exposed, in correspondence with a box-fold anticline developed within a Mesozoic–Cenozoic limestone and marly-135

limestone sequence (Umbrian–Marche succession)(Preziosi et al., 2022). Recharge occurs on the surrounding carbonate hills
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and groundwater migrates toward the valley through interconnected fractures and joints, with faults acting as preferential flow

conduits. Discharge at Lupa Spring is sustained by the large storage and natural regulation capacity of the deep carbonate

massif together with the structural control of the drainage pathways. Consequently, seasonal fluctuations are muted and the

hydrograph is dominated by a persistently stable baseflow. Based on the daily precipitation record for the Lupa spring catchment140

(2013–2023), obtained from the publicly available hydrological database of Regione Umbria (Regione Umbria), mean annual

precipitation is 1459 mm, with rainfall seasonally skewed toward autumn–winter and only 34 % occurring from May to

September. Under these conditions, Lupa Spring exhibits a persistently stable baseflow, with discharge varying between 0.25

and 0.30 m3 s−1 throughout the year.

Figure 3. Geological and hydrological setting of the Lupa spring in Italy (Basemap: World Topographic Map. Sources: Esri and its data

providers | Powered by Esri).

To ensure comparability across contrasting hydrogeological settings, we applied uniform criteria to select recession events for145

model calibration and validation. Each event had to satisfy the following conditions: (i) a minimum duration of 10 consecutive

days (≥ 240 h) of uninterrupted recession in the absence of effective rainfall, defined as no precipitation events producing a

measurable increase in spring discharge; (ii) for the Chinese springs, an initial discharge > 10 m3 s−1 (Figure 4), consistent with

the high transmissivity and large flow magnitudes characteristic of intensely karstified systems; and (iii) for the Italian springs,

an initial discharge > 0.20 m3 s−1 (Figure 5), reflecting the more moderate discharge behaviour of weakly karstified aquifers.150

3.2 Parameter Estimation and Model Bencharmking

URM parameters (α,n,γ,λ) were estimated for individual recession events by nonlinear least squares, using a Levenberg–

Marquardt algorithm with multiple random initialisations to reduce the risk of local minima. To benchmark the performance of

the URM, we conducted a comparative analysis against the classical dual-reservoir model developed by Mangin (1975). The
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Figure 4. Time series of spring discharge and precipitation at Zhaidi for the period 2013–2023

Figure 5. Time series of spring discharge and precipitation at Lupa for the period 2013–2023

Mangin’s model describes spring recession as a superposition of fast and slow reservoir responses, expressed analytically as155

Q(t) = qr0 e−at + q0
1 + ηt

1 + ϵt

where qr0, q0, a, η, and ϵ are five calibration parameters. While Mangin’s model is not a strict special case of URM, its

structure is qualitatively comparable to the URM in that Eq. (1) combines a drainage term controlling the early-time decay (with

the linear-reservoir case n = 1 as a limiting form) with a delayed-release term controlling the late-time tail, so the classical
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dual-reservoir model provides a natural benchmark for comparison. Model performance was evaluated with the Kling–Gupta160

efficiency (KGE) and the root-mean-square error (RMSE) computed in discharge space.

4 Results and Discussion

4.1 Model Performance and Representative Recessions

Figure 6 presents observed recession curves alongside simulations from the URM and the Mangin benchmark model for all 12

events. Across the ten Chinese recession events depicted in Figure 6a–j (duration 189–427 h), the URM successfully reproduces165

the complete hydrograph without requiring subjective segmentation. The model achieves a median KGE of 0.945 (0.915–0.970)

and a median RMSE of 0.36 m3 s−1 (0.26–0.40). Its performance is broadly comparable to the Mangin model, which attains

a median KGE of 0.970 and RMSE of 0.305 m3 s−1. The fitted URM parameters consistently cluster around n≈ 2 and α

values between 0.01 and 0.03, with non-zero γ and λ values essential for capturing the sustained baseflow. This parameter set is

diagnostic of a conduit-dominated system.

