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Abstract. Operational smoke plume assimilation systems require fast, yet accurate error estimations to represent the large,
case-dependent and spatio-temporally varying uncertainties. This study exploits parametric uncertainty forecasts (PUF) as a
computationally efficient alternative to existing ensemble approaches, where the dynamics of error parameters (such as error
standard deviations) are explicitly evolved numerically at a fraction of the cost of ensemble-based methods. It focuses on (1)
the theoretical derivation of forecast dynamics tailored to near-surface air quality applications with uncertain emissions, and
(2) the implementation of PM2.5 forecast error standard deviation into the Canadian air quality model GEM-MACH. The
theoretical investigation suggests that error standard deviation is a more suitable parameter than error variance for operational
models. This is due to improved process-understanding, numerical accuracy, and a simpler form of the forecast equation that
can be implemented with minor modifications of the forecasting model. Implementing diffusion and emission processes of
errors in a state-of-the-science atmospheric model for the first-time demonstrates their sensitivity to other error parameters,
concentration error correlation and correlated emission error, respectively. For illustration purposes, the presented formulation
is used for assimilation of surface PM2.5 in an exemplary wildfire case study in eastern Canada in July 2023. Although the setup
of the error forecast remains highly simplified, the results show significant differences in hourly PM2.5 analysis increments
compared to the operational setup. These differences can be related to the ability of the simple PUF to attribute large analysis
increments to highly uncertain areas like wildfire plumes far away from observation locations. Thus, it enables spreading sparse
observation information much more efficiently in a highly case-dependent and anisotropic way only though improved variance
fields. The presented work leads the way towards efficient operational assimilation for wildfire smoke and other uncertain air

quality events using a parametric Kalman Filter (PKF).
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1 Introduction

Air quality forecasting is a complex prognostic problem that includes several dynamical, physical and chemical processes in the
atmosphere. Furthermore, the atmospheric composition is effected by other parts of the earth system e.g. via anthropogenic- and
natural emissions and deposition. In contrast to regular biogenic emissions from plants, wildfire emissions can be considered
as rare and unexpected natural emission events with exceptionally high impacts on air quality, weather and humans (Byrne
et al., 2024; Wang et al., 2024; Chen et al., 2025; Flood et al., 2025; Henderson, 2025; Zhang et al., 2025). Over the last years,
record-breaking fire seasons in terms of numbers, area burned and socio-economic-environmental impacts have been raising
the public attention as well as the demand for continuing research and improved forecasts. In Canada, the 2023 fire season
was an unprecedented natural disaster with more than 15 million hectares (Mha) of forests consumed by wildfires (Jain et al.,
2024). Smoke from wildfires resulted in extremely poor air quality across Canada and into the USA. Smoke plumes were also
transported long-distances across the Atlantic impacting cities in Europe.

Active research in modeling and predicting the onset and development of fires based on environmental conditions (e.g. (e.g.,
Kaiser et al., 2012; Rochoux et al., 2015; Srivas et al., 2017; Zhou et al., 2021; Wu et al., 2024; Anderson et al., 2024) and
latest satellite observations has resulted in considerable progress. However, especially the occurrence of new fires can only be
predicted in a probabilistic sense and their estimated location, size, composition and evolution remain highly uncertain. Be-
cause air quality forecasts are highly dependent on emissions, especially large intermittent sources such as wildfires, emission
uncertainties have large impact on the accuracy of the dispersion forecasts. In addition, these unexpected events often cover
a large range of spatio-temporal scales with high variability and gradients, which makes dispersion forecasts for these events
exceptionally challenging. Wildfire emission uncertainty extends to the vertical distribution of emissions in the atmospheric
column as plume-injection heights. The model predictive skill for hundreds of km downwind of fire locations are highly sen-
sitive to these parameters (Griffin et al., 2020; Ke et al., 2021). Moreover, fire spread and emission models rely on the latest
satellite data which are only available in near real-time (e.g., Rochoux et al., 2013; Chen et al., 2019). Thus, the operational
need for fast, yet reliable and accurate air quality forecasts become especially critical for wildfire smoke dispersion and other

unexpected events.

These properties of wildfire smoke forecasts also induce specific challenges for air quality data assimilation and uncertainty
quantification. The optimization of model states or parameters by data assimilation provides a sophisticated way to improve
air quality forecasts in an operational setup. However, the optimal analysis determined by data assimilation highly relies on an
accurate representation of forecast uncertainties. Forecast uncertainties generally vary in space and time, but background error
estimates used in operational air quality assimilation systems are usually highly simplified due to its high dimensionality, error
complexity and the leak of knowledge. These simplified error formulations often assume uniform error properties or statistical
relations (e.g., Ménard and Deshaies-Jacques, 2018a; Sun et al., 2020; Colette et al., 2025), including a recent wildfire smoke

application by Wang et al. (2025), which are not able to represent their complex error dynamics inducing highly variable, non-
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uniform and anisotropic errors and their correlations. This highly case-specific nature of unexpected emission events requires
a non-statistical formulation of errors that accounts for their specific spatio-temporal error dynamics.

In contrast, the use of ensemble forecasts has proven its ability to account for highly complex non-linear error dynamics
in various atmospheric applications, mostly in numerical weather prediction (NWP) systems. Despite its great success in
meteorology, ensemble methods have a few disadvantages when applied to air quality forecasting systems: Firstly, the creation
of an appropriate ensemble that represents the true forecast uncertainties is not straight-forward. In contrast to NWP, model
parameters like emission or deposition rates are an substantial source of uncertainties in air quality forecasts. Especially for
natural emissions which are themselves calculated from emission models, uncertainties in air quality forecast can arise from
many different sources with unknown error features (e.g., Vogel and Elbern, 2021a). All of these possible error sources their
respective input uncertainties need to be appropriated by the ensemble (e.g., Vogel and Elbern, 2021b). Moreover, Sabathier
et al. (2023) demonstrated challenges in creating consistent ensemble perturbations at boundary conditions.

Secondly, together with the high dimension of the model, this complexity of uncertainties induces the need for a large en-
semble sizes. In operational NWP and air quality systems, large ensembles of 50 to 100 simulations and respective expensive
computational demands motivated large efforts into advanced ensemble methods (e.g., Buehner et al., 2015; Park et al., 2022;
Pendergrass et al., 2023). Thirdly, even these large ensemble sizes are orders of magnitude smaller than the degrees-of-freedom
in the atmospheric system (usually 10° to 10%). Thus, the sampling covariance calculated from the ensemble is highly underde-
termined (e.g., Leutbecher, 2019) and resulting sampling errors induce new scientific challenges like localization and inflation
to avoid ensemble collapse. While the two latter disadvantages and related methods described above have mostly been investi-
gated for NWP systems, air quality models usually have larger state dimensions, and thus even increased ensemble sizes and
potential sampling problems (Kong et al., 2021; Park et al., 2022).

Recently, fast-developing machine leaning methods have also been applied to estimate forecast uncertainties (e.g., Sacco
et al., 2022; Brecht and Bihlo, 2023; Li et al., 2024; Sitwell, 2025). While these studies show promising results in terms of
computational efficiency in the application, the training process can be very expensive as it requires large amounts of forecast
and related uncertainty data. Additionally, the performance highly relies on the accuracy of uncertainties in the training data

which again needs to be estimated.

Given these disadvantages of existing methods, this study explores an alternative approach to estimate complex case-
dependent forecast uncertainties for air quality data assimilation using a parametric formulation. This method does not aim
at replacing existing methods in general, but rather provides an alternative with focuses on the operational need for fast and
accurate air quality data assimilation. The underlying idea is to explicitly formulate equations for selected error parameters,
which was initiated by Epstein (1969); Cohn (1993). These parameters describe the leading moments of the uncertainty dis-
tribution around the model state, e.g. error variance and correlation length scales for a Gaussian distribution. This parametric
approach has been developed for Kalman filter-based data assimilation, where the so-called Parametric Kalman Filter (PKF)

includes the equations for the change of the error parameters during the analysis and forecast step. The PKF forecast step
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is provided by a parametric uncertainty forecast (PUF) whose explicit derivation of prognostic equations of error parameters
provides unique insights into the specific forecast error dynamics in the system.

Previous studies for idealized atmospheric applications have shown that the consideration of a few error parameters is able
to represent the dynamics of complex error features with considerably reduced computational loads compared to ensemble
approaches. The first applications to an idealized atmospheric system are provided by Pannekoucke et al. (2016, 2018) who
demonstrate the accuracy of a PKF compared to a full Kalman Filter (KF) and ensemble Kalman Filter (EnKF) for one-
dimensional univariate advection-diffusion systems. Recently, Perrot et al. (2023) generalized the idealized experiments to a
multivariate formulation of up to 6 interacting chemical tracers including cross-tracer error covariance and correlation. Their
idealized experiments also demonstrate high accuracy of the multivariate PKF compared to an enKF with 1600 members for
highly nonlinear error dynamics. In addition to these studies, the very first real-case applications with a variance-only evolving
scheme were used in stratospheric chemical data assimilation (Ménard and Chang, 2000; Khattatov et al., 2000; Eskes et al.,
2003), and in the free troposphere with the assimilation of methane in a hemispheric chemical transport model (Voshtani et al.,
2022).

