
 

We are endebted to the Reviewers for their valuable feedback. The resul8ng revisions to the 
manuscript are described below. 
 
REVIEWER 1: 

Reviewer comment: 

The work is technically deep, well structured, and fills a meaningful gap between tradi8onal 
DO methods (e.g., DISORT) and the needs of strongly anisotropic scaHering applica8ons such as 
pigment modeling and atmospheric backscaHering. The mathema8cal exposi8on is extensive 
and complements the numerical demonstra8ons. 

However, for readers in atmospheric physics or hydrology, the connec8on to physical 
interpreta8on (e.g., energy conserva8on, reciprocity, flux closure) needs more clarity. 

Response to comment: 

Thank you for this evalua8on and valuable feedback. One of the benefits of using Galerkin's 
Method is that it is an orthogonal projec8on from the Hilbert space of differen8able func8ons 
to the Hilbert space of piece-wise con8nuous func8ons, so it preserves conserva8on proper8es 
under the correct weights. This includes energy conserva8on, reciprocity, and flux closure. 
Addi8onal language to that effect has been added to the paper. Please see the subsec8on 
‘Conserva8on Proper8es’ in the revised manuscript. 

Reviewer comment: 

Show explicitly that the method conserves energy for typical phase func8ons 

Response to comment: 

The tool uses a varia8on of the Sinkhorn-Knopp normaliza8on on the phase kernel to ensure a 
conserva8ve scaHering matrix. This is presented in the new subsec8on, “Conserva8on 
Proper8es”. 

 

Reviewer comment: 

Explain how the natural reflectance assump8on relates to physical boundary condi8ons 

Response to comment: 

The general natural reflectance solu8on for the top boundary and the general natural 
reflectance solu8on for the boHom boundary are classes of solu8ons to the general radia8ve 



transfer equa8on and together provide enough degrees of freedom to solve for the specific 
solu8on to any two-boundary physical boundary condi8on. Clarifying language has been added 
to the subsec8on “Sa8sfying the General Two-Boundary Problem”. 

 

Reviewer comment: 

Provide discussion on limita8ons of the method for non-homogeneous or non-plane-parallel 
media 

Response to comment: 

Like many current tools (excep8ng those that u8lize Monte Carlo methods), in Eigenflux, non-
homogenous media must be organized into dis8nct layers of homogeneous media. The tool 
provides rou8nes for combining the solu8ons to the homogeneous layers into a single solu8on 
for the non-homogeneous media. The tool does not currently handle non-plane-parallel media, 
although the addi8on of pseudo-spherical media is contemplated for future work. Clarifying 
language has been added to the Introduc8on. 

 

Reviewer comment: 

Numerical Experiments Are Extensive but Lack Error Metrics 

Figures show intensity distribu8ons, eigenvalues, and transparency depths, but there is no table 
or sec8on that: 

• reports numerical error norms, 
• quan8fies convergence with mesh refinement, 
• shows sensi8vity to the choice of Chebyshev points or mesh density. 

To strengthen the numerical sec8on, consider adding: 

• L2 or L∞error convergence plots 
• Benchmark comparisons using known analy8c solu8ons (e.g., Rayleigh scaHering) 
• Mesh resolu8on sensi8vity analysis 

 

Response to comment: 

A new subsec8on, “Accuracy and Timing Studies” has been added that includes L2 error metrics. 
Comparisons are between the solu8ons and the analy8c equa8on that is being solved, and 



between EigenFlux and the most popular current tool, DISORT. For example, the mesh 
refinement graph (one of the nine figures in the new subsec8on) is: 

 

 

 

1e−06

1e−04

1e−02

30 100 300
num of streams

sq
ua

re
 ro

ot
 e

rro
r

chebyshev

linear



 

We are endebted to the Reviewers for their valuable feedback. The resul8ng revisions to the 
manuscript are described below. 
 