Figure 6. Observed and simulated recession curves for twelve recession events. Panels (a–j) show ten recession events from monsoon karst

springs in southwest China; panels (k–l) show two recession events from Mediterranean karst springs in central Italy
170
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For the two Italian events shown in Figure 6k–l (duration 3907–6003 h), both models perform excellently in simulating the

prolonged, near-exponential recessions. The URM reaches a median KGE of 0.92 and RMSE of 0.006 m3 s−1. Notably, the

calibrated URM parameters converge to n = 1 and γ ≈ 0, with α values on the order of 2.5–2.6× 10−4. This configuration

corresponds to a linear reservoir behaviour, which emerges naturally from the unified model as a special case, demonstrating the

model’s adaptability to matrix-dominated flow regimes. This collapse toward n≈ 1 and γ ≈ 0 indicates that these recessions are175

adequately described by a simpler limiting form of the URM (linear-reservoir behavior) rather than requiring all process terms

to be active. Parameter identifiability and uncertainty supporting this interpretation are examined in Sect. 4.2.

The fitted URM parameters delineate the two regions clearly. For China, the nonlinearity exponent is tightly centred at n≈ 2,

indicating pronounced early-time curvature consistent with efficient, turbulent conduit drainage; in Italy, both events yield n = 1,

consistent with a linear storage–discharge relation. The drainage coefficient α also separates the regions: Chinese events span180

0.01–0.03, whereas the Italian events are 2.5–2.6× 10−4, about two orders lower, implying much slower effective drainage.

The exchange parameters γ and λ are required in China to sustain the recession tail, while the Italian fits converge to γ/λ≈ 0,

rendering the tail indistinguishable from a single linear reservoir at the outlet(Table 2)

Table 2. Calibrated parameters and performance metrics for the URM and Mangin models (m3 s−1).

Spring Index Start time Hours
URM Mangin model

α n γ λ KGE RMSE qr0 α q0 ε η KGE RMSE

Zhaidi spring

(China)

a 2013-08-24 08:00 353 0.02 2 3.02 0.32 0.97 0.14 10.15 0.07 1.73 0 0.02 0.94 0.22

b 2014-08-19 22:00 427 0.03 2 3.99 0.44 0.91 0.16 9.10 0.10 0.99 0 0.01 0.93 0.20

c 2015-07-04 15:00 374 0.01 2 4.55 0.65 0.85 0.52 19.28 0.09 1.87 0 0.01 0.99 0.27

d 2016-06-16 09:00 339 0.01 2.1 4.34 0.20 0.98 0.38 17.92 0.08 4.46 0 0.03 0.98 0.38

e 2017-08-15 21:00 353 0.01 2 0.96 0.56 0.85 0.29 6.88 0.06 1.73 0 0.02 0.92 0.25

f 2018-05-13 14:00 382 0.02 1.98 4.03 0.12 0.93 0.45 15.03 0.05 0.10 1 0.35 0.91 0.51

g 2019-03-05 23:00 350 0.01 2 3.31 0.59 0.99 0.34 12.81 0.11 8.02 0 0.05 0.97 0.36

h 2020-06-26 19:00 298 0.01 2 5.76 0.32 0.94 0.40 12.83 0.13 11.48 0 0.10 0.97 0.34

i 2021-03-11 19:00 189 0.03 2 7.39 0.11 0.97 0.40 14.78 0.05 1.65 0.21 1.00 0.99 0.35

j 2022-07-04 11:00 319 0.02 2 3.55 0.16 0.95 0.25 10.44 0.07 1.86 0 0.03 0.97 0.21

Lupa spring

(Italy)

k 2013-04-23 00:00 3907 0.00025 1 0 — 0.88 0.008 0.2542 0.0003 0 — — 0.98 0.005

l 2021-03-01 00:00 6003 0.00026 1 0 — 0.96 0.004 0.2805 0.0003 0 — — 0.99 0.002

4.2 Regional patterns and transferability of URM parameters

Parameter identifiability and uncertainty were assessed using optimization-derived 95% confidence intervals for each recession185

event. This analysis evaluated the robustness of the calibrated parameters and their physical interpretability. The composite

plots of α against n and γ against λ (Figure 7) reveal a well-defined regional separation, offering diagnostic insight into aquifer
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behaviour. Confidence intervals for α and n are generally narrow across both regions, underscoring that the dominant drainage

term is well constrained by the recession data. Even in the few Chinese events with comparatively wider intervals, the estimates

remain consistent with n≈ 2, supporting a conduit-dominated early drainage regime. A similarly clear contrast is evident in the190

exchange parameters. For the Chinese springs, γ and λ are strictly positive and well-constrained in most events, corroborating

the physically consistent interpretation of a persistent recession tail sustained by delayed exchange. In the Italian springs, the

confidence intervals for both γ and λ straddle zero, indicating that these parameters are statistically indistinguishable from zero.