This study focuses on the formulation of a simple PUF which is suitable for operational assimilation in a state-of-the-science
air quality forecast model with special focus on high-emission applications like wildfire smoke events. The operational need
for fast, yet accurate error estimation motivates the development of a simple formulation of the PUF which can be easily im-
plemented in complex high-dimensional air quality models. Therefore, only the first moment of error distributions, the error
variance or standard deviation, is considered and its propagation restricted to the most important processes. A discussion of
the selection of theses process and the theoretical formulation of the related prognostic error equations are given in Sec. 2.
The presented PUF formulation is then implemented into the coupled meteorology-air quality model GEM-MACH (Global
Environmental Multi-scale — Modeling Air quality and CHemistry). Sec. 3 provides an introduction to the GEM-MACH mod-
eling system including the implementation and input of the error parameter forecast. For illustration purposes, the formulation
is used in Sec. 4 for assimilation of surface PM2.5 in an exemplary wildfire case study in eastern Canada in July 2023. A

discussion and conclusions are given in Sec. 5.

2 Theoretical Formulation

The prognostic equation for the propagation of error parameters in a dynamical model depends on the prognostic equation of
the related state. In large-scale numerical air-quality models, the temporal evolution of a 3D state concentration field &;(x,t) of
species i at location x := [x,y, z]T and time ¢ can be written as advection-diffusion-reaction equation of the following general

form:
Bki(x,1) = —u(x,t) - V& (x,8) + V (n(x, 1) - V& (x, t)) +Pi (g(x, t)) VB (x,t) — D; (&(x, t)) 1)

with u(x,t) the 3D wind vector field, k(x,t) the 3D diffusion tensor, P; (f (x,t)) the total chemical net production or loss of

species 4 from all other species, F;(x,t) the total emissions of species ¢, and D; (fi (%, t)) the total deposition of species . Note
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that each of this general processes may include multiple sub-processes in a complex air-quality model, thus the formulation
in Eq. (1) is a highly simplified representation of the complete model. In the following, the species subscript ¢ is dropped for
simplicity.

Based on this general prognostic state equation, the prognostic equation for error parameters can be derived using their re-
spective definitions. This study focuses on the first moment of an error distribution, which is the error variance or standard
deviation. Assuming unbiased errors, the random additive error e¢(x,t) of the state concentration field (x,¢) is defined as its

difference to the unknown true state £*(x,t):

€¢ (x,t) :==&(x,t) — gt (x,t) 2

With this, the concentration error variance V¢(x,t) is defined as:

Ve(x,t) == (e§(x,t))2 3)

And the concentration error standard deviation o¢ (x,t) is defined as square root of the error variance:

oe(x,t) =/ Ve(x,t) = m “)

Thus, the prognostic equation for the error parameters can be derived from the equation of the error itself. The latter needs
to be derived from the prognostic equation of the state and is therefore depending on the specific forecast model in Eq. (1).
Given the enormous complexity of air quality models, the prognostic equations for error parameters will be restricted to a few
processes which are considered to be most important for this application.

For the application to wildfire related air quality in this study, advection, vertical diffusion and point emissions are selected
based on a preceding study Vogel et al. (2026) and theoretical considerations: Firstly, advection is a critical process for trans-
port the plumes from their source region to impacted downwind areas. Secondly, vertical diffusion is particularly important for
the near-surface mixing within the boundary layer. Note that no physical horizontal diffusion is considered as most grid models
including GEM-MACH assume numerical diffusion to be dominating in the horizontal. Thirdly, emissions are generally con-
sidered to be the most important and uncertain process in near-surface air quality modeling. Due to the focus on wildfires, point
emissions are considered here, which include wildfire and anthropogenic point sources in GEM-MACH in contrast to gridded
flux emissions from area sources. Note that vertical distribution due to plume rise is already accounted in the pre-processing of
fire point emissions and thus not considered as additional process.

The preceding study confirmed a minor impact of area emissions on the forecast of PM2.5 concentration in the vicinity
of wildfire plumes for the specific smoke episode investigated in this study (compare Sec. 4.1). In addition, some theoretical
arguments motivated the neglection of other processes: The state dependence of deposition makes the derivation of prognostic
equations of error parameters more challenging and will therefore be investigated in a separate study. Generally, the deposition
process is expected to reduce the absolute error due to reduced concentrations, while an uncertainty in the deposition parameter
would act as a source of uncertainty. For this study, it is assumed that these two opposing aspects approximately cancel out

resulting in a minor overall impact on error parameters.
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Including chemical conversions in the forecast of error parameters require the consideration of the error parameters of all
other species involved. This is conceptually feasible as demonstrated by Perrot et al. (2023), it requires however much more
computational effort because of the increased number of error parameters. Moreover, the coupling of multiple error parameters
makes the interpretation of the results much more complex which is contrary to the scope of this study of a simple PUF for
operational use. For this specific application of PM2.5 in wildfire smoke episodes, the concentration field of total PM2.5 is
assumed to be approximately chemically inactive for the time period of a few days.

In the following, Sec. 2.1 to 2.3 derive the prognostic equations for the three considered processes, respectively, for both
parameters, error variance and standard deviation. A special focus is given to the two new processes for real-case applications;
diffusion and emissions, for which the formulations of variance and standard deviation are compared and evaluated with respect
to implementation into complex operational models. The derivations of the equations in this section are provided in Apx. A,

the related equation numbers are given in brackets above the equal-signs.
2.1 Advection

The 3D advection of a concentration field £(x,t) is given by:

—~
~—

6t€(x’ t)

e u(x,t) - VE(x,t) ®))

Assuming a true 3D wind vector field u(x,t), the propagation of the error field e¢(x,t) is reduced to the original prognostic

equation:

@Y u(x,t) - Vee(x, 1) 6)

adv

Oree(x,t)

And with the definition of error variance, its propagation due to advection becomes:

aVe(x,t)| BV -

u(x,t)- VVe(x,t) @)

adv
Similarly, the propagation of error standard deviation due to advection:

doe(x,t)| BV -

u(x,t) ’ vo—é (th) (®)

adv
For a derivation of the advection equations Eq. (6)-(8) see Apx. A3 or Pannekoucke et al. (2018), their Sec.3.2.2.

The propagation of both, error variance and standard deviation due to advection is described in the same form as the state
advection. Thus, the models advection scheme can be used for either error parameter without any modifications required.
Note also that although the advection equation is exact, the potential errors due to dynamical uncertainties in the wind field and

numerical errors in the discrete advection scheme impact advection of error parameters in the way same as state concentrations.
2.2 Vertical diffusion

This study only considers 1D vertical diffusion like most grid models including GEM-MACH in which numerical diffusion is

assumed to be dominating in the horizontal (for more details see Sec. 4).
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The 1D diffusion of a concentration field £(x,¢) into vertical direction z is given by:

8t§(x, t)

2o, (v (x,1) - 0:5(x.1) ©)

vdiff

Assuming true vertical diffusion coefficient field x*(x,t), the propagation of the unbiased random error field e¢ (x,t) is reduced

to the original prognostic equation (for derivation see e.g. Pannekoucke et al. (2018), their Eq.(15c¢) ):

Oree(x,t)

(2% 0, (KZZ (x,t) - Oz€e (x,t)) (10)

vdiff
And with the definition of error variance, its propagation by vertical diffusion becomes:

(429 o, (/@z(x,t)~8ZV§(x,t)) —2 K7 (x,t) - Ve(x, 1) - (Lg(x,t))_2 —2 K*(x,t) - Ve(x,1) - (

(I) standard phy. diff. (IT) correlation term

atVE(xvt)

vdiff

azvg(m))2
2 Ve(x,1)

(IIT) gradient term

1)

with L (x,t) the error correlation length in vertical direction .

Note that the change of error variances due to vertical diffusion includes two additional terms in addition to the "standard
physical diffusion term" that describes state diffusion: a "correlation term" which describes the reduction of error variance
due to the diffusion of a spatially finite-correlated state, and a "gradient term" which describes the change of error variance as
function of its normalized spatial gradient. For an idealized example of the individual terms see Apx. B1. For a derivation of
the diffusion equations Eq. (10)-(11) see Apx. A4 or Pannekoucke et al. (2018), their Sec.3.2.3.

Similarly, the propagation of error standard deviation by vertical diffusion becomes:

D o, (5 (et)- Do)~ - eoet) - (L et)) (12

(I) standard phy. diff. (IT) correlation term

Oroe(x,1)

vdiff

which is derived in Apx. AS.

In addition to the standard physical diffusion term, the correlation term additionally reduces error standard deviation due
to diffusion of finite-correlated state concentrations and the amount of this reduction increases with decreasing vertical error
correlation length Lg(x,t). Thus the change of both, error variance and standard deviation, depend on two parameters: the
vertical diffusion coefficient and the vertical error correlation length. Here, the latter is not considered as prognostic variable
in the model and must therefore be chosen as model parameter. Apx. B2 demonstrates the high sensitivity of the error variance

forecast to the formulation of error correlation length in an idealized 1D experiment.

Despite the mathematical equivalence of the two formulations in Eq. (11)-(12), the standard deviation form of the diffusion
equation appears to have some practical advantages compared to the error variance form when it comes to applications in

complex operational models:
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— Standard deviation has the same unit as the original quantity which becomes beneficial in the implementation and inter-

pretation of results.

