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1 Mathematical derivation of URSSIE 

This section provides a detailed, step-by-step derivation of the equations presented in the main manuscript for the newly 

developed URSSIE runoff generation scheme (Section 2). Note that, in this supplementary section, we include some equations 

essentially the same as those in the main text for better completeness. The following subsections will detail each equation's 15 

derivation, key assumptions, and mathematical techniques employed. 

1.1 Spatial distribution of soil water storage capacity 

We begin our derivation with cumulative distribution function (CDF) of soil water storage capacity proposed by Wang (2018), 

i.e., Eq. (S1): 

Where 𝐶 is the point-scale water storage capacity (m) supported on a positive semi-infinite interval (𝐶 ≥ 0), 𝑎 is the shape 20 

parameter (-) defined within the interval (0,2], and 𝑆𝑏  is the maximum value of average storage capacity (m) over the 

catchment. 

1.2 Spatial distribution of soil infiltration capacity 

Building on Eq. (S1), we next derive a spatial distribution function of soil infiltration capacity at the catchment scale. We 

assume the one-to-one relationship between the point-scale infiltration capacity 𝑓𝑐  (m/s), and the soil water deficit D (in 25 

meters), can be expressed as a power-law type formula: 

 𝐹(𝐶) = 1 −
1

𝑎
+

𝐶+(1−𝑎)𝑆𝑏

𝑎√(𝐶+𝑆𝑏)2−2𝑎𝑆𝑏𝐶
 (S1) 

 𝑓𝑐 = 𝑚𝑘 (
𝐷

𝑆𝑏
)

𝑛
 (S2) 
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The coefficient 𝑚𝑘 sets the upper limit of infiltration capacity (m/s) under extreme rainfall conditions. The dimensionless 

exponent, 𝑛, reflects the spatial heterogeneity of landscape conditions within a catchment. We rearrange Eq. (S2), to explicitly 

express water deficit D in terms of 𝑓𝑐 as: 

Meanwhile, D can also be determined by the difference between the total soil storage capacity C (in meters) and the initial 30 

storage C0 (in meters):  

By equating Eq. (S3) to Eq. (S4) and solving for C, we obtain: 

Substituting Eq. (S5) into Eq. (S1), we obtain the CDF of infiltration capacity 𝐻(𝑓𝑐): 

𝐻(𝑓𝑐) can be used to delineate the fraction of the catchment area that is saturated when evaluated at the onset of a hydrological 

event. At the initial time step, if a portion of the catchment is already saturated, i.e., 𝐷 =  0, we get 𝑓𝑐  =  0. Substituting 𝑓𝑐  =35 

 0 into Eq. (S6) yields 𝛼0, which represents the fraction of the catchment that is fully saturated at the beginning of the event. 

On the CDF plot, 𝐻(𝑓𝑐)  ≤  𝛼0 indicates the antecedent saturation subzone (𝐴0~𝛼0
), while 𝐻(𝑓𝑐) >  𝛼0 identifies areas that are 

unsaturated. Depending on the rainfall intensity 𝑖 (m/s), for the unsaturated areas, actual infiltration rate, 𝑓 (m/s), can be 

expressed as: 

The infiltration capacity 𝑓𝑐, is not static but rather evolves during and after a rainfall event, necessitating regular updates to 40 

reflect the dynamic soil-water interactions. The initial soil water deficit, 𝐷0, is established at time (in seconds) 𝑡 = 0, marking 

the onset of the event. As rainfall continues, the cumulative infiltration F (in meters), increases, signifying the absorption of 

water by the soil. To accurately track the changing soil moisture conditions, 𝑓𝑐 is updated by the following relationship: 

At time 𝑡 = 0, the initial infiltration rate 𝑓0 and the cumulative infiltration 𝐹0 (in meters) are given by: 

At saturation time 𝑡𝑠 (in seconds), which represents the time lapse from the onset of the event to when the soil is saturated, the 45 

following can be summarized with regard to f and F: 

 𝐷 = 𝑓𝑐

1

𝑛 𝑚𝑘
−

1

𝑛𝑆𝑏
 (S3) 

 𝐷 = 𝐶 − 𝐶0 (S4) 

 𝐶 = 𝐶0 + 𝑓𝑐

1

𝑛 𝑚𝑘
− 

1

𝑛𝑆𝑏
 (S5) 

 
𝐻(𝑓𝑐) = 1 −

1

𝑎
+

𝐶0+ 𝑓𝑐

1
𝑛𝑚𝑘

− 
1
𝑛𝑆𝑏+(1−𝑎)𝑆𝑏

𝑎√(𝐶0+ 𝑓𝑐

1
𝑛 𝑚𝑘

−
1
𝑛𝑆𝑏 +𝑆𝑏)

2

−2𝑎𝑆𝑏(𝐶0+ 𝑓𝑐

1
𝑛 𝑚𝑘

−
1
𝑛𝑆𝑏)

 (S6) 