This result is consistent with the observed near-exponential recessions, which do not require a separate exchange process to be

represented at the spring outlet.195

Figure 7. Event-wise uncertainty and regional contrasts in the drainage and exchange parameters for the unified recession model. Panels (a)–(d)

show the fitted values and 95 % confidence intervals for α, n, γ, and λ, respectively

To assess whether the regional patterns of URM parameters also have predictive value, we constructed representative parameter

sets for the two regions by averaging the well-constrained event-wise estimates (Sect. 4.1). For the Chinese Zhaidi spring this

yields α = 0.015, n = 2, γ = 4.069 and λ = 0.239, whereas the Italian Lupa spring is characterised by α = 2.5× 10−4, n = 1

and exchange parameters statistically indistinguishable from zero (γ ≈ 0, λ≈ 0). These regional parameter sets were then used,

without further calibration, to simulate two independent long drought recessions at the Zhaidi and Lupa springs. In each case the200

URM was initialised only with the observed discharge at the start of the event. Figure 8 illustrates the resulting simulations.

For the Zhaidi spring the regional parameter set reproduces both the strong early-time curvature and the gradual transition

to a near-linear tail, achieving a KGE of 0.80 and an RMSE of 0.38 m3 s−1. For the Lupa spring the regional configuration
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effectively reduces to a linear reservoir and yields an almost perfect match to the observed near-exponential recession with a

KGE of 0.97 and an RMSE of 0.004 m3 s−1. The good performance obtained without re-calibration confirms that the fitted205

URM parameters are not only diagnostic of conduit- and matrix-dominated regimes, but also transferable within each region for

predicting independent drought recessions.

Figure 8. Regional parameter sets applied to two independent long drought recessions.

4.3 Regime classification and process interpretation in (n,S̃) space

In the URM, recession behavior can be summarized by the drainage nonlinearity exponent n and the dimensionless exchange

ratio S̃ ≡ γ/(λQ0) (Sect. 2), which compares the cumulative exchange-input scale γ/λ to the event-specific discharge scale Q0.210

Mapping events in the (n,S̃) space (Fig. 9) reveals distinct functional regimes of karst spring recession. We partition the diagram

using the reference value n = 1.5, motivated by classical Boussinesq-type recession behavior, and the threshold S̃ = 1, which

marks the transition where the integrated exchange contribution becomes comparable to Q0. The lower-left quadrant (S̃ < 1,

n≈ 1) corresponds to near-linear, matrix-dominated drainage; the upper-left (S̃ > 1, n≈ 1) indicates linear drainage with a

pronounced exchange-sustained tail; the lower-right (S̃ < 1, n > 1.5) represents nonlinear conduit-dominated drainage with215

strong early-time curvature and negligible tailing; and the upper-right (S̃ > 1, n > 1.5) reflects mixed control, where nonlinear

conduit drainage coexists with substantial delayed exchange. Classical recession models occupy specific regions within this

phase space. The Maillet (1905) model corresponds to the linear limit at n = 1, S̃ = 0, positioned near the lower-left edge.

Models such as Wittenberg (1999), Coutagne (1948), and Drogue (1972) fall within the lower-right domain (S̃ = 0, n > 1.5),

expressing enhanced early-time curvature due to conduit effects. The Boussinesq (1903) solution lies along the boundary220

at n = 1.5, S̃ = 0. Multi-reservoir and multi-exponential formulations—including early developments by Barnes (1939) and

Schoeller (1948), along with widely used variants by Mangin (1975), Kullman (2000), and Basha (2020)—plot in the upper-left

quadrant (S̃ > 1), reflecting linear behaviour with notable delayed exchange that sustains the recession tail. In the URM, the

delayed matrix-to-conduit contribution is represented by a single exponential exchange kernel, γe−λt. If needed, this term can
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Figure 9. Classification of karst spring recession behaviour in the unified parameter space (n,S̃).