 

REVIEWER 2: 

This manuscript presents a mul8-stream radia8ve transfer solver capable of handling strong 
backward scaBering surfaces. While there does appear to be some scien8fic merit to this paper, 
the authors do not clearly mo8vate their claims or jus8fy their stated significance with results. 
They do not present any significant inter-comparison or applica8ons with measurements that is 
required to meet the scope of AMT. They also do not clearly state their conclusions. There is no 
clear structure in their methods, results, and conclusions. There is no clearly defined conclusion 
or results sec8ons. The methods sec8on are broken into discrete sec8on. These sec8ons should 
be organized into clearly stated methods, results, conclusions. Addi8onally conclusions drawn 
should be explicitly demonstrated in the results sec8on with tables, figures, and metrics. 
Currently there is no quan8fiable jus8fica8on for their abstract statement. I recommend major 
revision or submission to a different journal with a scope focused on the basic methodological 
presenta8on. 

 

Response to comment: 

We appreciate your careful and detailed comments. We have re-organized our paper into 
Introduc8on, Methods, Results, and Conclusions. We have performed addi8onal accuracy and 
8ming studies which are now discussed in the Results sec8on. ANer further inves8ga8on we 
became aware that the case of strong backscaBer is likely not as common as we ini8ally 
thought. We have revised the paper to reflect this reality. There are materials including snow 
and ice that have a significant backscaBering component that can be easily fiBed to a mesh 
approxima8on. These systems are poorly described using current tools, (and the accuracy study 
in our paper suggests that EigenFlux has an advantage for strongly forward scaBering systems as 
well). We have added addi8onal discussions on snow and ice.  

 

Reviewer comment: 

There seems to be mo8va8on for a non-commercial radia8ve transfer model (i.e., a novel 
method) that can handle strongly scaBering media with absolute values of asymmetry that 
are high. While stated in the manuscript, there is no sources or comparisons to clearly 



iden8fy this gap they are interested in addressing. Suggest being explicit in what is the 
problem is, how is it handled before your method, and how is your method faster, beBer, or 
simpler using error metrics and accoun8ng for uncertain8es. 

Response to comment: 

Addi8onal text has been added to the Introduc8on to discuss the gap we are addressing. A new 
subsec8on, “Accuracy and Timing Studies” has been added to the new “Results” sec8on which 
includes an analysis of performance across higher asymmetries. The following (Figures 16 and 
14 of the revised paper) show DISORT accuracy in the first graph, EigenFlux accuracy in the 
second graph. 

   

 

 

 

Reviewer comment: 

The method is novel and appears to have some advantages over the current standards, but 
there appears to be few results demonstra8ng the improvements. The tool being open 
source compared to a commercial op8on is a great idea but the commercial op8ons are not 
compared nor is the current state of the open source tools. Suggest adding a results and 
conclusion sec8on to demonstrate some of the improvements over current models or 
comparing against measured data for a specific applica8on. 

Response to comment: 

A new subsec8on and table about compara8ve tools has been added. A new subsec8on, 
“Accuracy and Timing Studies” has been added to the new “Results” sec8on. It includes 
regression tes8ng across a range of asymmetry values and single stage albedo values and 
includes error results as a func8on of higher asymmetry. It includes compara8ve tes8ng 
against the DISORT tool. 
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Reviewer comment: 

This seems substan8al but it is not clear from their manuscript what aspects of their method 
are superior to models that can handle snow and ice. The authors do not mo8vate their 
work to fit into AMT's scope. There is no significant inter-comparison of methods in this 
work. 

Response to comment: 

According to our compara8ve study, current snow and ice tools use the same algorithm as 
DISORT- discrete ordinates, with adjustments for the domain, with the same  basic 
advantages and disadvantages. We have added a comparison with DISORT to the paper, 
discussed in the “’Accuracy and Timing Studies” subsec8on. 

 

Reviewer comment: 

Their method is explained in detail but can be hard to follow. Suggest rearranging and 
renaming most of the sec8ons into: introduc8on, methods, results, and conclusions. Also, 
clearly state where the mo8va8on is coming from using specific sources. 

 

Response to comment: 

The manuscript has been reorganized into the suggested format and clarifying language 
added. 