 𝑓 = {
𝑖, 𝑖𝑓 𝑖 ≤ 𝑓𝑐

𝑓𝑐, 𝑖𝑓 𝑖 > 𝑓𝑐
 (S7) 

 𝑓 = 𝑚𝑘 (
𝐷0−𝐹

𝑆𝑏
)

𝑛
 (S8) 

 𝑓0 = 𝑚𝑘 (
𝐷0

𝑆𝑏
)

𝑛
 (S9) 

 𝐹0 = 0 (S10) 
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To calculate the change in the infiltration rate in the unsaturated subzones, we can take the derivative of Eq. (S8). However, 

since the cumulative infiltration F is a function of time t (in seconds), we need to apply the chain rule to account for this 

dependency: 

From Eq. (S8), we get 𝑑𝑓/𝑑𝐹 as: 50 

𝑑𝐹/𝑑𝑡 is the rate of infiltration, which is 𝑓 itself. Therefore, substituting it into Eq. (S14) gives the change of infiltration rate 

with time as: 

Eq. (S15) shows how the rate of change of the infiltration rate with respect to time depends on both the rate of infiltration itself 

and how close the cumulative infiltration, 𝐹 is to saturate the soil's storage capacity, 𝑆𝑏. As 𝐹 increases, this derivative typically 

becomes more negative, indicating a decreasing infiltration rate over time as the soil approaches saturation. Rearranging Eq. 55 

(S8) and raising both sides to the power of 𝑛 − 1, we obtain: 

Substituting Eq. (S16) into Eq. (S15) and reorganizing them, we get:  

Integrating both sides of Eq. (S17), from 𝑡 =  0 𝑡𝑜 𝑡 for the right-hand side and 𝑓 = 𝑓0 𝑡𝑜 𝑓 for the left-hand side, we get: 

Recall that 𝑓0 corresponds to the infiltration rate at t = 0 and is given by Eq. (S9). By substituting Eq. (S9) into Eq. (S18), we 

obtain a complete expression for the infiltration rate as a function of time: 60 

If the initial infiltration capacity of a spatial point at a timestep is lower than rainfall intensity i, infiltration excess occurs right 

at the beginning of the timestep. The saturation time under this condition, denoted as 𝑡𝑠1, represents the interval from the start 

of the time step to the moment when the soil becomes fully saturated. At saturation, the infiltration rate  𝑓 reduces to zero.  

Substituting 𝑓 =  0 and 𝑡 =  𝑡𝑠1 into Eq. (S19), we can derive the saturation time 𝑡𝑠1 for this condition as follows: 

 𝑓(𝑡 = 𝑡𝑠) = 0 (S11) 

 𝐹(𝑡 = 𝑡𝑠) = 𝐷0 (S12) 

 
𝑑𝑓

𝑑𝑡
=

𝑑𝑓

𝑑𝐹

𝑑𝐹

𝑑𝑡
 (S13) 

 
𝑑𝑓

𝑑𝐹
= (

𝐷0−𝐹

𝑆𝑏
)

𝑛−1

(−
𝑚𝑘𝑛

𝑆𝑏
) (S14) 

 
𝑑𝑓

𝑑𝑡
= 𝑓 (

𝐷0−𝐹

𝑆𝑏
)

𝑛−1

(−
𝑚𝑘𝑛

𝑆𝑏
) (S15) 

 (
𝐷0−𝐹

𝑆𝑏
)

𝑛−1

= (
𝑓

𝑚𝑘
)

𝑛−1

𝑛  (S16) 

 𝑓
1−2𝑛

𝑛 𝑑𝑓 = −
𝑛

𝑆𝑏
𝑚𝑘

1

𝑛 𝑑𝑡 (S17) 

 𝑓 = ( 𝑓0

1−𝑛

𝑛 +  
𝑛−1

𝑆𝑏
𝑚

𝑘

1

𝑛 𝑡)

𝑛

1−𝑛
 (S18) 

 𝑓 = ( 𝑚𝑘

1−𝑛

𝑛 (
𝐷0

𝑆𝑏
)

1−𝑛

+  
𝑛−1

𝑆𝑏
𝑚𝑘

1

𝑛 𝑡)

𝑛

1−𝑛
 (S19) 
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If the initial infiltration capacity is greater than the rainfall intensity 𝑖, the onset of infiltration excess occurs only when 𝑓𝑐 65 

decreases to 𝑖. At this point, soil reaches a critical water deficit state, 𝐷𝑖  (in meters), which corresponds to conditions where 

𝑓𝑐 = 𝑖. This critical state can be mathematically expressed as follows: 

Solving for the critical water deficit state 𝐷𝑖 , we get: 

Eqs. (S21) and (S22) establish the conditions under which the soil's ability to absorb water matches the ongoing rainfall 

intensity, marking the critical threshold at which infiltration capacity begins to limit the rate of rainfall absorption. The critical 70 

point corresponds to 𝛼∗: 

 𝛼∗ = 1 −
1

𝑎
+

𝐷𝑖+𝐶0+(1−𝑎)𝑆𝑏

𝑎√(𝐷𝑖+𝐶0+𝑆𝑏)2−2𝑎𝑆𝑏(𝐷𝑖+𝐶0)
 (S23) 

Between the onset of an event and reaching the critical water deficit state 𝐷𝑖 , infiltration excess runoff does not commence 

immediately; rather, it requires some time for water to accumulate, which is referred to as the ponding time, 𝑡𝑝 (in seconds). 