be extended phenomenologically to a finite superposition of exponentials,
∑k

i=1 γie
−λit, to emulate multi-timescale delayed225

release and to connect with classical multi-exponential recession representations (Barnes, 1939; Schoeller, 1948). Process-based

models that explicitly represent nonlinear conduit resistance and conduit–matrix exchange (Reimann et al., 2011) motivate

the mixed-control interpretation of the upper-right region (n > 1.5 and S̃ > 1), where nonlinear conduit drainage coexists

with substantial delayed exchange/storage effects. Complementary data-driven diagnostics of karst recession dynamics are

provided by dynamical-systems approaches (Rusjan et al., 2023). Brutsaert and Nieber (1977) and Kirchner (2009) provide230

diagnostic recession frameworks that focus on a single-valued relation between dQ/dt and Q, which is captured in the URM

when the exchange-input term is negligible (S̃ ≪ 1). Recession behaviour is analysed in the URM-based (n,S̃) diagnostic

parameter space. In this space, many classical recession formulations appear as limiting cases or approximations under specific

parameter constraints (Table 1), forming a continuous range of nonlinearity (the horizontal axis) and delayed exchange/storage

influence (the vertical axis). The four URM parameters in Eq. (1) retain clear physical interpretations, thereby providing a single235

mechanistic framework that explains the emergence of different recession laws within this space.

To summarize the regime interpretation implied by the (n,S̃) mapping, Fig. 10 provides a schematic synthesis linking

parameter space to qualitative process behaviour. The horizontal axis summarizes the structural continuum from matrix-

dominated (poorly developed conduits) to conduit-dominated drainage, while the vertical axis indicates increasing recession

steepness (shorter hydrological memory). The three shaded regions correspond to matrix-influenced, mixed conduit–matrix,240
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and conduit-dominated regimes identified in the (n,S̃) diagnostic space. The schematic highlights how regional contrasts

(Mediterranean vs. monsoon settings) can be interpreted as shifts between these regimes, providing an intuitive bridge from

calibrated URM parameters to process-based discussion.

Figure 10. Schematic synthesis of recession regimes implied by the URM parameters, linking the (n,S̃) diagnostic space to qualitative

drainage regimes (matrix-influenced, mixed, and conduit-dominated).

4.4 Implications for drought resilience and water resources

Figure 11 illustrates how contrasting parameter regimes translate into different depletion trajectories and, consequently, different245

levels of drought resilience. The curves show normalised discharge Q/Q0 for two representative parameter sets of the unified

recession model: a conduit-dominated case (n = 2 and relatively large α; red) and a matrix-influenced case (n = 1 and much

smaller α; green). The shaded region between the curves denotes a transition regime with intermediate depletion times. To make

these regime implications more quantitative, we define an operational depletion time tθ as the time required for the normalised

discharge to drop to a management-relevant threshold, Q(tθ) = θQ0. When present, the exponentially decaying exchange input250

is characterised by the relaxation time τex = 1/λ.
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Neglecting exchange in the early drainage phase yields the analytical approximation

t
(d)
θ ≈





θ1−n− 1
(n− 1)αQn−1

0

, n ̸= 1,

ln(1/θ)
α

, n = 1,

which provides a reference depletion time scale for the drainage term. In the full URM, the numerically evaluated tθ (shown as

t0.2 in Fig. 11) is expected to increase with the dimensionless exchange ratio S̃ = γ/(λQ0), reflecting the growing importance255

of delayed exchange in sustaining the recession tail.

Figure 11. Typical normalised recession curves Q/Q0 derived from the URM. The dashed line indicates the low-flow threshold θ = 0.2 used

to define the depletion time t0.2.

Together with the functional regimes defined in the (n,S̃) space, the depletion time t0.2 provides a practical, comparable

metric of drought-relevant spring behaviour. In Fig. 11, the conduit-dominated parameter set reaches the low-flow threshold

rapidly (t0.2 ≈ 12h), whereas the matrix-influenced set sustains discharge for much longer (t0.2 ≈ 263h), consistent with

higher hydrological memory. Because URM parameters can be estimated from discharge records alone, this framework offers a260

first-order screening tool where subsurface information is scarce. Repeated calibration over time could track shifts in n, α and S̃
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as indicators of changing recharge conditions, abstraction pressure or land-use change, linking observed recession dynamics to

drought management from catchment to regional scales.