— Standard deviation fields can be assumed to have a higher numerical stability because they have lower ranges of values

and smaller gradients than variance fields (being the square of standard deviation).

— The diffusion equation for standard deviation in Eq. (12) avoids the calculation of the third term (compare Eq. (11) ).
This becomes a big advantage in complex models because it does not only reduces the computations by one term (two
instead of three terms), but it also avoids the numerical calculation of an additional spatial derivative in the gradient term

which indices additional discretization errors.

— The simpler equation for standard deviations also allows generally a more intuitive interpretation of the processes in the

equation (see Apx. B1) as well as an easier verification of the actual model code.

Therefore, error standard deviation was selected as prognostic variable in the model, and is the main quantity described in the
remaining document. The differences between the two forms are illustrated in Apx. B1 for an idealized 1D experiment using

pure diffusion.
2.3 Point emissions

Conceptually, emissions are an external source that independently add to local concentrations. In air quality models like GEM-
MACH, emissions are often implemented in two different ways: Point sources, including wildfires, are pre-calculated for each
gridbox, including vertical distribution due to plume rise, and added to the respective concentrations as individual process. In
contrast, area sources are included in as additional flux term in the generalized diffusion equation. This conceptually different
treatment of emissions requires a separate consideration for error parameters. Here, only point emissions are considered at this
stage due to simplicity and focus on wildfires, the importance of which were verified by Vogel et al. (2026).

The change of state concentrations due to point emissions of each species is given by the respective emission field E(x,t):

@

0 (x,t) = F(x,t) (13)

p.emis

With this, the concentration error due to uncertainties in this prescribed emission field E(x,t) is given by its deviation from

the true emission field E(x,t):

(A29)

Oree(x,1) E(x,t) — E'(x,t) = ep(x,t) (14)

p-emis

with e (x,t) the random additive emission error under the assumption of unbiased emissions.

The general change of concentration error variance due to point emissions derived in Apx. A6.1 is given by:

(A33) (A35)

at‘/f(xvt) =2 Gﬁ(xvt) : UE(th) : pE,f(Xat) =2 UE(th) : U%(X7t) (15)

p.emis
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And similarly, for the concentration error standard deviation:

A34 A35
docxt)]  EVopxt) prext) BV oS (x1) (16)

p.emis

were or% (x,t) denotes the correlated emission error standard deviation w.r.t. the current concentration error. The derivation of

the emission equations Eq. (14)-(16) is given in Apx. A®6.

It shows that the emission process can only increase concentration error standard deviation or variance, but only if the
emissions are considered to be uncertain and correlated to the current concentration error. The emission error standard deviation
can therefore be interpreted as source of uncertainty in the prognostic error field, similar to emissions as source of concentration.

It can be seen from Eq. (16) that the change in concentration error standard deviation due to emissions is equal to the
correlated emission error standard deviation. Thus providing again a simpler formulation than the one of error variance in
Eq. (15) which includes the concentration standard deviation on the right hand side. This facilitates the implementation in a
complex numerical model and reduces the numerical complexity from quadratic to linear (see Apx A6.1: Eq. (A36)-(A37) ).
Moreover, because of its equivalence to the state equation in Eq. (13), the original code for state emissions which are added to
state concentrations can also be used when adding emission error standard deviation to concentration error standard deviations.
The fact that standard deviations have the same unit as concentrations becomes another advantage here (compare Sec. 2.2).

For real-case application, both external parameters (emission error standard deviation and emission-concentration error
correlation) in Eq. (16)-(15), remain unknown. Each of them is highly difficult to estimate and can be expected to have com-
plex spatio-temporal patterns, particularly for strong case-dependent wildfire emissions. Apx. (A6.2) shows that the emission-
concentration correlation is closely related to the temporal correlation of emission errors, which might be further modified by
the other dynamical processes. Unless detailed individual estimates are available, the unknown external parameters may be

jointly estimated and treated as one model input a%(x, t) for the sake of simplicity.

3 Implementation

This section describes the implementation of the PUF equations for error standard deviations of Sec. 2 into the regional

operational version of the coupled meteorology-air quality model GEM-MACH.
3.1 Current modeling system

The meteorology-air quality model GEM-MACH (Global Environmental Multiscale - Modeling Air quality and CHemistry) is
developed and operationally maintained at Environment and Climate Change Canada (ECCC). The model is part of the depart-
ment’s operational Regional Air Quality Deterministic Prediction System with Near-Real-Time Wildfire Emissions (RAQDPS-
FW). It aimed to provide forecast guidance of criteria ambient air pollutants O3, NO2, and fine and coarse, particulate matters
(PM2.5, PM10). Much of the science, technical details and forecast validations of the modeling system are available elsewhere

(ECCC, 2024a; Moran et al., 2025b, a, and references therein) only a short summary is provided.
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GEM-MACH is the core chemical transport model with detailed gas-phase chemical mechanism (ADOM with 46 species
and 114 reactions) and the Canadian Aerosol Module (CAM) with 2-bin aerosol-size (PM2.5, PM10) and composition-resolved
(sulfate, nitrate, ammonium, elemental carbon, primary and secondary organic matter, crustal material, sea-salt) aerosol species.
The model accounts for key chemical processes including emissions, chemical transformations, and wet/dry deposition re-
movals.

The operational RAQDPS-FW configuration is a one-way coupling of meteorology and chemical processes, where atmo-
spheric chemical compositions are calculated on-line as part of numerical weather prediction, but do not influence, or feedback,
the forecast weather processes. The model domain is at 10-km grid covering north American continent and 84-vertical lay-
ers in hybrid coordinates from the surface to 0.1hPa. The system simulates the evolution of gas-phase and aerosol chemical
species with hourly input of anthropogenic, biogenic and wildfire emissions over the model domain to produce hourly chem-
ical forecasts for the next 72 hours. Near-real-time wildfire emissions are estimated with the Canadian Forest Fire Emissions
Prediction System (CFFEPS), daily satellite-driven fire locations, and hourly forecast meteorology (Chen et al., 2019). Clima-
tologic chemical boundary conditions were adopted from monthly-averaged Community Atmosphere Model with chemistry
(CAM-chem) within the Community Earth System model (Tilmes et al., 2022) while hourly meteorology boundary conditions
were taken from the operational Global Deterministic Prediction System (GDPS, ECCC, 2024b).

The current system does not include horizontal diffusion as dynamical processes. This is due to the fact that the horizontal
grid size is much larger than the length-scale of the physical diffusion and thus numerical diffusion is the primary diffusion
mechanism in the horizontal direction. Numerical diffusion results from error terms of the discrete diffusion scheme in the
model as function of the spatial discretizations. Although this is fundamentally different from physical diffusion in the atmo-
sphere, it impacts the forecast state in a similar way.

The setup of the new parametric error forecast presented in this study is compared to the operational setup for air quality
analysis at ECCC. Currently, an hourly surface analysis is performed for selected species including PM2.5, which also restricts
the analysis and comparison of this study to the surface layer. The latest version of this objective analysis framework OAv2
(Objective Analysis version 2, Ménard et al., 2020) exploits statistical relations between local background concentrations and
error variances at observation locations. The OAv2 calculates differences between station observations and related background
values at each observation time and location during a 2 month running time period. Assuming Innovation (Co)variance Consis-
tency (ICC), the innovation variances calculated from these differences w.r.t. time and location are approximately the sum of
background- and observation error variance. Note that this assumes common error statistics over all observation locations and
times though the considered domain. Given this, the estimated background error variances at the station locations are plotted
against the background state and binned accordingly. These bins are then used to calculate a piecewise fit relation between
background state concentrations and error variances with constant variances outside the state concentration range ("bounded
piecewise fit", compare Sec. 3.3, Fig. 1). In the operational OAv2, this state-to-variance relation is applied to averaged back-
ground concentrations over 2 months running time period to get monthly estimates of background error variances that are used

in the analysis.

10
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In this study, the OAv2 framework is used as testbed for the case-study application of the PUF error estimates that were fore-
casted with GEM-MACH. The original OAv2 statistical error estimation serves as reference for comparison and a modification

of the state-to-variance relation approach is used to provide input fields for the PUF-based estimates as described in Sec. 3.3.
3.2 Forecast implementation

Error standard deviation is added as additional prognostic field in the operational regional version of the GEM-MACH fore-
casting system. For the application to wildfire plumes, PM2.5 was selected as species of interest for which a error forecast is
to be performed. PM2.5 is not a prognostic variable in GEM-MACH, but rather the sum of seven prognostic aerosol species
and thus evolves with the same dynamical processes, advection and vertical diffusion, and the net chemical processes of the
individual species. These chemical processes include anthropogenic- and wildfire point emissions, area emissions, chemical
reactions and deposition.

As described in the introduction of Sec. 2, the related forecast of error standard deviation has a simplified formulation which
only considers the most dominant changes due to advection, vertical diffusion and point emissions which need to be included
in the forecast model. Firstly, the change of PM2.5 error standard deviation due to advection in Eq. (8) has the same form as the
advection equation of the state. This means that this prognostic field can simply be handled by the original advection scheme
like any concentration field in the model.