𝑡𝑝 represents the duration from the start of the rainfall event to the beginning of infiltration excess. It is the necessary time for 75 

enough water to accumulate on the surface, exceeding the soil's infiltration capacity reduced to the level of the rainfall intensity 

𝑖. 𝑡𝑝 can be calculated as: 

Once ponding begins, the soil continues to absorb water until it reaches saturation. The saturation time, denoted as 𝑡𝑠2 (in 

seconds), includes the ponding time 𝑡𝑝 and additional time required for the soil to become fully saturated after ponding starts. 

This total saturation time can be computed as: 80 

Where 𝑡𝑠𝑖 is the saturation time corresponding to 𝐷𝑖  and can be obtained by swapping 𝐷0 by 𝐷𝑖  in Eq. (S20): 

The relationship between the saturation time for the critical point (𝑡𝑠𝑖) and the timestep of interest ∆t (in seconds) determines 

the infiltration excess behavior in different subzones of the catchment. We can consider two distinct conditions based on this 

relationship.  

i) Condition-I (𝑡𝑠𝑖 > ∆𝑡): Under this condition, the infiltration excess starts at the beginning of  ∆𝑡  in the 𝐴𝛼0~𝛼1
 85 

subzone. In the 𝐴𝛼1~𝛼2
 subzone, infiltration excess starts at the beginning of some portion of the subzone, while the infiltration 

excess starts after ponding time at the rest. 

 𝑡𝑠1 =
𝐷0

1−𝑛𝑆𝑏
𝑛

𝑚𝑘(1−𝑛)
 (S20) 

 𝑓 = 𝑖 = 𝑚𝑘(𝐷𝑖/𝑆𝑏)𝑛 (S21) 

 𝐷𝑖 = (
𝑖

𝑚𝑘
)

1

𝑛
𝑆𝑏

 (S22) 

 𝑡𝑝 =
𝐷0−𝐷𝑖

𝑖
 (S24) 

 𝑡𝑠2 = 𝑡𝑠𝑖 + 𝑡𝑝 (S25) 

 𝑡𝑠𝑖 =
𝐷𝑖

1−𝑛𝑆𝑏
𝑛

𝑚𝑘(1−𝑛)
 (S26) 
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ii) Condition-II (𝑡𝑠𝑖 < ∆𝑡): Infiltration excess starts at the beginning of ∆𝑡 over part of the 𝐴𝛼0~𝛼1
 subzone, while the 

infiltration excess starts after ponding time over the rest. In the 𝐴𝛼1~𝛼2
 subzone, infiltration excess starts after ponding time.  

1.3 Partitioning the spatial unit into subzones based on infiltration dynamics 90 

The dynamic nature of soil water deficit results in the formation of four distinct spatial subzones within a given spatial unit of 

interest (i.e., catchment or grid), each characterized by different infiltration capacities and responses to rainfall (Fig. 1). Here 

we describe how these subzones are distinguished: 

a) Antecedent saturation subzone (𝐴0~𝛼0
): Infiltration capacity is zero, and all the rainfall becomes saturation excess 

runoff. The boundary 𝛼0 for this subzone is determined by substituting 𝑓𝑐 = 0 into Eq. (S6): 95 

b) Event-induced saturation subzone (𝐴𝛼0~𝛼1
): This subzone encompasses the areas that will become saturated only 

during the current rainfall event (or time step). The boundary 𝛼1 for this subzone is where the 𝑡𝑠1 = ∆𝑡 (for Condition-I) or 

𝑡𝑠2 = ∆𝑡 (for Condition-II).  

For Condition-I, using Eq. (S20), the initial soil water deficit at 𝛼1 is  

For Condition-II, using Eq. (S25), the initial soil water deficit at 𝛼1 is  100 

Substituting Eq. (S28) (for Condition-I) or Eq. (S29) (for Condition-II) into Eq. (S6) provides the upper boundary of this 

subzone:  

c) Partial event-induced infiltration excess subzone (𝐴𝛼1~𝛼2
): In this subzone, rainfall intensity exceeds the infiltration 

capacity for either the entire time step or a portion of it, yet the soil remains unsaturated throughout the event. Consequently, 

only infiltration excess runoff occurs. The upper boundary 𝛼2 of this subzone is determined by setting 𝑡𝑝 = t. Adjusting Eq. 105 

(S24) for  𝐷0 and substituting Eq. (S22) for 𝐷𝑖  yields initial soil water deficit at 𝛼2. 