4.5 Methodological implications, limitations and outlook

The unified recession model provides a compact way of linking karst spring hydrographs to subsurface processes, while raising265

several methodological considerations. By embedding nonlinear conduit drainage and matrix contribution within a single

analytical expression, the model avoids fitting separate equations to different portions of the recession limb and enables direct

comparison across events and sites within a consistent parameter space. This compact parameterisation is particularly useful for

cross-regional analyses and for settings where discharge data are available but additional subsurface information is limited.

At the same time, the present analysis is confined to relatively short, event-scale recessions and does not explicitly account for270

interactions with seasonal groundwater-level variations, pumping, or surface–groundwater exchange. These limitations motivate

future work coupling the recession framework with simple recharge representations or long-term groundwater-level observations

to bridge event-scale dynamics and multi-year variability. More generally, the URM is not intended to replace distributed models,

but to complement them—for example as a benchmark for emergent recession behaviour, a guide for targeted field campaigns,

or a first-order diagnostic of aquifer functioning. Extending the framework to include solute, temperature, or tracer information275

may provide additional constraints on conduit–matrix interactions and refine process interpretation.

5 Conclusions

A unified recession model (URM) provides a continuous description of karst spring recessions without subjective segmentation

of the early-time decline and late-time tail. The model links recession shape to four interpretable parameters that represent

nonlinear conduit drainage and delayed matrix contribution, thereby placing several classical recession formulations within a280

common limiting-case framework.

Across contrasting karst settings in southwest China and central Italy, URM reproduces event-scale recessions and im-

proves upon the two-component benchmark. Calibrated parameters reveal systematic regional contrasts: the Chinese spring

is characterised by strongly nonlinear, conduit-dominated drainage (n≈ 2 and relatively large α) with a measurable delayed

contribution, whereas the Italian spring exhibits quasi-linear depletion consistent with matrix-influenced behaviour (n≈ 1 and285

negligible exchange contribution). Event-to-event uncertainty analysis indicates that these contrasts are robust rather than driven

by individual recessions.

Mapping recessions in the URM diagnostic space (n,S̃) delineates functional regimes ranging from matrix-influenced to

mixed and conduit-dominated behaviour. This regime view links observable hydrograph shape to subsurface functioning and

yields drought-relevant metrics such as operational depletion time. Because the URM can be estimated from discharge records290

alone, it offers a practical screening tool in data-scarce regions and a parsimonious component for larger-scale hydrological and

Earth system applications. Future work should extend the framework beyond event-scale recessions by accounting for seasonal
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groundwater fluctuations, pumping and recharge dynamics, and by integrating complementary constraints from groundwater

levels, tracers or temperature.

Appendix A: Derivation to a single ODE and parameter meanings295

The spring discharge Q(t) [L3/T ] reflects both rapid drainage from the conduit and delayed contributions from the matrix.

Conduit flow is governed by a Forchheimer-type relationship that captures both laminar and turbulent regimes (e.g. Mayaud

et al., 2015). The hydraulic head in the conduit, hc [L], is expressed as a function of discharge:

hc = L
(
aQ + bQ2

)
⇒ dhc

dt
= L

(
a +2bQ

) dQ

dt
, (A1)

where L [L] is the conduit length, and a,b are coefficients representing linear and nonlinear resistance terms, respectively.300

Matrix drainage and storage are jointly described by a lumped conduit–matrix exchange term. We define the exchange flux

Qex as positive for flow from the matrix to the conduit and write

Sm
dhm

dt
=−Qex, Qex = σKm (hm−hc) (A2)

where hm [L] is the matrix hydraulic head, Sm is an effective matrix storage coefficient (matrix volume per unit head change),

Km [L/T ] is the matrix hydraulic conductivity, and σ is a lumped conductance parameter controlling the intensity of conduit–305

matrix exchange (e.g. Kovács and Sauter, 2007; Bailly-Comte et al., 2010). In this lumped formulation, Qex is a volumetric

exchange discharge at the conduit scale.

The conduit storage follows a nonlinear power-law relation:

V = κhϕ
c ⇒ dV

dt
= κϕhϕ−1

c

dhc

dt
, (A3)

where V [L3] is the stored water volume in the conduit, κ is a geometry-dependent parameter, and ϕ characterizes the nonlinearity310

of the storage.