Secondly, the change of PM2.5 error standard deviation due to vertical diffusion in Eq. (12) differs from the vertical diffu-
sion equation for concentration fields. For the first term which equals the diffusion processes of concentrations, the standard
diffusion scheme of the model code can be used without any modifications. The second term describing the reduction of error
standard deviation due to diffusion consists of a simple multiplication of scalars which need to be added at each location. This
term is embedded into the vertical diffusion scheme of GEM-MACH which solves a generalized diffusion equation of the

following form:

Ap(x,t) = {az [H(x,t) (8Zz/z(x,t) + Gw(x,t)) +Jy (x,t)} + R, (X,t)} Fy(x,t) (17)

with 1) the prognostic field to be diffused and G, Jy, Ry, F'y related spatio-temporal parameters that allow for its generalized
diffusion. While G¢ = J¢ = R¢ =0 and F¢ = 1 reduce Eq. (17) to standard diffusion for each state concentration field £ in
Eq. (9), an inhomogeneous term R, # 0 is applied to the error standard deviation field o¢(x, ) to fulfill Eq. (12):

Ry (x,) = =k (x,8) - ¢ (x,1) - (LE(x.0) ) - (18)

While the implementation of the additional term requires only minor code modifications, it includes the vertical error correla-
tion length Lg (x,t) as additional parameter which definition is not straight-forward. As described above, horizontal diffusion
is not explicitly considered in the operational regional GEM-MACH and thus also not in the error standard deviation forecast
(see also Sec. 5).

Thirdly, the change of PM2.5 error standard deviation due to uncertain point emissions in Eq. (16) is given by their correlated

emission error standard deviation as a joint parameter including the emission error standard deviation and its correlation to the
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current concentration error. Thus, this joint external parameter is implemented as a single local source term for concentration
error similarly to the state emissions as source term for state concentrations. The spatio-temporal field of correlated emission
error standard deviations will be treated as point emissions of the respective concentration error standard deviation in the
original point emission scheme of the model. The critical part of this implementation is the appropriate formulation of the

correlated emission error standard deviations which will be discussed below.
3.3 Input preparation

Like any other prognostic field in the model, the PM2.5 error standard deviation field needs initial- and boundary conditions.
Here, the statistical estimation of background error variances in the current operational OAv2 is used to provide input estimates
of error standard deviations. However, applying the statistical state-to-variance function from the OAv2 suite to the selected
wildifre case study reveals the following problem: State concentrations of PM2.5 during wildfire episodes are orders of mag-
nitude larger than the upper bound of the piecewise fit which is based on long-term averaged concentrations (e.g. for this case
study, the upper PM2.5 concentration bound of 8.65ugm™2 is reached at 22 layers up to 3.000 m height, with a maximum
surface concentration of 1972.5 ug m~3). Thus, the resulting surface field of PM2.5 error variances is constant at the upper
bound throughout large parts of the domain.

This is unfavorable for the following reasons: Firstly, the initial conditions for error standard deviation would be constant
throughout most of the domain without any variations or gradients in the regions of smoke plumes which is contradictory
to the goal of reproducing complex case-dependent forecast uncertainties. Secondly, it can be assumed that uncertainties are
exceptionally large in wildfire smoke regions because their emissions estimates can be extremely variable and highly uncertain.
Thirdly, Eq. (16) shows that concentration error standard deviation should increase in areas of highly uncertain emissions.
Thus, concentration uncertainties can be assumed to be significantly locally increased within wildfires smoke plumes because
of their exceptionally uncertain emission estimates which is not fulfilled by the operational setup. Moreover, any bounded
state-to-variance relation for concentrations violates the emission-concentration consistency requirement: In order to ensure
consistency in the error standard deviation forecast, emission-related sources of uncertainty should have the same impact on
the prognostic error field, whether they are emitted within (as emissions) or before (as initial condition) the simulation period.
For a bounded relation for initial- and boundary conditions, uncertain emissions further increase concentration error standard
deviations beyond the upper bound within the simulation period, but not before the period or outside of the domain. This
inconsistency still remains when emission variances are also bounded because they still add-up over time in the forecast.

To improve the input fields for PM2.5 error standard deviation w.r.t. these aspects, a simple linear fit of the state-to-variance
function has been implemented which is given by the mean slope ¢ and the offset 3¢ of the concentration bins. This linear
state-to-variance relation is applied to the initial- and boundary fields of PM2.5 concentrations of this case study £(x,t) to get

case-specific estimates of the related input fields of PM2.5 concentration error standard deviation o¢(x,t):

oe(x.t) =/ Ve(x.t) = o - £(x.1) + Be (19)
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Figure 1. Example of fit functions for background error variances (in (ug m~*)?) as function of background state concentrations (in pug m ™)
of PM2.5. Red squares: bins (mean values over each concentration bin, from cross-validation at observation stations), Blue solid line: bounded

averaged piecewise linear fit used in OAv2. Yellow dashed line: Simple linear fit used in PUF.

Here, PM2.5 concentrations are calculated as sum over the seven individual prognostic fields of fine aerosol: elemental carbon,
primary carbon, organic carbon, nitrate, sulfate, ammonium and crustal material. Figure 1 shows the bounded piecewise and
linear fit for state-to-variance relations of PM2.5 concentrations used in this case study. Eq. (19) only applies to concentration
fields like initial- and lateral boundary conditions, because they have the same quantity as the prognostic field.

For point emissions, the linear relation between emissions and concentrations (compare Sec. 2.3) allows the use of the same
slope a; = arg, which also retains the emission-concentration consistency discussed above. However, this does not hold for
the offset, for which a conversion depends e.g. on the specific distribution of emissions into different vertical levels. Assuming
that the offset is not as dominant as the linear slope, the linear slope with zero offset is used to estimate the correlated emission

error standard deviation (compare Sec. 2.3 and Apx. A6.1):

J%(X,t) =1/ Vé(x,t) ~ o/ ag - E(x,t) (20)

where E(x,t) are the spatio-temporal fields of PM2.5 state emissions as sum of the seven aerosol components. Here, the use
of the correlated emission error standard deviation as joint input parameter ensures the emission-concentration consistency
described above.

In contrast to the OAv2 where this fit is again applied to a 2 month running mean concentration field, it is here applied to the

instant concentration field at each location to already include some state-dependency of errors in the input fields.

4 Case Study Application

The PM2.5 error standard deviation forecast in GEM-MACH is applied to a wildifre smoke episode in a preliminary case

study. The purpose of this case study is not to provide a detailed case analysis, but rather to provide an initial proof of concept
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and exemplary demonstration of potential impacts and benefits of parametric error estimates in an air quality assimilation
system compared to the current setup. This section includes the description of the case study and the simulation setup in
Sec. 4.1, and the results of error standard deviations and analysis increments in Sec. 4.2 and Sec. 4.3, respectively. The results
of the parametric experiments presented in this section are calculated with a vertical error correlation length of 6 model layers
(approx. 385 m height at the surface over flat terrain). This value was selected from comparison of different vertical error

correlation lengths discussed in Apx. D.
4.1 Case Study Description and Model Setup

Starting on June 5th 2023, a set of strong wildfires occurred in central Quebec, in eastern Canada. Despite wildfire sources
were located far away from large cities, their smoke plumes were transported southwards reaching the highly populated regions
in southern Quebec, Toronto and into northern USA, fumigating New York City within one to two days. Additional figures
showing meteorological conditions during the study period are given in Apx. C.

This study focuses on the core phase of the wildfire episode on June 6th 2023 where the main large-scale transport happened,
the initial smoke plume reached Montreal and Ottawa, while the wildfires continued at sources much further north (compare
Fig. C1). Figure 2 shows the temporal evolution of PM2.5 surface concentrations simulated by the regional GEM-MACH
which serve as background concentrations in the hourly assimilation. The simulation was initialized on June 4th 00 UTC with
a 24 hour forecast spinup. From June 5th 00 UTC three subsequent simulations of 12 hours each were performed to include
updates to the most recent meteorological fields by operational IAU (Incremental Analysis Update)-assimilation and wildfire
emissions from CFFEPS. For all results, the simulation is performed for the complete operational regional domain covering
north America (denoted as "simulation domain" thereafter), but only part of it shown here focusing on eastern Canada from
central Quebec to US border (denoted as "study domain" thereafter).

The PM2.5 concentration forecast shows several strong plumes related to wildfire hotspots in central Quebec. The largest
surface concentrations are induced by the two large wildfire hotspots that are the most north. Besides that, two groups of
smaller, but almost similarly strong wildfires can be found in along the Saguenay Fjord in the eastern center, and west of Gouin
Reservoir in the western center of study domain. Further south, an old smoke plume that has been emitted the day before
induces high PM2.5 concentrations around the urban areas of Ottawa, Montreal and into the US.

The forecasts of PM2.5 concentration and error standard deviation are used in the operational OAv2 suite estimating hourly
surface analyses w.r.t. all available surface stations in the simulation domain. The setup of the OAv2 suite is equal to the cur-
rently operational setup, once using operational error estimates as reference (denoted as "operational experiment" thereafter),
and once using parametric error forecasts provided by the GEM-MACH simulation (denoted as "parametric experiment"” there-
after). Note that the OAv2 suite only performs hourly surface analyses, with no feedback back into the next forecast. The OAv2
uses an lagged-time ensemble of past forecasts for the same time period to construct spatial error correlations. Spurious error
correlations between distant locations are eliminated by applying a Schur product with a compact correlation function based

on the Gaspari-Cohn fifth-order spline model (Gaspari and Cohn, 1999). The correlation length-scale of the Gaspari-Cohn
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Figure 2. Modeled surface PM2.5 concentration forecast on June 6th 2023 (blue color code) with wildfire fire locations represented as

surface CO emission rates (orange color code) during case study period (hours in UTC).

model was deterimined by minimizing the analysis error variance evaluated by a cross-validation approach in Ménard and
Deshaies-Jacques (2018b).