Substituting Eq. (S31) into Eq. (S6), yields the upper boundary of this subzone:  

 𝛼0 = 1 −
1

𝑎
+

𝐶0+(1−𝑎)𝑆𝑏

𝑎√(𝐶0+𝑆𝑏)2−2𝑎𝑆𝑏𝐶0
 (S27) 

 D0𝛼1
= [

∆𝑡𝑚𝑘(1−𝑛)

𝑆𝑏
𝑛 ]

(
1

1−𝑛
)
 (S28) 

 D0𝛼1
= [∆𝑡 −

𝐷𝑖
1−𝑛𝑆𝑏

𝑛

𝑚𝑘(1−𝑛)
] 𝑖 + 𝐷𝑖  (S29) 

 𝛼1 = 1 −
1

𝑎
+

D0𝛼1+𝐶0+(1−𝑎)𝑆𝑏

𝑎√(D0𝛼1+𝐶0+𝑆𝑏)
2

−2𝑎𝑆𝑏(D0𝛼1+𝐶0)
 (S30) 

  𝐷0𝛼2
= t 𝑖 +  (

𝑖

𝑚𝑘
)

1

𝑛
𝑆𝑏

 (S31) 

 𝛼2 = 1 −
1

𝑎
+

D0𝛼2+𝐶0+(1−𝑎)𝑆𝑏

𝑎√(D0𝛼2+𝐶0+𝑆𝑏)
2

−2𝑎𝑆𝑏(D0𝛼2+𝐶0)
 (S32) 
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d) Infiltration dominated subzone (𝐴𝛼2~1):  This subzone represents the areas where the soil's infiltration capacity 

consistently exceeds the rainfall intensity. Consequently, these areas neither experience saturation nor contribute to excess 

runoff infiltration. The dynamics in this subzone are primarily driven by the inherent soil properties and rainfall characteristics 110 

that allow the soil to absorb water efficiently throughout the event. This results in a steady infiltration process without the 

onset of ponding or surface runoff. 

1.4 Spatial distribution of runoff generation 

Depending on the subzone, runoff generation mechanisms and estimations differ. Below, we provide details on how runoff is 

computed. 115 

a) 𝐴0~𝛼0
: This subzone is already saturated when rain starts; hence, all the rainfall becomes saturation excess runoff (m) 

and is computed as. 

Where 𝑃 is the precipitation depth (m) in one timestep. 

b) 𝐴𝛼0~𝛼1
: 

i) Condition -I 120 

The saturation excess occurs after the saturation time 𝑡𝑠1, which can be computed for any point in this subzone as: 

Substituting Eq. (S20) into Eq. (S34) and then substituting into Eq. (S6) yields a function for the spatial distribution of 

saturation excess in 𝐴𝛼0~𝛼1
 : 

Where: 

Total saturation excess generated within this subzone is obtained by integrating Eq. (S35) 125 

ii) Condition -II 

 𝑅𝑠0 = 𝑃𝛼0 (S33) 

 𝑟𝑠1 = 𝑖(∆𝑡 − 𝑡𝑠1) (S34) 

 𝐾1(𝑟𝑠1) = 1 −
1

𝑎
+  

𝑋1

𝑎√𝑋2−𝑋3
 (S35) 

 𝑋1 = [
(∆𝑡−

𝑟𝑠1
𝑖

)𝑚𝑘(1−𝑛)

𝑆𝑏
𝑛 ]

(
1

1−𝑛
)

+ 𝐶0 + (1 − 𝑎)𝑆𝑏
 (S35-a) 

 𝑋2 = ([
(∆𝑡−

𝑟𝑠1
𝑖

)𝑚𝑘(1−𝑛)

𝑆𝑏
𝑛 ]

(
1

1−𝑛
)

+ 𝐶0 + 𝑆𝑏)

2

 (S35-b) 

 𝑋3 = 2𝑎𝑆𝑏 ([
(∆𝑡−

𝑟𝑠1
𝑖

)𝑚𝑘(1−𝑛)

𝑆𝑏
𝑛 ]

(
1

1−𝑛
)

+ 𝐶0) (S35-c) 

 𝑅𝑠𝑐1 = −𝑃𝛼0 + ∫ 𝐾1(𝑟𝑠1) 𝑑𝑟𝑠
𝑃

0
 (S36) 
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For α0 ~ α∗, the spatial distribution of saturation excess can be obtained by Eq. (S35). For α∗~α1, the saturation excess after 

saturation time ts2 , at any spatial point within this area is computed as  

Substituting Eq. (S37) into Eq. (S6) along with Eq. (S25), the spatial distribution of saturation excess is given by:  

Where:  130 

Total saturation excess generated within this subzone is obtained by integrating Eq. (S38) 

The infiltration excess runoff (m) for this subzone can be computed from the water balance as: 

i) Condition I 

ii) Condition II 

Where 𝑊1 is total soil wetting (m) within this subzone.  135 

c) 𝐴𝛼1~𝛼2
: 

i) Condition-I: 

Here 𝐷𝑖  is located within the 𝐴𝛼1~𝛼2
. It divides the subzone into two parts,  𝐷1~ 𝐷𝑖  (i.e., α1 ~ α∗) and  𝐷𝑖~𝐷2 (i.e., α∗ ~ α1). 