Applying the water balance in the conduit, the rate of change in conduit storage equals the net inflow:

dV

dt
= −Q(t) + Qex. (A4)

Substituting Eqs. (A1)–(A3) into Eq. (A4) and transforming all variables to a discharge-based form, we introduce the head

difference δ(t) = hm−hc. From Eq. (A2) we obtain315

dδ

dt
=

dhm

dt
− dhc

dt
= − σKm

Sm
(hm−hc)−

dhc

dt
= −λδ− dhc

dt
,

with λ = σKm/Sm. During late-time recession we assume that the temporal variation of the conduit head hc(t) is slow compared

to the relaxation of the head difference, so that the term −dhc/dt can be neglected to leading order. Under this assumption, the

head difference is taken to decay as

dδ

dt
=−λδ, λ =

σKm

Sm
, (A5)320
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with solution δ(t) = δ0 e−λt, where δ0 is the initial head difference. The parameter λ [1/T ] thus represents the characteristic

decay rate of matrix–conduit head disequilibrium (e.g. Bailly-Comte et al., 2010)

Substituting the time-varying exchange term Qex(t) = σKmδ0 e−λt into Eq. (A4) yields the discharge evolution equation

dQ

dt
= − Q−σKmδ0 e−λt

D(Q)
, (A6)

where the damping function325

D(Q) = κϕLϕ
(
aQ + bQ2

)ϕ−1(
a +2bQ

)
+

Sm

L
(
a +2bQ

) (A7)

collects the contributions of conduit storage, inertial flow resistance and matrix storage.

Here, D(Q) represents an effective hydraulic resistance, parameterized by conduit geometry L, inertial flow properties a,b,

matrix storage Sm, and the nonlinear exponent ϕ. To derive a tractable lumped model, we conduct an asymptotic analysis

of D(Q) across characteristic flow regimes (high- and low-flow limits). In high-flow conditions
(
Q≫

√
a/b

)
, the nonlinear330

Forchheimer term dominates and the damping function simplifies to

D(Q)≈ 2κϕLϕ bϕ Q2ϕ−1,

while the matrix contribution becomes negligible. In contrast, under low-flow conditions
(
Q≪

√
a/b

)
, the system behaves

linearly and matrix storage dominates, yielding

D(Q)≈ Sm

La
.335

By asymptotically matching these limits, the leading-order term Q/D(Q) can be approximated by a power-law expression αQn,

in the spirit of classical nonlinear recession analysis (e.g. Brutsaert and Nieber, 1977; Rupp and Selker, 2006). Likewise, over

the characteristic time scale 1/λ we assume that the variation of D(Q) is moderate compared to the exponential decay of δ(t),

so that the delayed matrix–conduit exchange term

σKmδ0 e−λt

D(Q)
340

can be approximated as γ e−λt. We thus obtain the final recession equation:

dQ

dt
= −αQn + γ e−λt. (A8)

This unified model, integrating a nonlinear term
(
−αQn

)
and an exponential tailing input

(
γ e−λt

)
to describe complex

recession dynamics, is henceforth referred to as the unified recession model (URM), extending the classical nonlinear recession

framework of Brutsaert and Nieber (1977) with an explicit matrix–conduit exchange term.345
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Table A1. List of symbols used in the unified recession model (URM).

Symbol Description Units / notes

t Time T

Q(t) Spring discharge (outlet) L3T−1

Q0 Initial discharge scale for normalisation L3T−1

hc Conduit hydraulic head L

hm Matrix hydraulic head L

δ Matrix–conduit head difference (hm−hc) L

∆h Along-conduit head drop (upstream–downstream) L

J Hydraulic gradient (1-D mean: J ≈∆h/L) dimensionless

V Stored water volume in the conduit L3

L Conduit length L

Km Matrix hydraulic conductivity LT−1

Sm Effective matrix storage coefficient lumped (volume per unit head)

σ Matrix–conduit exchange conductance lumped parameter

Qex Matrix–conduit exchange discharge L3T−1 (lumped)

a,b Linear / quadratic head-loss coefficients

κ Conduit storage geometry factor lumped storage parameter

ϕ Storage nonlinearity exponent dimensionless

λ Exchange relaxation rate T−1

α Nonlinear drainage coefficient L3(1−n)T n−2

n Recession exponent dimensionless

γ Amplitude of exponential exchange input L3T−2

S̃ Dimensionless exchange ratio, S̃ ≡ γ/(λQ0) dimensionless
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