 

Reviewer comment: 

The authors do not clearly mo8vate their claims or jus8fy their stated conclusions with 
results. 

 

Response to comment: 

A new subsec8on, “Accuracy and Timing Studies” has been added to the new “Results” 
sec8on. It includes regression tes8ng across a range of asymmetry values and single stage 
albedo values and includes error results as a func8on of higher asymmetry. 

 



Reviewer comment: 

The numerical experiments lack error analysis. Improvements should include analysis 
showing the sensi8vity analysis, reports numerical error, and quan8fies convergence 
8me/reliability with mesh refinement. The authors should clearly show the limita8on of 
their model and the improvements over other models. 

 

Response to comment: 

Addi8onal work has been performed and a new subsec8on, “Accuracy and Timing Studies” 
has been added to the new “Results” sec8on. It includes regression tes8ng across a range of 
asymmetry values and single stage albedo values and includes error results as a func8on of 
higher asymmetry. It includes compara8ve tes8ng against mesh refinement and 
improvements over the DISORT tool. The results are shown in Figures 17 and 12 of the 
revised manuscript, copied here: 

 

 

Reviewer comment: 

 

The authors do appear to misrepresent some of the related work. For example, why is 
``HydroLight, Radia8ve Transfer SoNware'' cited when it wasn't designed for this role of 
atmospheric radia8ve transfer with highly scaBering media. Suggest comparing with models 
used for ice and snow that might be beBer comparisons.  

 

Response to comment: 

Snow and ice models have been included as part of a new table, Table 2, on compara8ve 
tools.  Hydrolight was included at the par8cular request of a previous reviewer. 
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Reviewer comment: 

The abstract claims are concise but not represented well in the manuscript's contents. 
Suggest clearly demonstra8ng the claimed results or altering the abstract to align with the 
manuscript.  

 

Response to comment: 

Both the abstract and the contents have been changed substan8ally as part of the re-
organiza8on of the paper. Addi8onal work has been performed and subsec8on “Accuracy 
and Timing Studies” has been added to the new sec8on “Results” specifically to address the 
claimed results. We have examined and modified the claims and the text to ensure there is a 
clear link. 

 

Reviewer comment: 

1) The structure of this manuscript is a bit disorganized and much of the text is hard to 
understand as a result. Several paragraphs are 1 or 2 sentences. Suggest combining 
these short paragraphs to make the text more readable and understandable. The science 
ques8on does not have a clear link to any research gaps.   

 

Response to comment: 

We have re-organized the paper into Introduc8on, Methods, Results, and Conclusions, 
consolidated paragraphs, and added clarifying language. 

 

Reviewer comment: 

2) The language is fluent, but typographical errors and unclear language are present 
throughout.  

 

Response to comment: 

We have corrected the typographical errors and added clarifying language according to the 
reviewer’s notes within the paper. 

 



Reviewer comment: 

3) The formulae, symbols, abbrevia8ons, and units appear to be correct, however no 
external comparisons are made to verify this. Certain terms like convergence are not 
defined. Suggest external comparisons and explicitly defining convergence. 

 

Response to comment: 

We have now compared and matched our results to DISORT. The use of the term 
“convergence”  was imprecise and alterna8ve language is now used. 

 

Reviewer comment: 

4) Several figures have unclear cap8ons and their results are unclear. Tables appear to be 
labeled as figures. Suggest improving the cap8ons throughout to ensure these tables 
and figures are understandable on their own, adding more comparison figures, removing 
or combining figures that do not add to the scien8fic analysis, and ensuring tables are 
labeled and reference correctly.  

 

Response to comment: 

All cap8ons have been reworked for clarity; tables have been relabeled as tables. Some 
unnecessary figures have been removed. 

 

Reviewer comment: 

5) The manuscript has some quality references. Suggest adding more references for 
comparisons to other mul8layer radia8ve transfer models like those used for snow and 
ice.  