Infiltration excess computation differs between these two parts. 

For α1 ~ α∗, infiltration excess starts at the beginning of the current time step, and the infiltration excess runoff rate at a point 140 

is given by:  

α1 <  α∗ < α2 

For α∗~α2 ,infiltration excess starts after ponding time, and infiltration excess runoff rate at a point is:  

 𝑟𝑠2 = 𝑖(∆𝑡 − 𝑡𝑠2) (S37) 

 𝐾2(𝑟𝑠2) = 1 −
1

𝑎
+

𝑋4

𝑎√𝑋5−𝑋6
 (S38) 

 𝑋4 = (∆𝑡 −
𝑟𝑠2

𝑖
−

𝐷𝑖
1−𝑛𝑆𝑏

𝑛

𝑚𝑘(1−𝑛)
) 𝑖 + 𝐷𝑖 + 𝐶0 + (1 − 𝑎)𝑆𝑏 (S38-a) 

 𝑋5 = ((∆𝑡 −
𝑟𝑠2

𝑖
−

𝐷𝑖
1−𝑛𝑆𝑏

𝑛

𝑚𝑘(1−𝑛)
) 𝑖 + 𝐷𝑖 + 𝐶0 + 𝑆𝑏)

2

 (S38-b) 

 𝑋6 = 2𝑎𝑆𝑏 ((∆𝑡 −
𝑟𝑠2

𝑖
−

𝐷𝑖
1−𝑛𝑆𝑏

𝑛

𝑚𝑘(1−𝑛)
) 𝑖 + 𝐷𝑖 + 𝐶0) (S38-c) 

 𝑅𝑠𝑐2 = −𝑃𝛼0 + ∫ 𝐾1(𝑟𝑠1) 𝑑𝑟𝑠
𝑃

𝑖(∆𝑡−𝑡𝑠𝑖)
+ ∫ 𝐾2(𝑟𝑠2) 𝑑𝑟𝑠

𝑖(∆𝑡−𝑡𝑠𝑖)

0
 (S39) 

 𝑅𝑖1 = 𝑃(𝛼1 − 𝛼0) − 𝑅𝑠𝑐1 − 𝑊1 (S40-a) 

 𝑅𝑖1 = 𝑃(𝛼1 − 𝛼0) − 𝑅𝑠𝑐2 − 𝑊1 (S40-b) 

 𝑟𝑖(α1 ~ α∗)
= 𝑖∆𝑡 − ∫ 𝑓𝑑𝑡

∆𝑡

0
 (S41) 

 𝑟𝑖(α1 ~ α∗)
= 𝑖∆𝑡 +

𝑆𝑏

𝑚𝑘

1
𝑛

[𝑚𝑘

1−𝑛

𝑛 (
𝐷0

𝑆𝑏
)

1−𝑛

−
𝑚𝑘

1
𝑛(1−𝑛)∆𝑡

𝑆𝑏
]

1

1−𝑛

− 𝐷0
 (S42) 
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Total infiltration excess runoff in 𝐴𝛼1~𝛼2
 under this condition (Ri2) is the sum of infiltration excess from (α1 ~ α∗) and 

(α∗~α2) , and can be calculated by applying the finite difference method on Eq. (S42) and Eq. (S44). 145 

ii) Condition-II: 

𝐷𝑖  is located within the 𝐴𝛼0~𝛼1
. Infiltration excess at any spatial point in 𝐴𝛼1~𝛼2

 therefore starts after 𝑡𝑝 and is calculated by 

Eq. (S44). Total infiltration excess runoff in 𝐴𝛼1~𝛼2
 area (Ri2) can be calculated by applying the finite difference method on 

Eq. (S44) only. 

d) 𝐴𝛼2~1: 150 

No runoff is generated from this subzone. 

2 Additional details of demonstrating URSSIE over the U.S. 

This section describes details in demonstrating the new runoff scheme, URSSIE, over the natural catchments in the contiguous 

U.S. through a simple hydrologic model. We provide the technical details of the simple hydrologic model, its application over 

the natural catchments (e.g., input data preparation, catchment selection, parameter determination), and additional modeling 155 

results (that are not included in the main text).  

2.1 Technical details of the simple hydrologic model 

Figure S1 is a conceptual diagram of the hydrologic model, which is designed by essentially expanding the PDM model by 

Yao and Wang (2022). The following equations describe how to compute the state and flux variables described in Fig. S1. 