Using the new parametric error forecast as background error variances in the OAv2 assimilation induces three main differ-
ences to the operational formulation of background error variances: Firstly, the operational setup uses a bounded piecewise
fit for the state-to-variance relation while the parametric setup uses a fully linear relation (compare Sec. 3.3). Secondly, this
relation is applied to mean concentrations over a 2 month time period in the operational setup while being applied to instant
concentration forecasts the parametric setup. Thirdly, the calculated error variances are directly used as background error es-
timates, thus providing purely statistical error estimates to the operational assimilation, while they only serve as input in the

parametric error forecast providing highly case-dependent error estimates.

4.2 Error standard deviation forecasts

Figure 3 shows the surface fields of PM2.5 error standard deviation (also denoted as "error" thereafter) from the operational
experiment and from the new parametric forecast. The parametric fields show significantly higher errors and gradients than
the operational experiment, particularly in the regions affected by wildfires. This is because the operational error fields are
estimated from long-term statistics and thus cannot account for case-specific uncertainties, particularly from wildfires (Fig. 3a-
d). In contrast, the explicit consideration of emission uncertainties in the parametric forecast induces major error sources at
the remote wildfire hotspots in central Quebec (Fig. 3e-h). Once emitted, the errors are propagated by advection and vertical
diffusion, similar to the dynamics of the state concentrations (compare Sec. 2). Consequently, the extension of the error plumes
and their propagation southwards to urban areas is qualitatively similar to the concentration fields (compare Fig. 2).
Nevertheless, there are conceptual differences between the error field from the parametric forecast and the concentration
forecast which are of high importance. Firstly, the error forecast does not include modifications due to processes like area
emissions, chemical conversions and deposition (compare Sec. 2). Most significantly is the neglection of area emissions in the

southern part including the urban areas of Montreal and Toronto. In these areas, the parametric errors are more similar to the

operational error fields.
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Figure 3. Background error standard deviations fields on June 6th 2023 (logarithmic color code, colorbar labels represent exponent in
log,,(ug m™?), hours in UTC) from operational setup (a-d) and parametric forecast with Lg=6 model layers (e-h). Assimilated surface

observations are overplotted as white dots.

Secondly, the forecasted errors are reduced by the additional correlation term in the diffusion equation (compare Sec. 2.2).
This term acts continuously on the error field reducing emission-related errors during their dispersion from sources to other
regions. Consequently, the plumes of errors due to uncertain wildfire emissions vanish more quickly than the wildfire plumes
in the concentration fields in Fig. 2. It can be seen from Eq. (12) that the strength of the correlation term is determined by the
vertical error correlation length. A comparison for different vertical error correlation lengths in Apx. D shows that the impact
on error standard deviation forecasts is stronger for shorter vertical error standard deviations.

It is important to note that the qualitative similarity of the error and state concentration forecast fields remains throughout
the forecast period only because no analysis is feed back into the subsequent forecast in this simplified case study. In the
analysis step, the change of state and error standard deviation due to assimilation of observations differ considerably. While the
analysis state is a weighted linear combination between background and observation state, the analysis error standard deviation
is always smaller than both, background and observation errors. Thus, the state and error forecasts differ more prominently as

soon as any observation is assimilated in the system (see e.g. Voshtani et al., 2022, for an example).
4.3 Analysis Increments

Figure 4 shows analysis increments for surface PM2.5 from assimilating hourly surface observations into the operational
experiment and the new parametric experiment. Generally, analysis increments vary significantly over time in both experiments,
especially in the wildfire regions in central Quebec (central and northern part of the study domain) where the observation
network is coarse. Note that the no-feedback setup in this study induces that each analysis increment is independent from the
previous analyses the hours before, thus opposite corrections of wildfire plumes over time indicate highly variable forecast

errors in opposite direction rather than balancing of previous analysis increments.
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In the urban areas (southern part of the study domain), the new parametric experiments shows very similar analysis incre-
ments compared to the operational experiment w.r.t. both, spatial distribution and strength. A distinct area of strongly negative
increments is moving from Ottawa south-eastward across the US border towards Boston and New York City. A comparison
to the state forecast of the day before (not shown) indicates an overestimation of old wildfire plume concentrations which is
spatio-temporally consistently captured by the urban observation network. The similarity between the two experiments can be
attributed to their comparable error standard deviation fields (compare Fig. 3) in combination with good observation coverage
in the urban areas leading to low impact of the parametric formulation.

In contrast, the parametric experiment shows considerably large increments in the northern remote areas along the wildfire
plumes throughout the simulation period that cannot be found in the operational experiment. The strongly enhanced errors
predicted by the parametric forecast along the plumes (compare Fig. 3e-h) induce exceptional spatial spreading of distant
observation signals specifically to these locations. Consequently, analysis increments locally exceed values of 80 ug m~3 even
in the two large northern plumes which are about 400 km away from the nearest observation stations.

It is important to note that the two experiments only differ in their background error standard deviations, not in horizontal
error correlation. The spreading of observation signals in the assimilation system is determined by the background error co-
variance matrix whose off-diagonal covariances are a product of background correlations between the two locations and their
background error standard deviations. Thus, the large error standard deviations within the wildfire plumes in the parametric
experiment enable significant increments even from weakly correlated observations.

Due to its large error estimates along the wildfire plumes, the parametric formulation induces analysis increments that are
explicitly aligned with the forecasted plumes. In the remote wildfire areas with low observation coverage, increments are often
attributed commonly to all surrounding plumes within a large region. For example, the two large northern plumes and the
plumes close to the Saguenay Fjord are often commonly constraint by the two observations at the Fjord. Nevertheless, the
parametric experiment is still able to distinguish between individual plumes if different nearby observations indicate contra-
dicting signals. When the observation constraint is strong enough, even strong opposite increments within a single plume can
be found in the parametric experiment. Most prominently, the group of wildfire plumes in the western center of the study area
(west of Gouin Reservoir) has strong local increments with opposite signs at 05 UTC (Fig. 4e).

Note that the selection of vertical error correlation length also impacts the analysis increments as discussed in Apx. D.
However, the comparison shows that the general properties of the parametric experiment described here remain applicable as

long as vertical error correlation lengths stays within reasonable ranges.

5 Discussion and Conclusions

This study provides a simple parametric uncertainty forecast (PUF) specifically tailored to the requirements of operational air
quality data assimilation under highly uncertain emissions like wildfire smoke events. Operational smoke assimilation systems
require fast, yet accurate error estimations which are able to represent the highly case-dependent, large and spatio-temporally

variable uncertainties. While ensemble approaches have been demonstrated their suitability to capture such complex case-
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Figure 4. Analysis increments on June 6th 2023 (linear color code, colorbar labels give analysis-background increments in yg m ™3, hours in
UTC) from operational setup (a-d) and parametric forecast with L=6 model layers (e-h). Assimilated surface observations are overplotted

as white dots.

dependent uncertainties, their high computational costs are a major limitation especially in operational systems. Here, the
potential of the PUF is exploited as an alternative approach in which the main error parameters are explicitly handled in
the forecast model. This study focuses on (1) the theoretical derivation and investigation of forecast dynamics specific to the
requirements of near-surface air quality applications under uncertain emissions, and (2) the setup and implementation of PM2.5
forecast error standard deviation into the GEM-MACH modeling system.

The first step requires the selection of important processes to be considered in the forecast of error parameters which is
especially critical given the operational needs and limitations. The selection of advection, vertical diffusion and point emissions
is made upon the principle "as few as possible, as many as necessary" to ensure fast, yet accurate error estimates for near-surface
air quality applications. Parametric diffusion and emission processes are considered in a state-of-the-science atmospheric model
for the first time in this study. It turned out that error standard deviation is a more suitable parameter than variance because
of multiple advantages that range from unit equivalence to simpler forecast equations which increase numerical accuracy and
facilitate process-understanding (compare Sec. 2).