 

Response to comment: 

Language on snow and ice has been added, both to the Introduc8on and as part of a new 
table on compara8ve tools. “Snow and ice are par8cularly important elements in 
determining the albedo of the Earth, and microwave sensing has become an important tool 
for characterizing current snow and ice levels. Current algorithms such as the Discrete 



Ordinates method are being provided as part of RTE solvers which also include custom 
models for the highly forward scaBering and low absorbency features of snow and ice.” 

 

Addi8onal reviewer comments 

Would snow and the aforemen8oned SMRT be able to handle this (+- 0.99 asymmetry)? Is 
so, it would be important to state that and make comparisons/contrasts. 

Response to comment: 

This is an excellent sugges8on. Yes, SMRT should be capable of trea8ng highly forward-
scaBering cases (g ≳ 0.99), provided that the underlying snow or ice microstructure 
produces such asymmetry factors. Because SMRT derives the phase func8on from physical 
microstructure models and uses the DORT discrete-ordinate solver, it faces many of the 
same numerical considera8ons as DISORT for strongly forward-peaked scaBering. SMRT 
models snowpack and it is specialized for that applica8on. It has electromagne8c and snow 
structure models and derives a phase func8on from that theory, so asymmetry is derived. 
The ques8on is whether the snowpack or icepack strutures that it can model have a 
symmetry of greater than 0.9. Stamnes1 reports g = 0.85, 0.89, 0.997 for air bubbles, snow 
grains, and brine pockets, but SMRT has limited capability for modeling brine pockets2 . The 
underlying solver- DORT- is an implementa8on of Discrete Ordinates, so should have the 
same general capabili8es as DISORT. DISORT requires some version of the “delta-N” method 
which models some por8on of the forward scaBer as pure transmission to handle 
asymmetry greater than 0.9, which also results in loss of precision. It seems reasonable that 
DORT has the same issues. The comparison to DISORT is considered in more detail in a new 
sec8on we have added on “Accuracy and Timing Studies”. 

 

Addi8onal reviewer comments 

Table 7, this cap8on needs more detail. Number and distribu8on should be explained. This 
should stand on its own without the text.  

 
1 “Modeling of radia8on transport in coupled atmosphere-snow-ice-ocean systems” , K. 
Stamnes, B. Hamre, J.J. Stamnes, G. Ryzhikov, M. Biryulina, R. Mahoney, B. Hauss, A. Sei, Journal 
of Quan8ta8ve Spectroscopy & Radia8ve Transfer 112 (2011) 714–726 
2 Picard, G., Sandells, M., and Löwe, H.: SMRT: an ac8ve–passive microwave radia8ve transfer 
model for snow with mul8ple microstructure and scaBering formula8ons (v1.0), Geosci. Model 
Dev., 11, 2763–2788, hBps://doi.org/10.5194/gmd-11-2763-2018, 2018 



Response to comment: 

Cap8on has been expanded. “Test case parameters. $v_i$ and $z_i$ were fixed for all runs, 
so there were 33*29 test cases. These test cases span the range of asymmetry and single 
stage albedo, with increased density at the extremes of strong scaBering and low 
absorbency, in order to cover the analy8c features of the RTM. For $v$ and $z$ Chebyshev 
point of the second kind were used, remapped to the interval [0,1] (and [-1,0] for $v$.)  
Then $g$ is distributed as the remapped Chebyshev points of the first kind. The strong 
sensi8vity to low absorbency dictated that $\omega$ be the squares of the Chebyshev 
points of the first kind.}” 

 

Addi8onal reviewer comments 

"Figure 11, convergences of…"  What is convergence? Do you mean rate of convergence?  

Response to comment: 

Cap8on has been reworded to say “As depth $y$ increases, the diffuse internal intensity 
dominates the direct source intensity (the peak at the right) and the normalized intensity 
converges to the diffusion limit.” 

 

Addi8onal reviewer comments 

"Inherent and Apparent Op8cal Proper8es" This is is interes8ng because you do this analysis 
for a two stream model, however there are mul8stream models that exist. Your's is also a 
mul8stream model. It would be beBer to show how this problem impacts the models that 
you stated cannot handle the highly backscaBering media with large asymmetry. 