Total infiltration excess runoff 𝑅𝑖: 160 

Total saturation excess 𝑅𝑠: 

Total soil wetting (W): 

The soil wetting in 𝐴𝛼0~𝛼1
: 

i) Soil wetting in 𝐴𝛼1~𝛼2
: 

 𝑟𝑖(α∗~α2)
= 𝑖(∆𝑡 − 𝑡𝑝) − ∫ 𝑓𝑑𝑡

∆𝑡−𝑡𝑝

0
 (S43) 

 𝑟𝑖(α∗~α2)
= 𝑖∆𝑡 − 𝐷0 +

𝑆𝑏

𝑚𝑘

1
𝑛

[𝑚𝑘

1−𝑛

𝑛 (
𝐷𝑖

𝑆𝑏
)

1−𝑛

−
𝑚𝑘

1
𝑛(1−𝑛)(∆𝑡−

𝐷0−𝐷𝑖
𝑖

)

𝑆𝑏
]

1

1−𝑛

 (S44) 

 𝑅𝑠 = 𝑅𝑖 = 0   (S45) 

 𝑅𝑖 = 𝑅𝑖1
+ 𝑅𝑖2 (S46) 

 𝑅𝑠 = 𝑅𝑠0
+ 𝑅𝑠1 (S47) 

 𝑊1 = ∫ (𝛼1 − 𝐺(𝐷))𝑑𝐷
𝐷0𝛼1

0
= 𝛼1𝐷0𝛼1

− ∫ 𝐺(𝐷)𝑑𝐷
𝐷0𝛼1

0
 (S48) 

 𝑊2 = 𝑃(𝛼2 − 𝛼1) − 𝑅𝑖2 (S49) 
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 165 

ii) Soil wetting in 𝐴𝛼2~1: 

 

Evaporation (m): 

Direct runoff (m): 

Groundwater recharge (m): 170 

 𝑅𝑔 = (1 − 𝛾)𝑅𝑠 (S54) 

 

Direct streamflow (m/s): 

Baseflow (m/s): 

Total streamflow (m/s): 175 

Quick storage tank (m): 

Slow storage tank (m): 

 

 𝑊3 = 𝑃(1 − α2) (S50) 

 𝑊 = 𝑊1 + 𝑊2 + 𝑊3 (S51) 

 𝐸 =
𝑊+𝑆0

𝑆𝑏

𝐸𝑝+𝑆𝑏−√(𝐸𝑝+𝑆𝑏)2−2𝑎𝐸𝑝𝑆𝑏

𝑎

 (S52) 

 𝑅𝑑 = 𝑅𝑖 + 𝛾𝑅𝑠 (S53) 

 𝑄𝑑 = 𝑘𝑑(𝑅𝑑 + 𝑆𝑑0) (S55) 

 𝑄𝑏 = 𝑘𝑏(𝑅𝑔 + 𝑆𝑔0) (S56) 

 𝑄 = 𝑄𝑑 + 𝑄𝑏  (S57) 

 𝑆𝑑1 = (1 − 𝑘𝑑)(𝑅𝑑 + 𝑆𝑑0) (S58) 

 𝑆𝑔1 = (1 − 𝑘𝑏)(𝑅𝑔 + 𝑆𝑔0) (S59) 
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Figure S1. Conceptual diagram of the simple hydrologic model based on URSSIE. Q is total streamflow at the catchment outlet; 𝑸𝒅 

is direct streamflow at the catchment outlet; 𝑸𝒃 is baseflow at the catchment outlet; 𝒌𝒅 is the average characteristic time of the quick 180 
storage tank (𝒔−𝟏); 𝒌𝒃 is the average characteristic time of the slow storage tank (𝒔−𝟏); 𝑺𝒅 is the quick storage tank; 𝑺𝒈 is the slow 

storage tank; 𝑹𝒅 is direct runoff; 𝑹𝒈 is groundwater recharge; γ is the partitioning parameter (-); C is soil water storage capacity at 

a point; Y(C) is the fraction of the catchment area for which the storage capacity is less than or equal to C; 𝑺𝟎 is initial soil water 

storage; P is precipitation depth; 𝑹𝒔 is saturation excess runoff; 𝑹𝒊 is infiltration excess runoff; E is actual evaporation; D is distance 

from water table to land surface(C-𝐂𝟎); 𝑾𝟏 is the soil wetting in the area that will be saturated in the current timestep; 𝑾𝟐 is the 185 
soil wetting in the area that only infiltration excess will occur; 𝑾𝟑 is the soil wetting in the area where the infiltration capacity is 

greater than precipitation intensity; 𝑨𝟎~𝜶𝟎
 is the subzone already saturated at the beginning of the current timestep; 𝑨𝜶𝟎~𝜶𝟏

 is the 

subzone that will be saturated in the current timestep; 𝑨𝜶𝟏~𝜶𝟐
 is the subzone where only infiltration excess occurs; 𝑨𝜶𝟐~𝟏 is the 

subzone where no runoff is generated. 

Eight parameters are needed to numerically implement the above equations in the hydrologic model, as summarized in Table 190 

S1. 

Table S1. List of parameters in the simple hydrologic model 

Parameter Description Range Unit References 

Sb 
Average soil water storage 

capacity over the catchment 
0.05-1.5 m 

Yao et al. 