Although these two processes are critical for accurate error forecasts in air quality, they are highly sensitive to other error
parameters. Is is shown that point emissions only change error parameters if the emissions are considered to be uncertain. Then,
the increase of concentration error standard deviation is directly given by the related emission error standard deviation which
thus significantly impacts the error forecast, especially for highly uncertain wildfire emissions. The change of error standard
deviation or variance due to diffusion is shown to be sensitive to the respective error correlations (compare Apx. B2 and D).
In this study, the vertical error correlation length is selected in a rather simple way to retain low computational demands and a

decent amount of modifications in the forecast model. More sophisticated formulations will be investigated in future.
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In the second step, the implementation into the GEM-MACH modeling system, the simpler forecast equation of error stan-
dard deviation becomes also advantageous because it only requires minor modifications in the forecast model (compare Sec. 3).
In this study, correlated error variances of point emissions w.r.t. concentration errors are assumed to be proportional to local
state emissions. Although this proportionality is consistent with the definitions of initial and boundary conditions (emission-
concentration consistency), it is a highly simplified assumption of emission error behavior. This joint quantity consists of the
emission error standard deviation and its correlation to the current concentration error which are both difficult to estimate and
can be expected to have complex spatio-temporal patterns, particularly for strong case-dependent wildfire emissions. Ideally,
each component would be individually estimated from detailed analysis studies which are beyond the scope if this work. Con-
cerning the emission error, each preparation step including detection, quantification and vertical distribution of emissions due
to plume rise may have itself complex error sources that would need to be considered. It is demonstrated in Apx. (A6.2) that the
emission-concentration correlation is closely related to the temporal correlation of emission errors and potentially also to other
dynamical processes modifying the error field, whose estimates are still to be investigated in future. Available studies on aerosol
layer and plume height comparisons (e.g. Griffin et al., 2020) will provide a valuable basis for more sophisticated process-based
emission uncertainty estimates. The current approach does also not account for uncertainties in emission forecasts of existing
fires and their dynamics as well as uncertainties due to potential onset of new fires. Thus, the presented formulation only serves
as first simple approach with focus on computational efficiency with large potential for future improvements.

For initial- and boundary conditions of error standard deviation, a simple linear state-to-variance relation is used to ensure
emission-concentration consistency between uncertainties originating from uncertain emissions before and within the simu-
lation period. Theoretically, this consistency would also hold in space, i.e. between emission uncertainties inside and outside
of the forecast domain, but only if the related state input fields are consistent. In the current regional GEM-MACH, initial
conditions are defined case-specific from the previous forecast, while monthly climatologies are used for lateral boundary con-
ditions. Certainly, climatological boundary conditions are expected to have significantly larger uncertainties than case-specific
initial conditions, even when - or exactly because - they have smaller concentrations. This inconsistency is not accounted for
in the current setup, and thus boundary conditions for error fields are likely to underestimate true uncertainties. However,
lateral boundary conditions play a minor role in the high-emission case presented here because state concentrations and their
uncertainties are highly dominated by emissions and plume transport within the selected domain (see also Vogel et al., 2026).
Ongoing developments of a global GEM-MACH would enable consistent input fields for state- as well as error fields.

Using these PM2.5 error standard deviation forecast for assimilation of surface PM2.5 in an exemplary wildfire case study
demonstrates some important properties of the PUF for operational air quality. Firstly, the forecast of PM2.5 error standard
deviation in GEM-MACH shows the suitability of parametric error forecasts in operational air quality systems. The application
to wildfire smoke plumes demonstrates its ability to generate highly case-specific and anisotropic error fields at very low
computational costs. Moreover, the error forecast results enable explicit investigation of the downstream propagation of errors
due to highly uncertain emission sources. Secondly, the large spatio-temporal variability of the PUF-based analysis increments
show its ability of case and flow-dependent corrections. For low observation coverage close to remote wildfire hotspots, the

large background errors within the plumes enable specific spreading of distant observation information to these uncertain areas.
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It is important to note that these significant increments far away from observations are only induced by large forecasted error
standard deviations, not exaggerated background error correlations (see Sec. 4.3). In turn, this specific information spearing also
means that corrections of remote wildfire plumes are highly determined by a few distant observations, each having significant
influence on both, strength and shape on the corrections. This makes the PUF-based assimilation results more sensitive to
individual observation information, while making improved use of the sparse observation network in this case study. For
increased observation coverage, the PUF error estimates allow for more local corrections with possibly opposite increments
within individual plumes, while keeping the consistency within a plume if confirmed by the observations. Thus, even the highly
simplified PUF formulation used here enables highly specific and efficient use of the information content provided by sparse
observation networks.

Although the error forecast model presented here was developed for wildfire smoke applications, it is generally applica-
ble to other air quality events with highly uncertain emissions. Moreover, the implementation allows for a straight-forward
extension to error standard deviation fields of multiple species in the model. This would however require some investigation
concerning the validity of selected processes and potential cross-species correlations (see Perrot et al., 2023). Future work will
first of all focus on a comprehensive validation of the analysis and its feedback back into the next forecast to enable full PKF
assimilation cycling for air quality when it is available in the GEM-MACH model. The general technical implementation of a
full assimilation cycling in GEM-MACH is currently a development priority for research as well as operational purposes. In
this context, extension of the surface analysis scheme to the full 3D space is required which will also enable comprehensive
evaluation of elevated plumes with satellite-based observations. The parametric from of an assimilation cycle also requires
the analysis equation for the error parameters that will serve as initial conditions for the next error forecast. This parametric
cycling is expected to show more clearly its benefits in terms of improved forecasts as well as understanding of error dynamics
throughout multiple forecast-analysis cycles.

Concerning the forecast of error standard deviation of PM2.5, there are multiple potential improvements. These include
for example improved formulations of error parameters like vertical error correlations and emission errors, including their
correlation to concentration errors, the consideration of other uncertainties like wind, and the inclusion of other processes like
area emissions, chemical conversions or deposition. The latter will be investigated in detail in a follow-up study. Concentration
uncertainties due to wind might become particularly important for wildfires because their usual alignment with streamlines
might not be applicable during such rapidly developing events. In addition, horizontal diffusion is not considered in this study
because the regional operational GEM-MACH configuration does not include horizontal diffusion of the tracer fields. This
is based on the assumption that numerical diffusion dominates physical horizontal diffusion in the regional domain. From
a theoretical perspective, this assumption would in turn imply that the errors are still reduced by horizontal diffusion, even
if the diffusion is caused by numerics rather than an explicit dynamical process. The consideration of related errors would
require a considerably different derivation because it purely originates from the specific diffusion scheme in the model rather
than the underlying partial differential equations (PDEs). Theoretical studies e.g. by Pannekoucke et al. (2021); Ménard et al.

(2021); Gilpin et al. (2025); Gilpin (2026) discuss inaccuracies in parametric error propagation due to discrete dynamics. For
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simplification, the current formulation only relates to uncertainties in the PDEs and thus implicitly assumes that the discrete

numerical schemes are accurate.

580 Code availability. The modified GEM-MACH v3.1.1.1 source code including the PM2.5 error standard deviation tracer is available at
https://doi.org/10.5281/zenodo.18306098.

Appendix A: Derivation of error dynamics
Numbers in brackets about equal signs indicate equation numbers used in this equation.
Al Advection-diffusion-emission equation for errors

585 Let £4(x,t) be the true concentration state of a passive tracer field propagated by an advection-diffusion-emission equation:
Bt (x,1) = —u(x,1) - VE (x,1) + V (n(x, t)- Ve (x, t)) + B (x,1) (A1)

with true wind vector field u(x,t), diffusion tensor field < (x,t) and emission field E*(x,t).
Assuming an accurate dynamical model with true diffusion coefficient and wind fields, the estimated tracer field £(x,¢) is

propagated by the same advection equation:
590 9&(x,t) = —u(x,t)- VE(x,t) + V (K(m) : vg(x,t)) +E(x,t) (A2)

with F(x,t) the estimated emission field in the model.

Further, assuming unbiased random errors for concentrations e¢ (x,t) and emissions €z (x,t):

ee(x,t) == &(x,t) — & (x,1) (A3)
er(x,t) := E(x,t) — E'(x,t) (A4)

595 the propagation of concentration error e¢ (x, ) due to advection-diffusion-emission processes is given as follows:
drec(x,t) 2 0 (0,1 —€(x,0)) = Drg!(x,1) — i€ x.)
L(42) [ —u(x,t) Ve (x, 1)+ V (K(x,t) Vet (x,t)) + E(x,t)] - [— u(x,t) - VE(x,t) +V (n(x,t) : vg(x,t)) + E(x,t)]
= —u(xt) V(€01 —€0x,0)) + 7 (kx,1) - V(€1 (x,1) ~ €(x,) ) + B (x,) — B(x,1)
2 u(x,t)- Vee(x,t) +V (&(X, t)- Veg(x,t)) ten(x,t) (A5)

600 Thus, the concentration error is propagated with the same linear forecast dynamics as the concentration itself. A more general
derivation and discussion of the error propagation equations without emissions can be found in Pannekoucke et al. (2018), their

Sec.3.1.