Response to comment: 

This sec8on is about the two-stream model. Comparision to other mul8-stream models is 
made in a new “Accuracy and Timing Studies” sec8on. 

 

Addi8onal reviewer comments 

"reference DISORT results" This comparison should be shown in the paper to larger extent. 
Figure 18 appears to be a table with some 8me values that don't appear to be in favor of the 
current paper's methods. 

Response to comment: 



The figure has been removed in favor of a new, complete sec8on of compara8ve results. 

 

Addi8onal reviewer comments 

"Table 2" So it is faster in some cases but slower in others? Only 6 comparisons? What about 
comparing the actual values of TOA radiance for example? Can they reproduce your results? 
You claim they cannot get to asymmetry as high as your model, but never compare results in 
bet-case or worst-case scenarios. 

Response to comment: 

The new sec8on on 8ming studies shows that this anomaly is due to DISORT being faster for 
smaller number of streams, while EigenFlux is faster for larger numbers of streams, with a 
crossover at n = 56. See the new sec8on on test results. 

 

Addi8onal reviewer comments 

"Incorpora8ng Azimuth-dependence" and "Model Approxima8ons" -- are these methods? 

Response to comment: 

Yes. “Incorpora8ng Azimuth-dependence” has been removed and the material incorporated 
into the Methods sec8on as part of the paper reorganiza8on. Model Approxima8ons" is 
now part of the Methods sec8on. 
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We are endebted to the Reviewers for their valuable feedback. The resul8ng revisions to the 
manuscript are described below. 
 

 

REVIEWER 3: 

the work currently lacks sufficient physical intui8on. To ensure the paper is accessible to a 
broader scien8fic audience, a major revision is required. This should include a more a concise 
plain-language summary, and detailed defini8ons of all variables.  

Response to comments: 

We have re-organized our paper into Introduc8on, Methods, Results, and Conclusions. We have 
performed extensive addi8onal accuracy and 8ming studies which are now discussed in the 
Results sec8on. We have added addi8onal discussions on meteorological concerns, including 
clouds, snow and ice. 

 

Reviewer comment: 

Readability of the text could be improved by defining and giving more explana8on on commonly 
used terms like the single scaLer albedo (ω), the asymmetry parameter (g), and the ex8nc8on 
path length (σ). 

Response to comments: 

Material has been added as part of the re-organiza8on to address this. 

 

Reviewer comment: 

To align the paper with the journal’s scope, the author should look at more real-world uses than 
just pigments. It would be helpful to men8on which specific research communi8es could use 
this algorithm. It will really help to specify which par8cles (like ice crystals or dust) cause the 
heavy forward and backward scaLering men8oned, and what physical rules make that happen. 

Response to comments: 

ASer further inves8ga8on we became aware that the case of strong backscaLer is likely not as 
common as we ini8ally thought. We have revised the paper to reflect this reality. There are 



materials including snow and ice that have a significant backscaLering component that can be 
easily fiLed to a mesh approxima8on. These systems are poorly described using current tools, 
(and the accuracy study in our paper suggests that EigenFlux has an advantage for strongly 
forward scaLering systems as well). We have added addi8onal discussions on clouds, snow and 
ice. 

 

Reviewer comment: 

Clarify more on the model's limita8ons in absorp8ve condi8ons and define the specific 
scenarios (how does a model fail if the par8cles are absorp8ve) where the algorithm is most 
reliable 

Response to comments: 

Accuracy can degrade as a result of low absorbency. The following figure (Figure 13) has been 
added to the paper. 

 

 

Reviewer comment: 

The figure cap8ons are extremely concise and should include more explana8on to help readers 
understand the figures more easily. 

Response to comments: 

The figure cap8ons have been expanded to provide more explana8on to the readers. 

 

Reviewer comment: 

Include error metrics, uncertain8es and a conclusion sec8on to effec8vely summarize the work. 

Response to comments: 

A new subsec8on on “Accuracy and Timing Studies” is now part of the “Results” sec8on, and a 
“Conclusions” sec8on has been added. 
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