(2020), 

Wang (2018) 

a Shape parameter 0-2 − 

γ 

Coefficient for partitioning 

runoff between direct runoff and 

groundwater recharge 

0-1 − 

kb 
Average characteristic times of 

the slow storage tank 
0-1.653 × 10−6 s−1 

kd 
Average characteristic times of 

the quick storage tank 
1.653 × 10−6-1.157 × 10−5 s−1 

m𝑠 Snowmelt coefficient 0-1 − 

Wen et al. 

(2013), 

Martinez and 

Gupta 

(2010) 

mk 
Potential maximum rainfall 

intensity 
0-2.315 × 10−5 m/s  

n Scaling coefficient 0.4-1 −  

 

2.2 Application of the hydrologic model 

2.2.1 Input data preparation and catchment selection 195 

The CAMELS dataset (Catchment Attributes and Meteorology for Large-sample Studies) is a comprehensive 

hydrometeorological dataset that includes daily streamflow data from 1985 to 2014 for 671 small, natural catchments across 

the United States (Newman et al., 2015). In addition to the time series data, the dataset also provides a wide range of catchment 

properties, such as topography, land cover, soil, and geology. This rich dataset has been extensively used in various 

hydrological studies, including rainfall-runoff modeling (Kratzert et al., 2018) and the analysis of conceptual model structure 200 

uncertainty (Knoben et al., 2020). For the purpose of this study, a subset of 181 catchments is selected from the CAMELS 
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dataset based on two criteria: 1) the availability of complete daily hydroclimatic driving force data and 2) a snow fraction of 

less than 5% to minimize the impact of snow on runoff generation. The selected catchments exhibit a wide range of physical 

characteristics and climatic conditions. The drainage area of these catchments varies from 9 to 6,136 km2, showcasing a diverse 

range of catchment sizes. Mean annual precipitation across the study catchments ranges from 240 mm/yr to 2,894 mm/yr, 205 

while mean annual potential evapotranspiration varies from 718 mm/yr to 1,732 mm/yr. To further characterize the climatic 

conditions of the study catchments, the climate aridity index (AI) is calculated (Fig. S2). The climate aridity index, defined as 

the ratio of mean annual potential evapotranspiration to mean annual precipitation, ranges from 0.248 to 4.763 across the 181 

catchments. Among these, 14 catchments have an aridity index below 0.5, indicating relatively humid conditions, while 101 

catchments have an aridity index between 0.5 and 1.0, representing moderately humid to semi-arid conditions. Furthermore, 210 

49 catchments have an aridity index between 1.0 and 2.0, corresponding to semi-arid to arid conditions, and 17 catchments 

have an aridity index greater than 2.0, indicating highly arid conditions. The diverse range of climate zones represented by the 

selected catchments suggests that the contribution of saturation excess runoff and infiltration excess runoff to mean annual 

runoff is likely to exhibit significant spatial variability. This wide spectrum of climatic conditions allows for a comprehensive 

analysis of the dominant runoff generation mechanisms across different hydrologic regimes. 215 

 

Figure S2. Spatial map of the 181 catchments and their Aridity index values. 

The NLDAS-2 forcing dataset (Phase 2 of the North American Land Data Assimilation System) provides hourly precipitation, 

potential evapotranspiration, and air temperature in 1/8th-degree grid spacing over North America from 1979 to the present 

(Xia et al., 2012). For this study, the hourly forcing data for the 181 selected catchments from 1985 to 2014 are extracted from 220 
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the NLDAS-2 dataset. The 1985-2014 period is further divided into three sub-periods: 1985–1986 for model spin-up, 1987–

2005 for parameter determination, and 2006–2014 for model evaluation. 

2.2.2 Input data preparation and catchment selection 

The simple hydrologic model has eight parameters, including 𝑆𝑏 , 𝑎 , 𝛾 , 𝑘𝑏 ,  𝑘𝑑 , 𝑚𝑠 , 𝑚𝑘 , and 𝑛 . The ranges of these 

parameters are listed in Table S1. The optimal parameters are not calibrated, but “determined” through three major steps, 225 

following a strategy proposed by Abeshu et al. (2023), as shown in Fig. S3. The first step is parameter sampling. For each 

catchment, 100,000 parameter sets are sampled over the whole parameter space using a Latin hypercube sampling method 

(McKay et al., 1979) that samples the parameter values over a multidimensional space whilst preserving the statistical 

distribution of each parameter. Here, the number 100,000 is chosen by balancing the computational costs and 

representativeness of the parameter space. The second step is running URSSIE for each of 100,000 parameter sets at each 230 

catchment and archiving the simulated daily streamflow data. The third step is determining the optimal parameter set for each 

selected catchment in the following sub-steps:  

(1) The initial 100,000 parameter sets are filtered to retain the top 10,000 that best preserve the annual water balance, i.e., based 

on the normalized root mean square error (NRMSE) between simulated and observed annual streamflow. 