21


https://doi.org/10.5281/zenodo.18306098

605

610

615

620

A2 General propagation of error variance and standard deviation

Given the definitions of error variance and standard deviation in Eq. (3) and Eq. (4), respectively, the general propagation of

these two error parameters can be written as follows:

ave(x,t) 2 g, (EE(X,t))Q =9 eE(X 1) Oree(x,1)
1
O’E(X,t)

e (x,t) 2 0,1 /Ve(x,t) = 0 Ve(x,t) & ce(x,1) - Bree (x, 1)

m

A3 3D advection equation for error variance and standard deviation

3D advection equation for forecast error e¢(x,t) into directions x := [z, y, z]T:

(45) u(

Oree(x,1) x,t) - Vee(x,1)

adv

Propagation of forecast error variance V¢(x,t) by pure advection:

99 ee(x,1) - pee (x.t)

adv

(A8)

O Ve (x,t) —2u(x,t) - ec(x,t) - Vee(x,1)

adv

Using:

VVe(x,t) = V(eg(X,lf))Q = 2ee(x,0) Vee(x,1)

Gives:

(A9)

@Y o vex,t)| RV

; —u(x,t) - VVe(x,t)

Similarly, the propagation of forecast error standard deviation o¢(x,t) by pure advection:

(47) . . (48 _ : ;
Oroe(x,1) w o) €e(x,t) - Opee(x,1) . e (al) u(x,t) - es(x,t) - Vee(x,1)
Using:
(AlO) 1
Voe(x,t) =V /Ve(x,1) VV x,t)- ¥ ee(x,t) - Vee(x,t
Gives:
A doe(x.t) ) ) u(x,t) - Voe(x,t)
aav

(AO6)

(AT)

(A8)

(A9)

(A10)

(Al1)

(A12)

(A13)

(Al4)

Note that these propagation equations due to advection were also derived by Pannekoucke et al. (2018), their Sec.3.2.2.
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<8z€5(x,t)) & {az (ég(x,t) : ag(x,t))} T (Q(x,t)  0,0¢(x,t) + 0,7 (x, 1) -Ug(x,t))

A4 1D diffusion equation for error variance

1D diffusion equation for random error ¢ (x,t) into direction z:

(A5)

dee(x,t)] 2o, (ﬁz(x,t) -8265(x,t)) (A15)

vdiff
with k7 (x,t) the vertical diffusion coefficient.

Propagation of forecast error variance V(x,t) by pure diffusion:

Vel )| F2eelxt) dreelxt) 2 ee(x )0 (w5 (x 1) - Oueelx,1))
=20,K67(X,t) - e(x,1) - Ds€c(x,t) + 2 K*(X,1) - €¢(x,1) - O%€¢(x,1) (A16)
Using:
N\ 2
0. Ve(x,t) == 0. [(e§(x,t)) } = 2ee(x,0) Doce(x,0) (Al7a)
o \2 ” N2
D2V (x,t) := 02 [(eg(x,t)) } e,y 0, (eg(x,t) -8265(X,t)> =2 (azeg(x,t)) +2ee(x,t) - 0%ec(x,t) (A17b)

Defining normalized errors & (x,t):

_ €e(x,1)
t):= Al8
€¢ (Xa ) o (X, t) ( )
with: (€£(x,t))2 =:1 Dby definition, (A19a)
and: €& (x,t)-0,€(x,t) =0 which follows directly e.g. from Eq. (A17a) or (A26a). (A19Db)
and the definition of the 1D error correlation length into direction z:
1
— 7%
Li(x,1) = [ (3Z€§(x,t)> 1 (A20)

Gives:

2 (A18) 5

= (Eg(x,t))2 : (azog(x,t))2 2 Ee(x,0) - Oate(x,1) - Dooe(x,1) - o (%, 1) + (aze5 (x,t)>2 : (ag(x,t)>2

(A19),(A20) <3Z0§(x,t)) 2 N (Lg(x,t)) -2 Ve(x.t) (A21)
And using:
2 272 2 2
(01:600)" = [ )| = (2 ) = 11ete)- i)
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Gives:

2 -2
Ve B2 (0ocen)) 42 (LaGe) Vel ) +2 el ) D)
2
(A22) <8ZV£(XJ)) o (L(xt -2 Vel t) 42 — t o
T Vi ( e )) Ve(x,1) + 2 eg(x,1) - e (x,1) (A23)
650 Which finally gives the propagation of error variance due to 1D diffusion:

(A:ug) 0, Ve (x,t) (A17a2(1423)3 K2 (x,t) - 0, Ve (x,t) + K7 (x,t) - 9%V, (x t)_(ang(X,t))Q_z <LZ(X t)>72-V(X )

Y i 2 AT Y OV ) 2 Ve(X, 2 Ve(x,t) g% (X,

2
(0.ve(x)

=9, (Hz(x,t) : 82V5(x,t)) — K (x,t) — 2 K (x,1) - (Lg(x,t)) ~ Velxt)

2 Ve(x,t)
2 -2
(zz“//; ((Xf))) +2 (Lg (x,t))

Note that Pannekoucke et al. (2018) also derive this propagation equations for error variance due to diffusion, in their Sec.3.2.3,

atVE(X’t)

. 0, (nz(x,t) -6ZV§(x,t)) — Kk (x,t) - Ve(x,1)

vdiff

(A24)

655 but using the error correlation tensor instead.
A5 1D diffusion equation for error standard deviation

Propagation of forecast error standard deviation o¢(x,t) by 1D diffusion into direction z:

(an 1 , (ats) 1 o (ke (x.0) -
Oelxt)| | el D) TS s eet) az(ﬁ (x,t) azeg(x,t))
1 1
- . z . . L KZ . .02
5D 0.K%(x,t) - €¢(x,1) 8ze§(x,t)+gg(x’t) K (x,t) - ee(x,t) - 0%ec(x,1) (A25)
660 Using:
B 1 ' 2 1 (Al7a) 1 . :
0.06(x:) = 5= 3Z<Uf(x,t)) = o Vel = el D) (A262)
(A26a 1
630§(x,t) =0, (azag(x,t)) 26a) 0, [ag(xt) -ee(x,t) -8ze§(x,t)]
= (0 ) el Breelet) + - (9 (xt))2+L- X0 e (x,0)
o Zog(x,t) e =€\ oe(x,t) =€\ oe(x,t) el 26
1 2
- - . . . - . - . .02
ot Oeoelo ) e Db + s (0:ecx.1)) oy OO0 PRl (A26)
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665 Gives:

(A25) (A26p) 1 2
= 0Oi0¢(x,t) i e c0.K%(X,t) - €e(x,t) - Dee(x,)
R (,0) | 0206(3%,8) + — - D (x,) - e (1) - Do (1) — — (0-c( t))2
) 2 0e(X, Ug(X,t)Q 20¢(X, €elX, €\ X, O'g(X,t) 2€¢\X,
(AEGa) z . z 2 z . 2
=07 06, 0206 06) 17 (x,1) DR, 1) 7 () s (5z05(x,t))
z 1 2
— K7 (x,1) - e . (azeg(x,t))
670 (A:21) az'%z (Xat) : azgf(xvt) + K7 (X7t) ’ 6305(X7t)+’%z(xat) 3 ! ) Zog(xvt))
O¢ X,t)

—/iz(x,t)-ag(lx’t) [M+ (Lg(x,t))_z-(og(x,t )2]
! ] . (Lg(x,t)>72~ (Ug(x,t))¢

= 0,57 (x,t) - 0.0¢(x, 1) + K*(x,1) - O20¢ (%, 1) — K*(x,1) - g
—2 ’
=0, (/iz (x,t) - 0,0¢ (X,t)) — K7 (x,1) - (Lg(x,t)) -oe(x,t) (A27)

A6 Point emission equation for error variance and standard deviation

675 The change of state concentrations due to point emissions (=locally added emission amount per timestep and gridbox) of each
species is given by:

@

O€(x,1) = E(x,t) (A28)

p.emis
Then the error due to uncertainties in the prescribed emission field E(x,t) is given by its deviation from the true emission
field E*(x,t):

680 ecix.t) Dol -t =agkxt|  —agtxn]  EVExH-E(xt) =epx)
p.emis p.emis p.emis p.emis
(A29)
with e g (x,t) the error in emission field of that species.
A6.1 General derivation
The change of concentration error variance due to uncertain emissions becomes:
OVe(xt)| 99 e (x,t) - Qyee (x,t) d 299 0 en(x,1) (A30)
adav aav
685 Defining normalized errors of concentration and emissions:
~ €¢ (X’ t)
) == A31
ée(x1) e (x0) (A31a)
- (32} (X, t)
) = A31b
ép(xt) op(x,t) ( )
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710

and the local error correlation between concentrations and emissions:

PE(X,1) = € (x,t) - €p(x,1) (A32)

Gives:

R aven| 20k onxt) (D) antoh) 2 20e(x, 1) 0n(x1)  pre(x,1) (A33)
p-emis

Similarly, the change of concentration error standard deviation due to uncertain emissions is given by:

an 1 (A20) 1 _
0 t = . t) -0, t = — t)- t
to—g(x’ ) p.emis Uf(X,t) €£(X7 ) tﬁg(x, ) p.emis O'g(X,t) €£(X7 ) 6E(X7 )
A31 — =~ (A32
B p(x,0) - G, 8) e ) D op(x,t) - pre(x,t) (A34)

Since the emission error standard deviation o (x,t) and its correlation to concentration errors pg ¢(x,t) are both unknown
external parameters, they are jointly treated as correlated emission error standard deviation w.r.t. the current concentration error

in the following:
U%(X,ﬁ) =0g(x,t) pEe(x,t) (A35)

For a discrete timestep At, the concentration error standard deviation increases linearly with the correlated emission error

standard deviation:

(A34),(A32)

oe(x,t) o (x,t0) + 05, (x,t) - At (A36)

p.emis
with o¢ (x,t0) the concentration error standard deviation at the previous timestep ¢y = ¢t — At.
For comparison, the prognostic equation for concentration error variance in Eq. (A33) includes the concentration error

standard deviation on the right-hand-side, which results in a quadratic increase over time:

2 2
Ve(x,t) } V2 [oelx to) + o (x,0) - At

= |otxt)

p.emis p.emis

— Ve(x,t0) +2 0¢ (X, t0) - 05 (x,1) - At + VE(x, 1) - [At]? (A37)

with Ve (x,t0) the previous concentration error variance.