(2) These 10,000 sets are further filtered to the top 1,000 that best reproduce the seasonal water balance, i.e., based on the NRMSE 235 

between the simulated and observed regime curves.  

(3) The 1,000 sets are then narrowed to the top 100 that best capture flood peaks, i.e., based on the NRMSE between the simulated 

and observed annual flood peaks.  

(4) For the remaining 100 parameter sets, the Modified Kling-Gupta Efficiency (KGE) (Kling et al., 2012) values are computed 

based on the observed and corresponding simulated daily streamflow. The parameter set with the highest KGE value was 240 

selected as the optimal set. 

After the above step, an optimal set of parameters for each catchment has been determined to facilitate further model-based 

analyses.  
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Figure S3. Flowchart for parameter determination 245 

2.2.3 Additional modeling results 

Figure S4 compares the KGE values during the parameter determination (1987-2005) and validation (2005-2014) stages. In 

the parameter determination stage (Fig. S4a), the KGE values are greater than 0.5 in 164 catchments, between 0 and 0.5 in 17 

catchments. In the validation stage (Fig. S4b), the KGE values are greater than 0.5 in 126 catchments, between 0 and 0.5 in 48 

catchments, and between -1 and 0 in 7 catchments. The worsened results in the validation period may be related to the 250 

exceptionally extreme rainfall events that did not occur in the determination period (Pendergrass et al., 2017), hence not 

captured by our parameter determination procedure.  

https://agupubs.onlinelibrary.wiley.com/doi/10.1029/2020EF001552#eft2688-bib-0090


14 

 

 

Figure S4. Spatial map of the KGE values at the 181 catchments. 

Figure S5 shows the seasonality of infiltration excess and saturation excess in 6 representative catchments. In humid 255 

catchments (Figs. S5a, S5b), saturation excess dominates runoff generation regardless of whether seasonal evaporative energy 

and precipitation are in phase or not. In arid catchments with seasonal evaporative energy and precipitation in phase (Figs. 

S5c, S5d), infiltration excess dominates runoff generation. In arid catchments with seasonal evaporative energy and 

precipitation out of phase (Figs. S5e, S5f), saturation excess dominates runoff generation. 
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Figure S5. Relative dominance of infiltration and saturation excess runoff at the seasonal scale at the representative catchments. 

 

Figure S6. Relative dominance of infiltration and saturation excess runoff at the event scale at the representative catchments. 

Figure S6 shows two example events where there are switches of relative dominance of infiltration and saturation excess 

runoff. Infiltration excess dominates at the beginning of the event. As more and more areas become saturated, saturation excess 265 

dominates runoff generation. 
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Figure S7. Comparison of long-term (1985-2014) infiltration excess runoff over total direct runoff ratio driven by hourly and 24-

hour uniform precipitation data in 181 catchments. 

To explore the influence of input precipitation data variability in each day to infiltration excess runoff ratio, we compared the 270 

long-term infiltration excess runoff ratio calculated using same calibrated best parameter sets but driven by hourly and 24-

hour uniformed hourly precipitation data. Figure S7 depicts that in all the 181 catchments, the variability of precipitation within 

each day produces more infiltration excess runoff. 
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Figure S8. KGE of annual flood peaks (a, b) and daily streamflow (c, d) in humid (a, c) and arid (b, d) catchments, respectively, by 275 

URSSIE and SCS-PDM in 1987-2014. 

To demonstrate the improvements of the URSSIE model, we compared URSSIE with the SCS-PDM model developed by Yao 

et al. (2020). Given that the SCS-PDM model operates on a daily timescale, we have likewise implemented the URSSIE model 

at a daily timescale for comparison. We apply the same climate forcing data, parameter optimization strategy, and study period 

as utilized in the URSSIE model, ensuring consistency across both models for a fair comparison. In humid catchments, the 280 

URSSIE model and SCS-PDM model has similar performance on capturing streamflow (Figs. S8a, S8c). In arid catchments, 

the KGE of annual flood peaks has increased for more than 0.05 in 20 of the 66 catchments (Fig. S8b) and the KGE of daily 

streamflow increased for more than 0.05 in 15 of the 66 catchments (Fig. S8d).   
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Figure S9. Boxplot of correlations between KGE and parameters across 181 catchments in 1987-2014. 285 

To evaluate the sensitivity of the model performance to the eight parameters, we calculated the correlation coefficient (r) 

between the KGE and each parameter across multiple catchments. The parameter sets come from the 100,000 parameter sets 

generated by LHS and used for parameter determination. The boxplot presented in Fig. S9 shows that the model performance 

is most sensitive to shape parameter a, indicating that adjustments to this parameter have a stronger and more variable influence 

on streamflow simulation accuracy. The moderate correlations of , 𝑘𝑏, 𝑘𝑑, and 𝑚𝑘 indicate they have a consistent but less 290 

pronounced effect. In contrast, 𝑆𝑏, 𝑚𝑠 and n display weaker correlations, suggesting they have a minimal impact on model 

performance.  
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