A6.2 Connection to temporal correlation of emission errors

In the following, the connection of the emission-concentration error correlation pg ¢(x,t) to the temporal correlation of the
emission error 7., (t) is demonstrated in a simplified formulation for 7., (¢) < At the model timestep. In this case, the concen-
tration error at time ¢ can be decomposed into its contributions from the emission error e g (x,t) over the correlated time [t, ]

and from the prior concentration error €¢ (x,tp):

ee(x,t) 2V ee(x,t0) +en(x,1) - 7oy (1) (A38)
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with tg =t — 7., (). In terms of normalized errors:

- - t t
(A38) Ze(x.1) (431) 0¢(X, 0)) el to) + 2

e (xt € (X,t)  Tep (1) (A39)

With this, the correlation between emission and concentration errors becomes:

t t) ——=
L i e + e E e s (1) (A40)

pE.c(x,t) = W oe(x,1)

Since ty =t — 7, (t), the prior concentration error e¢(x, to) is uncorrelated to the current emission error € (x,t):

€§(x,t0)o€E(x,t) ~0 (A41)

And using the unit property of normalized errors € (x,t)% = 1 gives the approximation:

@) ) R IE®D v < A (A42)
oe(x,t)
which disentangles emission- and concentration errors. Consequently, the emission-concentration correlation becomes propor-
tional to the relative contribution of the emission error from the correlated time to the overall concentration error and increases
linearly with the correlation timescale.
This formulation can also be generalized to any timescale 7. (t) > At by taking into account the other model processes
which modify the effective correlation timescale at each timestep. For example, strong advection or diffusion modifying the

prior concentration error & (x,to) can quickly disentangle it from the current emission error on timescales below 7., (¢). In

this case, Eq. (A41) may still hold for 7, (t) > At.

Appendix B: Idealized experiments for 1D diffusion
B1 Comparison of variance- and standard deviation-form

Figure B1 visualizes the individual terms contributing to the change of error variance and standard deviation due to diffusion in
an idealized 1D experiment. Starting from an artificial background variance field (Fig. Bla), a single observation is assimilated
at gridpoint 34. Afterwards strong diffusion was considered as forecast step to clearly show the impact of the individual terms
for each formulation (Fig. B1b,c). For both formulations, the smoothing effect of the standard diffusion term (term 1) and the
overall reducing effect of the correlation term (term 2) are clearly visible (compare Sec. 2.2). However, the variance form has
an additional term (gradient term, term 3) which reduces error variance at strong spatial gradients (compare Eq. (11) ). Because
the two formulations are mathematically identical, the first two terms are locally larger in the variance form compared to the
standard deviation form in which the impact of the gradient term (term 3) is implicitly accounted for in the other two terms.
Consequently, the strength and shape of the first two terms differ between the two formulations.

In terms of interpretability, the standard deviation form shows more clearly the increased reduction by the correlation term

(term 2) at locations with reduced error correlations around the observation (compare Eq. (12) ). A comparison of the net
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Figure B1. Comparison of individual terms (solid colored lines) in idealized 1D experiment for diffusion calculated (b) from the variance
form in Eq. (11) and (c) from the standard deviation form in Eq. (12, respectively, from the first diffusion timestep. Dashed lines indicate the
sum over terms 1+2 (light blue) and all terms (gray), respectively. The residual difference to the full KF is given as grey-black dotted line.
Vertical lines indicate the observation location (gray), and related error correlation lengths for background (pink), analysis before diffusion
(orange), forecast before current diffusion timestep (light green), and after diffusion (green). Note the different units of the vertical axis
referring to the change of error variance (b) and standard deviation (c), respectively. Figure (a): variance fields of background (dotted),

analysis (dashed) and diffusion forecast (solid) for the full KF (blue) and PKF using the standard deviation form (green), respectively.

residual of the parametric formulations to the full Kalman Filter shows that the standard deviation form is more accurate which
can be attributed to additional numerical uncertainties in the gradient term of the variance form. For a more detailed description

of the remaining residuals see Apx. B2.
B2 Importance of correlation length

The same idealized 1D experiment described in Apx. B1 is used to demonstrate the influence of defined error correlation length
on the resulting forecast error variance which has been calculated from the prognostic equation of error standard deviation due
to diffusion in Eq. (12). When the parametric forecast error variance after diffusion is calculated with a reasonable estimate of
error correlation length in Fig. B2a, it remains accurate compared to the full KF error variance field even for strong diffusion. In
this example, this reasonable estimate was achieved by a leading order PUF forecast of error correlation length due to diffusion
(e.g. Pannekoucke et al. (2016), their Eq. (24) ) shown in Fig. B2c.

In contrast, setting the error correlation length to a significantly lower value, the forecast error variance in Fig. B2b is consid-
erably underestimated after strong diffusion. In this example, an arbitrary constant error correlation length of 0.1 (equivalent
to 10 gridpoints) was used throughout the whole diffusion process which represents the mean background error correlation
length and thus underestimates the final correlation by about 40% (Fig. B2c). This underestimated correlation results in an
overestimation of the reduction of error variance due to diffusion (compare Eq. (12) ) and thus in an underestimation of the
final forecast error variance of about 25% for most locations (Fig B2b).

Note that the accurate estimate of forecast error variance at the observation location results only because the true forecast

error correlation length happens to be 0.1 in this example (Fig. B2c). Thus, the fact that the arbitrary estimate in Fig B2b is
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Figure B2. Comparison of idealized 1D experiment for diffusion for different correlation lengths: (a) from reasonable estimate (PKF forecast
in (c), same as Fig. Bla), (b) from arbitrarily definition of 0.1=10 gridpoints (mean background in (c) ). Plotting convention as in Fig. B1).
Figure (c): error correlation length fields of background (dotted), analysis (dashed) and diffusion forecast (solid) for the full KF (blue),

reasonable PKF estimate (green) and arbitrary definition (dark yellow), respectively.
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Figure C1. Modeled meteorological conditions June 6th 2023 12 UTC: (a) surface temperature in degree Celsius (blue-red color code) and
(b) near surface wind speed and direction (wind barbs) with wildfire fire locations represented as surface CO emission rates (orange color

code in Fig. 2).

more accurate around the observation location than the approximative correlation forecast in Fig.B2a is purely by chance and
does not have any conceptual reason.

Appendix C: Maps of meteorological conditions for real case experiment

Appendix D: Real case experiments with different vertical error correlation lengths

Because diffusion is constantly acting on a plume since its emission, the impact of the vertical error correlation length is
accumulating over time (compare Sec. 2.2). Consequently, the estimated error correlation length has an increasing impact on

forecasted error standard deviation far away from sources which can be seen from a comparison in Fig. D1.
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A small vertical error correlation length - here Lg=4 vertical model layers (approx. 210 m height at the surface over flat
terrain) - induces strong decay of error standard deviations over time which here results in significantly shorter wildfire
"uncertainty-plumes" in the forecast of error standard deviation (Fig. D1a-d). For increasing vertical error correlation length -
here Lg=8 or 10 vertical model layers (approx. 600 m or 865 m height) - the wildfire uncertainty-plumes lengthen and converge
to the shape of the wildfire concentration plumes (Fig. D1i-p, compare with Fig. 2) which means that the reduction term in the
error diffusion equation Eq. (12) becomes neglectable. Thus, the impact on the error standard deviation forecast is stronger for
shorter vertical error standard deviations. The comparison indicates that LZ=6 vertical model layers (approx. 385 m height)
appears to be a medium vertical error correlation length which balances a reasonable extension of the uncertainty-plumes with
a significant reduction compared to concentration-plumes (Fig. D1e-h) and is therefore selected to be discussed more detailed
in Sec. 4.

The resulting hourly analysis increments in Fig. D2 are also impacted by the selected vertical error correlation length. In the
urban areas, the combination of smaller error standard deviations and more dense observations make the increments generally
less influenced by the parametric error fields and therefore less dependent on the vertical error correlation length. In contrast,
more significant differences can be found in the sparsely observed regions in the north, where the different lengths of the strong
wildfire uncertainty-plumes directly transfer to the spatial patterns of analysis increments. Consequently, the spatial extend of
strong analysis increments increases with increasing vertical error correlation length, even if observations induce opposite signs

of increments within the same plume (e.g. in the western center of the study area west of Gouin Reservoir at 07 UTC).
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parametric (8 layers) parametric (6 layers) parametric (4 layers)

parametric (10 layers)

Figure D1. Background error standard deviations fields on June 06th, 2023 (logarithmic color code, colorbar labels represent exponent in
log,,(ug m™?), hours in UTC) from parametric forecast with different vertical error correlation lengths L7 (x,t)=4;6;8;10 model layers.

Assimilated surface observations are overplotted as white dots.
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parametric (4 layers)
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Figure D2. Analysis increments on June 6th 2023 (linear color code, colorbar labels give analysis-background increments in pugm™2,

hours in UTC) from parametric forecast with different vertical error correlation lengths L (x,t)=4;6:8;10 model layers. Assimilated surface

observations are overplotted as white dots.
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